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Abstract

Phylogenetics is the study of the evolutionary relationship between species.
Inference of phylogeny relies heavily on statistical models that have been ex-
tended and refined tremendously over the past years into very complex hierar-
chical models. Paper I introduces probabilistic graphical models to statistical
phylogenetics and elaborates rigorously the potential advantageous a unified
graphical model representation could have for the community, e.g. , more un-
derstandable models and more reproducible studies from other publications.

Once the phylogeny is reconstructed it is possible to infer the rates of di-
versification (speciation and extinction). In this thesis I extend the birth-death
process so that it can be applied to incompletely sampled phylogenies, that
is, phylogenies of only a subsample of the presently living species from one
group. Previous work only considered the case when every species had the
same probability to be included and here I give two alternative sampling con-
cepts: diversified taxon sampling and cluster sampling. Paper II introduces
these sampling concepts under a constant rate birth-death process and gives
the probability density for reconstructed phylogenies. These models are ex-
tended in Paper IV to time-dependent diversification rates, again, under differ-
ent sampling concepts and applied to empirical phylogenies. Paper III focuses
on fast and unbiased simulations of reconstructed phylogenies. The efficiency
is achieved by deriving the analytical distribution and density function of the
speciation times in the reconstructed phylogeny.
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1. Introduction

1.1 Evolution

As many more individuals of each species are born than can pos-
sibly survive; and as, consequently, there is a frequently recurring
struggle for existence, it follows that any being, if it vary however
slightly in any manner profitable to itself, under the complex and
sometimes varying conditions of life, will have a better chance of
surviving, and thus be naturally selected. From the strong princi-
ple of inheritance, any selected variety will tend to propagate its
new and modified form.

— Charles Darwin, On the Origin of Species (1859)

Charles Darwin laid out the fundamental principles of the theory of evo-
lution in his masterpiece “On the Origin of Species” (Darwin, 1859). These
principles are used to study the history of life. His ideas were simple and
general at the same time: adaptation by means of natural selection and a com-
mon descent of all life forms. The theory of evolution still holds true today
and specific aspects are of great interest in current research. This thesis will
only touch a small aspect of the studies related to evolution: phylogenetics and
diversification rate analyses.

The general principles of the theory of evolution can be summarized as
follows. Any species consists of several populations and within each popula-
tion there are many individuals with different characteristics, so called traits or
phenotypes. New populations originate, for example, either by a subdivision
of one ancestral population (e.g. due to changing geography) or are founded by
some individuals that “migrate” to a new habitat (e.g. a dispersal event). In this
way new populations are formed that possibly evolve into a new independent
species.

Some individuals may have a higher chance of survival and/or have a
higher rate of reproduction because of an advantageous phenotype. A given
phenotype is inherited from the parents to the offspring. For example, Gregor
Mendel showed in his seminal work that the offspring of peas with one color
always have the same color and that offspring with two differently colored par-
ents produce mixed colors themselves. This observation gave rise to the study
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of genetics. The key observation is that phenotypes are inherited from parent
to offspring and evolutionary relationship can be established by a long line of
descent. Commonly, if two populations have evolved distinctive phenotypes
one considers them as belonging to different species.

As an example consider Darwin’s finches on the Galapagos islands. A
small number of individuals arrived by pure chance from the mainland of
South-America to one of the Galapagos islands. At this time, these individ-
uals still belonged to the same species as the mainland finches. However, due
to the different environment – e.g. different food source and different predators
– a different natural pressure was selecting for different phenotypes on these
finches. Hence, after a while this new population of finches on the Galapagos
islands diverged in phenotype until the population constituted in a new species.
Differences developed in beaks, tails, body form and plumage.

Isolated populations can also evolve by pure chance into a separate species
by genetic and phenotypic drift. Regardless of the cause, the important fact
is that new species arise all the time and existing species go extinct. All new
species have in common that they descended from an ancestral species and
therefore every two species are related to one another because at one time
they shared a common ancestor. The ancestral relationship between a group of
species is represented by a phylogeny and the study thereof is named phyloge-
netics.

This thesis is mainly concerned with statistical methods describing the pro-
cess of evolution and should be considered in a larger framework targeting the
inference of evolutionary parameters, such as the phylogeny and the rates of
diversification over time.

1.2 Phylogenetics

Evolution and genetics are two research areas that consider many problems
in statistical inference or more specifically in stochastic processes. Stochastic
processes are of great importance in these research areas because they gen-
erally lead to probabilistic description of the observed data and to likelihood
methods – the likelihood function is the probability of the data as a function of
the parameters – which have in turn shown their superiority over other methods
in parameter inference (Felsenstein, 1973; Huelsenbeck and Rannala, 1997).

I start with an explanatory example. Let us assume that we have some ob-
served characters (e.g. DNA characters) from some species – say three species.
For example, consider that these character represent a gene or a part of a gene.
Now based on this observation we want to infer the evolutionary relationship
and history between these three species, called phylogenetic inference. I will
now briefly explain the probabilistic model for the evolution of a gene se-
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Figure 1.1: A model of molecular sequence evolution. The left side shows the
evolution of a DNA sequence along a rooted phylogenetic tree with three tips
(species). The sequence evolves by insertion, deletion and substitution events.
The right side shows the observation from the process of molecular evolution:
the molecular sequences of present day species. The homology (ancestral rela-
tionship) of the characters is established and characters that are homologous are
written in the same column of the multiple sequence alignment. Two alternative
homology reconstruction are given: the true alignment and the most parsimo-
nious alignment (least number of substitutions).

quence as shown in Figure 1.1.a. The process starts with some characters at
the ancestral species that build the root sequence. Commonly it is assumed
that these characters are independent and identically distributed with known
or estimated frequencies. Then, along the branches of the phylogenetic tree,
three events may happen: 1) a substitution event from one state into another
(e.g. from an ’A’ to a ’T’ at position 1 on the right branch), 2) an insertion
event of a random number of characters, and 3) a deletion event of one or sev-
eral characters (Thorne et al., 1991, 1992). The causes for these events are
manifold and a more realistic representation should have to take into account,
amongst others, the dependency between characters and the distribution of the
size of insertions and deletions.

A proper statistical analysis would jointly infer insertions, deletions and
substitutions (Redelings and Suchard, 2005). Unfortunately a joint inference
is only applicable to very small datasets because of the computational burdens
(Bouchard-Côté and Jordan, 2013; Lunter et al., 2005; Redelings and Suchard,
2009). Thus, the problem of phylogenetic inference is often simplified by a se-
quential inference approach. First, the multiple sequence alignment is inferred,
that is, the homology structure between observed characters is established (see
Figure 1.1.b). The best alignment according to some optimality criterion, e.g.
maximum likelihood or the parsimony principle, is then used for further anal-
yses (Wong et al., 2008).

After the alignment has been obtained the phylogeny is estimated. Given
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the known alignment there are no more insertion and deletion events that have
to be modeled. Hence, the stochastic process of molecular sequence evolu-
tion is reduced to a substitution process. This substitution process is in turn
modeled by a continuous time Markov model which is parameterized by an
instantaneous rate matrix Q. In the case of DNA substitutions Q is defined as

Q =


−µA µGA µCA µTA

µAG −µG µCG µT G

µAC µGC −µC µTC

µAT µGT µCT −µT


where µi j represents that rate of substitution from i to j. Furthermore, let the
transition probability matrix be defined by

P(t) =


pAA(t) pGA(t) pCA(t) pTA(t)
pAG(t) pGG(t) pCG(t) pT G(t)
pAC(t) pGC(t) pCC(t) pTC(t)
pAT (t) pGT (t) pCT (t) pT T (t)

= eQt =
∞

∑
j=0

tQ j

j!
.

Most applications in phylogenetics use a simplified substitution rate matrix,
for example the most simple matrix with equal exchangeability rates and equi-
librium frequencies (Jukes and Cantor, 1969):

QJC69 =


∗ 1 1 1
1 ∗ 1 1
1 1 ∗ 1
1 1 1 ∗


which has the advantage that the transition probability matrix can be computed
analytically:

PJC69 =



1
4 +

3
4 e−tµ 1

4 − 1
4 e−tµ 1

4 − 1
4 e−tµ 1

4 − 1
4 e−tµ

1
4 − 1

4 e−tµ 1
4 +

3
4 e−tµ 1

4 − 1
4 e−tµ 1

4 − 1
4 e−tµ

1
4 − 1

4 e−tµ 1
4 − 1

4 e−tµ 1
4 +

3
4 e−tµ 1

4 − 1
4 e−tµ

1
4 − 1

4 e−tµ 1
4 − 1

4 e−tµ 1
4 − 1

4 e−tµ 1
4 +

3
4 e−tµ


.

Note that I omitted for simplicity and following standard notation the diagonal
elements of the rate matrix Q and represented the elements by an ’*’. The diag-
onal elements are defined as µii =−∑i6= j µ ji. Other widely used rate matrices
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are Kimura’s 2-parameter model (Kimura, 1980):

QK80 =


∗ κ 1 1
κ ∗ 1 1
1 1 ∗ κ

1 1 κ ∗

 ,

Felsenstein (1981) model with unequal equilibrium frequencies π:

QF81 =


∗ πC πG πT

πA ∗ πG πT

πA πC ∗ πT

πA πC πG ∗

 ,

and the model of Hasegawa et al. (1985) with unequal equilibrium frequencies
and a different transition-transversion rate κ:

QHKY =


∗ κπC πG πT

κπA ∗ πC πT

πA πC ∗ κπT

πA πC κπG ∗

 .

For all these models analytical solutions of the transition probability matrix
are available. Additionally, researcher often apply the general time reversible
(GTR) (Tavaré, 1986) that consists of six exchangeability rates x and four equi-
librium frequencies π:

QGT R =


−(x1 + x2 + x3)

π1x1
π2

π1x2
π3

π1x3
π4

x1 −(π1x1
π2

+ x4 + x5)
π2x4
π3

π2x5
π4

x2 x4 −(π1x2
π3

+ π2x4
π3

+ x6)
π3x6
π4

x3 x5 x6 −(π1x3
π4

+ π2x5
π4

+ π3x6
π4

)

 .

However, numerical methods are necessary to compute the transition probabil-
ity matrix under the GTR model. Similar models are applied for the evolution
of amino acid (20 states) or codon (61 states) sequence but include larger pa-
rameter spaces because of the larger number of possible states.

Then, the probability of the “observed” multiple sequence alignment is
computed by multiplying the probability of each substitution history for each
branch of the tree and each site of the sequence. For example in Figure 1.1.a
for the first position in the sequence one has to compute the probability of
starting with an ’A’ and observing an ’A’ at the internal node, then for each
descendant species observing an ’A’ and observing a ’C’ at the third species
which gives

PAA(b1)×PAA(b2)×PAA(b3)×PAC(b4) .
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This multiplication is repeated for each site in the sequence. Furthermore, the
information of the ancestral sequences is commonly not available and thus one
sums the probabilities of having observed either character. More details are
provided in Paper I. Paper B is an example of an application of phylogenetic
inference where the species relationship within a family of bird species is esti-
mated from gene-sequences of four different genes (Alström et al., 2011).

This brief introduction into phylogenetic methods aimed to make the point
that the statistical models used in phylogenetic inference can be very complex
and many competing models exist. In Paper I we argue that this complexity
requires a unified modeling framework describing different models and thus to
simplify future progress in model development. However, before I summarize
Paper I I will give a brief introduction to Bayesian inference in phylogenetics.

1.2.1 Bayesian inference

In phylogenetics one often finds oneself in the situation of possessing a dataset
and wishing to learn about the process and course of evolution. Naturally, one
is not able to repeat the “experiment” and thus to obtain a different realiza-
tion of the data under the same circumstances. Therefore, the researcher is
restricted to the role of a passive observer and the task of the statistician is
solving an inverse problem – namely inferring the parameters of the process
from the observations. Although a major goal in the phylogenetic inference is
to infer a single point estimate, such as the most likely phylogeny, computing
the uncertainty in the estimate is of great interest too. Computing the uncer-
tainty of a phylogenetic tree is not trivial and therefore several methods have
been developed, such as bootstrapping (Felsenstein, 1985), but in recent years
Bayesian inference has overtaken other methods because it provides a natu-
ral interpretation of uncertainty (Alfaro and Holder, 2006; Holder and Lewis,
2003; Huelsenbeck et al., 2002, 2001). Bayes theorem states

P(Parameter|Data) =
P(Data|Parameter)×P(Parameter)

P(Data)

which for a phylogeny means

P(Treeτ |Alignment) =
P(Alignment|Treeτ)×P(Treeτ)

P(Alignment)

=
P(Alignment|Treeτ)×P(Treeτ)

∑
∀

P(Alignment|Treex)×P(Treex)

=

∫
θ

P(Alignment|Treeτ ,θ)×P(Treeτ ,θ)dθ

∑
∀x

(∫
θ

P(Alignment|Treex,θ)×P(Treex,θ)dθ

)
18



where θ represents the vector of additional parameters including the substi-
tution model parameters (exchangeability rates and equilibrium frequencies).
Unfortunately this probability cannot be computed analytically – except for
very, very small datasets and toy models – because, amongst others, the num-
ber of phylogenies grows super-exponentially with the number of species in the
study (Felsenstein, 1978). Instead, stochastic approximation methods are used;
most prominently Markov chain Monte Carlo (MCMC) methods (Li et al.,
2000; Mau and Newton, 1997; Rannala and Yang, 1996).

The most common implementation of an MCMC algorithm is the Metropolis-
Hastings algorithm (Hastings, 1970; Metropolis et al., 1953). The fundamental
idea is to

1. Propose new values x′ according to a proposal density q(x′|x(t)).

2. Compute the acceptance probability

α = min

(
1,

p(x′)
p(x(t))

× q(x(t)|x′)
q(x′|x(t))

)

3. With probability α accept the proposal and set x(t+1) = x′; otherwise
reject the proposal and set x(t+1) = x(t).

Here x represents the complete vector of parameter states, for example the
phylogeny, the substitution model parameters and the diversification rates.

A main challenge for MCMC algorithms in Bayesian phylogenetic infer-
ence is sampling the space of phylogenetic trees efficiently (Höhna and Drum-
mond, 2012; Lakner et al., 2008). Because the number of possible phylogenies
is extremely large and there is no inherent ordering of phylogenies, proposing
new phylogenies is difficult and clever algorithms are required. I have con-
tributed to this challenge in Paper A (Höhna and Drummond, 2012) which
however does not constitute the main part of this thesis.

The main part of this thesis – perhaps except Paper I – is not restricted to
Bayesian inference. Nevertheless, the reader should keep in mind that the over-
all goal is to develop a joint statistical inference framework for all parameters
of the evolutionary process and Bayesian inference is the preferred method.

1.2.2 Summary of Paper I

The number and complexity of phylogenetic models has increased rapidly in
recent years which is accompanied by an enormous increase in available se-
quence data due to faster and cheaper sequencing technologies. A new chal-
lenge for the phylogenetic community consists of describing all these models:
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young researchers need to learn and understand the plethora of models and em-
piricists, software developers and theoreticians need to decipher the described
models of the their peers.

S1i S2i S3i

S4i

S5i

i ∈ N

Q

�

π

e

b

l3

l2

l1

l4

λ

e) Plate

d) Clamped node
(observed)

c) Deterministic node

b) Stochastic node

a) Constant node

Figure 1.2: Graphical model representation of a phylogenetic model using a
directed acyclic graph (DAG) including the notation. The phylogenetic tree is
clearly visible in the DAG and shows how the observed characters depend on the
internal sequences. The entire tree sits on a plate because the variables are repli-
cated for each site in the sequence, hence each site is independent and identically
distributed. The substitution model is represented in the left part by the DAG
nodes π for the equilibrium frequencies, ε for the exchangeability rates and Q
for the substitution rate matrix. The prior for the branch length is shown on the
right as for independent variables from an exponential distribution.

In Paper I we introduce (probabilistic) graphical models to phylogenetics.
A probabilistic graphical models consists of a directed acyclic graph (DAG)
where each node represents a variable in the model. We adopt the notation to
explicitly model constant variables (fixed parameters), deterministic variables
(variables transformations e.g. the Q matrix given the equilibrium frequencies)
and stochastic variables. An example of a phylogenetic tree as a graphical
model is given in Figure 1.2.

We elaborate on the graphical model representation from three different
perspectives (levels): The beginners who want to become familiar with graphi-
cal models and some basic phylogenetic models; The software developers who
want to develop and extend existing software for phylogenetic inference by
adding new (sub-) models; The theoreticians who want to develop new mod-
els, methods or algorithm for phylogenetic inference. We focus on showing
the strength of the graphical model representation, for example the flexibility,
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the understandability and the explicitness (see also Figure 1.2).
The paper, though closely resembling a review or a point-of-view of cur-

rent models and methods, is intended as a first paper in a series of papers that
will push forward graphical models in phylogenetics. These papers are written
around our new Bayesian phylogenetic inference software called RevBayes
(www.RevBayes.net) which is being developed based on the idea of graphical
models.

1.3 Diversification

In the previous section I introduced phylogenetic inference and described mod-
els to infer a phylogeny. In an optimal setting one would infer the phylogeny
and all other parameters, such as the rates of diversification, jointly. Instead,
it is common to infer diversification rates and patterns assuming a known phy-
logeny and to disregard any uncertainty. The main reason behind this separa-
tion is that different scientific communities with little overlap interact here –
the first interested in modeling the process of speciation and extinction and the
second in inferring phylogenies – and hence no model, method and software is
available to perform joint inference. Moreover, a single gene-tree is often used
as a proxy for the species tree, ignoring the potential differences between them
due to population-level processes such as incomplete lineage sorting (Rannala
and Yang, 2003).

In Figure 1.3 I have illustrated the process of speciation. Figure 1.3.a
shows the process with instantaneous separation of populations and Figure 1.3.b
shows the process with protracted speciation, i.e. speciation is not instanta-
neous (Etienne and Rosindell, 2012). Individuals evolve within each (sub-)
population and by chance an individual could be more closely related to an
individual from another population which leads to incomplete lineage sorting
(Maddison, 1997). It is generally assumed that every gene has its own realiza-
tion from a multispecies coalescent model due to, e.g., recombination events.
Using a single gene-tree as a proxy for the species tree overestimates the age
of divergence between two species and may or may not show a wrong tree
topology.

These issues are presented here so that the reader is aware of some issues
with the standard assumptions of diversification analyses. The data are a recon-
structed phylogenetic tree; a quantity that is not truly observed but estimated.

1.3.1 Estimating Diversification Rates

The specific birth-death process used in diversification rate studies is a special
case of a Galton-Watson process where the offspring distribution equals to two.
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A1.1 A1.2 A2.1 A2.2 B1.1 B1.2 B2.1 B2.2 B3.1 B3.2

Speciation model Protracted speciation model

Species tree Gene tree

Incomplete Lineage Sorting

Subspeciation

Speciation initiation

Speciation completion

A.1 A.2 B.1 B.2 C.1 C.2 D.1 D.2 E.1 E.2

Figure 1.3: Models of speciation. The left sketch shows a realization of a birth-
death process with instantaneous speciation events. Within this species tree there
is a gene tree highlighting the difference between the two. The right sketch shows
the same tree but if speciation was protracted and thus the same number of pop-
ulations constitute to fewer species.

More specifically, every species gives birth to exactly one other species with
rate λ and dies with rate µ . The probability of survival of at least one species
and the distribution of the number of species has long been known (Kendall,
1948). However, the challenge in phylogenetics is that only the reconstructed
tree is observed, that is, all extinct lineages are pruned away. Fortunately even
under this process, termed the reconstructed process, it is possible to infer
speciation and extinction rates (Nee et al., 1994; Rannala and Yang, 1996;
Thompson, 1975). An illustration of the process is given in Figure 1.4.

The underlying assumption of the process of diversification, as used here,
is that every species evolves independently of its environment and all species
follow the same process (homogeneity). These assumptions are obvious sim-
plifications of reality because species are influenced by their environment, for
example due to the carrying capacity (Etienne et al., 2012), and species speci-
ate under different rates, for example because of speciation rates being depen-
dent on phenotypes (FitzJohn et al., 2009). Nevertheless, these assumptions
are used for mathematical convenience and to increase the power in estimating
parameters from the limited available data.

The majority of the papers in this thesis focus on the reconstructed process.
Paper II and Paper IV tackle the problem of estimating speciation and extinc-
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Figure 1.4: A simulated birth-death tree starting with a single species. a) The
complete tree containing both extant and extinct species. b) The reconstructed
tree containing only extant species.

tion rates when only an incomplete sample of the extant species is available
(Höhna, 2013b; Höhna et al., 2011) and Paper III targets efficient simulations
under the reconstructed process (Höhna, 2013a).

1.3.2 Summary of Paper II

Only in very few studies are all species of a group – e.g. a family – included.
Reasons commonly include time and financial constraints. In these situation
the specific species included in the study are carefully selected rather than
being picked randomly.

a) Uniform Sampling b) Diversified Sampling c) Cluster Sampling

0 0 0

Figure 1.5: Three sampled trees of size n = 4 from an extant tree of size m = 8
(so ρ̂ = 0.5). a) A uniformly-sampled tree. b) A diversified-sampled tree. c) A
cluster-sampled tree.

Previously the only model that accommodated incomplete taxon sampling
was uniform taxon sampling (frequently also called random taxon sampling al-
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though the term random may be misleading in this context). Under the uniform
taxon sampling concept every species has the same probability to be included
in the sample. In the paper we discuss two alternative methods of incomplete
taxon sampling: diversified sampling and cluster sampling. Diversified sam-
pling represents a method where all the recent species are removed (species
that resulted from a speciation event after some fixed time). Sampling species
under the diversified sampling concept maximizes the phylogenetic diversity
obtained in the sample which gives the method its name. Cluster sampling is
the opposite of diversified sampling; only very recent species are included in a
cluster.

In the paper we derive the likelihood under each of the three sampling
schemes conditioned on the number of sampled species, the time of the origin
of the process and both. We use the fact that each speciation event in the
reconstructed tree is independent and identically distributed. The distribution
and density functions had been published previously for constant speciation
and extinction rates (Yang and Rannala, 1997). We apply the methods on 18
previously published bird phylogenies and conclude, based on a Bayes factor
test, that 11 data sets were likely to have resulted from diversified sampling.
Our main result is that parameter estimates are likely to be seriously biased,
particularly estimates of extinction rates, unless the sampling bias is modeled
correctly.

1.3.3 Summary of Paper III

The ability of performing fast simulations is important in order to explore the
behavior of a process, validate inference methods and for model testing by
means of posterior predictive simulations. Curiously, simulation methods for
the reconstructed process have been neglected previously. The intuitive ap-
proach is to simulate birth and death events, thus simulating a complete phy-
logeny including extinct lineages, and then to prune away all extinct lineages.
Unfortunately, this approach has two major drawbacks: 1) An excessive num-
ber of unnecessary speciation events may need to be simulated if the relative
extinction rate is large (µ/λ ≈ 1) and 2) It is not known when the process
should be stopped if the condition requires n species alive (see Fig. 1.6).

The problem is approached by realizing, again, that the density and distri-
bution function for the speciation events in the reconstructed tree have some
known distribution. In the paper I extend the previous results to any time-
dependent rate function. Then, using the distribution function I developed a
simulation algorithm that is not only accurate (solving the problem of sim-
ulating for a fixed number of species) but also outperforms other currently
available algorithms by several orders of magnitude.
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Figure 1.6: Realization of a birth-death process with λ = 2.0 and µ = 1.8. Here
it is clearly visible that the process reached n = 50 species multiple times and
stopping when the process first hit n = 50 species leads to a wrong distribution
of the speciation times.
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1.3.4 Summary of Paper IV

Paper IV is an extension of Paper II by allowing the diversification rates to
change over time. Rates of diversification are unlikely to be constant. For
example, changing environments may lead first to a higher extinction rate or a
mass-extinction event which then opens ecological niches for new species.

In Paper IV I use time-dependent diversification rates. For example, diversity-
dependent diversification rates can be approximated by time-dependent diver-
sification rates with decaying rates (lower speciation rate because there is less
opportunity for new species) and the signal should be recoverable from the
data. I use the same approach as in Paper II to derive the likelihood func-
tion under uniform taxon sampling and diversified taxon sampling but use
the distribution and density function derived in Paper III to include time-
dependent diversification rates. Eventually I applied six different models of
time-dependent diversification rates, including constant diversification rates
and exponentially decaying diversification rates, to three higher order phy-
logenies. These higher order phylogenies are constructed by sampling a few
representative species for each family and thus resemble the diversified taxon
sampling model. The results of the analysis favor a decaying speciation rate
model for two of the three datasets and the diversified taxon sampling in one of
the three datasets. In conclusion, the actual method how higher order phyloge-
nies are constructed violates our mathematical definition of diversified taxon
sampling and a more relaxed model, where not all missing speciation events
must have been after a specified point in time, is needed.
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