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1 Introduction

Renewal equations, in discrete or continuous time, arise in many applications
such as risk theory, queuing systems, reliability models, population dynamics
and epidemic models. Often some quantity of interest related to these models
is the solution of a renewal equation and the values of this quantity for large
time values are objects of interest.

The basic limit theorem for the discrete time renewal equation is given
in Erdös, Feller and Pollard (1949) and Feller (1950). This result gives con-
ditions under which the solution of the renewal equation converges as time
tends to infinity and gives an expression for the limit. The corresponding
result for continuous time renewal equations is given in its final form in Feller
(1966, 1971).

One of the main reasons for studying the renewal equation is that one-
dimensional distributions of regenerative processes satisfy renewal equations.
These types of processes were introduced by Smith (1955) and cover a large
class of interesting processes, for example, Markov chains and semi-Markov
processes with discrete state spaces. Using the fact that such processes regen-
erate at return times into some fixed state we can use the renewal theorem to
obtain ergodic theorems. Moreover, using the method of artificial regenera-
tion developed in Kovalenko (1977), Athreya and Ney (1978), and Nummelin
(1978) it is sometimes possible to apply the tools of renewal theory to obtain
ergodic theorems for regenerative processes with general state spaces.

Sometimes it is of interest to study the long time behaviour of regen-
erative processes which describe systems with finite lifetimes. In this case
one can introduce a stopping time which regenerates jointly with the process
to describe the lifetime. Regenerative processes with regenerative stopping
time can be used in the study of so-called quasi-stationary phenomena for
processes having a finite lifetime. The extensive study of quasi-stationary
phenomena for stochastic processes started in the 1960’s where the papers by
Vere-Jones (1962), Kingman (1963), Darroch and Seneta (1965), and Seneta
and Vere-Jones (1966) are examples of some important early works. Addi-
tional references to works in the this area can be found in, for example, the
recent book by Collet, Mart́ınez and San Mart́ın (2013).

A classical application of the renewal equation is the study of ruin prob-
abilities for the Cramér-Lundberg risk model which models the evolution of
capital for an insurance company. This is a continuous time model which
was originally studied by Lundberg (1926, 1932) and Cramér (1930, 1955)
without use of renewal theory. The main result in these studies is the Cramér-
Lundberg approximation which gives the asymptotics of a normalised ruin
probability as the initial capital tends to infinity. Later, Feller (1966) proved
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this result using the renewal theorem. The discrete time analogue of the
Cramér-Lundberg model, which is often called the compound binomial model
in the literature, was introduced by Gerber (1988). This model can also be
interpreted in terms of the number of customers in a queuing system. We
refer to Li, Lu and Garrido (2009) for a review of literature related to discrete
time risk models.

Over the years, renewal theory has been generalised in several directions.
The generalisation we consider in this thesis deals with perturbed renewal
equations. A perturbed renewal equation arises when a probability model
where some related quantity satisfies a renewal equation also depends on
a small perturbation parameter. In this case one is often interested in the
asymptotic behaviour for large time values and small values of the perturba-
tion parameter.

The study of the perturbed renewal equation started by the works of
Silvestrov (1976, 1978, 1979). In these papers the basic limit theorem was
generalised for perturbed continuous time renewal equations. Later, starting
with Silvestrov (1995), this theory was further developed by the construction
of exponential asymptotic expansions for the solution of the renewal equa-
tion. This provides a basis for studying stochastic systems with non-linear
perturbations. The book Gyllenberg and Silvestrov (2008) collects all results
in this line of research until this year together with some new results. This
book also contains an extensive bibliography of works in related areas. A fur-
ther generalisation is investigated by Ni (2011) who considers perturbations
of a non-polynomial type. Related work has also been done by Blanchet and
Zwart (2010) who gives asymptotic expansions for a perturbed renewal equa-
tion under conditions where some moments of the distribution generating the
renewal equation are allowed to be infinite.

The corresponding study for discrete time renewal equations started in
Gyllenberg and Silvestrov (1994) where the theory was used to describe quasi-
stationary behaviour for a meta-population model. Asymptotic expansions
for the discrete time model was first studied in Englund and Silvestrov (1997).
The perturbed discrete time renewal equation has also been considered in
Silvestrov (2000) and Englund (2001). The three papers included in this
thesis continue this line of research.

The results for perturbed renewal equations can be applied to the study
of perturbed Markov and semi-Markov processes. In this area there exists
a large set of literature where different types of perturbations have been
studied for various types of Markov processes. Let us mention Schweitzer
(1968), Latouche (1988), Hassin and Haviv (1992), Kartashov (1996), Alt-
man, Avrachenkov and Núñez-Queija (2004), and Koroliuk and Limnios
(2005). These works and references therein may serve as a starting point

6



into this vast area of research.
Since the results in this thesis are discrete time analogues of already

existing results in continuous time, we would like to give some motivation for
doing a separate study for the discrete time case. First of all, the discrete time
case is interesting in its own right. Also, sometimes it gives a more intuitive
interpretation, for example when some stochastic system is only observed
at given time points. It is not possible to directly translate the continuous
time results. For example, some of the recursive formulas for calculating
coefficients in some asymptotic expansions are different compared to the
continuous time case. We would also like to mention a long term motivation.
Since the discrete time case in some aspects are simpler than the continuous
time case, it can serve as a basis to obtain new and more specialised results.
However, before this can be done, a rigorous study of the basic theory for
the discrete time case is necessary.

In Section 1.1 we give a short summary of the papers A, B, and C
included in this thesis. A more detailed summary of the results are given in
Section 2.9, which is preceded by a mathematical introduction to the area
where we in more detail describe many of the technical terms used in this
introduction.

1.1 Summary of Papers

This section gives a brief summary of each of the three papers included in
the present thesis.

Paper A

In this paper, we study the asymptotic behaviour of the solution of the per-
turbed discrete time renewal equation. In particular, we give an exponential
asymptotic expansion for the solution and present an explicit recurrence al-
gorithm for calculating the coefficients in this expansion. We discuss applica-
tions to regenerative processes, queuing theory and risk theory. To make the
paper more self-readable, we also include a derivation of the renewal equation
for the ruin probability of a discrete time risk process.

Paper B

In this paper, we give conditions under which there exists a quasi-stationary
distribution for a perturbed discrete time regenerative process. Moreover, we
show that the quasi-stationary distribution for the perturbed process con-
verges to the quasi-stationary distribution for the limiting process. We build
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a power series expansion for the quasi-stationary distribution with respect to
the perturbation parameter and give a recursive formula for calculating the
coefficients of the expansion. The results are illustrated by explicit calcu-
lations for an alternating regenerative process. We also discuss the relation
between regenerative processes and ruin probabilities.

Paper C

In this paper, we apply the results of Paper A to asymptotic analysis of
ruin probabilities for perturbed discrete time risk processes. We obtain an
exponential asymptotic expansion for the ruin probability which can be seen
as a generalisation of discrete time analogues for both the Cramér-Lundberg
approximation and the diffusion approximation. We show how the coeffi-
cients in the expansions can be calculated by recursive formulas as functions
of coefficients in expansions of local characteristics for the perturbed risk
process. The results yield approximations for ruin probabilities which have
zero asymptotic relative errors.

2 Mathematical Introduction

In this section we give a mathematical background to the problem considered
in the present thesis and give a summary of the results. In order to keep the
mathematics on an appropriate but not too technical level we allow ourselves
to be somewhat informal and make some small simplifications in some places.
Section 2.1 introduces the renewal equation in discrete time and Sections 2.2
- 2.5 describe some applications of the renewal equation which are relevant for
this thesis. Then, in Section 2.6, we introduce the perturbed discrete time
renewal equation and describe the aim of the thesis. Sections 2.7 and 2.8
describe some concepts that are important for our results and finally Section
2.9 summarises the results.

2.1 Discrete Time Renewal Equations

Let q(n), n = 0, 1, . . . , be a sequence of real valued numbers and let f(n), n =
0, 1, . . . , be a sequence of non-negative real valued numbers satisfying F (∞) ≤
1 and f(0) < F (∞), where F (∞) =

∑∞
n=0 f(n). We consider the recursive

relation

x(n) = q(n) +
n∑

k=0

x(n− k)f(k), n = 0, 1, . . . (1)

Relation (1) is called a discrete time renewal equation.
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The renewal equation is important for applications in probability theory.
Often some characteristic of a probability model is the solution of a renewal
equation. Examples of this is given in Sections 2.2, 2.3, and 2.5.

The quantity f = 1 − F (∞) is called the defect of f(n). If f = 0, then
f(n) is the probability distribution of a random variable. In the case f > 0,
we can interpret f(n) as the probability distribution of a random variable
which take the value ∞ with probability f . If f = 0, then f(n) is called
a proper distribution and if f > 0 it is called an improper distribution.
Furthermore, we call the corresponding renewal equation proper or improper
depending on whether f = 0 or f > 0.

2.2 Discrete Time Regenerative Processes

In this section we give a somewhat informal definition of regenerative pro-
cesses in discrete time and show how they are related to the renewal equation.

Let Z(n), n = 0, 1, . . . , be a stochastic process taking values in some set
X. For simplicity, let us assume that X = {0, 1, 2, . . .} is a countable set. Let
0 = τ0 < τ1 < τ2 < · · · , be a sequence of proper random variables defined
on the same probability space as Z(n). The process Z(n), n = 0, 1, . . . , is a
regenerative process with regeneration times τ0, τ1, . . . , if the following hold:

(a) For every k = 0, 1, . . . , the process Z(τk + n), n = 0, 1, . . . , and the
random sequence τk+n − τk, n = 0, 1, . . . are independent of the ran-
dom sequence Z(n ∧ (τk − 1)), n = 0, 1, . . . , and the random variables
τ0, . . . , τk.

(b) The joint finite-dimensional distributions of the process Z(τk+n), n =
0, 1, . . . , and the random sequence τk+n−τk, n = 0, 1, . . . , are the same
for every k = 0, 1, . . .

Intuitively, a regenerative process is a process such that there exist ran-
dom times where the future of the process is independent of the past and
the processes starting from these random times are probabilistic copies of the
process starting from time zero.

It can be shown that for any i ∈ X, the probabilitiesQi(n) = P{Z(n) = i}
satisfy the renewal equation

Qi(n) = qi(n) +
n∑

k=0

Qi(n− k)f(k), n = 0, 1, . . . , (2)

where
qi(n) = P{Z(n) = i, τ1 > n}, f(k) = P{τ1 = k}.
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An example of a regenerative process is a Markov chain. In this case the
regeneration times are successive return times to the initial state.

2.3 Regenerative Stopping Times

It is often of interest to analyse the long-time behaviour of a process which
terminates at some point, but the expected time until this happens is large.
For example, in a population dynamics model we might know that the pop-
ulation eventually will go extinct but that it is expected that the population
will persist for a long time. For the model of regenerative processes this
would mean that τn = ∞ for some n. But such a process is not a regen-
erative process and will therefore not satisfy equation (2). In this section
we show how such a process still can be analysed by renewal theory by in-
troducing a special kind of random variable describing the lifetime of the
process.

Let µ be a random variable defined on the same probability space as the
regenerative process Z(n) and taking values in the set {1, 2, . . . ,∞}. We say
that µ is a regenerative stopping time associated with the regenerative process
Z(n) if the the probabilities Pi(n) = P{Z(n) = i, µ > n}, n = 0, 1, . . . ,
satisfy the renewal equation

Pi(n) = qi(n) +
n∑

k=0

Pi(n− k)f(k), n = 0, 1, . . . ,

where

qi(n) = P{Z(n) = i, µ > n, τ1 > n}, f(k) = P{τ1 = k, µ > τ1}.

This means that the regenerative stopping time possesses a memoryless
property at times of regeneration. Also note that f = P{µ ≤ τ1}, that is,
the defect of f(k) is equal to the stopping probability in one regeneration
period.

We can use µ to describe the random lifetime of a stochastic system.
For example µ can be the time of extinction of some population or time of
extinction of an epidemic.

An example of a regenerative process with regenerating stopping time is
a Markov chain where the regeneration times are successive return times to
the initial state and the regenerative stopping time is the first hitting time
into some other fixed state. This is illustrated in Figure 1 where state 5
serves as the regeneration state and the first hitting time into state 0 is the
stopping time.
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Figure 1: Trajectory of a regenerative process.

2.4 Quasi-Stationary Distributions

When describing the long-time behaviour of a stochastic process it is often
of interest to characterise a stationary distribution. For a stochastic process
describing a system with a finite lifetime, such a stationary distribution will
be degenerated. However, before the lifetime of the system goes to an end,
one can often observe something that resembles a stationary distribution.

Consider the model of regenerative processes with regenerative stopping
time where the stopping time µ represents the lifetime of some stochastic
system. If we expect the lifetime to be large, it can be of interest to determine
a distribution πi, i ∈ X, and some conditions under which we have

P{Z(n) = i | µ > n} → πi, as n→∞, i ∈ X.

Such a distribution is called a quasi-stationary distribution.

2.5 Discrete Time Risk Processes

In this section we describe a model which have applications in, for example,
queuing theory and risk theory. In queuing theory it can be used to describe
the number of customers in a system where customers arrive individually but
are served in groups. In risk theory it can be used to model the evolution
of capital for an insurance company. In this section we shall use the latter
interpretation.

LetX1, X2, . . . , be a sequence of random variables which are non-negative,
integer-valued, independent and identically distributed. For a non-negative
integer u, let

Zu(0) = u, and Zu(n) = u+ n−
n∑

k=1

Xn, n = 1, 2, . . . (3)
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We call the process defined in relation (3) a discrete time risk process. We
can interpret u as a starting capital and Xn as the claim costs at moment n,
where Xn = 0 means that there is no claims at time n. In this case, capital
is measured in units equivalent to expected premiums per time unit. An
illustration of such a process is given in Figure 2 where the downward jumps
correspond to claim arrivals.

n

Zu(n)

u

Figure 2: Trajectory of a risk process.

It is convenient to characterise the risk process by

p = P{X1 > 0} and g(n) = P{X1 = n | X1 > 0}, n = 0, 1, . . . ,

which we call the claim probability and the claim size distribution, respec-
tively. We also define the expected claim size by µ =

∑∞
n=0 ng(n) and the

loading rate by α = pµ.
An object of interest is the probability that Zu(n) ever falls below zero

given an initial capital u. This probability is called the ruin probability and
is defined by

Ψ(u) = P{min
n≥0

Zu(n) < 0}, u = 0, 1, . . .

If α ≥ 1, it can be shown that Ψ(u) = 1 for all u ≥ 0. If α ≤ 1, it can be
shown that the ruin probability satisfies the renewal equation

Ψ(u) = q(u) +
u∑

k=0

Ψ(u− k)f(k), u = 0, 1, . . . ,

where

q(u) = p
∞∑

k=u+1

(1−G(k)), f(k) = p(1−G(k)), G(k) =
k∑

n=0

g(n).

12



Note here that the defect of f(n) takes the form f = 1− α.
As an example, it can be interesting to note that in the case when the

claim size distribution is concentrated at 2, the model reduces to the model
for the classical gambler’s ruin problem.

2.6 Perturbed Renewal Equations

We now consider the case where some characteristics of the underlying prob-
ability model depend on a parameter ε, which we assume is small in some
sense. For example, the one-step transition probabilities of a Markov chain
or the expected claim size in a risk model may be a function of ε. This means
that the corresponding renewal equations will also depend on ε. This leads
us to consider a family of renewal equations indexed by ε ≥ 0,

x(ε)(n) = q(ε)(n) +
n∑

k=0

x(ε)(n− k)f (ε)(k), n = 0, 1, . . . (4)

Furthermore, it is assumed that, in some sense, q(ε)(n) → q(0)(n) and
f (ε)(n) → f (0)(n), as ε → 0. This motivates us to consider equation (4)
for ε > 0 as a perturbed version of equation (4) for ε = 0 and we call it a
perturbed renewal equation.

The aim of the present thesis is to give a detailed description of the
asymptotic behaviour of the solution of equation (4) as ε → 0 and n → ∞,
and the applications to the probability models described in Sections 2.3 and
2.5.

We separate between two cases depending on whether the limiting distri-
bution f (0)(n) is proper or not.

• Pseudo-stationary asymptotics: f (0) = 0.

• Quasi-stationary asymptotics: f (0) > 0.

The pseudo-stationary case corresponds to the classical idea of perturba-
tion theory. In this case, the solution for the problem when ε = 0 is simpler
than the solution for the problem when ε > 0. This allows us to approximate
the solution of the perturbed problem with the solution of the unperturbed
problem together with some correction terms.

The quasi-stationary case corresponds to the case where the solution of
the unperturbed problem has the same level of complexity as the solution
of the perturbed problem. As expected, this case is mathematically more
complicated. This set up can be interesting if we want to study the effect of
some characteristic under small changes in local model characteristics.
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2.7 Characteristic Equations

Of crucial importance for our results is the solution, with respect to ρ, of the
following equation:

∞∑

n=0

eρnf (ε)(n) = 1. (5)

We call equation (5) the characteristic equation. The solution depends on ε
and we will consider the solution ρ = ρ(ε) as a function of ε. In Paper A we
give conditions under which there exists a unique non-negative root ρ(ε) of
the characteristic equation for sufficiently small ε and, moreover, ρ(ε) → ρ(0)

as ε→ 0.
The solution of the characteristic equation is important since it enables us

to transform improper renewal equations into proper ones, which are mathe-
matically simpler to handle. Indeed, multiplying both sides in (4) with eρ

(ε)n

we obtain a renewal equation where the distribution is given by eρ
(ε)nf (ε)(n).

Since ρ(ε) is the solution of the characteristic equation, it follows from (5)
that this is a proper distribution.

The convergence of the solution of the transformed renewal equation de-
pends on the convergence of ρ(ε) as ε → 0. However since there does not
in general exist an explicit expression for ρ(ε) this will not give a detailed
description of the convergence. This is why a significant part of Paper A is
concerned with building an asymptotic expansion for ρ(ε).

2.8 Generating Functions

The following functions play an important role for our results. For ε ≥ 0,
define

φ(ε)(ρ, r) =
∞∑

n=0

nreρnf (ε)(n), ρ ≥ 0, r = 0, 1, . . . , (6)

and

ω(ε)(ρ, r) =
∞∑

n=0

nreρnq(ε)(n), ρ ≥ 0, r = 0, 1, . . . (7)

The functions defined in (6) are called mixed power-exponential moment
generating functions. In the case r = 0, this reduces to usual moment gen-
erating functions. The same names apply to the functions in (7) in the case
when q(ε)(n) are distributions. In the case when q(ε)(n) are not distributions,
we rather say mixed power-exponential moment type functionals.

Many quantities related to our results can be expressed in terms of these
generating functions. For example, the characteristic equation can be written
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φ(ε)(ρ, 0) = 1. One of the main assumptions for our results is that these
functions are finite for sufficiently small values of ε and ρ.

2.9 Summary of Main Results

This section summarises the main results of the present thesis.
When studying the asymptotic behaviour as n → ∞ and ε → 0 we can

without loss of generality assume that n = n(ε) is a non-negative integer
valued function of ε such that n(ε) →∞ as ε→ 0.

We now present the main asymptotic result. Sufficient conditions for
this result to hold is given in Paper A. In particular it is assumed that the
functions φ(ε)(ρ(0), r) can be expanded in power series with respect to ε for
r = 0, 1, . . . , k. Assume that ε → 0 and n(ε) → ∞ in such a way that
εrn(ε) → λr ∈ [0,∞), for some 1 ≤ r ≤ k. Then,

x(ε)(n(ε))

exp(−(ρ(0) + a1ε+ · · ·+ ar−1εr−1)n(ε))
→ e−arλr x̃(0)(ρ(0)), as ε→ 0, (8)

where

x̃(0)(ρ(0)) =
ω(0)(ρ(0), 0)

φ(0)(ρ(0), 1)
.

A relation of the type in equation (8) is called an exponential asymptotic
expansion. The coefficients a1, . . . , ar, can be calculated by explicit recurrence
formulas as functions of the coefficients in the expansions of φ(ε)(ρ(0), r). In
the pseudo-stationary case ρ(0) = 0, and in the quasi-stationary case ρ(0) > 0.

This result yields the corresponding asymptotic relations for the proba-
bilities P{Z(ε)(n(ε)) = i, µ(ε) > n(ε)} for a regenerative process and the ruin
probabilities Ψ(ε)(u(ε)) for a risk process. However, the conditions for relation
(8) to hold are formulated in terms of the functions q(ε)(n) and f (ε)(n) in the
renewal equation. When considering more specific models it is sometimes
more convenient to give conditions in terms of local characteristics. For ex-
ample, in the risk model it is often desirable to formulate conditions in terms
of claim probabilities p(ε) and claims size distributions g(ε)(n). Details are
given in Paper B and C.

In some situations there is also of interest to build asymptotic expansions
for the generating functions φ(ε)(ρ(ε), r) and ω(ε)(ρ(ε), r) considered as a func-
tions of ε for some particular values of r. For example, let us consider the
model of regenerative processes with regenerative stopping time. For each
ε ≥ 0, define

π
(ε)
i (ρ(ε)) =

ω
(ε)
i (ρ(ε), 0)

∑∞
k=0 ω

(ε)
k (ρ(ε), 0)

, i ∈ X,
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where

ω
(ε)
i (ρ(ε), 0) =

∞∑

n=0

eρ
(ε)nq

(ε)
i (n).

In Paper B we give conditions under which the following limit holds for
sufficiently small ε:

P{Z(ε)(n) = i | µ(ε) > n} → π
(ε)
i (ρ(ε)), n→∞, i ∈ X. (9)

Relation (9) allows us to interpret π
(ε)
i (ρ(ε)) as quasi-stationary distri-

butions. Since the expressions defining these are very complicated it is of
interest to build asymptotic expansions for the probabilities in these distri-
butions. In Paper B we give conditions under which this can be done. In
particular, such conditions require that φ(ε)(ρ(0), r) and ω

(ε)
i (ρ(0), r) can be

expanded in power series with respect to ε for r = 0, 1, . . . , k. In this case
we obtain a power series expansion for the quasi-stationary distribution,

π
(ε)
i (ρ(ε)) = π

(0)
i (ρ(0)) + c1,iε+ · · ·+ ck,iε

k + o(εk), i ∈ X,

and corresponding recursive formulas for calculating the coefficients as func-
tions of the coefficients in the expansions of φ(ε)(ρ(0), r) and ω

(ε)
i (ρ(0), r).

Another example where expansions of the generating functions are of
interest is for the asymptotics of ruin probabilities. Here, expansions of
φ(ε)(ρ(ε), 1) and ω(ε)(ρ(ε), 0) may improve some approximations. Details are
given in Paper C.

In conclusion, the main results of the present thesis are exponential
asymptotic expansions for solutions of perturbed discrete time renewal equa-
tions, power series expansions for quasi-stationary distributions of perturbed
regenerative processes, and asymptotic results for ruin probabilities in per-
turbed risk processes.
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