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Abstract

Random choice theory has traditionally modeled choices over a fi-
nite number of options. This thesis generalizes the literature by study-
ing the limiting behavior of choice models as the number of options
approach a continuum.

The thesis uses the theory of random fields, extreme value theory
and point processes to calculate this limiting behavior. For a number
of distributional assumptions, we can give analytic expressions for
the limiting probability distribution of the characteristics of the best
choice. In addition, we also outline a straightforward extension to our
theory which would significantly relax the distributional assumptions
needed to derive analytical results.

Some examples from commuting research are discussed to illustrate
potential applications of the theory.
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1. MALMBERG, H., HÖSSJER, O.: Argmax over Continuous Indices of
Random Variables – An Approach Using Random Fields, submitted to
Applied Probability Trust.
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Introduction

1 Background

Imagine a person who has decided to start a new job, and who is about to
choose a place of residence. Two counteracting tendencies exist. On the one
hand, living close to the job is preferable as costs associated with transport
increase with distance. On the other hand, the area per radial segment
increases the further away you go from your workplace. There is more area
between 100 m and 110 m from your job than between 0 m and 10 m. Thus,
the probability of finding a good house in a given radial segment increases
with distance from the job. How do these two tendencies interact to shape
the statistical behavior of residential choice?

The residential choice problem belongs to a class of problems which this
thesis addresses. We develop a framework for discussing questions of choice
where the set of choice options is continuous, and where there is a random
element in the choice process.

In this introduction, we will give a brief overview of motivating empir-
ical regularities and previous theory, as well as introducing our setup and
describing our results. We will conclude with a discussion on potential fu-
ture developments. To allow us to focus on the mathematical intuition, some
technical detail will be left out in the kappa. Interested readers are referred
to the papers for formal definitions and proofs.

1.1 Empirical Motivations

When discussing how people make choices over continuous variables such as
residential location, two important observations stand out.

First, people make very different choices, and all variation cannot be
explained by observed individual characteristics. This suggests that a statis-
tical approach is appropriate. Secondly, there are some statistical regularities
which warrants a search for an explanatory model. Figure 1 summarizes some
salient features. The figure shows commuting distances in the Swedish labor
market from Kungsholmen, Stockholm. We note that the distribution is uni-
modal with a skew to the right. It has the property of being approximately
Gamma distributed over short distances, with a somewhat thicker tail than
a gamma distribution. The pattern in Figure 1 can be found in other similar
applications, such as when we measure the distance traveled to school.
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Figure 1: Histogram over commuting distances in Kungsholmen, Stockholm
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The fact that people make different choices, but that these choices display
regular features when aggregated, suggests that there is a value in attempting
to develop a statistical theory to explain the underlying choice process. This
is the aim of this thesis.

2 Theoretical preliminaries

2.1 Random choice theory

In our model setting, an agent makes a zero-one choice concerning every
point in a continuous space – in that sense we model discrete choices over a
continuum of choice options. We follow the tradition in economics and model
these discrete choice problems as random. This stems from an aim to predict
the proportion of people selecting a specific option (or collection of options
in our case), which differs from traditional demand analysis where we want
to explain how much consumers buy of a particular good.
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The probabilistic theory of choice started with Luce (1959) who posited
a collection of axioms from which he derived the logit model for choice
probabilities. The axiomatic approach was later partially subsumed under
an approach based on utility maximization with unobservable characteris-
tics/preferences (McFadden, 1980). In this literature, subjects are assumed
to value choices according to the expression

Ui = h(xi) + εi i = 1, · · · , n0, (1)

where xi are the (non-random) characteristics of option i. It can be shown
that in this model, the probability of selecting alternative i is eh(xi)/

∑n0

j=1 e
h(xj)

if the εi’s are independently Gumbel-distributed. Thus, we can derive logit
probabilities from the assumption of utility maximization by making appro-
priate distributional assumptions.

This approach to probabilistic choice is called random utility theory and
has been extended to more functional forms, distributional assumptions and
applications since McFadden’s initial contribution (Ben-Akiva and Lerman,
1985, Anderson et al., 1992, Train, 2009).

Our thesis can be viewed as an extension of this framework in two direc-
tions. First, the xi’s are random variables in our setup. Furthermore, we let
the number of choices n0 go to infinity, and study the continuous limit of a
sequence of discrete choice models.

2.2 Extreme Value Theory

Extreme value theory is a branch of mathematics studying the asymptotic
properties of the sequence of random variables

Mn = max
1≤i≤n

Zi,

where {Zi}∞i=1 is a sequence of random variables. The foundational theorem
in the literature deals with the case when the sequence of random variables
Zi are independent and identically distributed (Fisher and Tippett, 1928,
Gnedenko, 1941). This theorem states that if there exist sequences of real
numbers an and bn such that for all y, we have

P
(
Mn − bn
an

≤ y

)
→ G(y), (2)
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then the function G belongs to one of the following parametric families F of
distributions functions, with functional forms:

G0(z) = exp

{
− exp

(
−
(
z − b
a

))}
, for z ∈ R (3)

G−α(z) =

{
0 z ≤ b

exp
{
−
(
z−b
a

)−α}
z > b

(4)

Gα(z) =

{
exp

{
−
(
−
(
z−b
a

))α}
z ≤ b

1 z > b
(5)

where a, b and α are constants, of which a and α are constrained to be posi-
tive. Whereas α determines F , a and b are the scale and location parameters
of F . These three functional forms are the Gumbel (3), Weibull (4), and
Frechet (5) families respectively.

The theorem means that insofar the maximum of a collection of random
variable converges after a suitable sequence of affine transformations, the re-
sulting distribution will belong to a small class of distributions. Different
distributions of Zi will yield different limiting distributions G, and by mod-
ifying an and bn it is easy to see that any combination of a and b can be
attained as limit in (2) within the family F .

The earlier extreme value theory has been extended in a number of differ-
ent directions. Most similar to our project in Paper 1 is the work on relaxing
the assumption of the Zi’s being identically distributed while retaining the as-
sumption of independence (Weissman, 1975, Horowitz, 1980). Our approach
in Paper 1 also connects to the study of Gumbel random fields. For a recent
treatment of the subject of on Gumbel random fields, see Robert (2013).

We refer to Leadbetter et al. (1983) and Resnick (2007) for a more com-
prehensive treatment of extreme value theory.

2.3 Concomitants of extreme order statistics

The research area in statistics which is most closely related to our problem
(and to random utility theory) is the theory of concomitants of extreme order
statistics (David and Galambos, 1974, Nagaraja and David, 1994, Ledford
and Tawn, 1998). This theory deals with the asymptotic behavior of the
object

X[n:n] = XIn

where (X1, U1), · · · (Xn, Un) is a sequence of i.i.d. random variables where the
Ui’s are real-valued, theXi’s belong to a general space, and In = arg max1≤i≤n Ui.
A difference from (1) is that not only Ui, but also Xi, is random.
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3 Description of Papers

The two papers in the thesis answer a similar question with similar results.
The difference between them is the strategies they employ to perform the
main step of the derivation. Thus, all but two subsections in this section will
be common for both papers.

3.1 Problem formulation

For presentational clarity, we describe a single problem setup although it
differs somewhat between the papers. The setup presented here is used in
Paper 2, and although there are some differences to the setup used in Paper
1, these differences are sufficiently non-fundamental so that the methodology
of Paper 1 can be explained using the setup in Paper 2.

There is a set Ω ⊆ Rk of choice characteristics, and a distribution Λ
on Ω giving the relative prevalence of different characteristics. For each
characteristic x ∈ Ω, there is a conditional probability distribution of utility

µ(·;x) = P (U ∈ ·|X = x).

We can define the bivariate distribution of characteristics and utilities on
rectangular sets A×B with A ⊆ Ω and B ⊆ R as

P ((X,U) ∈ A×B) =

∫
A

µ(B;x)dΛ(x). (6)

Our basic building block will be a sequence of choice alternatives

(X1, U1), · · · , (Xn, Un), (7)

which are independently and identically distributed according to the bivariate
distribution given in (6). For each fixed n, we define

In = arg max
1≤i≤n

Ui

as the index of the variable with the highest utility, and XIn = X[n:n] as the
characteristics vector of this random variable. For a fixed n, the probability
distribution of the characteristics vector of the selected alternative is

Cn(·) = P (XIn ∈ ·). (8)

In both papers, we look for the asymptotic properties of the sequence Cn. In
particular, we will look for a probability measure C on Ω such that

Cn ⇒ C, (9)
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where ⇒ stands for weak convergence of probability measures on (Ω,B(Ω)),
where B(Ω) is the σ-algebra of Borel subsets of Ω (for an extensive treatment
of weak convergence, see Billingsley, 1971)

Later in the introduction, we will sometimes write Cn and C to denote
random variables, the laws of which are given by (8) and (9). It will be clear
from the context when this has been done.

3.2 Random fields

In both papers, we study the asymptotic behavior of (8) by studying an
intermediate mathematical object, namely the random field Mn, which in
Paper 1 is defined by

Mn(A) = sup
1≤i≤n,Xi∈A

Ui A ⊆ Ω (10)

with the convention that the supremum of the empty set is−∞. We can parse
this definition. This random field takes subsets A of the characteristics space
Ω as arguments, and returns a real number. Supplied with the argument A,
the random field returns the value of the best offer having a characteristic
vector in the set A ⊆ Ω.

We will define an important functional from the set of random fields to
the set of probability measures on Ω by

F (·;M) = P (M(·) > M(·c)), (11)

where ·c stands for the complement of · in Ω. Intuitively, F (A;M) gives the
probability that the best offer, corresponding to max field M , belongs to A.

We connect the random fields (10) and the functional (11) to our problem
by observing that

Cn(·) = P (Mn(·) > Mn(·c)) = F (·;Mn). (12)

Equation (12) suggests that we can study the asymptotic behavior of Cn by
studying the asymptotic behavior of Mn. Indeed, we seek to find a random
field M such that Mn, or a monotone transformation of Mn, converges to
M in an appropriate way. The correct sense of convergence is one which
makes (11) continuous as a function from the set of random fields to the set
of probability measures, where the topology on probability measures is that
of weak convergence. If we can demonstrate such continuity, we can conclude
that

F (·;Mn)⇒ F (·;M) (13)
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on (Ω,B(Ω)), whenever Mn converges to M . Combining (13) with (12), we
then get

Cn(·)⇒ F (·;M),

and insofar F (·;M) is known, we have characterized the limit of Cn.
The method outlined above is the approach used in both papers to solve

our problem. The distinctiveness of the two papers lie in that they use
different ways to find M , and different ways to demonstrate that the sense
of convergence of finite sample max fields to M ensures continuity of F .

3.3 Paper 1

In Paper 1, we define a notion of convergence
m→ on the space of random

fields. We say that
Mn

m→M

if there exists a sequence of strictly increasing functions gn such that for each
A ⊆ Ω satisfying some regularity conditions,

gn(Mn(A))⇒M(A).

In Paper 2, we show that this notion of convergence makes (11) a continuous
from the set of random fields to the set of probability measures on Ω.

Having made assumptions on the bivariate distribution of (Xi, Ui), we
use extreme value theory to derive M . The sequence of strictly increasing
functions gn is defined as

gn(z) =
z − bn
an

,

where an and bn are the normalizing sequences described in Section 2.2. This
method works as the number of offers having characteristics in A increases
to infinity as n → ∞. Because their associated utilities are conditionally
independent, we can apply extreme value theory. The main caveat lies in
that traditional extreme value theory assumes that the Ui are identically
distributed, whereas the distribution of the Ui’s varies with characteristics in
our setup. A large part of the theoretical work in Paper 1 involves dealing
with this variation in the distribution of Ui.

3.4 Paper 2

In Paper 2, we place a second intermediate object between the sequence (7)
and the quantity (8). In this paper, we observe that (7) can be viewed as a
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point process on the product space Ω× R. Defining the set function

δ(x,u)(F ) =

{
1 if (x, u) ∈ F
0 if (x, u) /∈ F ,

with F a Borel subset of Ω× R, we define our point process as

ξn(·) =
n∑
i=1

δ(Xi,gn(Ui))(·). (14)

where

gn(z) =
z − bn
an

will be a sequence of strictly increasing functions, coinciding with the nor-
malization from Section 2.2 for the distribution U |X = x, assuming that the
same normalization gn can be used for all x ∈ Ω.

In this setup, we can define the random field

Mξn(A) = sup{u ∈ R : ξn(A× [u,∞)) = 0} A ⊆ Ω, (15)

that is, the largest number u such that the point process ξn has a point in
the set A × [u,∞). As the positions of points are random, Mξn(A) will be
a random variable for each A ⊆ Ω, and thus, Mξn is a random field with
subsets of Ω as arguments. Again, we have

Cn(·) = P (Mξn(·) > Mξn(·c)). (16)

Notice that the max fields in Papers 1 and 2 are slightly different, since
Mξn(A) = gn(Mn(A)), although they only differ by the monotone transforma-
tion gn. The fact that Mn and Mξn are related by a montone transformation
also means that (16) is equivalent to the definition in (8).

In Paper 2, we study the limiting behavior of (16) by studying the limiting
behavior of (14). Building on the connection between extreme value theory
and point processes described in Resnick (2007), we find a Poisson process ξ
such that

ξn
p⇒ ξ,

where
p⇒ denotes convergence in a point process sense. We show that point

process convergence implies that Mξn converges to Mξ, defined in (15), in
such a way that

F (·;Mξn)⇒ F (.;Mξ).

and we can thus conclude that

Cn(·)⇒ P (Mξ(·) > Mξ(·c))

as required. Insofar P (Mξ(·) > Mξ(·c)) is easy to characterize, we have
succeeded with our aim of finding the asymptotic behavior of Cn.
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3.5 Examples

We apply our theory by making assumptions on the distribution of character-
istics Λ and the conditional probability measures of utility µ(·;x) for x ∈ Ω.
In this section, we will write Γ(k, λ) to denote a gamma distribution with
density function λkxk−1e−xλ/Γ(k), where Γ(·) denotes the gamma function.

We assume that the distribution of characteristics Λ on Ω has a density
function λ(x), and that utility is given by

Ui = m(xi) + εi

with m(x) being a regression function and εi ∼ Γ(1, 1), so that errors are
exponentially distributed. In this case, the limit

lim
n
Cn(·),

in the sense of weak convergence, has a density function

f(x) =
em(x)λ(x)∫

Ω
em(y)λ(y)dy

x ∈ Ω.

This means that the process of taking the best choice in the limit has the
effect of exponentially tilting the initial distribution with em(x), thereby at-
taching more weight to points with high deterministic utility component.

In particular, let us return to our example in Section 1 on residential
location choice, with Ω = R2, x = (x1, x2) and linear cost, that is

m(x) = −c||x||,

where || · || is the Euclidean distance from the origin. In this case, we get the
choice density

e−c||x||λ(x)∫
R2 e−c||s||λ(s)ds

.

If, furthermore, we have constant (improper) population density λ ≡ 1, the
density over the distance from job ||x|| is

c2||x||e−c||x||,

which is a Γ(2, c) distribution. This result agrees with the empirical pattern
of a unimodal commuting length distribution with a skew to the right.
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4 Discussion

In this thesis, we build two frameworks to analyze the asymptotic behavior
of the choice random variable Cn. However, there are theoretical challenges
remaining. In particular, we have only found tractable results for a small
number of distributional assumptions. Going ahead, the main priority is to
enable us to relax these strict assumptions.

The problem arises because the limiting distribution of Cn is very depen-
dent on the tail behavior of the stochastic utility component. Essentially,
if the tail of εi is too thin, the best choice will, in the limit, always be de-
termined by the deterministic component m(x) of utility. Simply put, with
thin tails, the stochastic element can never beat the deterministic element.
In these cases Cn will converge to a degenerate distribution, supported on
the set of characteristics

arg max
x∈Ω

m(x)

with a maximal deterministic utility component.
We can illustrate this by going back to our standard residential choice

example with Ω = R2 and m(x) = −c||x||. Assume that the stochastic
component of utility is normally distributed. In that case, Cn → (0, 0)
almost surely as n→∞. That is, with probability 1, we will live right next
to our job.

The idea going forward is that although Cn converges to a degenerate
distribution, the way in which it converges is interesting. We never have an
infinite amount of residential offers, but merely a large finite number. Thus,
we would like to extend our framework to look for sequences hn such that

hn(Cn)

converges to a non-degenerate random variable.
We believe this is a promising avenue of research, and tentative results

suggest that it for example might be possible to get a gamma distribution for
all stochastic disturbances εi which lie in the extremal convergence domain
of the Gumbel distribution, which is a very large family of random variables.

If this aim can be achieved, the theory will have become a very general
tool to map distributional assumptions in random utility theory to outcome
predictions of the characteristics of the best choice.
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