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Abstract

This doctoral thesis comprises a study of recently developed nonlinear
theories for massive spin-2 fields that go by the names of Massive Gravity
and Bimetric Theory.

As we demonstrate in a Hamiltonian analysis, the construction of
these theories avoids the notorious Boulware-Deser ghost instability that
generically plagues nonlinear spin-2 interactions and renders their descrip-
tion inconsistent. We explore the mass spectrum of ghost-free Bimetric
Theory and reformulate its action in terms of nonlinear mass eigenstates.
A generalized version of the theory with multiple vielbein interactions is
reviewed and then reexpressed in terms of metrics. Homogeneous and
isotropic solutions to the equations of motion in Bimetric Theory are de-
rived and discussed in the context of cosmology. We furthermore single
out particular values for the parameters in the bimetric interaction po-
tential for which the theory could potentially contain an additional gauge
redundancy. This establishes a unique candidate for a nonlinear theory of
a partially massless spin-2 field. Finally, we reveal a close connection of
Bimetric Theory to a certain class of higher-curvature theories for gravity
and offer a solution to their ghost problems. In particular we find that, in
four space-time dimensions, the bimetric candidate for nonlinear partial
masslessness is closely related to Conformal Gravity.
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Svensk sammanfattning

Denna doktors-avhandling utgörs av studier inom de nyligen konstruer-
ade icke-linjära teorierna för massiva spin-2 fält, Massiv gravitation samt
Bimetrisk teori. Vi visar genom Hamiltonsk analys att dessa teorier är fria
fr̊an det s̊a kallade Boulware-Deser spöket, som annars generiskt återfinns
i teorier för icke-linjära spin-2 växelverkningar och därför gör s̊adana
teorier inkonsistenta. Vi utforskar den bimetriska teorins masspektrum
och omformulerar sedan dess verkansfunktional i termer av icke-linjära
massegentillst̊and. En överblick ges över konstruktionen av en generalis-
ering av den bimetriska teorin med multipla vielbeins och visar när och
hur denna teori istället kan formuleras med metriker. Vi finner även ho-
mogena och isotropiska lösningar i den bimetriska teorin och diskuterar
dessa ur ett kosmologiskt perspektiv. För ett speciellt val av parame-
trarna i den bimetriska växelverkanspotentialen visar vi att en ny gauge-
symmetry kunde vara realiserad och den resulterande modellen skulle
s̊aledes utgöra en icke-linjär teori för ett partiellt masslöst spin-2 fält.
Slutligen p̊avisar vi en stark koppling mellan den bimetriska teorin och
en klass av högre-derivata teorier och kan därigenom erbjuda en lösning
p̊a de senares spök-problem. Speciellt finner vi att den bimetriska kan-
didaten för en partiellt masslös teori har en stark koppling till Konform
gravitation.
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Preface

Thesis plan

This doctoral thesis consists of two major parts: a detailed presentation
of the scientific results gathered during my PhD education and the cor-
responding eight articles published or submitted for publication. Instead
of discussing the papers in strict chronological order of their appearance,
I try to present their results in the logically most coherent way.

The first part of the thesis is further divided into eight chapters whose
contents are briefly summarized in the following.

∗ Chapter 1 motivates this work both from a cosmological and a field
theoretical point of view and furthermore contains a short introduc-
tion into the subject of massless and massive spin-2 fields.

∗ Chapter 2 introduces the recently developed ghost-free nonlinear
theory for massive spin-2 fields and outlines its consistency proofs
contained in Paper I and Paper III.

∗ Chapter 3 discusses the more general setup of ghost-free Bimetric
Theory. In particular, the focus lies on its mass spectrum and its
formulation in terms of nonlinear mass eigenstates as presented in
Paper V and Paper VII.

∗ Chapter 4 reviews the consistent theory for multiple interacting
spin-2 fields in terms of vielbeins and develops an equivalent de-
scription in terms of metrics, following Paper IV.

∗ Chapter 5 derives the homogeneous and isotropic solutions in Bi-
metric Theory found in Paper II and summarizes their implications
for cosmology.

xiii



∗ Chapter 6 singles out a special parameter choice for which the bi-
metric equations of motion can exhibit an extra gauge symmetry.
This analysis, which was first performed in Paper V, identifies a
candidate for the nonlinear theory of a partially massless spin-2
field in four space-time dimensions. Furthermore, the chapter re-
views Paper VII which generalizes the results to higher dimensions
by including Lanczos-Lovelock terms into the bimetric action.

∗ Chapter 7 summarizes the results of Paper VIII which demonstrates
the close relation between ghost-free Bimetric Theory and a cer-
tain class of higher-curvature theories for gravity. In particular,
a connection between the nonlinear partially massless theory and
Conformal Gravity is drawn.

∗ Chapter 8 contains a summary of the main results and gives an
outlook on possible future developments in the field.

∗ Appendix A states the geometric conventions employed in this work
along with some identies used frequently in the computations.
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Chapter 1

Introduction

Since its introduction in 1916 [1], Einstein’s theory of General Relativity
(GR) has successfully explained the majority of gravity-related phenom-
ena. It reproduces Newtonian dynamics in the weak-gravity limit, makes
observable predictions, such as the bending of light by massive objects,
and until today it withstands solar system tests to a very high precision.
At the same time, containing the scalar curvature of a metric tensor,
the Einstein-Hilbert action for GR offers an intuitive geometrical inter-
pretation of the theory and Einstein’s field equations can be regarded as
capturing the interplay between matter and space-time geometry.

On scales larger than the solar system, however, astrophysical obser-
vations have posed questions that to a large extend remain unanswered
in the context of GR. These enigmas include the cosmological constant
problem, which was discussed by Weinberg [2] in the context of the an-
thropic principle, as well as the presence of an invisible (“dark”) matter
component in the universe, first observed by Zwicky [3]. While there ex-
ists a large variety of promising candidates for dark matter particles in
various extensions of the Standard Model of Particle Physics, so far there
is no convincing explanation for the smallness of the observed cosmologi-
cal constant. Unless they eventually both turn out to be resolved on the
particle physics side, the severeness of the phenomenological problems
challenges GR as the ultimate and complete theory of gravity. There-
fore, it is reasonable to investigate the possibility of modifying Einstein’s
beautiful theory with the goal to provide explanations for the perplexing
astrophysical observations.

Of course, such a modification of the theory of gravity is already heav-
ily constrained from the observational side since it must not alter the
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4 Chapter 1. Introduction

well-tested predictions of GR at solar-system scales. From a more theo-
retical perspective, looking for alternatives beyond GR is also motivated
by String Theory, the most promising candidate for a quantum theory
of gravity. GR itself cannot be promoted into a renormalizable quantum
theory; it can at most be an effective theory that requires an ultraviolet
(UV) completion. String Theory in the UV predicts an effective action at
low energies that includes the Einstein-Hilbert term of GR plus higher-
curvature corrections, as well as couplings to many fields of different spin.
Computing this effective action explicitly in string perturbation theory
is tedious but, alternatively, one can choose to search for consistent ef-
fective theories in a bottom-up approach. Following this strategy reveals
that modifying GR is surprisingly difficult; almost any alteration of the
Einstein-Hilbert action leads to inconsistencies in the theory. Moreover,
the nonlinearities of GR often complicate consistency analyses of sug-
gested modified theories and it happens rather rarely that a modification
is proven to be consistent. Finding an alternative theory of gravity with-
out inconsistencies is therefore always an important achievement and it
is worth investigating the new theory in detail.

As a field theory, GR describes nonlinear self-interactions of a massless
spin-2 excitation. A logical first guess for a modification of this setup
would be the addition of a mass term for the spin-2 field. The resulting
theory should describe nonlinear interactions of a massive spin-2 field and
is commonly referred to as Massive Gravity. However, the problem with
a massive graviton is that a generic mass term introduces ghosts into
the physical spectrum. Ghosts correspond to fields with negative kinetic
energy that lead to instabilities at the classical and nonunitarity at the
quantum level. In a consistent theory, it is necessary to avoid the presence
of ghost fields and this requirement puts severe constraints on the mass
term and interaction potential of the spin-2 field.

To summarize, the search for a consistent theory of an interacting
massive spin-2 field is motivated by the following question:

Can a massive graviton explain unresolved puzzles in cosmology?

But due to the difficulty of consistently modifying GR, before we can
address this question, we need to answer an even more fundamental one:

How can we describe massive spin-2 particles in field theory?

Even without a cosmological constant or dark matter problem, this task
is interesting from a purely theoretical point of view: It is well-known
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how to describe massless and massive particles with spin less than two in
field theory, and there is no obvious reason why there should not exist a
corresponding model for spin 2.

Discussing consistency proofs and special features of recently discov-
ered nonlinear theories for massive spin-2 fields, this thesis is mostly de-
voted to the latter of the two problems, although basic applications to
cosmology are also provided. Before diving into this engrossing new sub-
ject we present the history of Massive Gravity, explain the cosmological
constant problem and provide the basics of theories with spin-2 fields in
the remainder of the introduction.

1.1 Historical development

Finding a consistent theory that describes a massive spin-2 field is an old
problem. In the year 1939, Fierz and Pauli wrote down the unique ghost-
free mass term for a linearized spin-2 fluctuation [4]. They found that an
a priori arbitrary coefficient in the mass term needs to be tuned to a spe-
cific value in order to remove inconsistencies. About 30 years later, in two
independent articles, van Dam and Veltman as well as Zakharov discov-
ered that in the zero-mass limit the Fierz-Pauli theory coupled to sources
does not converge to the massless theory [5, 6]. This is due to the fact
that the helicity-zero mode of the massive spin-2 field does not decouple in
this limit but gives an additional contribution to the vacuum amplitude of
two interacting sources. This vDVZ discontinuity implies that even a very
small graviton mass has significant impact on gravitational interactions
between sources. In particular, in the zero-mass limit, GR augmented by
the Fierz-Pauli term predicts different gravitational constants for confor-
mal and non-conformal matter. Such a difference would be observable in
measurements of the gravitational constant for light bending, whose value
in the Fierz-Pauli theory with infinitely small mass differs by 25% from
the one predicted by GR. Observations clearly rule out this possibility and
a massive graviton would have been discarded decades ago had Vainshtein
not found his famous loophole which suggested that a nonlinear comple-
tion of the Fierz-Pauli theory could avoid the vDVZ discontinuity [7].
Vainshtein showed that around massive sources the linear approximation
loses its validity below a certain distance scale. This Vainshtein radius
becomes infinitely large in the limit of zero Fierz-Pauli mass and in this
case there is no regime where the linear theory is valid. Clearly, such a
Vainshtein mechanism requires a nonlinear extension of the Fierz-Pauli
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mass term which, not unexpectedly, generically reintroduces inconsisten-
cies. In fact, already in 1972, Boulware and Deser claimed that any
nonlinear completion of Fierz-Pauli theory would exhibit a ghost insta-
bility [8, 9]. Their results were trusted and for almost 40 years there
was little progress in the field of Massive Gravity. Moreover, in 2005,
an analysis by Creminelli et. al. [10] that was based on earlier work by
Arkani-Hamed et. al. [11] seemingly confirmed the unavoidable presence
of the Boulware-Deser ghost in any nonlinear extension of the Fierz-Pauli
theory.

The peripeteia came in 2010, when de Rham, Gabadadze and Tolley
(dRGT) revisited the analysis of Creminelli et. al. and discovered a minor
sign mistake which unfortunately had a large impact on the paper’s final
conclusion [12, 13]. After correcting the sign, they found that it is possible
to construct a theory of nonlinear Massive Gravity which is ghost-free in
a certain decoupling limit. This alone did not guarantee the consistency
of the full theory away from the decoupling limit but, in the following
year, their reformulation of the dRGT theory [14] enabled Hassan and
Rosen to prove the absence of the Boulware-Deser ghost in a Hamiltonian
constraint analysis [15, 16]. Furthermore, they generalized the dRGT
setup, which describes a nonlinearly interacting massive spin-2 field in flat
space, to a ghost-free Bimetric Theory containing nonlinear interactions
of a massless and massive spin-2 field in a dynamical background [17].
These works established the first consistent nonlinear theory for massive
spin-2 fields.

Inconsistent models with bimetric interactions had been considered
earlier in the literature, for the first time by Rosen in 1940 [18, 19] and
later by Aragone and Deser [20] as well as Isham, Salaam and Strathdee [21].
The consistent bimetric model had actually already appeared in [22]
where, however, the ghost issue was not addressed. Besides these, al-
ternative theories with massive gravitons have also been under investiga-
tion. These include the DGP model [23, 24], Kaluza-Klein scenarios [25,
26], New Massive Gravity [27], Topological Massive Gravity [28, 29] and
Lorentz violating models [30].

1.2 The cosmological constant problem

Einstein’s equations, the equations of motion for the metric tensor gµν
that follow from the Einstein-Hilbert action of General Relativity, are of
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the form

Rµν −
1

2
Rgµν =

1

M2
Pl

Tµν − Λgµν . (1.1)

The left-hand side contains the Ricci curvature tensor and scalar of gµν
and hence describes the dynamics of space-time geometry. The right-hand
side consists of matter sources with stress energy tensor Tµν to which we
have added a cosmological constant term.

In the absence of local sources, there is still a contribution from the
matter sector to Einstein’s equations because quantum field theory pre-
dicts a vacuum expectation value 〈Tµν〉 for the source. In particular,
the component 〈T00〉 is the vacuum energy density that includes contri-
butions from normal ordering of operators in the Hamiltonian and from
expectation values of scalar potentials after symmetry breaking. The
size of these contributions depends on the specific model, its symmetry
breaking mechanisms and UV cutoff, but generically it certainly satisfies
〈T00〉 > (1 TeV)4. In the worst case, it is as large as the Planck den-
sity, 〈T00〉 ∼ (1018GeV)4. As we will review in chapter 5, such a huge
value for the vacuum energy density would make the expansion of the
universe accelerate at an immense rate. Although in the late 1990’s ob-
servational data revealed that the cosmological expansion is indeed accel-
erating [31, 32], the vacuum energy density driving this acceleration must
be as tiny as 10−47(GeV)4. The theoretical prediction and the observed
value therefore differ by 60 to 120 orders of magnitude.

In principle, there is a way to cure the discrepancy by hand: One
could simply adjust the free parameter Λ in (1.1) such that it cancels
the large number in 〈T00〉 up to 60-120 decimal places. Obviously this
method of dealing with the difference in observed and measured vacuum
energies requires an enormous amount of fine-tuning. Although there is
no mathematical inconsistency in this procedure, the inexplicable almost
exact cancellation is a thorn in the flesh of most theoretical physicists. The
cosmological constant problem has become one of the greatest challenges
of modern theoretical physics and there is a countless number of proposals
for solutions in the literature. For a recent review we refer the reader
to [33].

A priori, there is good reason to believe that a theory of Massive
Gravity could be a step towards explaining the smallness of the observed
vacuum energy. The main idea is that a small graviton mass is pro-
tected against quantum corrections, which relies on the appearance of
a gauge symmetry (namely diffeomorphism invariance) in the zero-mass
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limit. Contrarily, when the cosmological constant is taken to zero, no
such symmetry emerges and hence the value for the vacuum energy is
unprotected. A tiny graviton mass is therefore considered less unnatural
than a cosmological constant of the same scale. The smallness of the mass
parameter would still have to be explained, but once it is small at the clas-
sical level, quantum corrections will be of the same order of magnitude
and not drive it to the cut-off scale. If now, in a Massive Gravity theory,
a large vacuum energy 〈T00〉 generated on the matter side is somehow
“screened” by a mass term with a small graviton mass in the modified
Einstein equations, the effect of the vacuum energy on the acceleration
of the cosmological expansion could be small. Despite these promising
ideas, it seems that a straightforward screening mechanism does not exist
in the dRGT and Hassan-Rosen models to be considered in this thesis.

1.3 Massless and massive field theories

The modern description of particle physics is based on the extremely suc-
cessful framework of quantum field theory (QFT). Quantum states that
correspond to physical particles are created and annihilated by local oper-
ators, or quantum fields, that transform in irreducible unitary representa-
tions of the Poincaré group which, in turn, characterizes the isometries of
the underlying Minkowski space time. According to Wigner’s classifica-
tion [34], the irreducible unitary representations with non-negative energy
can be labelled by two Casimir invariants related to mass and spin (or
helicity) of the corresponding particle.

The construction of a QFT with a Hilbert space of particle states is
usually achieved in two steps: One begins by writing down a Lagrangian of
a consistent classical field theory for which the Hamiltonian is bounded
from below. Then one quantizes the theory either in the path integral
formalism or by imposing canonical (anti)commutation relations for the
fields. The process of quantization can in principle reintroduce inconsis-
tencies that render the theory nonunitary but, if one is lucky, it is possible
to avoid these. Then, in the absence of gauge anomalies, there may exist
a consistent quantum version of the classical theory. The crucial point
is that for the existence of a unitary description of particles in a QFT
framework, it is absolutely necessary to start from a classically consistent
field theory.

Apart from the problem of nonunitarity in its quantum version, a
classical field theory with a Hamiltonian that is not bounded from below is
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not even meaningful on its own. The instability allows the field to transfer
an infinite amount of energy to other fields it interacts with and hence
the theory cannot make any useful predictions. Thus, a Hamiltonian that
is bounded from below is required from any feasible field theory (classical
or quantum). In particular, one must demand the absence of fields that
have wrong signs in front of their mass terms (tachyons) or kinetic terms
(ghosts).

Consistent classical theories for both massless and massive fields with
spin 0, 1/2 and 1 are well-known1 and their quantum versions play an
important role in theoretical particle physics. In fact, the Standard Model
of Particle Physics is a consistent quantum theory of fields with spin 1/2
(fermions), spin 1 (gauge bosons) and spin 0 (Higgs boson). Table 1.1
displays the structure of Lagrangians for fields of different spin.

Table 1.1. Lagrangians for fields of different spin. The massless theories
correspond to setting m = 0.

spin 0 scalar field φ Lφ = −∂µφ∂µφ−m2φ2

spin 1
2 spinor field ψα Lψ = −ψ̄γµ∂µψ −mψ̄ψ

spin 1 vector field Aµ LA = −1
4F

µνFµν − m2

2 A
µAµ

Compared to its lower-spin companions, spin-2 fields turn out to be
much more difficult to handle. The consistent classical theory for a
massless spin-2 field with nonlinear self-interactions is General Relativity.
However, when trying to quantize the theory one faces another problem
because the Lagrangian for GR is nonrenormalizable. This means that
predictions for scattering cross sections contain infinities that cannot be
absorbed into a finite number of perturbatively renormalized coupling
constants. Due to this obstruction, GR makes sense only as an effective
field theory valid at low energies which is believed to have a consistent,

1Note also that a consistent classical theory for a massive/massless gravitino with
spin 3/2 exists in the form of broken/unbroken supergravity.
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renormalizable completion in the ultraviolet regime. For massive spin-
2 fields the situation can be even worse: Adding a mass term to the
Einstein-Hilbert action of GR generically introduces ghost instabilities
that render the theory inconsistent already at the classical level.

In the following we discuss two examples of classical field theories in
more detail, where we in particular review the degree-of-freedom counting
using gauge invariances and constraints in the equations of motion.

1.3.1 Spin-1

Before coming to the more relevant example of linear spin-2 theories, it is
instructive to begin by considering spin-1 fields that share several features
with their spin-2 analogues. Unlike in the theories for spin-0 and spin-
1/2 fields, gauge invariance is needed in the massless case to obtain the
correct number of propagating degrees of freedom. We first discuss the
massless vector field that appears in classical electrodynamics and then
turn to the Proca theory for massive spin-1 fields.

Massless theory

The theory for a massless spin-1 field Aµ(x) in flat space2 is given by
Maxwell’s Lagrangian,

LMaxwell = −1

4
FµνFµν − JµAµ , Fµν ≡ ∂µAν − ∂νAµ , (1.2)

where Jµ is an external source and indices are contracted with the Minkowski
metric ηµν . The equations of motion obtained from varying with respect
to Aν are

∂µFµν = Jν . (1.3)

Due the identity ∂ν∂µFµν = 0, the divergence of the equations implies
that the source must be conserved, ∂µJµ = 0. With the help of this
conservation law3 it can be shown that both the above Lagrangian and
the equations are invariant under a U(1) gauge transformation,

Aµ(x) 7−→ Aµ(x) + ∂µφ(x) , (1.4)

2In fact, these relations happen to also hold in curved space.
3In general, the source is not necessarily conserved off-shell since its conservation

is an on-shell constraint. For a Lagrangian with off-shell gauge-invariance we need to
require off-shell conservation of Jµ or, equivalently, off-shell gauge-invariance of the
source term JµAµ.
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where φ(x) is a scalar gauge parameter. The symmetry transformation
may be used to choose the Lorenz gauge which is defined through the
condition ∂µAµ = 0. In this gauge the equations of motion reduce to

�Aµ = Jµ , (1.5)

which is simply a sourced Klein-Gordon equation for a massless field.
However, the gauge is not yet fixed completely because we can still per-
form gauge transformations (1.4) with �φ = 0 that do not take us out of
the Lorenz gauge. The gauge condition ∂µAµ = 0 together with this resid-
ual gauge transformation remove two degrees of freedom from Aµ. In d
dimensions the theory for a massless spin-1 particle therefore propagates
(d− 2) degrees of freedom.

Massive theory

Next, let us turn to the massive spin-1 particle. It is described by the
Proca Lagrangian,

LProca = −1

4
FµνFµν −

m2

2
AµAµ − JµAµ . (1.6)

Clearly, this is the same as Maxwell’s Lagrangian with an additional mass
term quadratic in the field. The equations of motion in the Proca theory
read

∂µFµν −m2Aν = Jν . (1.7)

The mass term breaks the above U(1) symmetry and the Lagrangian is
no longer gauge invariant. Hence, this time there is no symmetry that
can be used to remove redundant components of the field. On the other
hand, taking the divergence of the equations of motion we now obtain a
constraint equation containing the field,

∂µAµ = − 1

m2
∂µJµ . (1.8)

This is a constraint because it contains only one derivative instead of two
that would appear in a dynamical equation. The source is no longer nec-
essarily conserved but, if we anyway assume ∂µJµ = 0, then the constraint
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corresponds precisely to the above Lorenz gauge condition. Plugging it
back into the equations of motion we obtain (for a conserved source)

(�−m2)Aµ = Jµ . (1.9)

Thus the massive spin-1 field again satisfies a sourced Klein-Gordon equa-
tion. Since one degree of freedom is removed by the constraint, the theory
has (d− 1) propagating degrees of freedom.

1.3.2 Spin-2

Now we are ready to perform the degree-of-freedom counting in the linear
spin-2 theory. Once more, we begin with the massless case before turning
to the massive Fierz-Pauli theory. Eventually, we draw the connection be-
tween the linear massless theory and nonlinear General Relativity. More
details on this subject can be found, for example, in [35].

Linear massless theory

The Lagrangian for a massless spin-2 field in flat space to quadratic order
in the field reads

Llin = hµνE ρσ
µν hρσ − κhµνTµν , (1.10)

where Tµν is an external source and κ is a coupling constant of mass
dimension (2 − d)/2. Furthermore, the structure of the kinetic terms is
captured by the two-derivative operator,

E ρσ
µν = 1

2

(
η ρ
µ η σ

ν �− η σ
ν ∂µ∂

ρ − η σ
µ ∂ν∂

ρ

+ ηµν∂
σ∂ρ + ηρσ∂µ∂ν − ηµνηρσ�

)
. (1.11)

The corresponding equations of motion are

E ρσ
µν hρσ =

κ

2
Tµν . (1.12)

The linear Bianchi identity, ∂µE ρσ
µν hρσ = 0, implies conservation of the

source, ∂µTµν = 0. Using this it can easily be verified that the Lagrangian
and equations for the massless spin-2 particle are invariant under the
following gauge transformations,

hµν(x) 7−→ hµν(x) + ∂µξν(x) + ∂νξµ(x) , (1.13)

with vector gauge parameter ξµ(x). As in the spin-1 case, we can use this
symmetry to pick a convenient gauge. The de Donder gauge condition
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for the spin-2 field is ∂µhµν − 1
2∂νh = 0, and, in this gauge, the equations

of motion can be written as

�hµν = κTµν −
κ

d− 2
T . (1.14)

Again, there exist residual gauge transformations, namely those with
�ξµ = 0, that leave the de Donder gauge intact and correspond to fur-
ther redundant degrees of freedom. In total, gauge invariance therefore
removes 2d of the d(d+ 1)/2 components in the symmetric field hµν , and
the only propagating modes are the d(d − 3)/2 degrees of freedom of a
massless spin-2 particle.

Linear massive theory

As has been known since the work of Fierz and Pauli from 1939 [4], the
quadratic Lagrangian for a massive spin-2 particle in flat space has the
form

LFP = hµνE ρσ
µν hρσ −

m2
FP

2
(hµνhµν − h2)− κhµνTµν , (1.15)

where the kinetic operator is the same as in the massless case, given by
(1.11). The equations of motion obtained from the Lagrangian for the
massive particle are

E ρσ
µν hρσ −

m2
FP

2
(hµν − ηµνh) =

κ

2
Tµν . (1.16)

The mass term breaks the gauge invariance of the massless theory but, as
a consequence of the linearized Bianchi identity, the divergence and trace
of these equations give rise to (d+ 1) constraints,

∂µhµν − ∂νh = − κ

m2
FP

∂µT
µν ,

h =
1

d− 1

κ

m2
FP

T +
d− 2

d− 1

κ

m4
FP

∂ν∂µTµν . (1.17)

The source is not necessarily conserved but we shall anyway assume
∂µT

µν = 0. Then, unlike in the spin-1 example, the constraint equa-
tion obtained from taking the divergence of the equations of motion does
not resemble the Lorenz gauge condition but differs by a factor of 1/2 in
front of the trace. For vanishing sources, the constraints imply that the
massive spin-2 field is transverse and traceless.
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Using (1.17) in the equations of motion, we arrive at

(�−m2
FP)hµν = κ

(
Tµν −

1

d− 1

[
ηµν −

1

m2
FP

∂µ∂νT

])
. (1.18)

Therefore the massive spin-2 field also satisfies a sourced Klein-Gordon
equation. The constraints (1.17) remove (d+ 1) of the d(d+ 1)/2 compo-
nents in hµν , leaving us with the (d(d− 1)/2− 1) propagating degrees of
freedom of a massive spin-2 particle.

An important observation is that modifying the structure of the mass
term, i.e. changing the numerical factor in front of h2 in (1.15), introduces
an additional degree of freedom into the theory. This happens because the
trace constraint in (1.17) is lost and h satisfies a dynamical equation of
motion instead. It can also be shown that the propagator corresponding
to the extra degree of freedom comes with a residue of the wrong sign
and therefore gives rise to a ghost instability. This unwanted dynamical
field is referred to as the Boulware-Deser ghost. It is this ghost mode
that complicates the construction of a nonlinear interaction potential for
a spin-2 field because, even when banned from the linear theory, the ghost
notoriously reappears through the higher-order interactions.

On the other hand, tuning the linear mass potential to the Fierz-Pauli
structure comes with its own problems that threaten the phenomenologi-
cal viability of the theory as a modification of General Relativity. Namely,
as already mentioned, it was shown by van Dam, Veltman and Zakharov
(vDVZ) [5, 6] that the mFP → 0 limit of linear massive gravity is dis-
continuous. Fortunately, it has been demonstrated by Vainshtein that
nonlinear self-interaction for the spin-2 field may be able to cure this
problem [7]. However, the existence of the Vainshtein mechanism requires
a nonlinear completion of the Fierz-Pauli mass term which is one of the
main motivations for the construction of a nonlinear theory of Massive
Gravity.

Nonlinear massless theory

To conclude the introduction, we outline the relation between the linear
theory for massless spin-2 fields discussed above and Einstein’s General
Relativity. The graviton in GR is a massless spin-2 particle and should
hence be described by the Lagrangian (1.10). However, the equivalence
principle tells us that the field should couple to all kinds of energy in
the same manner, including its own stress-energy tensor. Implementing
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this requirement in (1.10) iteratively introduces nonlinearities and even-
tually leads to the Einstein-Hilbert action for GR. In turn, the quadratic
Lagrangian for a massless spin-2 particle follows from linearizing the
Einstein-Hilbert action,

SGR = Md−2
Pl

∫
ddx
√−g R +

∫
ddx
√−g Lm , (1.19)

in the perturbation hµν = κ−1(gµν − ηµν) with κ = M
(2−d)/2
Pl . The source

is related to the matter Lagrangian Lm through the definition of the
stress-energy tensor,

Tµν ≡ −
1√−g

∂(
√−gLm)

∂gµν
. (1.20)

The Einstein-Hilbert action is the gauge invariant nonlinear extension4

of (1.10). It can be defined uniquely, as the field theory that describes
nonlinear self-interactions of a massless spin-2 particle [35]. The gauge
transformations (1.13) are linearized general coordinate transformations
(GCTs), under which the metric at the nonlinear level transforms as

gµν 7−→ gµν +∇µξν +∇νξµ . (1.21)

The presence of a gauge symmetry at the nonlinear level ensures that the
full theory propagates the same number of degrees of freedom as its linear
version.

Naturally, the existence of a nonlinear closed form for the kinetic
terms of a spin-2 particle motivates the search for a nonlinear completion
of the Fierz-Pauli mass term. As we saw above, consistency of linearized
Massive Gravity requires tuning of a coefficient in the mass potential. One
can therefore expect that a consistent (i.e. ghost-free) nonlinear potential
cannot contain arbitrary interaction terms, but that the coefficients of
certain terms will be related to each other by demanding the absence of
the extra degree of freedom. We shall see in the next chapter that this is
precisely what happens.

4One can also include self-interactions into the theory for the massless spin-1 field
considered above. In order for the field to remain massless, these interactions must
respect gauge invariance and this requirement leads to the structure of Yang-Mills
theories [36]. In the quantum theory, giving mass to non-Abelian spin-1 fields in a
unitary and renormalizable way requires a Higgs mechanism, see e.g. [37].
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Chapter 2

Consistent Nonlinear Massive
Gravity

In this chapter we introduce the recently discovered consistent theory
of nonlinear Massive Gravity. Its nonlinear interaction potential is the
unique ghost-free completion of the Fierz-Pauli mass term and contains
(d− 1) independent parameters in d dimensions. Proving the consistency
of the theory in two different formulations was the purpose of Paper I
and III.

We begin the discussion by pointing out some general features of non-
linear spin-2 interactions, emphasizing the necessity of a second rank-2
tensor in the theory. Afterwards, we use insights from the Hamiltonian
formulation of General Relativity to construct the ghost-free nonlinear
mass potential. The resulting Massive Gravity action is the model con-
structed by de Rham, Gabadadze and Tolley (dRGT) in [12, 13], gener-
alized to arbitrary backgrounds. The interaction term manifestly breaks
diffeomorphism invariance which can be restored using Stückelberg fields.
The consistency proof in the gauge invariant formulation of nonlinear
Massive Gravity is the subject of the second half of this chapter.

2.1 Construction of the ghost-free nonlinear theory

This section is devoted to the construction of the dRGT model for non-
linear Massive Gravity [12, 13] as well as its generalization to arbitrary
backgrounds by Hassan and Rosen [14]. The constructive consistency
proof presented here is neither part of any of the papers accompanying

17
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the thesis nor has it appeared anywhere else in the literature.1 Neverthe-
less, it constitutes the most efficient and straightforward way to arrive at
the consistent theory. Before we come to the proof, it is worthwhile to
make a few remarks on general properties of spin-2 interaction potentials.

2.1.1 General remarks on nonlinear interactions

In the introduction we considered massless and massive theories for a lin-
ear fluctuation hµν in a fixed Minkowski background ηµν . In the nonlinear
massless theory given by the Einstein-Hilbert action of GR, it was possi-
ble to combine the background and the fluctuation into a single field gµν .
We would now like to do something similar in the massive case.

What we call a mass term for a rank-2 tensor gµν must be a scalar
density, i.e. it has to be a nontrivial scalar function V (g) multiplied by the
scalar density

√−g. Obviously, the scalar function V (g) cannot have any
loose covariant indices. Moreover, it should not contain any derivatives.
But then, the only object at hand to contract the indices of the metric
tensor gµν is the metric itself which, since gµνgµν = d, leads to a trivial
cosmological constant contribution in the action. We conclude that there
is no possibility to construct a covariant nonlinear interaction term for a
spin-2 field using only one tensor field.2 Hence, we are forced to introduce
a second rank-2 tensor which we shall call fµν and which can be used to
build nonlinear contractions with gµν . The interaction potential will then
be given by

√−g multiplying a scalar function of gρµfµν .

In summary, we expect the nonlinear massive gravity action to be of
the form,

SMG =

∫
ddx
√−g

[
Md−2

Pl R(g)−md V (g−1f)
]
, (2.1)

where m is an arbitrary energy scale that sets the mass of the spin-2
field. In this setup, the second “metric” fµν is a fixed background field
that needs to be put into the theory by hand. From the viewpoint of
field theory this seems unfamiliar because fµν is not determined by an
equation of motion. In fact, there is no need to worry about this, since
we will resolve this slightly confusing point in the next chapter, when we

1The proof may be published in an upcoming article.
2Note the difference to e.g. the vector example, where the metric gµν can be used to

contract the indices in nonlinear interaction terms for Aµ in a nontrivial way. Further-
more, in the massless spin-2 theory this problem did not occur because in the kinetic
terms the indices of the metric could be contracted with derivative operators.
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introduce the fully dynamical Bimetric Theory that treats gµν and fµν on
the same footing. For now, let us accept the possibility to work with a
fixed reference metric fµν and investigate the consistency of this class of
theories.

Obviously, a necessary requirement on the interaction potential in
(2.1) is that it reduces to the Fierz-Pauli mass term when linearized
around flat space (i.e. with flat reference metric fµν and flat background
for gµν), otherwise it will certainly propagate the Boulware-Deser ghost.
In a nonlinear constraint analysis it turns out that a generic interaction
potential, even if it incorporates the Fierz-Pauli structure around flat
space, will reintroduce this extra degree of freedom at the nonlinear level.
This is anticipated from a simple degree-of-freedom counting: The intro-
duction of the interaction potential breaks the diffeomorphism invariance
of General Relativity. Therefore the d gauge symmetries are lost and the
theory generically will propagate d additional degrees of freedom. Since
d(d− 3)/2 + d = d(d− 1)/2, this does not give the correct number for a
massive spin-2 particle, but there is an extra degree of freedom in the the-
ory. This is the nonlinear Boulware-Deser ghost and an extra constraint
is needed to remove it from the spectrum of propagating modes. Tuning
the linear mass term to the Fierz-Pauli combination ensured the presence
of this constraint in the linear theory. In section 2.1.4 we will demonstrate
that, in order to obtain an additional constraint and thereby ensure the
absence of the ghost, it is necessary to impose strong restrictions on the
structure of nonlinear interactions. In fact, demanding the presence of
a constraint will fix all but (d − 1) coefficients of all possible interaction
terms.

In the construction of the consistent theory, we will follow the ap-
proach of Boulware and Deser who studied Massive Gravity in the Hamil-
tonian formulation [8, 9]. They claimed that, even though it is possible to
remove the ghost from the spectrum of propagating modes at the linear
level, it will return for any nonlinear interaction terms that are added to
the Lagrangian (1.15). In order to show that this result is in fact incorrect,
we first need to familiarize us with variables suitable for the Hamiltonian
formulation of GR.

2.1.2 ADM variables for General Relativity

The Hamiltonian formulation of GR traces back to work by Arnowitt,
Deser, and Misner (ADM) from 1962 [38]. The authors decomposed the
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metric gµν into a scalar N , a symmetric (d− 1)× (d− 1) matrix γij , and
a vector Ni with (d− 1) components as follows:

gµν =

(
−N2 +Niγ

ijNj Nj

Ni γij

)
, (2.2)

where γij denotes the inverse of γij . This parametrization essentially
splits the metric into its time (0µ) and spatial (ij) components; in d = 4
it is therefore also referred to as (3+1)-decomposition. From (2.2) we can
also compute the inverse of the metric,

gµν =
1

N2

(
−1 N j

N i N2γij −N iN j

)
. (2.3)

It turns out that, in any theory with kinetic structure given by the
Einstein-Hilbert term, the 0µ-components of the metric are nondynami-
cal gauge degrees of freedom because the Ricci scalar of gµν contains no
derivatives of those components. Hence, all of the propagating modes
are contained in the spatial metric γij which has d(d− 1)/2 independent
components. As we will see now, the gauge invariance of GR will reduce
the number of propagating degrees of freedom to d(d − 3)/2, along with
the same number of corresponding canonical momenta.

In terms of the ADM variables the Einstein-Hilbert action (1.19) be-
comes (up to total derivatives that can be discarded) [38]

SGR = Md−2
P

∫
ddx

(
πij∂tγij −NR0 −NiR

i
)
, (2.4)

where, in terms of the curvature scalar R(d−1) of the metric γij ,

R0 = −√γ
[
R(d−1) + γ−1

(
1

2
(πii)

2 − πijπij
)]

,

Ri = −2∂jπ
ij . (2.5)

The conjugate momenta πij of the d(d− 1)/2 metric components γij are
computed from the GR Lagrangian in the standard way which leads to
expressions in terms of derivatives of the d-dimensional metric.

As pointed out before, the action (2.4) does not contain dynamical
terms for the scalar N nor for the vector N i. On top of that, these
variables appear only linearly. Therefore they act as Lagrange multipli-
ers and their equations of motion do not contain N and N i themselves.
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This means that these equations constitute d primary constraints Rµ =
(R0, Ri) on the remaining d(d− 1) variables γij and πij .

According to the theory of constrained Hamiltonian systems,3 the
presence of a gauge symmetry can now be seen in the Poisson algebra of
the constraints, {Rµ, Rν}. Here, the Poisson bracket for functions A,B
is defined as

{A(x), B(y)} ≡
∫

d3z

(
δA(x)

δgij(z)

δB(y)

δπij(z)
− δA(y)

δπij(z)

δB(x)

δgij(z)

)
. (2.6)

The result for the constraint algebra of GR reads (see e.g. [40])

{R0(x), R0(y)} = Ri(y)
∂

∂yi
δ3(x− y)−Ri(x)

∂

∂xi
δ3(x− y) ,

{Ri(x), Rj(y)} = Ri(y)
∂

∂yj
δ3(x− y)−Rj(x)

∂

∂xi
δ3(x− y) ,

{R0(x), Ri(y)} = −R0(y)
∂

∂xi
δ3(x− y) . (2.7)

Since these brackets are proportional to the constraints themselves, they
vanish on the constraint surface, as they should in the presence of a gauge
symmetry. All d primary constraints will serve to put conditions on the
remaining variables γij and πij , while the Lagrange multipliers N and N i

remain undetermined at this stage. There will be no secondary constraints
because the primary constraints are automatically preserved in time.

After imposing the d conditions on γij and πij , we can still use gauge
transformations to remove another d degrees of freedom whose equations
of motion will eventually determine N and N i. In total we therefore end
up with d(d− 3) dynamical variables, corresponding to the helicity states
of the massless graviton and their canonical momenta. This shows that,
even nonlinearly, GR propagates the correct number of degrees of freedom
for describing a massless spin-2 particle.

Note that throughout the above discussion we never actually wrote
down the Hamiltonian, but remained in the Lagrangian formulation. In
order to investigate the positivity of the energy, this is naturally insuffi-
cient, but since here we were only interested in counting degrees of freedom
there was no need to work with the Hamiltonian, which can trivially be
obtained from (2.4).

3For a review of this subject see [39].
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2.1.3 ADM variables for Massive Gravity

In a general nonlinearly interacting theory of the form (2.1), the lapse
and shift functions N and N i will still appear without derivatives. How-
ever, the interaction potential will in general no longer be linear in these
functions. Therefore, their equations of motion, instead of imposing con-
straints on the remaining variables, will now determine N and N i them-
selves. The d gauge constraints are lost and, as already explained in
section 2.1.1, the number of propagating modes will now be d(d − 1)/2,
plus the corresponding canonical momenta. These are two phase-space
degrees of freedom too many for the theory of a massive spin-2 parti-
cle. Moreover, the Hamiltonian of a generic theory will not be positive
definite [8, 9], signaling that the extra propagating mode is a ghost. The
necessary requirement on a consistent interaction potential is therefore the
presence of an additional constraint that removes the nonlinear Boulware-
Deser ghost.

In order to investigate the possibility for a potential in (2.1) that gives
rise to a constraint, we first decompose the second rank-2 tensor fµν into
its own ADM variables,

fµν =

(
−L2 + Llf̃

lkLk Lj
Li f̃ij

)
. (2.8)

Here, f̃ ij denotes the inverse of the (d − 1) × (d − 1) matrix f̃ij , Li is
the shift, and L is the lapse of fµν . We furthermore express the measure
factor

√−g in terms of the lapse N and the determinant γ of γij ,

√−g = N
√
γ . (2.9)

With these expressions at hand, we can write a generic interaction poten-
tial in terms of ADM variables,

√−g V (g−1f) = N
√
γ V (γij , N,N

i; f̃ij , L, L
i) . (2.10)

In order to provide a constraint, the right-hand side of this equation
needs to be linear in the lapse N . In fact, the necessary condition on
the potential is slightly weaker than that because the constraint may
be obtained after combining several of the equations for N and N i. If
there exists a combination of these equations that is independent of N i

and N , then this equation will constrain the remaining variables. At the
level of the action, this means that we should allow for a field-dependent
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redefinition of the shift, N i → ni, that renders the Lagrangian linear in
the lapse N . Certainly, such a redefinition must be linear in N itself since
N i appears linearly in the kinetic term. Furthermore, since the redefined
shift ni is expected to appear in the constraint, it must be fully determined
by its own equation of motion which therefore must not depend on N . To
summarize, we make two requirements on the potential in terms of the
redefined shift ni:

(i) linearity of the Lagrangian in N ,

(ii) absence of N in the ni equations of motion.

Next, we observe that the interaction potential already has a factor of N
in front coming from the measure factor (2.9). Hence, in order to satisfy
requirement (i), the potential V (g−1f) written in ADM variables must be
of the form

V (g−1f) =
1

N
V1 + V2 (2.11)

where V1 and V2 are functions of (γij , n
i; f̃ij , L, L

i), i.e. independent of N .
Recalling the ADM decomposition (2.2) of gµν , it is clear that the only
object that has a chance of giving something linear in 1/N is the square
root of the inverse metric (2.3). We are thus lead to consider a potential V
that is a function of the matrix S ≡

√
g−1f , defined via S2 = g−1f .

This square-root matrix has a very nontrivial ADM decomposition and is
certainly highly nonlinear in 1/N . However, we will now make use of the
allowed redefinition of the shift N i in order to write S in the form

S =
1

N
A + B , (2.12)

where A and B are matrix-valued functions of (γij , n
i; f̃ij , L, L

i). The
redefinition that leads to (2.12) as well as the explicit expressions for A
and B can be obtained straightforwardly by the following method: Square
the right-hand side of the ansatz (2.12) and equate it with the ADM
expression for g−1f obtained from (2.2) and (2.8). Then compare the
expressions on both sides order by order in 1/N to read off the shift
redefinition as well as the matrices A and B. This derivation is discussed
in more detail in Paper I; here we simply state the result. The redefinition
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that renders the square-root matrix S linear in 1/N takes a rather simple
form,

N i = Lni + Li +NDi
kn

k . (2.13)

The (d− 1)× (d− 1) matrix D on the right-hand side is a function of the
variables (γij , n

i; f̃ij). Explicitly, it is given by

D =

√
γ−1f̃QQ−1 , (2.14)

where we have defined another matrix Q through

Qij = xδij + ninkf̃kj , x = 1− nif̃ijnj . (2.15)

The matrices A and B then turn out to be

A =
1

L
√
x

(
a0 aj
−a0c

i −ciaj

)
, B =

√
x

(
0 0

Di
jL

j Di
j

)
, (2.16)

in which

a0 = L+ nkLk , ai = nkfki , ci = Lni + Li . (2.17)

The form of the redefinition is not entirely unique. In Paper I we mainly
work with a set of variables that slightly differs from the one presented
here. This difference does not affect any of the conclusions drawn in the
following, but the choice of variables we made here is more suitable for
application to Bimetric Theory in the next chapter.

Although the above expressions seem rather complicated, what is es-
sential for the construction of the ghost-free potential is the structure of
the matrices A and B. Most importantly, A has rank one, i.e. it can be
written as the outer product of two vectors,

A = vwT , where v =

(
1
−ci
)

and w =
1√
x

(
a0

ai

)
. (2.18)

Having obtained the suitable ADM expression (2.12) for the square-root
matrix S =

√
g−1f , we are ready to construct the interactions which give

rise to an additional constraint that removes the Boulware-Deser ghost.
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2.1.4 Construction of the interaction potential

As explained above, the mass potential has to be a function of the square-
root matrix S =

√
g−1f = 1

N A + B, multiplied by
√−g = N

√
γ . We

assume this function to be expandable as a Taylor series in S. Generically,
this will give an expression that is nonlinear in the lapse N . The only way
to ensure linearity inN is to demand the absence of higher powers of 1

N A in
the expansion. Obviously, the simplest possible term is

√−g Tr ( 1
N A+B).

At first sight it seems that all higher powers of 1
N A+B will involve higher

powers of 1/N . However, due to the special structure of the matrix A

there is a caveat here: Since A has rank one, it is a projection operator
on a one-dimensional subspace. Owing to this property, there is a unique
way of building polynomials of 1

N A+B that are linear in 1
N A. Namely, an

antisymmetric product of A’s will automatically contain only one power
of A. Let us see how this works in detail. In d dimensions we consider

V (S) =
d∑

n=0

bn ε
µ1µ2...µnλn+1...λdεν1ν2...νnλn+1...λd S

ν1
µ1 . . . S

νn
µn , (2.19)

with arbitrary coefficients bn. Since the simultaneous exchange of µi, µj
and νi, νj only changes the sign of both ε-tensors, it leaves the whole term
invariant. Therefore, at nth order, the product of S’s under the sum can
be written in the form,

n∑

l=0

(
n

l

)(
1

N

)l
A
ν1
µ1 . . .A

νl
µlB

νl+1
µl+1

. . .Bνnµn . (2.20)

We insert this expression into (2.19) and obtain

V (S) =

d∑

n=0

bn

n∑

l=0

(
n

l

)(
1

N

)l
Vn(A,B) , (2.21)

with

Vn(A,B) = εµ1µ2...µnλn+1...λdεν1ν2...νnλn+1...λd

· Aν1µ1 . . .AνlµlBνl+1
µl+1

. . .Bνnµn

= εµ1µ2...µnλn+1...λdεν1ν2...νnλn+1...λd

· vν1wµ1 . . . vνlwµlBνl+1
µl+1

. . .Bνnµn .(2.22)

Here we have used (2.18). Since all indices of the symmetric product of vνi

are contracted with the totally antisymmetric indices of εν1ν2...νnλn+1...λd ,
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we find that in Vn(A,B) only terms with at most one A contribute. This
is precisely the property that we were looking for. We conclude that the
most general form of the potential that is linear in N after the redefinition
(2.13) is

√−g
d∑

n=0

bn ε
µ1µ2...µnλn+1...λdεν1ν2...νnλn+1...λd S

ν1
µ1 . . . S

νn
µn , (2.23)

with S =
√
g−1f . A more convenient way of writing this is given in

terms of the elementary symmetric polynomials of the matrix S that can
be defined through a recursion formula,

en(S) =
(−1)n+1

n

n−1∑

k=0

(−1)kTr(Sn−k)ek(S) , with e0(S) = 1 . (2.24)

Properties of the elementary symmetric polynomials are summarized in
appendix A.2. In terms of these the potential takes the simple form,

√−g V (S) =
√−g

d∑

n=0

βnen(S) , (2.25)

where we have introduced the rescaled coefficients βn = n!(d−n)!
2 bn. Since

the elementary symmetric polynomials also appear in the expansion of
the determinant, the above potential can be regarded as a deformed de-
terminant. Note in particular that there is only a finite number of terms
giving a potential which is linear in N . Due to the antisymmetric struc-
ture of the interactions, the possible terms are limited by the dimension
of space time. Moreover, out of the (d + 1) parameters βn, only (d − 1)
are truly measuring interaction strengths: Since e0(S) = 1, the β0-term
is simply a cosmological constant. Also, the last term in the sum that is
proportional to βd is just a cosmological constant term for fµν because
ed(S) = detS. It is therefore independent of gµν and does not contribute
to the equation of motion. Nonetheless, we choose to include it in the
action because it will become relevant when we give dynamics to fµν in
the next chapter.

As we have argued, (2.25) is the most general potential that satisfies
the above criterion (i). We now explain why requirement (ii) follows auto-
matically. Namely, we can write the equations of motion for ni obtained
from the nonlinear massive gravity action SMG as

δSMG

δni
=
δN j

δni
δSMG

δN j
= 0 . (2.26)
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Observe that these equations can depend on N at most linearly because
the action is linear in N . But since the redefinition (2.13) is already linear

in N , so is δNj

δni
and consequently δSMG

δNj is independent of N . Furthermore,
δNj

δni
is nonzero since it is the Jacobian of the redefinition. The ni equations

of motion are therefore equivalent to δSMG

δNj = 0 which is independent
of N . Hence, by constructing a potential that meets requirement (i), we
automatically satisfy criterion (ii). This has also been shown explicitly in
Paper I.

To summarize, we have derived the nonlinear Massive Gravity action
equipped with an additional constraint that removes the Boulware-Deser
ghost,

SMG =

∫
ddx
√−g

[
Md−2

Pl R(g)− 2md
d∑

n=0

βnen (S)

]
, (2.27)

with S =
√
g−1f . It is worth mentioning that, once the structure of the

theory was known, it was also possible to derive the constraint in a purely
covariant formulation for some simplifying parameter choices [41].

In the literature, the above action has been widely referred to as the
dRGT model. However, it should be stressed that the theory derived by
de Rham, Gabadadze and Tolley in [12, 13] was defined with flat refer-
ence metric fµν = ηµν only. The dRGT construction uses Stückelberg
fields (see section 2.2) and is valid only in a certain decoupling limit that
strongly relies on the flat reference metric. In contrast, the construction
we have presented here is valid for all reference metrics and demonstrates
the consistency of the fully nonlinear theory away from any limiting ap-
proximation.

The secondary constraint

The above requirements on the consistent interaction potential were nec-
essary but not sufficient: A secondary constraint is crucial for the absence
of the Boulware-Deser ghost because two constraints are needed to remove
both the ghost mode and its canonical momentum from the set of dynam-
ical variables.

It was motivated in Paper I that there is in fact a secondary constraint
arising from demanding the primary constraint to be constant in time.
In order to compute the time evolution of the constraint one uses the
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Poisson bracket (2.6) and the Hamiltonian, which for the above Massive
Gravity action is of the form

H =

∫
dd−1y (H0 −NC) . (2.28)

HereH0 is independent of N and C is the Hamiltonian constraint obtained
from varying the action with respect to N . The time evolution of C then
reads

dC(x)

dt
= {C(x), H} = 0 . (2.29)

As in the case of the primary constraint, this equation should be indepen-
dent of N , because otherwise it would determine N instead of constraining
γij and πij . Inserting (2.29) into (2.28) gives

∫
dd−1x

(
{C(x),H0(y)} −N{C(x), C(y)}

)
= 0 . (2.30)

Since C and H0 are independent of N , we therefore need the Poisson
bracket among the constraints {C(x), C(y)} to vanish. Before this was
actually demonstrated to be the case, there had been objections against
the theory claiming that {C(x), C(y)} could be nonzero [42]. The issue was
resolved when the secondary constraint was eventually shown to exist in
a detailed calculation in [16]. With this, the consistency of the nonlinear
Massive Gravity action (2.27) was fully proven.

2.2 Consistency in the Stückelberg formulation

As stated earlier, the invariance under general coordinate transformations
of General Relativity is broken by the mass term for the graviton. This
is because the metric gµν itself transforms as a covariant rank-two tensor
under GCTs while the fixed background metric fµν does not. Therefore
objects like gµνfµν are not diffeomorphism invariant. However, there exist
a method to restore the gauge symmetry in the action: By introducing
new gauge degrees of freedom, so-called Stückelberg fields, that transform
in a certain way under the gauge group, one can rewrite the theory in a
manifestly gauge invariant way. In turn, fixing the so-called physical
gauge will give back the original action.

While the proof of absence of the Boulware-Deser ghost given in
Paper I was formulated in the gauge fixed version of Massive Gravity,
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i.e. without introducing the Stückelberg fields, it is expected that restor-
ing the gauge invariance does not alter the dynamics of the theory. In
fact, since gauge symmetry is merely a redundancy in the description of
the underlying physics, the two formulations are completely equivalent.
In particular, absence of ghost in the gauge fixed version of Massive Grav-
ity implies that the Stückelberg formulation cannot exhibit the instability
either.

Nevertheless, before the constraint needed to remove the ghost was
computed explicitly in the Stückelberg formulation, there had been some
confusion regarding this issue. Namely, in [43, 44, 45], it was claimed that
the Boulware-Deser ghost seems to reappear in the gauge invariant theory.
If this was true, it would have suggested a flaw in the consistency proof
of gauge fixed Massive Gravity. Fortunately, we were eventually able to
prove the absence of ghost in the Stückelberg formulation in Paper III.

2.2.1 The Stückelberg trick

One possibility to reintroduce diffeomorphism invariance in Massive Grav-
ity is to perform a gauge transformation on the dynamical metric gµν and
treat the gauge parameters as new fields in the action. Under a GCT,
xα 7→ x′α(x), the metric transforms as

gµν(x) 7−→ ∂x′α

∂xµ
∂x′β

∂xν
gαβ(φ) . (2.31)

After performing this GCT, one interprets the x′α as dynamical fields.
Another equivalent way, that will be more convenient for our purposes, is
to mimic this kind of transformation on the reference metric fµν , which,
of course, actually does not transform under GCTs. But since a simulta-
neous coordinate transformation of gµν and fµν would be a symmetry of
the Massive Gravity action, instead of transforming gµν we can choose to
perform the transformation on fµν . That is to say, we replace fµν by its
covariantized form,

fµν −→
∂ϕα

∂xµ
∂ϕβ

∂xν
f̄αβ . (2.32)

Here, f̄αβ is a new fixed background metric that does not transform under
the gauge group. The “coordinates” ϕα are promoted to dynamical fields
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that transform as scalars under GCTs. Introducing these Stückelberg
fields ensures that objects such as

Tr (g−1f) = gµν
∂ϕα

∂xµ
∂ϕβ

∂xν
f̄αβ (2.33)

are diffeomorphism invariant. In addition to the equations of motion for
the metric gµν , we now also consider the ϕα equations and, as we will
see in the next subsection, this system of equations is equivalent to the
original gµν equation without Stückelberg fields.

Let us expand the Stückelberg fields around the identity transforma-
tion, which corresponds to considering infinitesimal GCTs,

ϕα = xα − πα . (2.34)

Furthermore, we decompose the perturbations into a transverse and a
longitudinal mode,

πα = π̂α + ∂απ . (2.35)

The power of the Stückelberg formalism lies in the conjecture that the
ghost instability of nonlinear Massive Gravity can be traced back to
higher-derivative interactions of the π fields in flat space, where f̄αβ = ηαβ
[11]. This assumption relies on an analogy to the Goldstone equivalence
theorem for spin-1 fields [46, 47]. In that case, the longitudinal modes
of the gauge fields have been shown to carry all information needed for
computing scattering processes at high energies. Although the theorem
has not been proven for the spin-2 case, it is reasonable to start with the
assumption of its validity in order to investigate the stability of Massive
Gravity in a certain high energy limit. This limit (also referred to as de-
coupling limit) essentially corresponds to setting the metric perturbation
to zero and also ignoring all terms involving the transverse components of
the Stückelberg fields. Then the conjecture of [11] suggests to construct
the interaction potential in such a way that there appear no higher-order
interactions of the longitudinal modes. Since each of these modes al-
ways comes with two derivatives, their interactions generically give rise
to higher-derivative terms. These can be shown to lead to ghosts and
must therefore be avoided in a consistent theory. The conclusion of an
exhaustive analysis in [10] was that avoiding the higher-derivative terms
was impossible, and once more it seemed that there exists no consistent
nonlinear theory for Massive Gravity. However, it turned out that the
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authors of [10] had made sign mistake, and after correcting that flaw,
de Rham, Gabadadze and Tolley were indeed able to construct a the-
ory without higher-derivative interactions of the π fields. The trick they
employed was to tune the coefficients of the interaction terms in such a
way that the higher-derivative terms combined into total derivatives that
could be dropped from the action. This lead to the nonlinear Massive
Gravity action (2.27) with flat fµν (and limited parameter space since
one of the βn was fixed to ensure a flat background solution for gµν).
The complete expression for its decoupling limit, including the transverse
vector modes in (2.35), was later worked out in [48].

Being free of ghost instabilities in the decoupling limit, the dRGT
model is definitely a promising candidate for a consistent theory of non-
linear Massive Gravity in flat space. However, consistency of the theory
in all its interactions, that is, away from the decoupling limit, is difficult
to prove in the Stückelberg formulation, in particular for general βn pa-
rameters. The main complication arises due to the square-root matrix
appearing in the potential. However, as we explain in the following, it is
easy to see that the ghost proof of the gauge fixed theory carries over to
the gauge invariant mass potential. Thereafter, in order to support our
arguments even further, we demonstrate the consistency of Massive Grav-
ity in the Stückelberg formulation explicitly by identifying the constraint
that removes the ghost.

2.2.2 General arguments for consistency

The fact that the dynamics remain unaltered in the gauge invariant the-
ory can be demonstrated by considering the equations of motions for the
Stückelberg fields. After making the replacement (2.32) for fµν , the mass
potential V (g, f) becomes a function of the scalar fields and their equa-
tions of motions read

δ

δϕA
V (g, ϕB) = 0 . (2.36)

However, this equation will not give rise to any new dynamics because it
is, in fact, already implied by the Bianchi constraint,

∇µVµν(g, ϕB) = 0 ,

where Vµν(g, ϕB) ≡ 1√−g
δ

δgµν
(√−g V (g, ϕB)

)
. (2.37)

This constraint follows from the divergence of the gµν equations after
using the Bianchi identity ∇µGµν = 0 for the Einstein tensor Gµν . In
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order to see the equivalence, consider a gauge transformation δxµ = ξµ of
the action involving Stückelberg fields,

δS =

∫
ddx
√−g

[(
Md−2

Pl Gµν − 2mdVµν

)
δgµν − 2md δV

δϕA
δϕA

]
.

(2.38)

The variations under the gauge transformation read δgµν = −2∇(µξν)

and δϕA = −ξµ∂µϕA. As the action is invariant under GCTs, integrating
by parts and using the Bianchi identity shows that

∇µVµν =
δV

δϕA
∂νϕ

A , (2.39)

identically. Since the Stückelberg fields were introduced to mimic nonsin-
gular coordinate transformations, the matrix ∂νϕ

A is invertible and hence
the Bianchi constraint ∇µVµν = 0 is equivalent to the ϕA equations of
motion (2.36). As expected, the redundant gauge degrees of freedom ϕA

therefore do not introduce new dynamics into the theory.

From these general arguments we thus expect the consistency proof
of Paper I to be valid for both the gauge fixed and the gauge invariant
version of Massive Gravity. Nonetheless, there had been some work argu-
ing against the consistency of the action involving Stückelberg fields: In
[43] it was claimed that the ghost generically reappears in the Stückelberg
sector and the author of [44, 45] could not find a constraint to remove
the ghost. Although this constraint was shown to be present in a two-
dimensional toy model and to fourth order in perturbation theory in four
dimensions [49], the issue remained unresolved until we performed the full
Hamiltonian analysis in Paper II. The following section summarizes our
findings.

2.2.3 Hamiltonian analysis

For the sake of simplicity, in Paper III we restrict the constraint analysis
of Massive Gravity with Stückelberg fields to an interaction potential
with only β1 6= 0. The analysis for general βn is much more involved
and has not been carried out yet. Also, here we focus on d = 4 although
the results straightforwardly generalize to arbitrary number of space-time
dimensions.
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The reason why the so-called minimal model with only β1 6= 0 is
simpler, is that, as has been noticed in [50, 51], in this case the action
involving Stückelberg fields is equivalent to

SΦ = M2
g

∫
d4x
√−g

(
R−m4

[
ΦA

A + (Φ−1)ABA
B
A

])
, (2.40)

where AB
A ≡ gµν∂µϕ

B∂νϕ
C f̄CA and ΦA

B is an auxiliary field that has
been introduced in order to remove the square root. Integrating out
ΦA

B gives back the original action involving
√
g−1f with β1 = 1. This

formulation of the minimal model greatly simplifies the ADM analysis.
In the following, we raise and lower indices on the Stückelberg fields as
well as on the auxiliary field with the background metric f̄AB.

Using the ADM variables (2.2) for the metric gµν and computing the
canonical momenta pA conjugate to the Stückelberg fields ϕA, we obtain
the Hamiltonian corresponding to (2.40),

H = −NR0 −N iRi +NHsc
T +N iHsc

i , (2.41)

in which the first two pieces are the familiar ones coming from the Einstein-
Hilbert term and where

Hsc
T =

√
γM2

Pm
2
(
ΦA

A + (Φ−1)ABV
B
A

)
+

1

4m2M2
P

√
γ

ΦABpApB ,

Hsc
i = pA∂iϕ

A . (2.42)

Here we have also defined

V B
A ≡ γij∂iϕB∂jϕC f̄CA . (2.43)

Note that in this formulation involving the auxiliary field ΦA
B the Hamil-

tonian is manifestly linear in N and N i. There is no need for a field re-
definition in order to demonstrate the linearity in the lapse. The linearity
in N i is of course due to the fact that we have reintroduced the gauge in-
variance and now, as in General Relativity, expect to encounter four first
class constraints. They can be thought of as removing the Stückelberg
fields from the set of dynamical variables. Gauge fixing then serves to also
remove their canonical momenta. However, the Hamiltonian constraint
that is needed to remove the Boulware-Deser ghost mode within the met-
ric γij is not among the gauge constraints but has to arise separately.
Hence, as in the gauge fixed case, a generic theory would be inconsistent
and an extra constraint is present only for special choices of the potential.
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The important observation that was missed in [44, 45] is now that,
besides the constraints imposed by the equations of motion for N and
N i, the 10 equations of motion for the symmetric field ΦAB actually
only determine 9 independent combinations of the ΦAB. One equation
is independent of ΦAB and therefore constrains the remaining variables.
The reason for this is the singularity of the matrix V B

A defined in (2.43).
The equations of motion obtained from varying (2.40) with respect to
ΦAB read

√
γM2

Pm
2
(
f̄AB − (Φ−1)ACV

CD(Φ−1)DB

)

+
1

4m2M2
P

√
γ
pA pB = 0 . (2.44)

Being composed of two 3 × 4 matrices and a 3 × 3 matrix, V B
A can at

most have rank three. The same is true for the combination of matri-
ces (Φ−1)ACV

CD(Φ−1)DB that appears in (2.44). A generic symmetric
4 × 4 matrix of rank-three has only nine independent components and
therefore the ten equations of motion for ΦAB determine only nine inde-
pendent combinations of ΦAB. The tenth equation serves to constrain the
remaining variables.

Moreover, it is straightforward to extract the constraint from (2.44) by
taking the determinant of the equation. Since the determinant of a matrix
that does not have full rank is zero, we obtain the following constraint
equation,

C ≡ (det f̄)

(
f̄AB

pApB

γ
+ 4(m2M2

P)2

)
≈ 0 . (2.45)

This extra constraint is not first class, it does not arise from the presence
of a gauge symmetry. Just as in the gauge fixed version of the theory, it is
therefore necessary to show the existence of a secondary constraint gen-
erated by the time evolution of (2.45). This second constraint is needed
to remove the canonical momentum of the ghost. From the general argu-
ments given in section 2.2.2 we know that the secondary constraint has
to be there, and it can be found explicitly in a straightforward way. The
time evolution of the primary constraint (2.45) is given by the Poisson
bracket {C(x), Htot}, in which the total Hamiltonian reads

Htot =

∫
d3x

[
N(Hsc

T −R0 + ΓABΨB
A) +N i(Hsc

i −Ri)
]
. (2.46)

In this we have included 10 Lagrange multipliers ΓAB that enforce the
ΦA

B equations of motion. In fact, we really need to include only the



2.2. Consistency in the Stückelberg formulation 35

constraint (2.45), i.e. add a term λC with one Lagrange multiplier λ.
The two approaches are equivalent and their connection is discussed in
Paper III. Here we only give the arguments for the absence of the ghost
and its momentum.

The crucial point that still needs to be proven is that the secondary
constraint C2 = {C, Htot} ≈ 0 must be independent of N and N i, or
otherwise it would determine the classical value for these fields instead of
constraining the canonical momentum of the ghost mode. Fortunately,
it is quite straightforward to show that the pieces in C2 that involve N i

cancel out on-shell. Moreover, all remaining terms in C2 are proportional
to N which can therefore be divided out. Hence the secondary constraint
is indeed independent of the lapse and shift. Furthermore, all dependence
on the Lagrange multipliers ΓAB drops out upon use of the ΦA

B equations
of motion. Plugging in the solutions4 to the ΦA

B equations therefore
leaves us with a constraint on the remaining variables that will remove
the ghost momentum,

C2 ≈ −2αγ−1/2f̄(Φ−1)BD∂jϕ
Dγjk∇(f)

k pB − α2γ−1/2f̄π . (2.47)

Here, we have defined ∇(f)
k pB = ∂kpB−ΓDABpD∂kϕ

A, with ΓDAB being the
Levi-Civita connection of the metric f̄AB.

Of course, this proof is valid only for the special parameter choice
β1 6= 0 and all other βn equal to zero. But from the general arguments
given in section 2.2.2 it should be clear that, although it may be harder
to find, a constraint is also present in the Stückelberg formulation of the
full theory. This proves that nonlinear Massive Gravity is ghost-free both
in its gauge fixed and gauge invariant version.

4In fact, we never derive these solutions explicitly. All that is needed for the proof
are some general relations from linear algebra.
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Chapter 3

Consistent Bimetric Theory

In the previous chapter we dealt with the nonlinear theory for a massive
spin-2 field gµν , embedded in some arbitrary but fixed reference frame,
set by a second rank-two tensor fµν . The important question that we
are about to address now is whether this reference metric can be given
dynamics on its own without reintroducing instabilities. From a field-
theoretical point of view this would result in a much more natural setup:
All fields in the action would be determined dynamically without the need
of fixing any of their values by hand. A priori, since the constraint analysis
of Paper I assumed a fixed reference frame, it is not clear whether the
Massive Gravity action with dynamical fµν will still avoid the Boulware-
Deser ghost instability. Certainly, the consistency of the theory with two
dynamical metrics will depend on the kinetic structure assumed for the
second rank-2 tensor.

The ADM variables introduced above for the constraint analysis of
nonlinear Massive Gravity enabled Hassan and Rosen1 to demonstrate
the possibility of promoting fµν to a dynamical field by simply adding
its own Einstein-Hilbert term to the Massive Gravity action [17]. The
resulting theory contains two interacting spin-2 fields, one massive and
one massless, as expected from general arguments [52]. Such theories had
been under consideration for a long time (see e.g. [18], [21], [53]), but
never with the correct consistent interaction potential (except for very
few accidental exceptions [22, 54]). It required the discovery of ghost-free
Massive Gravity to find the unique consistent Bimetric Theory.

1We shall frequently refer to consistent Bimetric Theory using the title Hassan-
Rosen in order to distinguish it from both consistent nonlinear Massive Gravity as well
as a generic (inconsistent) theory for two metrics.
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3.1 The ghost-free bimetric action

The Hassan-Rosen action for Bimetric Theory consists of two Einstein-
Hilbert terms for gµν and fµν as well as non-derivative interactions be-
tween the two tensor fields. The interaction potential is given by (2.25),
i.e. it has exactly the same form as in nonlinear Massive Gravity. Hence
the bimetric action reads

SHR = md−2
g

∫
ddx
√−g R(g) + md−2

f

∫
ddx

√
−f R(f)

− 2md
d∑

n=0

βnen(S) . (3.1)

Here we used again the definition of the matrix square root, S =
√
g−1f .

Moreover, mg,mf denote the Planck masses for gµν and fµν , respectively.
Näıvely, there seems to be a straightforward argument why this action

cannot be consistent: Suppose we go backwards and freeze one of the
two metrics to re-arrive at a theory for one spin-two field gµν in a fixed
background. For example, we could set fµν = ηµν which gives back the
dRGT action that is known to be consistent. Contrarily, freezing gµν
leads to an action for fµν whose interaction potential does not seem to
resemble the form that is known to be the only consistent one. One could
be lead to conclude that Bimetric Theory therefore has to be inconsistent.
However, it turns out that the elementary symmetric polynomials possess
a rather unexpected property,

√
g en(S) =

√
f ed−n(S−1) for n = 0, . . . , d . (3.2)

Owing to these identities, Hassan-Rosen Bimetric Theory is invariant un-
der the following discrete symmetry,

gµν ←→ fµν , mg ←→ mf , βn 7−→ βd−n . (3.3)

This interchange symmetry guarantees that freezing gµν also gives back
the consistent Massive Gravity theory for fµν . Of course, this observa-
tion does not automatically prove that the theory with both gµν and fµν
taken to be dynamical is consistent. It merely shows that one necessary
condition on a consistent Bimetric Theory is indeed satisfied. The ac-
tual consistency can only be proven in an ADM analysis, which has been
performed in [17]. Since now both metrics are dynamical, there are two
potential Boulware-Deser ghosts within the theory, the usual one coming
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from gµν and another one coming from fµν . One therefore has to show
that the action is linear in both of the lapses N and L. Furthermore, in
contrast to the action for Massive Gravity, the bimetric action (3.1) has a
gauge symmetry: It is invariant under diffeomorphisms, under which gµν
and fµν transform simultaneously. It is therefore expected that the bi-
metric action, if consistent, should describe the (d(d− 2)− 1) degrees of
freedom of a massive and a massless spin-2 field.

Indeed, in [17] it has been shown that the action (3.1) becomes linear
in both of the lapses N and L. It further turns out that the action
also becomes linear in Li. As in General Relativity, the shift vectors
of fµν now give rise to three further constraints. In addition to this,
the presence of a secondary constraint for the Hamiltonian constraint
has been demonstrated in [16]. Both of the Boulware-Deser ghosts are
therefore absent and the number of degrees of freedom is (d(d−2)−1), the
correct number for a massive and a massless spin-2 field. In section 3.4,
we will see that at the linear level these mass eigenstates are neither the
fluctuations of gµν nor those of fµν but a superposition of the two. Before
we turn to the mass spectrum, however, we need to address the question
of how the metrics should couple to matter.

Including matter sources

So far, the bimetric action in the form (3.1) does not take into account
couplings of gµν and fµν to other fields. For phenomenological purposes
the nature of the matter couplings is of great importance. The only
presently known couplings that can be added to (3.1) without reintro-
ducing the ghost instabilities are the standard minimal couplings familiar
from General Relativity,

Sm =

∫
ddx
√−gLgm +

∫
ddx

√
−f Lfm . (3.4)

Here, Lgm and Lfm are Lagrangians involving matter fields as well as the
respective metrics. The variations of Sm define the two stress-energy
tensors,

T gµν ≡ −
1√−g

δSm

δgµν
, T fµν ≡ −

1√−f
δSm

δfµν
. (3.5)

We shall not discuss the phenomenological implications of a second met-
ric coupled to matter. In Paper II, where we derive homogeneous and
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isotropic solutions to the bimetric equations of motion, we set the matter
coupling of fµν to zero. This is always a consistent choice and results in
a theory for a spin-2 field that only couples to matter indirectly through
gravity. For recent work dealing with both of the couplings, see [56].

3.2 Equations of motion

We now turn to the equations of motions for gµν and fµν , obtained
from the Hassan-Rosen action (3.1) including the matter couplings (3.4).
When computing these, the only complication arises from variation of the
square-root matrix S =

√
g−1f . However, since this matrix only appears

under the trace, one can make use of δ(S2) = (δS)S + S(δS) to obtain
δ(TrS) = Tr(δS) = 1

2Tr(S−1δ(S2)), and similarly for higher powers of S
under the trace [14]. Then it is easy to derive the equations of motion,
which in terms of the Einstein tensor Gµν(g) ≡ Rµν(g)− 1

2gµνR(g) read

Gµν(g) +
md

md−2
g

V g
µν(g, f) =

1

md−2
g

T gµν , (3.6)

Gµν(f) +
md

md−2
f

V f
µν(g, f) =

1

md−2
f

T fµν . (3.7)

The contributions coming from the bimetric interaction potential are of
the following form,

V g
µν(g, f) ≡

d−1∑

n=0

(−1)nβn gµλ
(
Y (n)

)λ
ν
(S) ,

V f
µν(g, f) ≡

d−1∑

n=0

(−1)nβd−n fµλ
(
Y (n)

)λ
ν
(S−1) , (3.8)

in which the matrix functions (Y (n))λν are defined in terms of the ele-
mentary symmetric polynomials through

(
Y (n)

)λ
ν
(S) =

n∑

k=0

(−1)kek(S)(Sn−k)λν . (3.9)

An immediate consequence of the interchange symmetry (3.3) in the bi-
metric action, which of course carries over to the equations of motion, is
the identity V f

µν(g, f ;βd−n) = V g
µν(f, g, ;βn).
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Note that in nonlinear Massive Gravity with fixed reference metric fµν ,
there is only one equation of motion for gµν , given by (3.6). In contrast,
Bimetric Theory has two sets of equations of motion and is therefore
much more constrained. Moreover, the βd term enters the fµν equation
and is thus no longer nondynamical but rather appears as a cosmological
constant term in the equation for fµν . We will have more to say about
the important differences between the two theories in section 3.3.

Bianchi constraints

Let ∇ and ∇̃ denote the covariant derivatives compatible with the metrics
gµν and fµν , respectively. In General Relativity without interaction term,
covariant conservation of the stress-energy tensor, ∇µT gµν = 0, is a conse-
quence of the equations of motion because the Einstein tensor satisfies the
Bianchi identity ∇µGµν = 0. In other words, a massless spin-2 field can
only couple to conserved matter sources. In Bimetric Theory the condi-
tion is weaker: Invariance of the interaction potential under simultaneous
diffeomorphisms of gµν and fµν implies

√−g∇µV g
µν +

√
−f ∇̃µV f

µν = 0 . (3.10)

The constraint on the sources enforced by the equations of motion then
reads

√−g∇µT gµν +
√
−f ∇̃µT fµν = 0, (3.11)

meaning that in Bimetric Theory the two source contributions are not
forced to be separately conserved by the equations. Nevertheless, we shall
always assume their separate conservation, that is ∇µT gµν = ∇̃µT fµν = 0.
This is equivalent to imposing the separate invariance of the two matter
Lagrangians Lgm and Lfm under diffeomorphisms, which appears to be a
natural requirement. In this case, the equations of motion for gµν then
give rise to d Bianchi constraints,

∇µ
d−1∑

n=0

(−1)nβn gµλ(Y (n))λν(S) = 0 . (3.12)

Accordingly, there is a set of similar constraints arising from the fµν
equation which, as a consequence of the identity (3.10), is equivalent to
(3.12). In summary, under the assumption of separate covariant con-
servation of the stress-energy tensors, the equations of motion contain d
constraints (3.12) following from diffeomorphism invariance.
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3.3 Massive Gravity limit

An intriguing question is whether there exist a limit in the Hassan-Rosen
theory in which one of the metrics decouples and the remaining metric
describes a massive excitation. It turns out that this is indeed possible,
but as usual the exact limit needs to be treated with care. Massive Gravity
limits of Bimetric Theory have been studied in [57], where it was shown
that only one of two possible limiting procedures leads to a theory different
from GR.

Consider again the nonlinear equations of motion (3.6) and (3.7) for
gµν and fµν , respectively. In these we now take the following limit,

mf

M
→∞ , βd →∞ , such that

βdM
d

md−2
f

= const. (3.13)

Here, M denotes any other mass scale in the theory, such as mg, m or
the energy scale of the sources. Provided that the βn parameters are
independent of mf/M , the equations of motion in this limit reduce to

Gµν(g) + md

md−2
g

d−1∑

n=0

(−1)nβn gµλ(Y (n))λν(S) = 1
md−2
g

T gµν , (3.14)

Gµν(f) + Λfµν = 0 , (3.15)

where Λ ≡ βdm
d/md−2

f . The equation for gµν is unaltered, while the
equation for fµν decouples and simply becomes an ordinary Einstein equa-
tion with cosmological constant Λ. Hence, the solution for fµν will be an
Einstein metric which can be plugged into the gµν equation. The result-
ing equation for gµν is exactly the same as in nonlinear Massive Gravity
where the auxiliary metric fµν is fixed to be an Einstein metric. Note,
however, that it is not possible to derive equations (3.14) and (3.14) from
an action principle. One may therefore think that a more natural limit
would be given by mf/M → 0 which could directly be taken in the bimet-
ric action. However, it is quite easy to see that in this limit the equations
of motion admit only GR solutions for gµν [57].

Another important observation is that, as long as the above limit (3.13)
is not taken exactly, the bimetric equations of motion always force both
metrics to be Einstein solutions if one of them is. This follows, for ex-
ample, from the perturbative solutions that we obtain in chapter 7 and
can also be shown explicitly in a nonperturbative setup. Therefore the
Massive Gravity limit is a singular point in parameter space, where an
important relation among the two metrics is lost.
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3.4 Mass spectrum

From the nonlinear ADM analysis of [17] it is known that ghost-free Bi-
metric Theory propagates (d(d−2)−1) degrees of freedom. At the linear
level around a certain class of backgrounds, these can be attributed to
a massless and massive fluctuation. Around general backgrounds or at
the nonlinear level, however, such a split is usually not well-defined. In
Paper V we identify the backgrounds suitable for discussing the theory’s
mass spectrum in four dimensions. Then we perturb around these back-
grounds and show how to diagonalize the fluctuations into modes with
definite mass. Paper VII generalizes these findings to an arbitrary num-
ber of space-time dimensions. Both papers also discuss possible nonlinear
extensions of mass eigenstates, a topic which we leave for the next section.

3.4.1 Proportional backgrounds

A simple, yet very important class of solutions to the bimetric equations of
motion is obtained by making an ansatz that conformally relates the two
metrics, f̄µν = c(x)2ḡµν , where c(x) is a space-time dependent function.
Having plugged this ansatz into the equations of motion, we first note
that the Bianchi constraint (3.12) immediately enforces ∂µc(x) = 0 and
hence c(x) = const. This restricts our ansatz to proportional metrics,

f̄µν = c2ḡµν with c = const. (3.16)

Using this in (3.6) and (3.7) we find that the equations of motion simply
reduce to two copies of Einstein’s equations,

Gµν(ḡ) + Λg ḡµν =
1

md−2
g

T̄ gµν , Gµν(ḡ) + Λf ḡµν =
1

md−2
f

T̄ fµν . (3.17)

In this we have defined the cosmological constant contributions arising
from the interaction potential,

Λg ≡
md

md−2
g

d−1∑

n=0

(
d− 1

n

)
cnβn ,

Λf ≡ md

(mfc)d−2

d∑

n=1

(
d− 1

n− 1

)
cnβn . (3.18)

Proportional backgrounds thus simply correspond to solutions to Ein-
stein’s equations in General Relativity. After all constant contributions
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in the stress-energy tensors have been shifted into Λg and Λf , respec-
tively,2 the difference of the above background equations implies that

Λg = Λf , T̄ fµν = αd−2T̄ gµν , where α ≡ mf

mg
. (3.19)

From (3.18) it is clear that the first equation relating the cosmological
constants is a polynomial in c with coefficients depending on the βn pa-
rameters. In general, this equation serves to determine the proportion-
ality constant c of our ansatz in terms of the parameters of the theory
and thereby specifies the solution completely. An important exception to
this generic situation is the partially massless case, to be introduced in
chapter 6.

The second equation in (3.19) that relates the sources for the two
metrics is very constraining. From a phenomenological point of view,
there is no reason to believe that the matter sources satisfy such a strong
constraint. Proportional background solutions, however, only exist in this
case. Since any deviation from the proportional backgrounds constitutes
a deviation from GR solutions, the difference in the source terms may be
regarded as a measure for the difference of bimetric solutions from those
of GR.

The proportional background solutions are of particular interest be-
cause they allow for a definite mass spectrum of fluctuations around them.
In general, the linear perturbation equations have a rather complicated
structure because in order to derive them one needs to vary the square-
root matrix S =

√
g−1f . This is always possible but, for backgrounds

giving rise to matrices ḡ−1f̄ that do not commute with the fluctuations,
the resulting expressions are lengthy and not illuminating. In particu-
lar, the equations will not contain a mass term with Fierz-Pauli structure
which makes it difficult to identify the massive field. In contrast, for the
proportional backgrounds we have ḡ−1f̄ = c2

1 which does commute with
any other matrix and hence drastically simplifies the perturbation equa-
tions which now will exhibit the Fierz-Pauli structure. Moreover, in the
absence of sources, these backgrounds correspond to maximally symmet-
ric ones for which the concept of mass as a label of representations of the
underlying isometry group is well-defined.

2This can always be achieved by redefining β0 and βd.
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3.4.2 Linear perturbations

We shall now consider small perturbations around the proportional back-
grounds for both of the metrics as well as the sources,

gµν = ḡµν + δgµν , fµν = c2ḡµν + δfµν ,

T gµν = T̄ gµν + δT gµν , T fµν = αd−2T̄ gµν + δT fµν . (3.20)

In the following we set the background values of the sources to zero,
T̄ gµν = 0. In Paper V we keep them in the equations, which modifies
the structure of the kinetic operator (3.26) below. As a consequence, the
coupling of the fluctuations to the cosmological constant term assumes a
less familiar form, which is our main motivation to present the equations
without background sources here. Note however that their inclusion does
not alter any of the results.

As stated earlier, around the proportional backgrounds the linearized
equations of motion can be diagonalized into an equation for a massless
and a massive perturbation. To this end, consider the following redefini-
tions of fluctuations,

δGµν ≡
[
1 + (αc)d−2

] 4−d
d−2 (

δgµν + cd−4αd−2δfµν
)
,

δMµν ≡ 1

2c

(
δfµν − c2δgµν

)
, (3.21)

in which the overall normalizations have been chosen conveniently. Now,
taking the appropriate linear combinations of the original fluctuation
equations for δgµν and δfµν decouples the massless from the massive
mode. The resulting equations read

Ēρσµν δGρσ − 2
d−2 Λ̄g

(
δGµν − 1

2ḠµνδG
)

=
(

1
mg

) d−2
2
(
δT gµν + cd−2δT fµν

)
, (3.22)

Ēρσµν δMρσ − 2
d−2 Λ̄g

(
δMµν − 1

2ḠµνδM
)

+
m̄2

FP
2

(
δMµν − ḡµνδM

)

=
(

c
mf

) d−2
2
(
δT fµν − αd−2δT gµν

)
. (3.23)

Here, the traces of the fluctuations are taken with respect to a redefined
background metric,

Ḡµν ≡
(
1 + (αc)d−2

) 2
d−2 ḡµν , (3.24)
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that is δG = ḠµνδGµν and δM = ḠµνδMµν . Also, we have redefined the
cosmological constant with respect to this background,

Λ̄g ≡
(
1 + (αc)d−2

)− 2
d−2 Λg , Rµν(Ḡ) =

2Λ̄g
d− 2

Ḡµν . (3.25)

Furthermore, the kinetic operator Ēρσµν with respect to the Ḡµν background
is defined as

Ēρσµν δGρσ = −1
2

[
δρµδ

σ
ν ∇̄2 + Ḡρσ∇̄µ∇̄ν − δρµ∇̄σ∇̄ν − δρν∇̄σ∇̄µ

− ḠµνḠρσ∇̄2 + Ḡµν∇̄ρ∇̄σ
]
δGρσ , (3.26)

in which ∇̄ is the covariant derivative compatible with Ḡµν . Finally, the
Fierz-Pauli mass is given in terms of the parameters of the theory through

m̄2
FP =

md

md−2
g

(
1 + (αc)d−2

)− 2
d−2

(
1 + (αc)2−d

) d−1∑

n=1

(
d− 2

n− 1

)
cnβn .(3.27)

Recall that in the above expressions c is to be regarded as a function of
the Planck masses and the βn parameters, determined by the background
equation Λg = Λf , c.f. (3.19). At this stage, the main reason for choosing
the new background Ḡµν is to render the equations as simple as possible.
However, as our notation already indicates, Ḡµν will also turn out to be
the background of the nonlinear massless field that we identify below.
Alternatively, we could have written the equations with respect to the
original background ḡµν , in terms of Λg and a properly rescaled Fierz-

Pauli mass, m2
FP ≡

(
1 + (αc)d−2

) 2
d−2 m̄2

FP. In addition, there would be

a factor of
(
1 + (αc)d−2

) 2
d−2 in front of the source terms, modifying the

effective Planck masses of the theory. In Paper V (and also in Paper VI)
we use ḡµν as the background metric, whereas in Paper VII we express
the equations in terms of Ḡµν .

As promised, (3.22) and (3.23), respectively, describe a massless and
a massive spin-2 fluctuation in (Anti-) de Sitter background. At the
linear level around proportional backgrounds, one can therefore assign
d(d − 3)/2 degrees of freedom to a massless fluctuation δGµν and the
remaining (d(d− 1)/2− 1) ones to a massive fluctuation δMµν .

Observe that in the limit of small α (which is the limit opposite to the
Massive Gravity limit discussed in section 3.3), we have that δGµν ∼ δgµν
and hence the fluctuation for the metric gµν becomes mostly massless.
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This is important because, at least to our present knowledge, only the
couplings of the original metrics to matter are ghost-free, whereas on the
other hand the gravitational metric needs to be mostly massless for phe-
nomenological reasons. Fortunately, the limit in which the perturbation
of gµν is dominated by the massless mode corresponds to a large Planck
mass mg, which is required for having a weak gravitational force anyway.
We will come back to this point when discussing the nonlinear extension
of the massless field below.

3.5 Nonlinear extensions of mass eigenstates

In the previous section, we saw that the fluctuations of gµν and fµν around
proportional backgrounds are not mass eigenstates, whereas certain linear
combinations of them do satisfy the equations for massless and massive
spin-2 fields. We now turn to the derivation of nonlinear fields Gµν and
MG
µν that, when linearized around the proportional background solutions,

give rise to these massless and massive perturbations. These nonlinear
expressions also enable to address the question whether it is possible to
couple the massless field to matter without reintroducing the Boulware-
Deser ghost.

3.5.1 Identifying the nonlinear fields

In the following we will see that, as may have been anticipated, there
are infinitely many possibilities to define nonlinear fields with massless
or massive fluctuations around proportional backgrounds. In Paper VI
and Paper VII, we therefore invoke additional criteria of simplicity and
invertibility which allow us to single out nonlinear extensions of the linear
mass eigenstates.

The massless field

General covariance implies that the most general ansatz for the nonlinear
field Gµν with massless fluctuation around proportional backgrounds is
of the form

Gµν = gµρΦ
ρ
ν(S) . (3.28)

Here, Φρ
ν(S) is an arbitrary matrix-valued function of the square-root

matrix S =
√
g−1f . The transposed matrix ST does not appear in the
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ansatz due to the symmetry property gS = STg. Now, on the propor-
tional backgrounds, any function of S is proportional to the unit matrix
and hence Φ(S̄) ≡ φ(c)1, where φ(c) is just a scalar function of c. With
(3.28) the fluctuation of Gµν can thus be written as

δGµν = φ(c)δgµν + ḡµρ
δΦρ

ν(S)

δSαβ

∣∣∣∣
S̄

δSαβ . (3.29)

Using the variation of the square root around proportional backgrounds,

δSαβ =
1

2c
ḡαλ(δfλβ − c2δgλβ) , (3.30)

we can compare this expression to the definition of the massless fluctua-
tion in (3.21). This gives

φ(c) =
(
1 + (αc)d−2

) 2
d−2 ,

δΦρ
ν(S)

δSαβ

∣∣∣∣
S̄

= 2
[
1 + (αc)d−2

] 4−d
d−2

cd−3αd−2δραδ
ν
β . (3.31)

These constraints on the matrix function Φρ
ν(S) have an infinite num-

ber of solutions given through power series of the matrix S with mildly
constrained coefficients. We present their general form in the case of four
space-time dimensions in Paper V. From the set of all possible definitions
for the nonlinear massless field we choose the one that gives the simplest
invertible relation to the original variables gµν and fµν . This particular
choice corresponds to

Gµν =
[
1 + (αc)d−2

] 4−d
d−2 (

gµν + cd−4αd−2fµν
)
. (3.32)

Remarkably, it turns out to be simply a linear combination of the original
metrics.

The massive field

In order to identify a nonlinear extension of the massive fluctuation, we
make an ansatz similar to the one for the massless field above,

Mµν = gµρΨ
ρ
ν(S) , (3.33)

where Ψρ
ν(S) is an arbitrary matrix-valued function of the square-root

matrix Sµν . Again, on the background we have Ψ(S̄) = ψ(c)1 with ψ(c)
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being a scalar function. The variation of the ansatz therefore reads

δMµν = ψ(c)δgµν + ḡµρ
δΨρ

ν(S)

δSαβ

∣∣∣∣
S̄

δSαβ . (3.34)

Comparing this to the definition of the massive fluctuation in (3.21), we
see that

ψ(c) = 0 ,
δΨρ

ν(S)

δSαβ

∣∣∣∣
S̄

= δραδ
β
ν . (3.35)

As in the massless case, there are infinitely many solutions to these con-
straints whose general form is provided in Paper V for d = 4. In order
to single out a nonlinear extension of the massive fluctuation, we first
observe that the interaction potential in the action is a polynomial in the
square-root matrix Sµν . Moreover, as can be seen by comparing (3.21)
and (3.30), the variation of this matrix corresponds precisely to the mas-
sive fluctuation. However, Sµν is a (1,1)-tensor which furthermore satis-
fies the symmetry property GρµS

µ
ν = GνµS

µ
ρ and can therefore not be

regarded as independent of the massless field. We would like the massive
field to be a (0,2)-tensor that is independent of Gµν . On the other hand,
lowering an index Sµν with Gµν modifies the expression of its variation in
terms of δgµν and δfµν . According to (3.35), in order to obtain the mas-
sive fluctuation in (3.21) we must subtract the field’s background value.
Hence, our choice for the nonlinear massive field is given by

MG
µν ≡

[
1 + (αc)d−2

]− 2
d−2

(GµρS
ρ
σ − cGµν) . (3.36)

The reader is reminded once again that in this definition (and in the one
for the massless field above), c is a function of the βn parameters obtained
by setting Λg = Λf .

In the next section it will be shown that the massless field Gµν , as de-
fined in (3.32), cannot consistently couple to matter sources. It is there-
fore not a suitable candidate for the gravitational metric and rewriting
the Bimetric Theory in terms of Gµν and MG

µν is probably not useful for
phenomenological purposes. On the other hand, gµν can couple to matter
without introducing inconsistencies and a formulation of the theory in
terms of gµν and a corresponding massive field Mµν may be of use for
phenomenological applications. A definition for this new field Mµν which
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can be considered independent of gµν while being compatible with (3.35)
is

Mµν ≡ gµρSρσ − cgµν . (3.37)

A particular feature, shared by all possible definitions of the nonlinear
massive fields, is that their background value vanishes on the proportional
backgrounds. Because these backgrounds precisely corresponds to GR
solutions, a nonzero background value for the nonlinear massive field is a
measure for deviations of Bimetric Theory from General Relativity.

3.5.2 Inconsistency of coupling the massless field to matter

Astrophysical observations show that the mass of the graviton cannot
be larger than the Hubble scale ∼ 10−33eV. A massless gravitational
metric would therefore be favored from a phenomenological point of view.
Having obtained an expression for a nonlinear massless spin-2 field in the
bimetric setup, we are therefore interested in the question whether this
field could consistently be coupled to matter alone and hence represent
the gravitational metric. Note that the resulting theory would not be
equivalent to General Relativity because the massless field is interacting
with the massive mode at the nonlinear level. This idea motivates an
ADM analysis of interactions between the massless field Gµν and matter
sources. To this end, consider the addition of a standard minimal matter
coupling of the form

SGm =

∫
ddx
√
−GLGm (3.38)

to the bimetric action. Since the Hamiltonian analysis of the latter has
been performed in the original formulation of the theory, the simplest
route to follow is to use the definition (3.32) of the massless field to obtain
its ADM variables as functions of the ADM variables of gµν and fµν . In
fact, since constant factors are not of interest in the ADM analysis, we can
simply rescale the metrics such that we have Gµν = g′µν + f ′µν , where g′µν
and f ′µν possess ADM decompositions as in (2.2) and (2.8), respectively.
That is to say, we define

Gµν =

(
−K2 +KmΓmnKn Kj

Ki Γij

)
, (3.39)
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whose components obey

Ki = Ni + Li , Γij = γij + f̃ij ,

K2 = N2 + L2 + ΓijKiKj − γijN iN j − f̃ijLiLj . (3.40)

In these, the shiftNi of gµν should be understood as a function of the other
ADM variables and the redefined shift vectors ni, according to (2.13).
After this redefinition the bimetric action is linear in the lapses N and L
of gµν and fµν as well as the shift Li of fµν . In order not to reintroduce
the Boulware-Deser ghosts and maintain diffeomorphism invariance, the
coupling (3.38) must also be linear in these variables. On the other hand,
since we take the couplings (3.38) to resemble those of the metric in
General Relativity, we know that due to general covariance of GR they
have to be linear in the lapse K and shift Ki of Gµν .3 But from (3.40) it
is clear that the lapse K is a nonlinear function of N , L and Li. In order
to demonstrate the consistency of the bimetric action without matter
coupling, so far we have only redefined Ni. We therefore still have the
freedom to perform a redefinition of Li which possibly could render the
expression for K linear in N , L and Li. However, as we will now argue,
such a redefinition does not exist. To see this, rewrite the above expression
for K2 as

K2 = N2 + L2 + (N i − Li)(γij − γikΓklγlj)(N j − Lj) . (3.41)

The redefinition of Li would have to turn the right-hand side of this
equation into a perfect square of a function linear in N , L and Li. But due
to the form of the redefinition (2.13) required by the bimetric interaction
potential, we have that

N i − Li = Lni −NDi
kn

k , (3.42)

implying that the above expression for K2 does not depend on Li. Con-
sequently, redefining Li cannot change the fact that K is nonlinear in N
and L and hence a coupling term of the form (3.38) cannot be consistent.

Of course, we have not shown that a massless field in Bimetric Theory
can never couple to matter in a ghost-free manner. The above proof only
applies to standard matter couplings and to the massless field singled out
in the previous section. It is possible that other types of couplings or

3For instance, this can explicitly be verified for the standard coupling of a massless
scalar field, LGm = −Gµν∂µφ∂νφ.
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more complicated choices for the field remedy the above conclusion and
there exist a way to obtain a massless gravitational metric.4

3.5.3 Massive spin-2 interactions with gravity

Owing to the absence of ghost-free matter couplings for the nonlinear
massless field, we choose to consider standard consistent interactions of
the metric gµν with matter sources. In this case, gµν is the gravita-
tional metric with geometric interpretation. Its fluctuations, however,
are neither massless nor massive; they are superpositions of mass eigen-
states. Nonetheless, it is still possible to consider a nonlinear version of
the massive spin-2 perturbation in this gravitational background. The
appropriate nonlinear field which is independent of gµν is the one given
in (3.37).

In Paper V we rewrite the Hassan-Rosen bimetric action in terms of
the variables gµν and Mµν . In the interaction potential, implementing the
field redefinition is straightforward,

d∑

n=0

βnen(S) =
d∑

n=0

βnen(c1 + g−1M) =
d∑

n=0

αcnen(g−1M) . (3.43)

Here the new parameters αcn depend on the original βn-parameters in the
following way,

αcn ≡
d∑

k=n

(
d− n
k − n

)
ckβk . (3.44)

The potential is therefore simply a polynomial in Mµν . In the kinetic
term for fµν we invoke the curvature relations (A.2) to rewrite it in terms
of gµν-covariant derivatives acting on Mµν . For notational simplicity, we
present the result in terms of the matrix S = c1 + g−1M ,

√
−f R(f) =

√−g (detS)
[
φµνRµν(g) + Πσπαβ

ρω ∇αSρσ∇βSωπ
]
. (3.45)

Here we have used the abbreviation,

φµν ≡ (S−2)µρg
ρν , (3.46)

4Another option is to tune the βn parameters such that the Fierz-Pauli mass (3.27)
vanishes. In this case, both gµν and fµν have massless fluctuations and the graviton
could be massless while still interacting nontrivially with another spin-2 field at the
nonlinear level.
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as well as defined a nonlinear polarization tensor,

Πσπαβ
ρω ≡

(
2φαµφκδφβν − 2φαµφβκφδν

− φαβφκδφµν + φαβφκµφδν
)
δσ(κδ

γ
δ) δ

π
(µδ

λ
ν) Sγρ Sλω. (3.47)

Collecting all the terms we arrive at the nonlinear action for a massive
spin-2 field Mµν in a gravitational background gµν ,

SM,g = md−2
g

∫
ddx
√−g R(g) +

∫
ddx
√−gLgm

+ md−2
f

∫
ddx
√−g (detS)

[
φµνRµν(g) + Πσπαβ

ρω ∇αSρσ∇βSωπ
]

− 2md

∫
ddx
√−g

d∑

n=0

αcnen(g−1M) . (3.48)

While in the bimetric formulation of the theory in terms of gµν and fµν the
kinetic terms are diagonal, the massive spin-2 field shows highly nontrivial
kinetic mixing with the gravitational metric. Moreover, as already stated
above, gµν does not give rise to a massless fluctuation around maximally
symmetric backgrounds, which could endanger the compatibility of the
theory with observations. However, we also already observed that gravity
becomes essentially massless in the limit where its interactions are weak,
mg/mf → ∞. Hence, although the presence of a massive spin-2 field
always implies that the graviton is a superposition of mass eigenstates,
the effects of this mixing are expected to be small due to the weakly
interacting nature of gravity.

Of course, it is also possible to formulate the theory in terms of the
nonlinear fields Gµν and MG

µν . The structure of the resulting action is
even more involved than in (3.48) and we refrain from presenting it here.
Its expression in four space-time dimensions can be found in Paper V.

From the consistent matter couplings in the original bimetric formula-
tion one can furthermore derive ghost-free interactions between the mas-
sive spin-2 field Mµν and arbitrary types of matter fields. For inter-
actions with bosonic matter this is straightforwardly realized by mak-
ing the replacement fµν = gµαS

α
βS

β
ν in the standard matter couplings∫

ddx
√−f Lfm for fµν . In Paper V we give an explicit example of cou-

pling Mµν to a massive spin-1 field and also work out the slightly more
complicated couplings of the massive spin-2 field to fermions. The lat-
ter requires working in the vielbein formulation and making appropriate
replacements in the γµ matrices as well as the spin connections.
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Chapter 4

Generalization to Multimetric
Theory

Ghost-free Bimetric Theory describes the interaction of two spin-2 fields,
one with massless and one with massive fluctuations around proportional
backgrounds. This section deals with a generalization of the Hassan-
Rosen action to an interacting theory for an arbitrary number of spin-2
fields as introduced in [58]. In general, such a theory will contain one
massless spin-2 mode along with many massive ones and, again, one has
to ensure the absence of the corresponding Boulware-Deser ghosts. A
formulation of the theory in terms of vielbeins turns out to be very con-
venient for the ghost proof, but re-expressing the consistent multivielbein
action in terms of metrics is not entirely trivial. In Paper IV we develop
a method to rewrite the multivielbein theory of [58] in terms of the cor-
responding metrics as well as Stückelberg fields that take care of local
Lorentz invariances. We begin the discussion with a list of consistent and
inconsistent multimetric couplings before going over to the multivielbein
formulation.

4.1 Multiple bimetric couplings

When constructing a theory for more than two spin-2 fields, of course, the
main requirement on its structure remains the absence of the Boulware-
Deser ghosts. The interaction potential for N fields therefore has to
be chosen such that the action in Hamiltonian formulation gives rise to
(d+N − 1) constraints. Out of these, d should be first class constraints,
generating the group of general coordinate transformations, while the
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remaining (N − 1) are expected to be second class and serve to remove
all Boulware-Deser ghosts from the spectrum.

An obvious way to satisfy these requirements is to simply add up

several copies of the Hassan-Rosen action for fields fµν and g
(i)
µν with

i = 1, . . . ,N −1, to obtain a theory in which one of the metrics is coupled
to all the others,

Scenter(f, {g(i)}) =
N−1∑

i=1

SHR(g(i), f) . (4.1)

This will be consistent because in every interaction potential one can

redefine the ADM variables for g
(i)
µν to make it linear in the lapse and

shift of fµν as well as the lapse of g
(i)
µν , such that one obtains the desired

(d+N − 1) constraints.
The left panel of Figure 4.1 shows how such a coupling can be visual-

ized in a graph [58]. Each solid dot represents a different spin-2 field and
the lines stand for standard Hassan-Rosen bimetric couplings between
them. Fields corresponding to dots that are not connected by a line do
not directly interact. Due to the corresponding picture with one metric
in the center, we shall refer to interactions of the form (4.1) as “center
couplings”.

Another option to obtain consistent multiple bimetric interactions is

to build a “chain” of N coupled spin-2 fields g
(k)
µν where k = 1, . . . ,N .

That is to say, we take an action of the form,

Schain({g(k)}) =
N−1∑

k=1

SHR(g(k), g(k+1)) , (4.2)

for which the corresponding graph is depicted in the right panel of Fig-
ure 4.1. This construction works because in the first term one can redefine
the ADM variables for g(1) such that it becomes linear in the lapse and
shift of g(2) as well as the lapse of g(1). In the second term one performs
a similar redefinition for the shift of g(2) which, since the redefinition is
linear in the lapses, does not destroy the linearity in the lapse of g(2) in
the first term. Note however that the second term will no longer be linear
in the shift of g(2). Continuing with this procedure in all the terms results
in an action that is linear in the lapse and shift of g(N ) and in all the other
lapses.

In fact, it is also possible to combine the two above constructions in
the following manner: First introduce a chain coupling for fields f (k),
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Figure 4.1. The center couplings (left) and the chain couplings (right).

k = 1, . . . ,K, and then to each f (k) attach Ik fields g
(ik)
(k) , ik = 1, . . . Ik, in

a center coupling. This gives

Sc−v = Schain({f (k)}) +

K∑

k=1

Scenter(f
(k), {g(ik)

(k) }) . (4.3)

In this theory the total number of fields is N = K +
∑K

k=1 Ik. An ex-
ample for a graph is shown in the left panel of Figure 4.2. Note that the

Figure 4.2. The combined chain and center couplings (left) and a for-
bidden loop coupling (right).

action Sc−v still consists purely of multiple copies of the Hassan-Rosen bi-
metric action; we have not introduced any type of new interaction term.
Of course, in the above construction, it is also possible to add further

chain or center couplings to each of the g
(ik)
(k) . However, it is important to

realize that not all possible bimetric couplings are allowed. In particular,
one may not couple the metrics in a “loop”, which means adding terms

such as SHR(f (k), f (k+2)) or SHR(f (k+1), g
(ik)
(k) ) to (4.3). To see why this

fails, consider a simple loop coupling among three metrics,

Sloop(g, f, h) = SHR(g, f) + SHR(f, h) + SHR(h, g) , (4.4)

whose graph is depicted in the right panel of Figure 4.2. Now imagine
that in the first term one redefines the shift of g to render it linear in
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the lapse and shift of f and the lapse of g. Then, in the second term
redefine the shift of f such that the first two terms afterwards are linear
in the lapse and shift of h and the lapses of g and f . In the third term,
one would now have to redefine the shift of h, but from the particular
form (2.13) of the redefinition it is clear that afterwards, the action will
again contain the original shift variable for g which cannot be expressed
in terms of the redefined variables only. Therefore there is at least no
obvious consistent redefinition of ADM variables that renders (4.4) linear
in all the lapses and we conclude that the loop couplings most likely give
rise to Boulware-Deser ghosts. This is in agreement with results of a
similar analysis performed in [59].

4.2 Multivielbein couplings

So far we have used the earlier results of the bimetric ADM analysis in
order to couple several spin-2 fields to each other using only bimetric
interactions. Now we would like to address the question whether there
exist more general couplings than the bimetric vertex. We introduce
graphs for two examples of such n-point vertices in Figure 4.3. A priori,

Figure 4.3. A three- and a four-point vertex.

such couplings could be very different from the bimetric ones and the
ADM analysis has to be redone from the start.

The problem is simplified when working with vielbeins Eaµ(I), labeled
by an index I = 1, . . . ,N , instead of the corresponding metrics gµν(I).
The metrics expressed in terms of the vielbeins read

gµν(I) = Eaµ(I)ηabE
b
ν(I) . (4.5)

The vielbeins have a coordinate index µ as well as a Lorentz index a and
the definition of the metric is invariant under local Lorentz transforma-
tions, E(I)→ Λ(I)E(I) with ΛTηΛ = η.

The kinetic terms are simply taken to be the Einstein-Hilbert terms
SEH(I) for the metrics expressed in terms of Eaµ(I) through (4.5). In [58]
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it was shown that the interactions of vielbeins that lead to ghost-free
theories are of the form

Sint =
m2

4

∑

{I}

∫
ddx T I1...IdUI1...Id ,

with UI1...Id = ε̃µ1...µd ε̃a1...adE
a1
µ1(I1) . . . Eadµd(Id) , (4.6)

where T I1...Id are coupling constants, and ε̃µ1...µd and ε̃a1...ad are the to-
tally antisymmetric tensor densities with respect to GCTs and Lorentz
transformations, respectively. The total multivielbein action is then given
by

Smulti =
N∑

I=1

SEH(I) + Sint . (4.7)

Note that the antisymmetric structure of (4.6) ensures that there cannot
be more than d vielbeins interacting in one vertex. The ghost-free theory
therefore gives rise to diagrams of the type displayed in Figure 4.3 with
at most d lines ending in one vertex.

A few remarks on degree-of-freedom counting in the vielbein theory
are in order. A general vielbein has no symmetry properties and therefore
consists of d2 independent components, whereas the corresponding metric
is symmetric and thus only d(d+1)/2 of its components are independent.
This discrepancy can of course be explained by the presence of additional
gauge symmetries in the vielbein theory which serve to remove the redun-
dant degrees of freedom. These d(d− 1)/2 gauge transformations are the
local Lorentz transformations Λba(I) that act on the upper index of the
vielbein Eaµ(I). A general theory for N vielbeins Eaµ(I) will therefore be
invariant under N distinct local Lorentz transformations. Note however
that in (4.6), (N − 1) of the local Lorentz gauges have already been fixed
in order to identify the different Lorentz frames for each vielbein with
each other and contract all their indices with a common antisymmetric
tensor. Only one overall Lorentz invariance is left over. As a consequence
of this gauge fixing, we expect the equations of motion to give rise to a
corresponding set of constraints. And indeed, as discussed in [58] and re-
viewed in Paper IV, for each vielbein there exist d(d− 1)/2 combinations
of its equations of motion following from (4.7) that do not contain any
derivatives. These read

δSint

δEaµ(I)
Ecµ(I)ηcb −

δSint

δEbµ(I)
Ecµ(I)ηca = 0 , (4.8)
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and give the correct number of constraints to reduce the number of inde-
pendent components of each vielbein to d(d+ 1)/2, as anticipated.

4.3 Hamiltonian analysis of the vielbein theory

Before we come to its metric formulation, we review the ADM analysis of
the multivielbein theory as presented in [58], which proves the absence of
the Boulware-Deser ghosts. The Hamiltonian analysis is carried out for
the vielbein action with interaction potential in its gauge fixed form (4.6).
It makes use of the fact that the vielbein Eaµ can be decomposed as

Eaµ(I) = Λ̂ab(I)Êbµ(I) , (4.9)

where Λ̂ab(I) is a Lorentz transformation and Êbµ(I) is a constrained
vielbein for which the following ADM parameterization may be chosen,

Êbµ(I) =

(
N(I) 0

êsj(I)N j(I) êsi(I)

)
. (4.10)

At this point it becomes evident why the vielbein formulation significantly
simplifies the Hamiltonian analysis: In contrast to the ADM parameter-
ization of the metric, c.f. (2.2), the expression for the vielbein is itself
already linear in lapse and shift. When d vielbeins are contracted with
the totally antisymmetric ε̃-tensors in (4.6), the resulting expression will
be linear in all Ea0(I), which implies linearity in N(I) and N j(I). This
certainly is a great advantage over the metric formulation because, due
to the absence of square root matrices, no redefinition of shift variables
is needed. However, the simplification does not come without a price,
because one still has to deal with the Lorentz matrices Λ̂ab(I) and the
extra gauge invariances, as we will explain now.

The parameterization (4.10) does not fix the gauge completely but
is invariant under the residual gauge group of spatial rotations. To the
action one should therefore add a term λab(I)Pab(I) for each vielbein,
where λab(I) is a Lagrange multiplier and Pab(I) are the N first class
constraints that generate the residual gauge group of spatial rotations.
The explicit expressions for the matrices Pab(I) are not important to us
but we emphasize that they are functions of the spatial vielbeins and their
canonical momenta alone. It also follows that each Λ̂ab(I) can be param-
eterized by (d − 1) Lorentz boosts pa(I) which, when the decomposition
(4.9) is plugged into the interaction potential (4.6), enter as Stückelberg
fields.
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Thus, the potential in ADM variables is of the form

Sint =

∫
ddx

N∑

I=1

(
N(I)C(I) +N j(I)Cj(I)

)
, (4.11)

where the lapse and shift constraints C(I) and Cj(I) are functions of the
spatial vielbeins êsi(I) and the boosts pa(I). Furthermore, when ex-
pressed in terms of vielbeins, the ADM form of the Lorentz invariant
kinetic terms is similar to (2.4) in the metric theory, and the full action
is linear in all N(I) and N j(I).

Recall that the action with potential in its gauge fixed form still pos-
sesses one overall local Lorentz invariance. Part of this residual gauge
symmetry can now be used to rotate away one of the pa(I). The remain-
ing boosts can be solved for using (N − 1) of the N j(I) equations. In
this way all pa(I) are eliminated from the action. The last shift con-
straint together with one of the lapse constraints generate general coor-
dinate transformations. The remaining (N − 1) lapse equations are the
secondary constraints that remove the Boulware-Deser ghosts.

The degree-of-freedom counting in the vielbein theory therefore goes
as follows: To start with, there are (d− 1)2 components in each of the N
spatial vielbeins, along with corresponding N (d−1)2 canonical momenta.
The residual overall gauge invariance under spatial rotations gives rise to
first class constraints

∑
I Pab(I) and remove 2 · (d−1)(d−2)/2 degrees of

freedom in total. The remaining (N − 1) spatial Lorentz transformations
have been used for gauge fixing and therefore now give rise to second class
constraints upon variation with respect to λab(I). This reduces the phase
space by another 2·(N−1)(d−1)(d−2)/2 dimensions. The overall general
coordinate transformations again give first class constraints and take away
2d variables. Finally, the (N −1) lapse constraints are assumed (although
not shown) to also give rise to secondary constraints, which then together
remove another 2(N−1) degrees of freedom. Putting everything together,
we find that the dimension of phase space is

Dp.s. = 2 · d(d− 3)/2 + 2 · (N − 1)
(
d(d− 1)/2− 1

)
. (4.12)

This is the correct number of degrees of freedom for describing one mass-
less and (N − 1) massive spin-2 particles.
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4.4 Multimetric theory

The structure of (4.6) is reminiscent of the ghost-free bimetric interaction
potential (2.19), and for certain choices of T I1...Id the vielbein and metric
theories are indeed equivalent. More precisely, this is true whenever the
vielbein interactions consist only of two-point vertices and contain no
loops, i.e. when they only give rise to the graphs in the left panel of
Figure 4.2. In that case, the constraints (4.8) give rise to a symmetrization
condition on the vielbeins which allows certain combinations of them to
be expressed as square root matrices of the type

√
g−1f . This explains

why it is possible to have loop interactions in the vielbein theory despite
the no-go statement we made about the metric formulation. We will see
how this works in more detail below, after we have discussed the general
interaction terms.

4.4.1 Obtaining a metric formulation

In Paper IV we show that it is always possible to re-express the viel-
bein theory in terms of the corresponding metrics together with a set
of Stückelberg fields. The main idea is to move away from the gauge
fixed form of the vielbein that lead to the potential (4.6), and instead
consider N general vielbeins eaµ(I) along with N independent Lorentz
frames. The eaµ(I) are related to the gauge fixed Eaµ(I) by local Lorentz
transformations Λab(I) through Eaµ(I) = Λab(I)ebµ(I). Since the corre-
sponding metrics are Lorentz invariant, we again have

gµν(I) = eaµ(I)ηabe
b
ν(I) , (4.13)

and the kinetic terms do not involve the local Lorentz matrices. On the
other hand, the interaction potential (4.6) is now given in terms of

UI1...Id = ε̃µ1...µd ε̃a1...adΛ
a1
b1e

b1
µ1(I1) . . .Λadbde

bd
µd(Id) . (4.14)

The local Lorentz matrices Λab(I) appear in the action as Stückelberg
fields1 that restore the full set ofN local Lorentz invariances in the theory.
Their indices transform in two different frames, namely those of ε̃a1...ad
and ebiµi(I), respectively. The gauge choice that corresponds to (4.6) is
the one in which all Λab(I) are equal since in that case the ε̃ contractions
reduce them to a factor det Λ = 1.

1For recent references that make use of our method of using Stückelberg fields to
restore the local Lorentz symmetries in multivielbein theory, see [60, 48].
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The fully gauge invariant potential given in terms of (4.14) is the start-
ing point for converting the vielbein into a metric theory. The important
point is that it allows us to choose any convenient gauge for the vielbeins
eaµ(I), which is of course not possible in its gauge fixed form (4.6). As we
will see now, the freedom of choosing a gauge is essential for the theory
to be expressible in terms of metrics.

From the gauge invariant form we proceed by identifying the frames
of one of the vielbeins, say ebµ(1), with that of ε̃a1...ad . Then, due to
the invariance of the totally antisymmetric tensor density, we can rewrite
(4.14) as

UI1...Id = ε̃µ1...µd ε̃c1...cdΛ
c1
b1(1, I1)eb1µ1(I1) . . .Λcdbd(1, Id)e

bd
µd(Id) .

(4.15)

Here we have defined the combined Lorentz matrices,

Λcb(1, I) ≡ (Λ−1)ca(1)Λab(I) , (4.16)

whose indices transform in the frame of ebµ(1) and ebµ(I), respectively.
Note that Λcb(1, 1) = δcb such that there are only (N − 1) nontrivial
matrices. With the interaction potential brought into the form (4.15), we
now again pick a gauge for the vielbeins ebµ(I), I = 2, . . . ,N . Namely, we
introduce gauge fixed vielbeins eaρ(I) that satisfy the following symmetry
condition,

ebρ(I)(e−1)ρc(1)ηca = eaρ(I)(e−1)ρc(1)ηcb . (4.17)

This is sometimes referred to as the Deser-van-Nieuwenhuizen gauge.2 In
particular, it again identifies all of the Lorentz frames with that of eaµ(1).
In this specific frame one then has

gµρ(1)gρν(I) = (e−1)µa(1)ebρ(I)(e−1)ρc(1)ηcaηbde
d
ν(I)

= (e−1)µa(1)eaρ(I)(e−1)ρc(1)ecν(I)

=
([
e−1(1)e(I)

]2)µ
ν
, (4.18)

or, equivalently, in matrix notation,
√
g−1(1)g(I) = e−1(1)e(I) . (4.19)

2It has been argued in [61] that it might not always be possible to choose this gauge
in general. For instance, in four space-time dimensions it requires the existence of the
square root matrix

√
g−1(1)g(I).
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Using e(I)aµ in (4.15) as well as the identity

ε̃c1...cd =
√
−det g(1) ε̃ν1...νd(e

−1)ν1c1(1) . . . (e−1)νdcd(1) , (4.20)

we can finally express the gauge invariant potential as

UI1...Id =
√
−det g(1) ε̃µ1...µd ε̃ν1...νdL

ν1
λ1(I1)

[√
g−1(1)g(I1)

]λ1
µ1
. . .

. . . Lνdλd(Id)
[√

g−1(1)g(Id)
]λd
µd
. (4.21)

Here we have defined new Stückelberg fields with coordinate indices,

Lνλ(I) ≡ (e−1)νa(1)Λab(1, I)ebλ(1) . (4.22)

Equation (4.21) is the metric expression for the multivielbein theory
of [58].

The Lν
λ(I) equations. Varying the multivielbein action (4.7) with in-

teraction potential (4.21) with respect to the Lνλ(I) gives d(d − 1)/2
constraint equations for each I = 2, . . . ,N , that can be used to elimi-
nate the Stückelberg fields from the action. These equations replace the
constraints (4.8) that arose in the gauge fixed version of the theory.

When trying to solve the Lνλ(I) equations for Lorentz degrees of free-
dom, one encounters a subtlety. Namely, the conditions that follow from
the invariance of ηab under Lorentz transformations and reduce the num-
ber of independent components in Lνλ(I) to d(d− 1)/2 read

(LT)µ
ρ
(I)gρσ(1)Lσν(I) = gµν(1) , (4.23)

which imply that Lνλ(I) depends on the metric gµν(1). In order to extract
the metric independent part, we therefore use the Caley transform of
a Lorentz transformation to express the Stückelberg fields in terms of
antisymmetric matrices Aµν(I),

Lνλ(I) =
([
g(1) +A(I)

]−1[
g(1)−A(I)

])µ
ν
. (4.24)

Since the antisymmetry condition on Aµν(I) is completely independent of
the metric gµν(1), we can parameterize the gauge degrees of freedom in
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terms of its components. The equations for the Aρσ(I) are then obtained
from

δSmulti

δAρσ(I)
=
δLµν(I)

δAρσ(I)

δSint

δLµν(I)
= 0 . (4.25)

Multiplying by (g(1) − A(I))ρα(g(1) − A(I))σβ and evaluating the first
factor results in

(
Lµα(I)gβν(1)− Lµβ(I)gαν(1)

) δSint

δLµν
= 0 . (4.26)

As explained in Paper IV, these (N − 1) ·d(d− 1)/2 equations can indeed
be shown to be equivalent to the constraints (4.8) on the gauge fixed
vielbeins Eaµ(I).

4.4.2 Recovering bimetric interactions

We would now like to address the question under what circumstances the
interaction potential (4.21) is writable in terms of metrics alone without
having to introduce Stückelberg fields. In principle, plugging back the
solution to the constraint equations (4.26) into the action will always
result in a theory involving only the metrics, but in reality the explicit
solution for the Stückelberg fields is difficult to obtain in the general
case. In particular, the constraints may need to be solved component-
wise, resulting in a noncovariant expressions for the interaction potential
in terms of metrics alone.

Nevertheless, there is one case in which the situation is greatly sim-
plified. Suppose we demand the interactions to be expressible in terms
of
√
g−1(1)g(I) after integrating out the Stückelberg fields . The only

obvious situation in which this requirement is satisfied is when the con-
straint equations (4.26) allow for solutions Lνλ(I) = δνλ, or, equivalently,
Aµν(I) = 0. If that is the case, then on this solution equation (4.26)
reduces to

(
δSint

δLµν
− δSint

δLνµ

)∣∣∣∣
A=0

= 0 , (4.27)

where we have raised the index on Lνλ(I) with g(1)λµ. We will now
argue that (4.27) together with Aµν(I) = 0 is a consistent solution if
the interaction potential contains only interactions between two vielbeins
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eaµ(1) and eaµ(2). In that case, namely, a generic term in the potential
reads

√
−det g(1) ε̃µ1...µnλn+1...λd ε̃ν1...νdλn+1...λd

· Lν1κ1(2)Sκ1µ1 . . . L
νnκn(2)Sκnµn , (4.28)

where we have defined the symmetric matrix

Sκµ ≡ g(1)κρ

(√
g−1(1)g(2)

)ρ
µ
. (4.29)

Now take the variation of (4.28) with respect to Lµν and in that set
Aµν(2) = 0, i.e. Lµν(2) = gµν . This gives an expression involving terms
that are proportional to powers of Sµν . As a consequence of the symmetry
of Sµν , this expression is symmetric itself. Therefore all terms in the
variation of Sint with respect to Lµν are symmetric when evaluated on
Aµν(2) = 0 and hence (4.27) holds. This shows that Aµν(2) = 0 is indeed
a solution to the constraint equations in this case, and thus integrating
out the Stückelberg fields results in the Hassan-Rosen bimetric action
with potential (2.19).

Using the same arguments as above, it is easy to see that this result
carries over to the case of N vielbeins with only bimetric interactions.
The equivalent metric description is of the form (4.3). We conclude that
the vielbein theories that possess straightforward reformulations in terms
of metrics alone precisely correspond to graphs of the form shown in the
left panel of Figure 4.2. In order to build more complicated vielbein
interactions, such as loops and n-point vertices with n > 2, one must
invoke the Stückelberg fields Lνλ and solve their equations in a nontrivial
way.



Chapter 5

Bimetric Cosmology

On small scales General Relativity makes very good predictions and, from
a phenomenological point of view, there is no need to look for a modifica-
tion of the theory. On cosmological scales, however, it seems that either
quantum field theory or gravity (or both) have to be modified in order
to explain the observed value of the cosmic acceleration. Therefore, once
a consistent theory of modified gravity has been constructed, its impli-
cations for cosmology are of great interest. Self-accelerating solutions of
Massive Gravity have, for instance, been considered in [62, 63], and the
hope was that a large cosmological constant could be screened out by the
graviton mass that weakens gravity at large scales. However, this does
not seem to be possible without fine tuning [14]. In [64] the authors show
that there exist no homogeneous and isotropic solutions in the dRGT
model of Massive Gravity with flat reference metric. On the other hand,
our analysis of Bimetric Theory with dynamical reference metric shows
that in this framework such solutions do exist. The simplest examples are
the proportional backgrounds considered in section 3.4.1 which, however,
only solve the equations with proportional sources. In this chapter we
consider a different class of solutions for which one of the sources is set to
zero. The existence of cosmological solutions in Bimetric Theory, in turn,
implies their presence in Massive Gravity with a general homogeneous
and isotropic reference frame. Homogeneous and isotropic solutions in
Bimetric Theory are the subject of Paper II and have also been investi-
gated independently in two further articles [65, 66] that appeared roughly
at the same time.

67
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5.1 Standard cosmology in General Relativity

Before discussing homogeneous and isotropic solutions in Bimetric The-
ory, let us briefly review the derivation of the cosmological evolution equa-
tions in GR. To this end, we consider the Einstein-Hilbert action in d = 4
including a cosmological constant term as well as a standard coupling of
the metric gµν to matter,

SEH+m =
1

M2
Pl

∫
d4x
√−g

(
R− 2Λ

)
+

∫
d4x
√−g Lm (5.1)

The equations of motions for gµν obtained from this action read

Rµν −
1

2
gµνR =

1

M2
Pl

(Tµν − ρΛ gµν) , (5.2)

where Tµν is the stress-energy tensor obtained from variation of the matter
Lagrangian as in (3.5) and we have defined the constant energy density
ρΛ ≡ ΛM2

Pl.
When looking for homogeneous and isotropic solutions in General Rel-

ativity, one makes a Friedmann-Robertson-Walker ansatz for the metric,

gµνdxµdxν = −dt2 + a(t)2

(
1

1− kr2
dr2 + r2dΩ

)
, (5.3)

in which k = 0,−1,+1 parameterizes the curvature of the universe (flat,
open, closed), a(t) is the scale factor, and dΩ = dθ2 + sin2 θ dϕ2. In
accordance with homogeneity and isotropy, the stress-energy tensor is
taken to be that of a perfect fluid,

(T g)µν = diag(−ρ, p, p, p) , (5.4)

where ρ(t) and p(t) are the time dependent energy density and pressure
of the fluid, respectively. As a consequence of the Bianchi identity the
source is automatically covariantly conserved which implies the continuity
equation,

ρ̇+ 3
ȧ

a

(
ρ+ p

)
= 0 , (5.5)

where dots denote time derivatives. This equation is actually nothing but
the first law of thermodynamics, dE = −p dV , for an adiabatic expansion
with volume V = a3 and energy E = ρa3.
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Plugging the diagonal ansätze (5.15) and (5.4) into Einstein’s equa-
tions (5.2) gives a set of four equations. The 00-component is Friedmann’s
equation,

(
ȧ

a

)2

+
k

a2
=
ρ+ ρΛ

3M2
Pl

, (5.6)

which is often expressed in terms of the Hubble parameter H ≡ ȧ/a. Due
to the isotropic ansatz, the ii-components of the equations are all equiva-
lent and therefore provide only one additional independent equation. The
most common way to present it is by taking the traced Einstein equations
and using (5.6) to arrive at the acceleration equation,

ä

a
= − 1

6M2
Pl

(ρ+ ρΛ + 3p) . (5.7)

In fact, integrating the acceleration equation (5.7) and using the con-
tinuity equation (5.5) gives back the Friedmann equation (5.6), where k
enters as an integration constant. This is expected because the continuity
equation is obtained from taking the divergence of Einstein’s equations
and is therefore already contained in the equations of motion. To specify
a solution it is therefore sufficient to consider only two out of the three
equations.

In order to characterize different components of the cosmological fluid,
one introduces the equation of state parameter w defined as the ratio of
pressure and energy density, p = wρ. One can then rewrite the continuity
equation (5.5) as

dρ

da
+ 3(1 + w)

ρ

a
= 0 , (5.8)

which is solved by

ρ = ρ0 a
−3(1+w) . (5.9)

Here, ρ0 is a constant to be determined by boundary conditions. Inserting
this solution into the Friedmann equation (5.6) with k = 0 and ρΛ = 0
gives the following evolution of the scale factor for w 6= −1,

a ∝ t
2

3(1+w) . (5.10)

The behavior for w = −1 is

a ∝ eHt , H ≡ ȧ

a
= const. (5.11)
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Moreover, from the acceleration equation (5.7) we infer that, in the ab-
sence of a bare cosmological constant, the expansion of the universe ac-
celerates for w < −1/3 and decelerates for w > −1/3. Three cases are of
particular interest: w = 0 characterizes nonrelativistic matter, w = 1/3
corresponds to relativistic matter (“radiation”), and w = −1 describes
a cosmological constant. The energy density for nonrelativistic matter
therefore scales as a−3, i.e. inversely proportional to the volume. Nonrel-
ativistic matter experiences an additional redshift and its energy density
goes as a−4. None of these can explain an accelerated expansion of the
universe. In contrast, a cosmological constant which of course has con-
stant energy density leads to an exponentially accelerated expansion.

It is common to measure the contributions of different fluid compo-
nents in terms of their density parameters,

Ωi =
ρi

3M2
PLH

2
0

, (5.12)

where i stands for either radiation, nonrelativistic matter or the cosmolog-
ical constant and H0 denotes the Hubble parameter at the present time.
One also defines a curvature contribution, Ωk = − k

a2H2
0
, and in terms of

these the Friedmann equation becomes

Ωrad + Ωmat + ΩΛ + Ωk =
H2

H2
0

. (5.13)

In particular, at the present time the density parameters add up to one.
Latest observational data [67, 68] suggest the following values for the
cosmological parameters at the present time,

H0 ∼ 70 km/s/Mpc , Ωrad ∼ 10−5 , Ωmat ∼ 0.3 ,

ΩΛ ∼ 0.7 , Ωk < 10−3 . (5.14)

These values imply that our universe is flat and dominated by a cos-
mological constant component. As already discussed in the introduc-
tion, the energy density corresponding to this cosmological constant is
extremely small compared to energy scales of the Standard Model of Par-
ticle Physics. Since so far we lack an explanation for this small value,
the curious energy component ρΛ is often referred to as dark energy. On
top of that, observations also show that the matter component Ωm is not
dominated by familiar baryonic matter, but rather mainly consists of an
unknown dark matter component. These findings are summarized in the
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Figure 5.1. Distribution of energy in the present universe. Credit:
NASA/WMAP Science Team.

famous pie chart of Figure 5.1. Consequently, under the assumption that
General Relativity is indeed the theory of gravity, we must accept that
95% of the universe’s energy content is not at all understood. Neverthe-
less, when this obscurity is ignored, the so-called ΛCDM model (GR with
a cosmological constant and cold dark matter) fits the observational data
very well.

Alternatively, we may question the validity of Einstein’s theory of
gravity and try to modify it on small distance scales such that it can
account for one or both of the dark components in our universe. An
example for a consistent infrared modification is Bimetric Theory, which
motivates us to derive and study the analogue of Friedmann’s equation
in this model.

5.2 Cosmological evolution in Bimetric Theory

In all of this chapter we work with the bimetric action (3.1) in four dimen-
sions. Furthermore, in order to use the same conventions as in Paper V,
we replace the mass scale m4 by m2m2

g. The coupling of fµν to matter
is set to zero, which is of course a rather restrictive assumption. On the
other hand, it allows us to interpret gµν as the metric in the usual way,
provided that it has standard matter couplings.
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5.2.1 Homogeneous and isotropic ansatz

To keep the comparison of the bimetric solutions to those of General
Relativity as simple as possible, we choose to make the usual Friedmann-
Robertson-Walker ansatz for the metric gµν which is coupled to matter,

gµνdxµdxν = −dt2 + a(t)2

(
1

1− kr2
dr2 + r2dΩ

)
. (5.15)

It is now important to notice that, in order to arrive at this form, we have
used time reparametrizations to remove one time-dependent function in
the most general homogeneous and isotropic ansatz. We have therefore
fixed the entire diffeomorphism invariance and there is no gauge symmetry
left to do the same to fµν . As a result, the most general homogeneous
and isotropic ansatz for the second metric reads

fµνdxµdxν = −X(t)2dt2 + Y (t)2

(
1

1− kr2
dr2 + r2dΩ

)
, (5.16)

involving two time dependent functions X(t) and Y (t). Note also that we
have assumed the curvatures k of the two metrics to be the same.1

Furthermore, we use the perfect fluid form (5.4) for the stress-energy
tensor (T g)µν of matter coupled to gµν . In GR any source is automatically
covariantly conserved as a consequence of the Bianchi identity whereas
in Bimetric Theory the two sources for gµν and fµν are not necessarily

separately conserved. But since here we have set T fµν = 0, the diffeomor-
phism invariance of the Einstein Hilbert term and the interaction poten-
tial again lead to ∇µgTµν = 0 on-shell. This implies that the continuity
equation (5.5) is also valid in the model under consideration.

5.2.2 Evolution equations

Next, we consider the bimetric equations of motion, (3.6) and (3.7), with
one index raised by the respective inverse metrics. Similarly to what we
saw in GR, the symmetries of the cosmological ansatz ensure that it is
sufficient to work with only part of the equations. Here, the relevant
part consists of the 00-components of the equations of motion, together
with the continuity equation for the source, as well as the Bianchi con-
straint (3.12). The latter needs to be included because now the continuity

1It turns out that the equations force the curvatures to be equal, which was not
known by the time Paper II was written.
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equation makes up only a part of the divergence of the gµν equation. The
ii-components of the equations of motion are then redundant.

In what follows we shall refer to the 00-components as simply the gµν
and fµν equation. Plugging the ansätze of the previous section into (3.6)
we can make use of known GR results to straightforwardly obtain the gµν
equation,

(
ȧ
a

)2
+ k

a2
− m2

3

[
β0 + 3β1

Y
a + 3β2

(
Y
a

)2
+ β3

(
Y
a

)3]
= ρ

3m2
g
. (5.17)

In order to determine how different source components influence the cos-
mological evolution of the scale factor a(t), we need to determine the
function Y (t) from the other equations. We start with the Bianchi con-
straint (3.12), evaluated on the homogeneous and isotropic ansatz,

3m2

a

[
β1 + 2β2

Y
a + β3

(
Y
a

)2] (
Ẏ − ȧX

)
= 0 . (5.18)

There are two options to satisfy this equation; either the first or the second
bracket must vanish:

(1) If the parameters of the theory obey β1 + 2cβ2 + c2β3 = 0 for some
constant c, then one solution is provided by Y (t) = c a(t). In this
case, the contribution from the interaction potential in (5.17) re-
duces to a cosmological constant term. The gµν equation hence sim-
ply becomes the Friedmann equation (5.6) with a cosmological con-
stant Λ = m2(β0+3cβ1+3c2β2+c3β3). Interestingly, around propor-
tional backgrounds, fµν = c2gµν , the Fierz-Pauli mass of the massive
perturbation is proportional to the combination of βn parameters
in (5.18). It therefore vanishes on this particular background if the
Bianchi constraint is satisfied by setting the first bracket in (5.18)
to zero. This may imply an interesting phenomenology for the per-
turbations, but due to its degeneracy with GR at the background
level, the solution is not of great interest to us here.

(2) The alternative solution to the Bianchi constraint is X(t) = Ẏ /ȧ.
In contrast to the above, this is a dynamical equation and allows
for much more general solutions. Since we are mostly interested in
solutions that do not show the exact same behaviour as in GR, we
focus on this branch in the following.

Next, we turn to the fµν equation. Since the ansatz for fµν contains an
extra time-dependent function in the 00-component, the derivative terms
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in this equation will look more complicated than the expressions familiar
from GR. We derive them in the appendix of Paper V. After eliminating
X(t) using the solution to the Bianchi constraint, the fµν equation reads

(
ȧ
Y

)2
+ k

Y 2 − m2

3α2

[
β1

(
a
Y

)3
+ 3β2

(
a
Y

)2
+ 3β3

a
Y + β4

]
= 0 , (5.19)

where, as usual,2 α ≡ mf/mg. Multiplying this equation by Y 2/a2 and
subtracting it from the gµν equation (5.17) yields an algebraic equation,

β3

3
Υ4 +

(
β2 − β4

3α2

)
Υ3 +

(
β1 − β3

α2

)
Υ2

+
(
ρ∗ + β0

3 −
β2
α2

)
Υ− β1

3α2 = 0 . (5.20)

We have expressed this in terms of the dimensionless quantities,

Υ =
Y

a
, ρ∗ =

ρ

3m2
gm

2
. (5.21)

Now we can solve equation (5.20) for Υ and plug the solution back into
the gµν equation (5.17). After that, the latter will only contain a(t),
ȧ(t) and ρ(t) and thus becomes a modified Friedmann equation. The
quartic polynomial equation (5.20) can be solved for Υ, but the general
solution is not very transparent. Instead, one can fix one or several of
the βn parameters and investigate these constrained parameter spaces
for simpler solutions. In Paper II, we follow this strategy and focus on
parameter choices that allow for solutions close to those of GR.

Degeneracy with General Relativity

Consider, for example, the choice β3 = 0. In this case, (5.20) reduces to a
cubic equation for Υ whose solutions will already look simpler. An even
greater simplification is achieved if we in addition set β1 = 0. Then the
equation for Υ is quadratic and a solution is readily obtained. Plugging
it into the gµν equation (5.17) then gives

(
ȧ

a

)2

+
k

a2
=

ρ

3M̄2
Pl

+
ρΛ

3M̄2
Pl

, (5.22)

where we have introduced a modified Planck mass and an effective con-
stant energy density,

M̄2
Pl =

m2
g(β4 − 3β2α

2)

β4
, ρΛ =

m2(β0β4 − 9β2
2)

β4
. (5.23)

2Note that in Paper V the ratio of the Planck masses is denoted by M∗ instead of α.



5.2. Cosmological evolution in Bimetric Theory 75

Evidently, this is simply the usual Friedmann equation (5.6). The bi-
metric solution in this model is therefore indistinguishable from standard
GR cosmology. This is a nontrivial result because the nonlinear theories
themselves are very different due to the β2-interaction term of Bimetric
Theory. These differences are expected to show up at the level of pertur-
bations. Bimetric perturbation theory around homogeneous and isotropic
solutions has been studied in [69, 70].

Turning on β1 takes us smoothly away from the solutions that are
degenerate with GR. Consequently, as shown in Paper V, for small values
of β1 it is still possible to fit the model to cosmological data. For larger
values the predictions of the bimetric model become incompatible with
observations.

Discussion

To summarize, the main conclusion of Paper II is that there exist non-
trivial (i.e. interacting) models of Bimetric Theory with cosmological so-
lutions in agreement with observational data. Hence, the Hassan-Rosen
Bimetric Theory passes one of the first tests for being a valid theory of
gravity. In the model where β1 = β3 = 0, the cosmological constant
is a combination of contributions from the matter source (which can be
absorbed in β0) and the bimetric interaction potential. Fitting it to its
observed value still involves fine tuning of the parameters and the cosmo-
logical constant problem remains unsolved. The situation is somewhat
improved for other choices of βn, as will be discussed in the next subsec-
tion.

Another important point is that it is far from clear whether the ef-
fective Planck mass in (5.22) is the same as the one that would enter
spherically symmetric solutions. In GR the Planck mass in Friedmann’s
equation is the same as the one that enters the gravitational constant in
the Newtonian limit and it is this value that has been used to fit the cos-
mological data. However, if in Bimetric Theory the effective Planck mass
on cosmological scales turns out to be different from the one on smaller
scales, the model would most likely not be compatible with observations.
Since so far not much is known about spherically symmetric solutions in
Bimetric Theory,3 this investigation is still an open task.

3See however [71, 72], where some progress has been made towards finding spheri-
cally symmetric solutions.



76 Chapter 5. Bimetric Cosmology

5.2.3 Self-acceleration

The purpose of Paper II was to demonstrate the existence of viable cosmo-
logical solutions in Bimetric Theory. A more thorough statistical anal-
ysis of the whole parameter space was conducted in [73]. The authors
used data from observations of the cosmic microwave background, baryon
acoustic oscillations, type Ia supernovae, and the present value of the Hub-
ble parameter to constrain different bimetric models.4 In particular, they
investigate whether models with β0 = 0 and no cosmological constant
contribution from the matter source can give rise to an expansion his-
tory compatible with observations. In the absence of a constant vacuum
energy density driving the acceleration of the universe’s expansion, the
model has to be self-accelerating, i.e. the observed acceleration must stem
from modified terms in Friedmann’s equation. Indeed, self-accelerating
solutions are found for many different combinations of nonzero βn param-
eters in Bimetric Theory and, in fact, the fits to data are just as good as
for the ordinary ΛCDM model.

The best fit value for the mass of the massive spin-2 field is on the order
of the Hubble scale H0. Since in the zero-mass limit the full diffeomor-
phism symmetry that transforms the two metrics separately is restored,
a small spin-2 mass is technically natural. In the ideal case, Bimetric
Theory should also explain why we do not observe the large cosmological
constant predicted by quantum field theory, for instance it should pro-
vide a mechanism to screen out a large vacuum energy. To our present
knowledge, this is not the case, except maybe for the parameters of the
partially massless theory, discussed in chapter 6. However, if an explana-
tion for the absence of a large cosmological constant was found elsewhere,
the Hubble scale set by the spin-2 mass could be radiatively stable, which
would be a large step towards solving the cosmological constant problem.

4See also [56] where a similar analysis is performed in a model including matter
couplings for fµν .



Chapter 6

Partially Massless Bimetric
Theory

A massive spin-2 field in de Sitter (dS) background exhibits several in-
teresting features that are shared neither by lower-spin particles nor by
spin-2 excitations in flat space. For a special value of the Fierz-Pauli
mass in units of the background curvature, the linear theory possesses
an additional gauge symmetry which removes one of the spin-2 helicity
components. In this case, where the field loses one propagating degree of
freedom, it is referred to as partially massless (PM). The particular mass
value for which this situation occurs is called Higuchi bound because it
divides the parameter region into unitary and nonunitary subsectors [74].

Being in the possession of a nonlinear theory that involves a massive
spin-2 field, we are able to address the following question: Is the concept
of partial masslessness restricted to the linear theory around de Sitter
backgrounds or can it be extended to the nonlinear level? The demand
on a nonlinear PM theory is the presence of an extra gauge symmetry,
even away from de Sitter backgrounds. In Paper VI we develop a method
to identify a unique candidate for a nonlinear PM Bimetric Theory in four
space-time dimensions. The analysis is extended to higher dimensions in
Paper VII, where it is found that pure Bimetric Theory cannot give rise
to partial masslessness at the nonlinear level. We therefore modify the
bimetric action by adding the Lanczos-Lovelock terms and show that in
this generalized framework it again becomes possible to single out PM
candidates.

77
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6.1 Partial masslessness in de Sitter background

Let us begin by reviewing the linear theory of a PM spin-2 particle in a
de Sitter background, which was first discussed in a sequence of papers
by Deser et.al. [75, 76, 77, 78, 79, 80, 81]. The equation of motion for a
massive spin-2 fluctuation hµν in a de Sitter background Ḡµν with positive
cosmological constant Λ is given by

Ēρσµνhρσ − 2Λ
d−2

(
hµν − 1

2Ḡµνh
)

+
m2

FP
2

(
hµν − Ḡµνh

)
= 0 , (6.1)

where the derivative operator Ēρσµν is given in (3.26). For general values
of the Fierz-Pauli mass, the equation possesses no gauge symmetries.
Similarly to its analogue in flat space that was discussed in detail in
section 1.3.2, it contains (d + 1) constraint equations that reduce the
number of propagating degrees of freedom to (d(d−1)/2−1), appropriate
for a massive spin-2 particle.

A feature of (6.1) without any analogue in flat space is that if the Fierz-
Pauli mass saturates the Higuchi bound, m2

FP = 2
d−1Λ, the equation is

invariant under a new gauge symmetry. The corresponding linear gauge
transformation reads

∆(hµν) = ∇̄µ∂νξ(x) + 2Λ
(d−1)(d−2)Ḡµν ξ(x) , (6.2)

in which ξ(x) is a local gauge parameter. Moreover, if the value for the
mass lies below the bound, the theory is nonunitary because the helicity-
zero mode of the massive spin-2 field becomes a ghost [74, 82]. Above the
Higuchi bound the theory is well-behaved.

Besides computing the variation of (6.1) under the gauge transforma-
tion explicitly, there is another straightforward way to see the existence of
a gauge symmetry in the equation for the massive spin-2 field with mass
at the Higuchi bound. First take the double divergence of (6.1) to arrive
at

∇̄ν∇̄µ
(
ḠµνḠρσ − ḠµρḠνσ

)
hρσ = 0 . (6.3)

The kinetic terms have dropped out after using the linearized Bianchi
identity. Furthermore, the trace of (6.1) is given by

d−2
2 ∇̄ν∇̄µ

(
ḠµνḠρσ − ḠµρḠνσ

)
hρσ +

(
Λ− d−1

2 m2
FP

)
h = 0 . (6.4)

If the mass is at the Higuchi bound, the terms without derivatives in this
equation vanish identically, while the derivative terms are always zero
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Figure 6.1. Unitary and nonunitary regions in the Λ-m2
FP-plane in d = 4.

The boundary of the shaded region corresponds to the Higuchi bound.

due to (6.3). Hence we find that for m2
FP = 2

d−1Λ the traced equations
of motion are identical to their double divergence. Put differently, when
multiplied by the appropriate factors, the difference of the trace and the
double divergence is identically zero. This identity signals the presence
of a gauge symmetry. Since one particular combination of the equations
of motion is identically satisfied, one component of hµν remains undeter-
mined. In fact, a gauge identity of the above type even implies that the
linearized action is invariant under the corresponding gauge transforma-
tion. This follows from the fact that invariance of the action under (6.2)
requires

∆S =
δS

δhµν
∆(hµν) = 0 . (6.5)

Since δS
δhµν

is nothing else than the equation of motion for hµν , after
integrating by parts, we find that ∆S indeed vanishes due to the gauge
identity.

The conclusion is that the massive spin-2 field described by (6.1) with
mass at the Higuchi bound has only (d(d− 1)/2− 2) degrees of freedom,
one less than is usually the case. Let us also remark that the existence
of the gauge symmetry around de Sitter background is in agreement with
the representation theory of the de Sitter group SO(1, d), which allows
for so-called partially massless (PM) representations of higher-spin fields.
For a discussion of this topic, consult e.g. [83]. The whole situation is
summarized in Figure 6.1, where for definiteness we fix d = 4.
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After the linear PM theory for spin-2 fields on de Sitter background
had been established, it was attempted to construct higher-order inter-
actions for the perturbation hµν that would leave the gauge symmetry
intact. At cubic order in hµν such a construction turned out to be possi-
ble in d = 4 [84, 85]. In d > 4, however, it was found that gauge invariant
cubic vertices can only exist if one also includes higher-derivative terms
into the theory [84]. The construction of a fully nonlinear theory with a
PM gauge symmetry remained an open task.

The remainder of this chapter summarizes the findings of Paper VI
and Paper VII where we propose a nonlinear PM theory within the fam-
ily of ghost-free Bimetric Theories. In particular, we show that in this
framework it is possible to understand the outcome of the cubic-vertex
analyses of [84, 85]. We begin by explaining the properties of the candi-
date PM theory for the most relevant case of four space-time dimensions,
before we generalize the arguments to d > 4. Further remarkable features
of the theory in d = 4 will be presented in chapter 7 in the context of
higher-curvature actions.

6.2 Towards a nonlinear PM theory

It is natural to expect the nonlinear PM theory (if it exists) to be found
within the family of ghost-free nonlinear theories for massive spin-2 fields.
A first investigation of this possibility was carried out in [86] where the
authors aimed to identify a PM theory in nonlinear Massive Gravity with
the reference metric taken to be a fixed de Sitter background. Their
construction used Stückelberg fields in a generalized decoupling limit and
showed that, for a certain choice of the βn parameters, a scalar degree of
freedom is not propagating. Although this seemed to be a solid argument
for the presence of a gauge symmetry in the decoupling limit, it was
later argued in [87, 88] that constructing a PM theory in the full theory
of nonlinear Massive Gravity is impossible. In spite of lacking a proof,
another article also made similar negative statements about PM Bimetric
Theory [89].

Taking into account these objections, one could be worried about the
possibility of constructing a PM Bimetric Theory. However, there are
several reasons why the above no-go results need not concern us here:
First of all, the results of [87, 88] hold only for nonlinear Massive Gravity
with fixed reference metric fµν , and do not directly carry over to the
ghost-free Bimetric Theory where both metrics are dynamical. In fact,
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the analyses in these references merely show that in a nonlinear PM theory
none of the metrics can be held fixed because both of them are expected
to transform under the PM gauge symmetry. We will come back to this
point in section 6.2.3. Apart from this, the authors of [87, 89] search
for a nonlinear action with invariance under an infinitesimal PM gauge
transformation and are unable to find it. The action will, however, not
be invariant if the invariance is an on-shell symmetry of the equations
of motion. A detailed discussion of these issues is part of an upcoming
publication and beyond the scope of this thesis. However, we emphasize
one more time that the no-go results of [87, 88, 89] simply do not apply
to the theory under consideration here.

In Paper VI we develop a method that allows us to identify a can-
didate PM theory within the family of ghost-free Bimetric Theories. To
this end, we consider the proportional background solutions as well as
the spectrum of linear perturbations around these that were discussed
in section 3.4. This is a natural setup for extending the PM symmetry
of perturbations around dS space because these backgrounds have con-
stant curvature and, in particular, they are the only ones around which
a massive fluctuation with Fierz-Pauli mass term exists. Our method is
suitable for identifying or excluding PM candidates in Bimetric Theory
in any space-time dimension. In this section, however, after outlining the
general idea, we restrict to the case d = 4. Dimensions greater than four
will be the focus of section 6.3.

6.2.1 Identifying PM candidates

The equation of motion (3.23) for the massive fluctuation δMµν around
proportional backgrounds is of the same form as (6.1) with Λ = Λ̄g. As a
consequence, if the cosmological constant is assumed to be positive and
if the Fierz-Pauli mass (3.27) is on the Higuchi bound, a gauge symme-
try of the form (6.2) is present in the linear theory around proportional
backgrounds. In bimetric notation, the corresponding infinitesimal gauge
transformation of the massive fluctuation reads

∆(δMµν) = ∇̄µ∂νξ(x) +
2Λ̄g

(d−1)(d−2)Ḡµν ξ(x) . (6.6)

On the other hand, the massless fluctuation transforms under the PM
symmetry at most by a term that resembles a coordinate transformation,
∆(δGµν) ∼ ∇̄µ∂νξ(x). This follows from the fact that its equation of
motion (3.22) does not have any extra gauge symmetry besides the usual
linearized diffeomorphism invariance. Hence, we can always undo the PM
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transformation of δGµν by a coordinate transformation. Modulo GCTs,
we therefore demand ∆(δGµν) = 0.

The question is now under what conditions the above symmetry trans-
formations for the fluctuations around dS background have a chance to
be generalizable to the nonlinear level. Since the theory in terms of the
nonlinear fields MG

µν and Gµν has a very complicated form, we find it
easier to work with the variables gµν and fµν instead. The above trans-
formations of the mass eigenstates δMµν and δGµν allow us to uniquely
determine the transformations of the fluctuations of gµν and fµν using
the expressions for the massive and massless fluctuations given in (3.21).
The result is

∆(δgµν) = −(αc)
d−2
2 ∆(δfµν) = −2(αc)d−2

c(1+(αc)d−2)
∆(δMµν) . (6.7)

The crucial observation is now that in a theory with a gauge symmetry
at the nonlinear level, it must be possible to shift these transformations
of the fluctuations δgµν and δfµν to the backgrounds ḡµν and f̄µν . This
follows from the fact that the split into background and fluctuations is not
unique and one can always take out part of the fluctuation to redefine the
background. Therefore we demand that the symmetry transformations
(6.7) should also leave the background equations invariant. But since
we are dealing with the proportional backgrounds, where the background
equations are simply an Einstein equation for ḡµν along with Λg = Λf ,
c.f. (3.19), we restrict ourselves to constant gauge transformations ∆̄ with
ξ(x) = const. In this way we ensure that the transformation does not take
us away from the proportional backgrounds and avoid unnecessary com-
plication. The restriction to constant gauge transformations is a strong
simplification, but as we will see now, demanding the background equa-
tion to be invariant under these is constraining enough to identify the PM
candidate theory. Namely, it should be evident from (6.7) that shifting
the constant transformations to the backgrounds ḡµν and f̄µν = c2ḡµν
results in a shift in c2,

ḡµν∆̄(c2) = ∆̄(f̄µν)− c2∆̄(ḡµν) . (6.8)

However, in general this cannot lead to an integrable1 symmetry of the
background equations because c is determined by Λg = Λf and can there-
fore not be shifted. If this is the case, then a nonlinear PM symmetry

1Integrability of the symmetry transformation means that it can be performed more
than once and still leave the equations invariant. This is a natural requirement on any
gauge symmetry. Without the integrability condition it is sufficient to set the mass to
the Higuchi bound in order to have an invariant background.
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cannot exist. The only possibility to avoid this immediate no-go statement
is to demand that c is not fixed by the background equation. Then, the
equation Λg = Λf that is automatically satisfied in this case (i.e. without
fixing c) is the gauge identity evaluated on the proportional backgrounds.
Since the proportional ansatz for the two metrics partly fixes the gauge,
only constant scalings are left as residual transformations. The compo-
nent of the metrics that remains undetermined by the equations therefore
simply reduces to the constant c on this solution.

The whole idea will be made more explicit in the following, where we
identify PM candidates in d = 4, before we discuss the general case in the
next section.

6.2.2 PM candidate in d = 4

In four space-time dimensions, the explicit expressions (3.18) for the cos-
mological constants in terms of the βn parameters, the ratio of Planck
masses α and the proportionality constant c can be used to write the
background condition Λg = Λf as a polynomial equation for c,

β1 + (3β2 − α2β0)c+ 3(β3 − α2β1)c2

+ (β4 − 3α2β2)c3 − α2β3c
4 = 0 . (6.9)

This equation clearly fixes c unless all coefficients of different powers of
c vanish separately. A proportionality constant c that is undetermined
by the background equation therefore requires the following parameter
choices in the bimetric interaction potential,

β1 = β3 = 0 , α2β0 = 3β2 = α−2β4 . (6.10)

We will frequently refer to these values as the PM parameters. Note that
our requirement on the βn parameters fixes all but one of them uniquely
in terms of the others and α. The one remaining parameter is of course
degenerate with the energy scale m4 in the interaction potential and sets
the scale for the Fierz-Pauli mass and the cosmological constant. More-
over, it is easy to check using the expressions (3.27) and (3.25) for m̄2

FP

and Λ̄g, that the parameter choice (6.10) automatically puts the mass on
the Higuchi bound. Therefore the theory of linear perturbations around
the backgrounds at hand exhibits the usual PM gauge symmetry. It is
worth emphasizing that we did not demand this in any way; it followed
from an independent requirement on the background equations.
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On the other hand, we also make the following interesting observation:
If we assume that there is a unique PM theory, then satisfying the Higuchi
bound is sufficient to determine its parameters. Namely, in this case, the
symmetry (3.3) of the interaction potential enforces α4−nβn = αnβ4−n
because otherwise the theory obtained from replacing α4−nβn → αnβ4−n
would also be PM, contradicting the uniqueness requirement. It is easy to
see that this constraint on the βn parameters together with the Higuchi
bound condition already implies (6.10).

We now turn to the requirement of integrability of the symmetry trans-
formation. The constant parts of the PM symmetry transformations of
the fluctuations can be written as

∆(δgµν) = − 2cα2

1 + (αc)2
δa ḡµν , ∆(δfµν) =

2c

1 + (αc)2
δa ḡµν , (6.11)

with infinitesimal constant gauge parameter δa. Furthermore, it is easy
to check that with the PM parameters the background equations (3.17)
are invariant under the nonlinear scaling transformations,

ḡµν →
1 + (αc)2

1 + α2(c+ a)2
ḡµν , f̄µν →

1 + (αc)−2

1 + α−2(c+ a)−2
f̄µν (6.12)

with finite constant gauge parameter a. Of course, these are simply the
nonlinear versions of (6.11), verifying that the constant part of the gauge
transformation is indeed integrable. If the nonlinear PM symmetry ex-
ists, the above transformations constitute its form on the proportional
backgrounds.

It is furthermore important to note that the Fierz-Pauli mass and
cosmological constant, when written with respect to the background met-
ric Ḡµν , become independent of c,

m̄2
FP =

2

3
Λ̄g = 2β2

m4

m2
g

. (6.13)

Hence, these can be regarded as physical quantities that do not depend
on the gauge parameter a which shifts the value of c.

By restricting to constant gauge transformations, clearly, we are not
dealing with the full PM symmetry at the nonlinear level. Note, however,
that since the set of constant transformations is a subset of the full gauge
group, the theory we obtain by requiring invariance under this subset
must contain the theory with the full gauge group (if it exists). Moreover,
since in four dimensions the restriction to constant gauge transformations
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is sufficient to uniquely determine the βn parameters, we conclude that
the resulting theory is already the unique candidate for having the full
PM symmetry.

The scale invariance of the equations of motion for proportional back-
grounds is not the only interesting property of the theory specified by the
PM parameters. The PM candidate exhibits additional astonishing fea-
tures that further support the existence of a gauge symmetry at the non-
linear level. For instance, consider again the homogeneous and isotropic
solutions of Paper II which we presented in chapter 5. We saw that, after
solving the Bianchi constraint, it was possible to arrive at (5.20), an alge-
braic equation for the ratio of the two scale factors, Y (t)/a(t). Inserting
the PM parameters (6.10) into this equation, we find that it becomes an
identity. Clearly, it is the analogue of the equation Λg = Λf for propor-
tional backgrounds. But instead of a constant, the equations evaluated
on the cosmological ansatz now leave a time-dependent function unde-
termined. This shows that the cosmological evolution equations of PM
Bimetric Theory are invariant under a symmetry that is local in time.
Even if it eventually turned out that a PM symmetry did not exist in
the nonlinear theory, a cosmological gauge symmetry could already be of
interest on its own.

Since, in four dimensions, the proportional backgrounds correspond
to maximally symmetric space times with ten independent Killing vectors
and the homogeneous and isotropic solutions still possess six isometries,
one might speculate that the presence of a symmetry on these solutions
could somehow be related to the amount of symmetry of the underlying
geometry. Then one could argue that a general solution with less sym-
metries than the above would not be invariant under any PM symmetry
transformation. To invalidate this argument, it is therefore important
to investigate the structure of our PM candidate theory away from the
proportional and the cosmological backgrounds. This has been done in
Paper VIII which considers general perturbative solutions to the bimetric
equations of motion. It turns out that the equations in the PM the-
ory are Weyl invariant to lowest order in a derivative expansion. These
remarkable results will be presented in section 7.3.

To conclude this discussion, let us briefly mention that a PM candidate
can also be obtained in d = 3 where the background equation reads

(β1 − αβ0)c+ 2(β2 − αβ1)c2 + (β3 − αβ2)c3 = 0 . (6.14)
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Demanding this to leave c undetermined results in the following PM pa-
rameters,

β3 = αβ2 = α2β1 = α3β0 . (6.15)

Again, all but one of the βn parameters are fixed, and the Fierz-Pauli
mass sits precisely on the Higuchi bound.

6.2.3 Massive Gravity limit

The PM parameters (6.10) in four space-time dimensions provide an ex-
ample for a theory in which the coefficients in the interaction potential
depend on the mass scale mf that is taken to infinity in the Massive Grav-
ity limit that we discussed in section 3.3. In this case, we have to be more
careful when taking the limit because the βn parameters will scale as well.
The conditions (6.10) fix the relative scale among them but their absolute
scale may still be chosen freely. Suppose that β2 does not scale when the
limit α = mf/mg → ∞ is taken. Then β0 → 0 and β4 → ∞, whereas
Λ = β4m

4/m2
f = const. In the Massive Gravity limit, the equations of

motion for the PM theory thus reduce to

Gµν(g) +
Λ

3
gµλ
(
Y (2)

)λ
ν
(S) = 0 , (6.16)

Gµν(f) + Λfµν = 0 . (6.17)

Remarkably, these are exactly the equations singled out in [86, 87, 88]
which investigated the possibility of realizing nonlinear partial massless-
ness in Massive Gravity with fixed reference metric. The methods invoked
in those references are completely different from ours and hence provide
independent support for the existence of a nonlinear PM symmetry.

On the other hand, as we already mentioned previously, in [87, 88]
it was also claimed that there is no nonlinear gauge symmetry present
in (6.16) and (6.17). If correct, at first sight, this result might seem to
rule out a nonlinear PM symmetry even in Bimetric Theory because it
should be possible to take the Massive Gravity limit to arrive at the above
equations. There is, however, a caveat in this argument: If the symmetry
transformation in PM Bimetric Theory itself depends on α = mf/mg,
then it may become singular in the α→∞ limit. In this case, it would not
be consistent to only look for an invariance in (6.16) and (6.17) because
terms in the original bimetric equations, that were neglected when taking
the limit, could become relevant again due to the singular nature of the
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gauge transformation. In fact, our findings in an upcoming publication
suggest that the transformations could indeed contain such singular terms
and therefore the conclusions of [87, 88] are irrelevant for Bimetric Theory.

6.3 Generalization to arbitrary dimensions

In Paper VII we apply the procedure of identifying the candidate PM
theories that we introduced in the previous section to Bimetric Theory
in an arbitrary number of space-time dimensions. We find that in pure
Hassan-Rosen Bimetric Theory there is no nonlinear PM theory for d > 4.
This outcome is in agreement with 3-vertex calculations [84, 85], which
also suggest that it could be possible to find a nonlinear PM theory in
higher dimensions if higher-order derivative couplings are included into
the theory. Inspired by these results we augment the bimetric action by
the ghost-free Lanczos-Lovelock (LL) terms. In this LL-extended Bimetric
Theory it is then possible to identify PM candidates even for d > 4.

6.3.1 Background equation

Let us first argue why in pure Bimetric Theory there is no PM candidate in
dimensions greater than four. To this end, consider again the background
equation Λg = Λf which in d dimensions assumes the following form,

(αc)d−2
d−1∑

n=0

(
d− 1

n

)
cnβn =

d∑

n=1

(
d− 1

n− 1

)
cnβn . (6.18)

As in the four-dimensional case, for c to be undetermined by this poly-
nomial equation, the coefficients of different powers of c have to vanish
separately. This requirement will again put constraints on the βn param-
eters and the ratio of Planck masses α. It should be obvious that, for
large d, the factor cd−2 on the left-hand side produces a large number
of terms with coefficients proportional to just one βn parameter. These
βn parameters will then immediately forced to be zero. Explicitly, when
multiplied by c2−d, the above equation can be rewritten as

(
αd−2

d−1∑

n=0

(
d− 1

n

)
βn −

2∑

n=3−d

(
d− 1

d+ n− 3

)
βn+d−2

)
cn = 0 . (6.19)
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In d ≥ 5, demanding the coefficients of cn to vanish for 3− d ≤ n ≤ d− 1
then leads to the following constraints on the parameters,

0 = αd−2

(
d− 1

n

)
βn −

(
d− 1

d+ n− 3

)
βn+d−2 for 0 ≤ n ≤ 2 .,

0 = βm for 1 ≤ m ≤ d− 1 . (6.20)

The second set of conditions inserted into the first also gives β0 = βd = 0
and hence for d ≥ 5 all βn must vanish. Of course, this choice of parame-
ters trivializes the interaction potential. Our conclusion therefore is that
there exist no nontrivial parameter values for which the constant part
of the gauge transformation leaves the background equations invariant.
Hence there is no PM candidate in pure Bimetric Theory in dimensions
greater than four.

6.3.2 Bimetric Theory with Lanczos-Lovelock terms

According to the constructive consistency proof in chapter 2, the interac-
tion potential of the Hassan-Rosen Bimetric Theory includes all consistent
non-derivative terms. Therefore, the only option to obtain an extended
version of the theory is to add more derivative terms to the action. At
this point, the only such terms that are expected to be ghost-free consist
of the Lanczos-Lovelock invariants which are defined as totally antisym-
metric contractions of Riemann tensors Rαβµν ,

L(n) =
1

2nn!
δµ1[α1

δν1β1 . . . δ
µn
αnδ

νn
βn]

n∏

k=1

Rαkβkµkνk . (6.21)

In spite of being higher-derivative operators, the LL invariants are be-
lieved to avoid inconsistencies that are usually introduced by such terms.
This is due to the antisymmetric structure in (6.21) which ensures the
absence of more than two time derivatives acting on one field in the ac-
tion. It is interesting that the same structure appears in the interaction
potential of ghost-free Bimetric Theory, but of course this is not really a
coincidence: In the decoupling limit of nonlinear Massive Gravity it can
be seen that the antisymmetric structure removes higher time derivatives
from the longitudinal modes of the Stückelberg fields.
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Hoping to rediscover the possibility of finding PM candidates in di-
mension greater than four, we thus choose to extend the Hassan-Rosen
bimetric action by the following terms,2

SLL = md−2
g

∫
ddx

bd/2c∑

n=2

√−g lgn L(n)(g)

+ md−2
f

∫
ddx

bd/2c∑

n=2

√
−f lfn L(n)(f) , (6.22)

where we have introduced two sets of couplings, lgn and lfn, of mass dimen-
sion 2(1−n). Furthermore, it is well known that the LL invariant L(n) is
topological in d = 2n and vanishes for 2n > d which is why the sums in
(6.22) terminate at integer part of d/2.

The equations of motion for gµν and fµν that follow from the LL
extended bimetric action are

Gµν(g) +

bd/2c∑

n=2

lgnG(n)
µν (g) +

md

md−2
g

V g
µν = 0 ,

Gµν(f) +

bd/2c∑

n=2

lfnG(n)
µν (f) +

md

md−2
g

V f
µν = 0 . (6.23)

Here, G(n)
µν are the Lovelock tensors that follow from variation of (6.22) and

V g
µν and V f

µν are the contributions from the interaction potential which
were defined in (3.8). We will not need the explicit expressions for the
Lovelock tensors, but let us note the important property,

gµνG(n)
µν (g) =

2n− d
2
L(n)(g) , (6.24)

which will be useful in what follows.

Proportional backgrounds

As in pure Bimetric Theory we are interested in the proportional back-
ground solutions to (6.23) and perturbations around those. Again, these

2In a different context, consistent Bimetric Theory extended by LL terms has already
been considered in [90].
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backgrounds correspond to maximally symmetric space times, for which
the curvatures satisfy

Rµνρσ(ḡ) =
2λ

(d− 1)(d− 2)
(ḡµρḡνσ − ḡνρḡµσ) ,

Rµν(ḡ) =
2λ

d− 2
ḡµν , R(ḡ) =

2d λ

d− 2
, (6.25)

with cosmological constant λ. On such backgrounds with constant cur-
vature, the n-th order LL invariant is proportional to λn,

L(n) = Nn(d)λn , with Nn(d) ≡ 2nd!

(d− 1)n(d− 2)n(d− 2n)!
. (6.26)

Next, we trace the equations of motion (6.23) in order to obtain two scalar
equations and insert (6.25) for the curvatures. Furthermore, we make use
of the identity (6.24) and plug in the proportional ansatz, f̄µν = c2ḡµν .
Finally, in the equation for fµν , we use L(n)(c

2ḡ) = c−2nL(n)(ḡ). The
resulting two equations read

λ+

bd/2c∑

n=2

lgn
d− 2n

2d
Nn(d)λn − Λg = 0 ,

λ+

bd/2c∑

n=2

c2−2nlfn
d− 2n

2d
Nn(d)λn − Λf = 0 . (6.27)

Here, Λg and Λf are the contributions from the potential evaluated on
the proportional backgrounds which were defined earlier in (3.18). Note,
however, that these no longer correspond to the physical cosmological
constants and are not necessarily equal.

For general parameters βn, lgn, and lfn, the two algebraic equations
in (6.27) serve to determine the background curvature λ as well as the
proportionality constant c2. Note also that in the absence of the LL
contributions, i.e. for lgn = lfn = 0, we re-arrive at the bimetric background
equations, R(ḡ) = 2d

d−2Λg and Λg = Λf . Eventually, we will again be
looking for the parameter values for which the equations (6.27) leave c
undetermined.

Linear Perturbations

Computing the linearized equations of motion from (6.23) is quite in-
volved. Fortunately, it has been observed in [91] that, around constant
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curvature backgrounds with cosmological constant λ, the fluctuation equa-
tions of General Relativity augmented by the LL terms with couplings lgn
assume the same form as the ones obtained from Einstein’s equations.
The only difference is that, in the linearized equations of the LL extended
theory, the Planck mass mg needs to be replaced by an effective mass
parameter m̃g defined through

m̃d−2
g

md−2
g

= 1 + (d− 3)!

bd/2c∑

n=2

n(d− 2n)lgn
(d− 2n)!

(
2λ

(d− 1)(d− 2)

)n−1

. (6.28)

It is a remarkable feature of the Lovelock invariants that, in spite of
being higher-derivative operators in the nonlinear theory, they give rise
to linearized equations that are only second order in derivatives.

For the bimetric case the above result implies that the linear equations
for the theory with LL terms are the same as in pure Bimetric Theory if
one replaces mg by m̃g as above and mf by m̃f given by

m̃d−2
f

md−2
f

= 1 + (d− 3)!

bd/2c∑

n=2

n(d− 2n)c2−2nlfn
(d− 2n)!

(
2λ

(d− 1)(d− 2)

)n−1

.(6.29)

Hence, thanks to the results of [91], without any computation we can
conclude that the linear equations in a maximally symmetric background
with cosmological constant λ will again diagonalize into a massless and
massive equation, where in the latter the Fierz-Pauli mass (3.27) is now
given in terms of m̃g and m̃f . Due to this similarity, the linear equations
are again invariant under the usual PM symmetry (6.2) if the mass is on
the Higuchi bound, m2

FP = 2
d−1λ. One can then hope that it is possible

to find a nonlinear candidate PM theory within this generalized setup.

6.3.3 PM candidates

We apply the same logic as in the four-dimensional case to LL extended
Bimetric Theory: For extending the linear PM symmetry to the nonlinear
level, we need to be able to shift the proportionality constant c2 and hence,
in a PM candidate theory, the background equations (6.27) must not
determine it. In order to see for which parameter values this is possible,
we must first solve a combination of the two equations for λ, eliminate it
from the remaining equation, and demand the result to be independent
of c.
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Although this procedure sounds again straightforward, in practice, it
cannot always be carried out immediately. Complications arise because
the background equations (6.27) are polynomials of order [d/2] in λ and
solving them does not necessarily result in a polynomial expression for λ
as a function of c. Therefore, generically, the equation that is supposed
to leave c undetermined is not a polynomial in c and it becomes difficult
to impose the requirement on the PM theory.

Nevertheless, for small enough d it is possible to arrive at a polynomial
equation in c and the analysis can be carried out. As an example, we
present the analytical results in d = 5 before summarizing the outcome
of a computer-based analysis for dimensions up to d = 8.

Partial masslessness in d = 5

In five space-time dimensions the equations are still simple enough to be
solved by hand. The only nontrivial LL term is L(2), also known as the
Gauss-Bonnet combination,

L(2) = R2 − 4RµνR
µν +RµνρσR

µνρσ , (6.30)

which is topological in d = 4. When terms of this kind for both gµν and
fµν are added to the bimetric action, the background equations (6.27)
take the following form,

λ+
lg2
3
λ2 − Λg = 0 , λ+

lf2
3c2

λ2 − Λf = 0 . (6.31)

Here the contributions from the interaction potential read

Λg =
m5

m3
g

(β0 + 4cβ1 + 6c2β2 + 4c3β3 + c4β4) ,

Λf =
m5

m3
g(αc)

3
(cβ1 + 4c2β2 + 6c3β3 + 4c4β4 + c5β5) . (6.32)

The system (6.31) can easily be solved for λ by building a linear com-
bination of the equations in which the quadratic terms cancel out. This
gives

λ =
c2lg2Λf − lf2 Λg

c2lg2 − lf2
. (6.33)
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Plugging this result back into the difference of the two equations in (6.31)
results in a polynomial equation for c,

lg2(lΛg − c2Λf )2 + 3(c4 − lc2)(Λg − Λf ) = 0 , (6.34)

where, for notational simplicity, we have defined l ≡ lf2/l
g
2. After the

expressions in (6.32) have been inserted, the left-hand side of this equation
contains nine different powers of c. Demanding each coefficient to vanish,
we obtain nine constraints on the parameters of the theory. As in the
four-dimensional case, these constraints are not all independent, but they
fix exactly seven out of the eight parameters {βn, lg2, lf2}. The resulting
values are

− 1
10β0 = 1

2αβ1 = − 1
α2β2 = − 1

α3β3 = 1
2α4β4 = − 1

10α5β5 =
m3
g

lg2m
5 ,

lg2 = α2lf . (6.35)

These parameters satisfy α5−nβn = αnβ5−n as well as lf = α2−2nlgn, and
hence the PM candidate theory is again symmetric under the interchange
α−1gµν ↔ αfµν . Using expression (3.27) for the Fierz-Pauli mass with mg

and mf replaced by the modified Planck masses given in (6.28) and (6.29),
it is also straightforward to check that the Higuchi bound, m2

FP = 1
2λ, is

saturated.

Note furthermore that one cannot set the Lovelock couplings lg2 and

lf2 to zero because the βn-parameters are inversely proportional to them.
This is of course consistent with our findings in section 6.3.1.

Partial masslessness in d > 5

The analysis in d = 6 is very similar to the five-dimensional case since the
only contributing LL term is still L(2). Up to the sign of β3, all but one of
the parameters become fixed again. Their values are given in Paper VII.

For dimensions greater than six, the cubic LL term L(3) needs to be
included into the action. According to (6.26), on the proportional back-
grounds it reduces to N3(d)λ3. Hence the background equations (6.27)
will now be cubic polynomials in λ. One can subtract the cubic term by
building a linear combination of the two equations to arrive at a quadratic
equation. But then the solution for λ will involve a square root and, as
a result, the equation determining c will no longer be a polynomial. This
complicates the determination of the PM parameters because we cannot
apply our method, which proved successful in d ≤ 6, to a non-polynomial
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equation. However, there is another possibility of solving the background
equations (6.27): One can decompose them into a Gröbner basis of equiv-
alent polynomial equations and thereby reduce the equation for λ to a
linear one. In addition, one obtains a consistency condition that is a
polynomial in c and can be used to impose the requirement for partial
masslessness. Following this strategy, it is in principle possible to iden-
tify PM candidates in any dimension. The computational effort, however,
becomes very large already when the quartic LL term L(4) is included in
the theory. Even with the help of a computer it was therefore only pos-
sible to determine the PM parameters in dimensions up to d = 8 where
L(4) still does not contribute to the equations of motion. The results are
summarized in Table 1 of Paper VII.

As could have been anticipated, the PM parameters always satisfy the
symmetry relations αd−nβn = αnβd−n as well as lfn = α2−2nlgn. The value
for the Fierz-Pauli mass turns out to saturate the Higuchi bound in all
cases. The fact that the scale invariance of the background and the PM
gauge symmetry at the level of perturbations always coincide is entirely
nontrivial and supports the validity of our approach. Interestingly, there
is no PM candidate in seven space-time dimensions.



Chapter 7

Relation to Higher-Curvature
Gravity

In this chapter we discuss modified theories of gravity with higher powers
of curvatures. A particular class of theories with at most four derivatives,
including the famous examples of New Massive Gravity and Conformal
Gravity, is known to be free of the Boulware-Deser ghost. However, one of
the two spin-2 modes in these theories shows unavoidable ghost instabil-
ities in all its helicity components. This has been an unresolved problem
challenging the otherwise promising models of modified gravity.

On the other hand, Bimetric Theory with a large value for the Fierz-
Pauli mass contains a heavy spin-2 excitation, and integrating out this
field results in an effective theory for just one rank-2 tensor. In gen-
eral, this effective action will be nonlocal, i.e. it will not simply be an
expansion in higher curvatures but involve inverted differential operators.
However, in Paper VIII we point out a definite relation among an effective
action obtained from Bimetric Theory and the higher-curvature theories
that avoid the Boulware-Deser ghost. We obtain a mapping between the
two classes of theories and thereby also propose a solution to the ghost
problem of the quadratic curvature theories by completing them into an
infinite series of curvature terms. Furthermore, it is shown that, to lowest
order in a derivative expansion, the effective theory obtained from the PM
candidate introduced in chapter 6 is equivalent to Conformal Gravity.

Before explaining our method and presenting the results, we begin
this chapter with a brief review of the relevant higher-curvature theories.

95
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7.1 Higher-curvature gravity

When viewed as a quantum theory, General Relativity is nonrenormal-
izable in the usual power-counting sense, which can be seen from the
fact that, after canonical normalization of the fluctuations, the coupling
constants of the nonlinear interactions have negative mass dimensions.
Therefore the theory can be meaningful only as an effective theory which
is valid at low energies and possesses a fully consistent (yet unknown)
UV completion. One promising candidate for the theory at high energies
is String Theory which is indeed a consistent quantum theory containing
gravity as well as gauge theories that could reduce to the Standard Model
of Particle Physics at low energies. In the framework of String Theory it
is possible to derive the effective low-energy action for the metric gµν by
integrating out heavy string states, which results in an expansion in curva-
tures suppressed by the mass scale of the heavy string excitations. String
Theory therefore constitutes one example of how higher-curvature terms
enter the effective action. In general, the concept of effective field theory
tells us that such corrections to the Einstein-Hilbert term are expected
to arise from any UV completion.

The most relevant correction to Einstein gravity is quadratic in cur-
vatures for gµν . The only possible (local) terms that can arise at this
order are RµνρσR

µνρσ, RµνR
µν and R2. In principle, we should also ex-

pect covariant derivatives acting on curvatures in the action, but due
to the Bianchi identity the only possible term at quadratic order is �R
which is a total derivative. Also note that we can choose to complete the
term RµνρσR

µνρσ into the quadratic Lanczos-Lovelock combination (6.30)
which we do not consider in this chapter but in principle can always be
added to the action in d > 4. One therefore only needs to take into
account the terms RµνR

µν and R2. It then turns out that the relative
coefficient between these two contributions in the action is fixed by de-
manding the absence of the Boulware-Deser ghost, and the corresponding
effective action truncated to a four-derivative theory is given by [92, 93],

S
(2)
HD = md−2

g

∫
ddx
√
g
[
cΛ + cRR(g)

− cRR
m2

(
RµνRµν −

d

4(d− 1)
R2

)]
. (7.1)

Here, cΛ is a cosmological constant term with mass dimension two, while
cR and cRR are dimensionless coefficients. Furthermore, m is the energy
scale at which the effective field theory looses its validity. The relative
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coefficient between the two quadratic curvature terms is fixed to be equal
to −d

4(d−1) which, as we shall now demonstrate, results in a mass term with
the Fierz-Pauli combination at the linearized level. In order to see this,
let us introduce an auxiliary tensor field ϕµν into the theory, which we
take to be symmetric in its indices. In terms of this new field we can write
an equivalent action as follows,

Saux = md−2
g

∫
ddx
√
g
[
cΛ + cRR(g)− Gµνϕµν

+
m2

4cRR
(ϕµνϕµν − ϕ2)

]
. (7.2)

Here, Gµν is the Einstein tensor for gµν and the indices on the symmetric
tensor ϕµν are raised and lowered with gµν . As is easily verified, the
solution to the equations of motion for ϕµν reads

ϕµν =
2cRR
m2

(
Gµν −

1

d− 1
Ggµν

)
, (7.3)

which can be plugged back into (7.2) to re-arrive at (7.1). Hence, we have
defined a two-derivative theory involving an auxiliary field which can be
integrated out to return to the higher-derivative action.

If now cΛ = 0 then ḡµν = ηµν and ϕ̄µν = 0 solve both (7.3) as well
as the gµν equations. We then consider the quadratic action for fluctua-
tions ϕµν and hµν = gµν − ηµν around this background,

Slin
aux =

md−2
g

4

∫
ddx
[
hµνEµνρσ

(
cRhρσ + d−2

2 ϕρσ

)

+ m2

cRR
(ϕµνϕµν − ϕ2)

]
, (7.4)

where the linearized Einstein operator Eµνρσ in flat space was already
given in (1.11). The kinetic terms are not diagonal, which motivates us
to make the following linear redefinitions,

h′µν ≡ 1
2m

(d−2)/2
g hµν + d−2

4
1
cR
ϕµν , ϕ′µν ≡ d−2

4
√

2
m(d−2)/2
g ϕµν , (7.5)

where the normalizations in front have been chosen conveniently. These
redefinitions diagonalize Slin

aux into an action for a massless spin-2 fluctu-
ation h′µν and a massive spin-2 fluctuation ϕ′µν ,

Slin
aux =

∫
ddx
(
cRh

′
µνEµνρσh′ρσ − 1

cR
ϕ′µνEµνρσϕ′ρσ

+ (d−2)2

16
m2

cRR
(ϕ′µνϕ′µν − ϕ′2)

)
. (7.6)
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As promised, the mass term has the Fierz-Pauli structure, which would
not have been the case had we started with a different relative coefficient
between the two quadratic-curvature terms in (7.1). Furthermore, the
sign of cRR determines the sign of the squared Fierz-Pauli mass and can
be adjusted such that it is non-tachyonic. On the other hand, the signs
of the kinetic terms for the massless and massive spin-2 fluctuations are
determined by the coefficient cR alone, and it is evident that they will
always have opposite signs. As a consequence, it is unavoidable that
either the massless or the massive fluctuation will be a ghost. Note that
this ghost is not an extra degree of freedom and, in particular, it does
not correspond to the Boulware-Deser instability. Instead, all helicity
components of the massless or massive spin-2 fluctuation themselves suffer
from a ghost-like kinetic term. This is a manifestation of Ostrogradski’s
theorem [94] which states that any theory with N time derivatives, for
2 < N < ∞, is plagued by ghosts. Therefore the above higher-curvature
action, despite being free of the Boulware-Deser ghost, is not consistent.

Before presenting the relation among higher-curvature gravity and
Hassan-Rosen Bimetric Theory, let us briefly mention two popular ex-
amples for actions of the type (7.1): New Massive Gravity in three and
Conformal Gravity in four space-time dimensions.

New Massive Gravity

As we already explained in section 1.3.2, the number degrees of freedom
of a massless spin-2 particle in d dimensions is d(d− 3)/2. It follows that
in d = 3, there is no propagating massless spin-2 mode. This observa-
tion motivated the authors of [27, 95] to choose cR < 0 and cRR < 0
in the higher-curvature action (7.1) for the case d = 3. As can be seen
in the linearized auxiliary action (7.6), this choice renders the massive
field healthy and turns the massless field into a ghost. However, since the
massless field is not a propagating degree of freedom, the wrong sign in
front of its kinetic term does not lead to an inconsistency in the theory.
The higher-derivative action with these sign choices became very popular
under the name New Massive Gravity. Of course, the trick employed in
[27, 95] fails to work in dimensions greater than three where the massless
mode is propagating and ghost-like for cR < 0. In the past, the construc-
tion of a consistent higher-derivative theory in d > 3 has therefore not
been successful [96]. There have also been attempts to complete New Mas-
sive Gravity to a theory with infinitely many derivatives (see e.g. [97, 98])
which could in principle avoid Ostrogradski’s theorem and cure the ghost
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problem even in higher dimensions. We obtain such a completion in Pa-
per VIII where we show that the Hassan-Rosen Bimetric Theory when
written as an effective theory for one of the metrics is closely related to
New Massive Gravity in three and its generalized form in higher dimen-
sions. Moreover, the spin-2 ghost that is unavoidably contained in (7.1) is
argued to arise from the truncation of an infinite derivative expansion to
a four-derivative theory. This proposes the bimetric action as a consistent
nonlinear completion of the higher-derivative theory (7.1) in any number
of space-time dimensions.

Conformal Gravity

In four space-time dimensions, there is a particular choice of parameters
for which the higher-derivative action (7.1) develops a new gauge symme-
try. Namely, if we set cΛ = cR = 0 then the only terms left in the action
are the four-derivative terms, [99]

SCG = −
m2
gcRR

m2

∫
d4x
√
g

(
RµνRµν −

1

3
R2

)
. (7.7)

With help of the curvature relations (A.2) it is straightforward to show
that this action is invariant under Weyl transformations of the metric,

gµν 7−→ ξ2(x)gµν , (7.8)

where ξ(x) is a local gauge parameter. The theory therefore goes un-
der the name of Conformal Gravity. The cosmological constant and the
Einstein-Hilbert term are not invariant under the transformation (7.8)
which is why their coefficients had to be set to zero.

The equations of motions that follow from variation of the Conformal
Gravity action (7.7) imply the vanishing of the Bach tensor for gµν ,

Bµν ≡ −∇2Pµν +∇ρ∇(µPν)ρ +WρµνσP
ρσ = 0 . (7.9)

Here, we have given the definition of Bµν in terms of the Schouten tensor,

Pµν ≡ Rµν −
1

2(d− 1)
gµνR , (7.10)

as well as the Weyl tensor,1

Wρµνσ ≡ Rρµνσ + gµ[νRσ]ρ − gρ[νRσ]µ +
1

3
gρ[νgσ]µR . (7.11)

1In the literature, the Conformal Gravity action (7.7) is sometimes also expressed
as the square of the Weyl tensor, LCG ∝ √gWρµνσW

ρµνσ.
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The Bach equation (7.9) is invariant under Weyl transformations in four
space-time dimensions [99].

The Conformal Gravity action is closely related to the linear theory
for a partially massless spin-2 field discussed in section 6.1. In order to
see this, we again need to introduce an auxiliary field ϕµν . But since
the equations of motion that follow from the above auxiliary action are
consistent with vanishing background for ϕµν only if gµν is flat, Saux in
(7.2) needs to be slightly modified in order to give rise to more general
de Sitter solutions for which the linear PM symmetry is known to exist.2

More precisely, one needs to add a linear term proportional to ϕ = gµνϕµν
such that Gµν(ḡ) = Λḡµν with Λ = const. and ϕ̄µν = 0 now solve the
equations of motion. Instead of writing down the auxiliary action in
the general case, here we only give the expression for Conformal Gravity
which reads [100]

S
(2)
CG =

4cRRm
2
gΛ

m2

∫
ddx
√
g
[

1
6(R− 2Λ) + ϕµνGµν

+ Λϕ+ Λ(ϕµνϕµν − ϕ2)
]
. (7.12)

Linearization around the constant curvature background and diagonaliza-
tion into mass eigenstates shows that, for cRR > 0, the theory propagates
a healthy massless and a ghost-like massive spin-2 particle. Moreover, the
Fierz-Pauli mass of the massive fluctuation has the value corresponding
to the Higuchi bound, m2

FP = 2
3Λ, which implies the presence of the PM

gauge symmetry (6.2) for ϕµν . The massless fluctuation h′µν does not
transform under this symmetry. In fact, it is a simple exercise to check
that, in addition to the obvious diffeomorphism invariance, the full non-
linear auxiliary action (7.12) is invariant under the following linear gauge
transformations [101],

δgµν = 2ξ(x)gµν , δϕµν = (∇µ∂ν + Λ
3 )ξ(x) . (7.13)

Note that the nonlinear field gµν transforms under the conformal part
of the PM symmetry because its fluctuation does not correspond to the
massless mode but is a linear superposition of mass eigenstates. Its trans-
formation is of course nothing but the linear version of the Weyl trans-
formation (7.8).

2In fact, the linear theory with auxiliary field around flat space also exhibits an
additional gauge symmetry, but due to the absence of partially massless representations
of the Poincaré group the spectrum does not consist exclusively of spin-2 fields in this
case. The corresponding equations also arise in PM Bimetric Theory around flat space
and will be discussed in an upcoming publication.
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Conformal Gravity, or its equivalent form (7.12), therefore describes
only six propagating degrees of freedom instead of seven that would cor-
respond to a massless and a massive spin-2 field. For more detailed dis-
cussions of its spectrum we refer the reader to [102, 103, 104, 105].

Like any other Weyl invariant theory, SCG does not contain any di-
mensionful couplings and therefore avoids the nonrenormalizibility prob-
lem of General Relativity. Being a renormalizable field theory, Conformal
Gravity has been suggested as a quantum theory for gravity. It has also
been shown to allow for viable cosmological solutions and even fit galaxy
rotation curves, providing a possible solution for at least part of the dark
matter problem [106].

Unfortunately, all of these promising features remain irrelevant un-
less a cure for the ghost problem is found. Suggestions for altering the
theory in order to make it healthy include, for instance, a modification
of quantum mechanics [107] and the addition of specific boundary condi-
tions [105], but none of these seemed sufficiently convincing for the theory
to be accepted as a consistent alternative to General Relativity.

In order to avoid the inconsistencies that plague theories with a finite
number of higher derivatives, another possible solution is to complete the
equations of motion (7.9) of Conformal Gravity with an infinite number
of derivatives for which Ostrodgradski’s theorem does not hold. Higher-
derivative terms will, of course, break the conformal symmetry because
they necessarily enter with a suppressing mass scale. On the other hand,
one could imagine that the symmetry transformation needs to be com-
pleted with an infinite number of higher-derivative terms as well, in order
to be a gauge symmetry of the full theory. In that case, both the equa-
tions of motion and the symmetry transformation could be thought of as
a perturbative expansion in derivatives. Order by order, the equations
would be invariant under the gauge symmetry, starting with the Bach
tensor and its Weyl invariance at lowest order. Although this idea sounds
promising, without any further input it is difficult to guess the form of the
higher-derivative corrections to the Bach equation that could give rise to
such a gauge symmetry. It would therefore be helpful to have a guideline
telling us how to construct these terms.

In section 7.3 we will see that the candidate for partially massless
Bimetric Theory introduced in section 6.2, when written as an effective
theory for gµν , is equivalent to Conformal Gravity to lowest order in a
derivative expansion. This observation motivates us to propose PM Bi-
metric Theory as a nonlinear ghost-free completion of Conformal Gravity.
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As in the case of general βn parameters that lead to the higher-curvature
theory in (7.1), the spin-2 ghost in Conformal Gravity is argued to be an
artifact of truncating the full bimetric action to a four-derivative theory.
If our PM model possesses a nonlinear gauge symmetry then so does the
corresponding effective theory for gµν . The relation to the successful (but
inconsistent) theory of Conformal Gravity turns ghost-free PM Bimetric
Theory into a particularly interesting model.

7.2 Relation to Bimetric Theory

We now return to Hassan-Rosen Bimetric Theory with the intention to
demonstrate its close relation to the higher-curvature actions discussed
above. First we outline two not entirely equivalent procedures of obtaining
an effective action for one of the metrics by integrating out the other.
Then we show that one of the procedures leads to the higher-derivative
theory in (7.1) plus higher-curvature corrections. Finally, we consider
the PM Bimetric Theory as a particular example and demonstrate its
equivalence to Conformal Gravity to lowest order in derivatives both at
the level of the action and the equations of motion.

7.2.1 Effective theories for gµν

Consider the two equations of motion obtained from varying the bimetric
action (3.1) with respect to one of the two metrics while the other is held
constant. Schematically, we write them as

Egµν(g, f) ≡ δSHR

δgµν

∣∣∣∣
f

= 0 , Efµν(g, f) ≡ δSHR

δfµν

∣∣∣∣
g

= 0 . (7.14)

Their explicit forms are given in (3.6) and (3.7), respectively, but are
not important to us at this stage because our considerations here will
be completely general. Suppose now that we intend to use one of the
equations to express fµν in terms of gµν and then eliminate it in the
second equation. For instance, we can think of obtaining a solution for
fµν from its own equation of motion and plugging it into the gµν equation,
such that we get an effective equation for gµν ,

Egµν(g, f(g)) = 0 . (7.15)

This equation will be nonlocal because solving the fµν equation for fµν
requires inverting derivative operators, leading to a nonlocal expression
for fµν as a function of gµν .
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A more convenient way to arrive at an effective equation for gµν is to
start instead by solving the gµν equation for fµν , because this equation
does not involve derivatives of fµν . This strategy therefore leads to an
algebraic expression for fµν in terms of curvatures of gµν . For general
parameters in the potential, this solution can be obtained perturbatively
as an infinite series in Rµν(g)/m2. Plugging it into the other equation
then results in a local effective equation for gµν ,

Efµν(g, f(g)) = 0 , (7.16)

which will acquire the form of a derivative expansion. Note that the two
procedures of deriving an effective equation for gµν are completely equiva-
lent: Both methods involved solving one subset of the system of equations
and using these solutions in the remaining equations. Hence, the solutions
to the two different effective equations for gµν will be identical in both
cases.

Next let us address the question whether it is possible to derive equa-
tions (7.15) and (7.16) from an action principle. In both cases this
clearly requires finding an effective action for gµν . Let us first suppose
that we have solved for fµν using its own equation of motion. Then we
can plug this solution back into the action to obtain an effective action
Seff(g) = SHR(g, f(g)) for gµν . Variation of Seff(g) then gives

δSeff(g)

δgµν
=

δSHR(g, f(g))

δgµν

∣∣∣∣
f(g)

+
δfαβ(g)

δgµν
δSHR(g, f(g))

δfαβ

∣∣∣∣
g

= Egµν(g, f(g)) +
δfαβ(g)

δgµν
Efαβ(g, f(g)) . (7.17)

Here we have made use of the following short-hand notation for combining
functional derivatives,

δfαβ(g)

δgµν
δS

δfαβ
≡
∫
ddy

δfαβ(y)

δgµν(x)

δS

δfαβ(y)
. (7.18)

By definition, fµν(g) satisfies Efαβ(g, f(g)) = 0. Using this in (7.17) implies
that, in fact, we have

δSeff(g)

δgµν
= Egµν(g, f(g)) . (7.19)

This little exercise shows that the equation of motion obtained from
Seff(g) is precisely equation (7.15). We conclude that integrating out
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fµν in the action by using its own equation of motion is equivalent to
plugging the solution directly into the gµν equation.

Clearly, due to the nonlocality of the solution to the fµν equation,
the action Seff(g) will also be nonlocal and can thus not have the form
of the higher-derivative theories discussed in the previous section. Let
us therefore try to obtain a different effective action by integrating out
fµν using the gµν equation. Since in this case the solution for fµν is an
algebraic expression in terms of curvatures of gµν , we can hope to arrive at
a standard higher-derivative theory. The variation of the effective action
SHD(g) = SHR(g, f(g)) again reads

δSHD(g)

δgµν
= Egµν(g, f(g)) +

δfαβ(g)

δgµν
Efαβ(g, f(g)) . (7.20)

But since now fµν(g) is defined to satisfy Egαβ(g, f(g)) = 0, we have

δSHD(g)

δgµν
=
δfαβ(g)

δgµν
Efαβ(g, f(g)) . (7.21)

Obviously, this is not exactly equivalent to (3.7). The equations of mo-
tion obtained from the effective action SHD(g) differ from the effective
bimetric equations by an operator δfαβ/δgµν . Therefore the solutions to
these equations will differ by functions χαβ(x) that are annihilated by this

operator, which means that instead of the bimetric equation Efαβ = 0 we
now have

Efαβ(g, f(g)) = χαβ(x) ,

∫
ddy

δfαβ(y)

δgµν(x)
χαβ(y) = 0 . (7.22)

Since fµν is a function of curvatures of gµν , the operator δfαβ/δgµν will
introduce derivative terms into the effective action that would not be
present in the higher-derivative theory that is truly equivalent to Bimet-
ric Theory. Separating off these extra terms is a tedious task which we
choose not to pursue. Instead we try to find out what features of the
Bimetric Theory carry over to the local higher-derivative theory despite
their inequivalence. In particular, we are interested in making statements
about the consistency of the higher-derivative action SHD(g).

While it is clear that the nonlocal action Seff(g) that is equivalent to
the ghost-free Bimetric Theory must be consistent and propagate seven
healthy degrees of freedom, it is important to understand whether the
local action SHD(g) that differs from the Hassan-Rosen theory by an ex-
tra operator can contain ghosts. This question is difficult to answer for
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nonlinear spin-2 fields because the nonlinearities and the tensor struc-
tures complicate the analysis. In the appendix of Paper VIII we there-
fore address this issue only in two simplified models: an action for two
scalar fields with linear mixing term and linearized Bimetric Theory. The
outcome of the analysis shows that in both models the analogue of the
operator δfαβ/δgµν does not alter the vacuum persistence amplitude and
therefore does not introduce ghosts into the theory. We therefore expect
(but do not prove) that the nonlinear theory with action SHD(g), obtained
from integrating out fµν using the gµν equation, is also ghost-free.

On the other hand, our examples in the appendix of Paper VIII also
show that, besides shifting the mass pole in the massive field’s propa-
gator, a truncation of the derivative expansion can easily lead to ghost
instabilities. This explains the presence of the spin-2 ghost in the New
Massive Gravity and Conformal Gravity actions. In order to avoid Os-
trogradski’s theorem, the ghost-free theory certainly needs the infinite
number of higher-derivative terms.

7.2.2 Perturbative solution to the gµν equation

Our focus in the following lies on the second of the two procedures outlined
above, which will lead to a local effective action with higher derivatives
for gµν . We will apply it to Bimetric Theory and explicitly work out the
resulting higher-curvature terms. The first step in our declared strategy
is to obtain an algebraic solution for fµν using the gµν equation, which is
the purpose of this section. In order to present an instructive example,
we start with a simple bimetric model in which the solution for fµν in
terms of gµν curvatures has a closed and finite expression. Then we turn
to the general case. In this whole chapter, as in Paper VIII, we replace
the mass parameter md in the bimetric action by m2md−2

g which slightly
simplifies the expressions.

A simple example

There is one choice of parameters for which the algebraic solution for fµν
derived from the gµν equation is particularly simple and can be obtained in
closed form straightforwardly. Namely, let us consider the gµν equation
(3.6) in which we set all βn with n = 2, 3 . . . d − 1 to zero. Only the
contributions from (Y (0))µν and (Y (1))µν remain3 and the equation simply

3Note that the gµν equation does not contain βd and hence the perturbative solution
for fµν does not depend on it.
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reads

1

m2
Gµν(g) + β0δ

µ
ν − β1(Sµν − TrS δµν) = 0 . (7.23)

Here we have used the definition S =
√
g−1f , as usual, and raised one

index with gµν . The trace of this equation may be used to eliminate TrS
and in this way the solution for Sµν is obtained as

Sµν =
1

1− d
β0

β1
δµν +

1

β1m2
Pµν(g) , (7.24)

which we we have expressed in terms of the Schouten tensor defined
in (7.10). Since fµν = gµρ(S

2)ρν the corresponding solution for fµν im-
mediately follows from (7.24) and reads

fµν =

(
1

d− 1

β0

β1

)2

gµν −
2

d− 1

β0

β2
1m

2
Pµν +

1

β2
1m

4
Pµ

ρPρν . (7.25)

This expression already has the form of a perturbative expansion in cur-
vatures. Remarkably, in this particular model the series terminates at
quartic order in derivatives. As we will see below, for general βn, it is
not possible to solve the gµν equation for fµν exactly, but we can ob-
tain a perturbative solution, i.e. an expression for fµν as an infinite series
in P/m2.

General case

After having explored the nature of the fµν solution in an instructive
example, we now turn to the case of general βn parameters. Our aim is to
solve the gµν equation perturbatively for Sµν . It will prove convenient to
first rewrite the Einstein tensor in (3.6) in terms of the Schouten tensor
and raise one index with gµν . This gives

TrP δµν − Pµν = m2
d−1∑

n=0

(−1)nβn(Y (n))µν(S) . (7.26)

Note that for the sake of notational simplicity we have set the source for
gµν to zero. This simplification constitutes no loss of generality because in
the final results of our computation it can always be reinstated by making
the following replacement,

Pµν −→ Pµν −m2−d
g

(
T gµν − 1

d−1TrT g δµν

)
. (7.27)

Equation (7.26) is linear in curvatures for gµν , but it is highly nonlin-
ear in fµν which appears under a square-root within the tensor-valued
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functions (Y (n))µν . It is not obvious how to obtain a closed-form solution
for fµν from it, but we can easily arrive at a perturbative solution: As in
our simple example, we first solve (7.26) algebraically for Sµν and after-
wards square the result to obtain the solution for fµν . To this end, we
make the following perturbative ansatz,

Sµν = aδµν + 1
m2

(
b1P

µ
ν + b2TrP δµν

)
+ 1

m4

(
c1(P 2)µν + c2TrP Pµν

+ c3TrP 2δµν + c4(TrP )2δµν

)
+O

(
P 3

m6

)
, (7.28)

with arbitrary complex coefficients a, bi, ci, . . . Allowing the parameters
to assume complex values is reasonable as long as the coefficients that
will finally appear in the effective action remain real. One can think of
complex parameters in the solution for Sµν as being merely a tool to
arrive at the most general solution. As we will see in section 7.3, an
example for a case with complex coefficients is the PM theory in which
the perturbative solution for Sµν turns out to be purely imaginary. This
leads to a real solution for fµν as well as a real effective action for gµν .

In what follows, the strategy will be to plug the above ansatz for Sµν
into the gµν equation (7.26) and fix its coefficients by satisfying the equa-
tion at each order in P/m2 separately. In order to simplify the expressions
in the following, we introduce two new sets of linear combinations of the
βn parameters,

sn ≡
d−1∑

k=n

(
d− 1− n
k − n

)
akβk , αn =

d∑

k=n

(
d− n
k − n

)
akβk . (7.29)

It is easy to show that these obey

sn = αn − αn+1 . (7.30)

On proportional backgrounds, fµν = c2gµν and s0 is proportional to the
cosmological constant Λg defined in (3.18) if in that expression one re-
places c by a. As we will see below, the equations enforce s0 = 0, and
hence if c = a the solutions for both of the metrics are flat. On these
backgrounds then, s1 is proportional to the Fierz-Pauli mass (3.27). In
general, however, c 6= a and the sums sn have no direct interpretation.

In the following it will be convenient to work with Mµ
ν ≡ Sµν/a−δµν ,

for which the ansatz (7.28) starts at linear order in curvatures. In terms
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of this matrix we can rewrite powers and symmetric polynomials of Sµν
as follows,

(Sn−k)µν = an−k
n−k∑

r=0

(
n− k
r

)
(M r)µν ,

ek(S) = ak
k∑

m=0

(
d−m
k −m

)
em(M) . (7.31)

These expressions enter the gµν equation of motion through the defini-
tion (3.9) of (Y (n))µν . At this point let us also remark that from the latter
equation in (7.31) it follows that the interaction potential in the bimetric
action written in terms of Mµ

ν becomes

d∑

n=0

βnen(S) =
d∑

n=0

αnen(M) , (7.32)

which involves the αn parameters defined above. This identity will become
useful in the next section when we derive the effective action for gµν .

Next we use (7.31) in the definitions (3.9) of the matrices (Y (n))µν
and plug the resulting expressions into the gµν equation of motion (7.26).
The outcome is

m2
d−1∑

n=0

anβn

n∑

k=0

k∑

m=0

n−k∑

r=0

(−1)n+k

(
d−m
k −m

)(
n− k
r

)
em(M)(M r)µν

= TrP δµν − Pµν . (7.33)

The right-hand side of this equation is linear in curvatures for gµν , whereas
the left-hand side is a polynomial of degree (d − 1) in Mµ

ν . In order to
solve the equation perturbatively, we now insert our ansatz (7.28) and
compare the coefficients of δµν , Pµν , TrP δµν , etc. on both sides. For
this, of course, one also needs to invoke the explicit expressions of the
elementary symmetric polynomials em that we list in (A.10) for m ≤ 4.

For the lowest three orders it is simple to carry out this procedure by
hand. The results are

O(1) : s0 ≡
d−1∑

n=0

(
d− 1

n

)
βna

n = 0 ,

O
(
P
m2

)
: b1 =

a

s1
, b2 = 0 ,

O
(
P 2

m4

)
: 2(d− 1)c4 = −2(d− 1)c3 = −c2 = c1 =

as2

s3
1

. (7.34)
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The equation at lowest order, s0 = 0, is a polynomial in a that determines
a in terms of the βn. Here we see explicitly that it is possible to have
complex solutions for a which, as stated before, do not cause any problems
as long as all parameters appearing in the effective action and equations
for gµν remain real. Order by order, the other equations determine the
coefficients in the ansatz for Sµν . Hence the perturbative solution that
we have been looking for is of the following form,

Sµν = aδµν + a
s1m2P

µ
ν + as2

s31m
4

[
(P 2)µν − TrP Pµν + 1

d−1e2(P )δµν

]

+O
(
P 3

m6

)
. (7.35)

For general βn the right-hand side is an infinite expansion in curvatures.
The only case for which the series is known to terminate is the model with
βn = 0 for n = 2, 3 . . . d−1 that we discussed previously. Furthermore, the
suppressing mass scale is s1m

2 which, as we argued before, is proportional
to the Fierz-Pauli mass of the massive fluctuation in flat space. Note also
the absence of a term proportional to TrP in (7.35) as well as the fact that
all relative coefficients between the quadratic curvature contributions are
simply numbers independent of the parameters of the theory. For higher
curvature corrections, which we have found with the help of a computer
up to fifth order in curvatures, this is no longer true because some of the
ratios between coefficients will become parameter dependent.

Finally, we use fµν = gµρ(S
2)ρν to arrive at

fµν = a2gµν + 2a2

s1m2Pµν + a2(s1+2s2)
s31m

4 (P 2)µν

+ 2a2s2
s31m

4

[
1
d−1e2(P )δµν − TrP Pµν

]
+O

(
P 3

m6

)
. (7.36)

This is the most general perturbative solution for fµν obtained from the
gµν equation.

At this point let us make the remark that there are special corners in
parameter space for which the perturbative solution does not exist. For
instance, if β0 = 0 then a = 0 is a solution to s0 = 0 and in this case it
is not possible to find a perturbative solution for fµν . Another example
of this type is a set of βn parameters such that s1 = 0. In this case the
perturbative solution at O(P/m2) enforces Rµν(g) = 0, i.e. the solution
for gµν has to be flat. It is certainly interesting to understand the nature
of these special cases, but here our main focus lies on generic values for
the parameters of the theory for which the perturbative solution exists.



110 Chapter 7. Relation to Higher-Curvature Gravity

An immediate consequence of the existence of the solution (7.36) is
that if the solution for gµν has constant curvature, Pµν ∝ gµν , then it
follows from (7.36) that fµν ∝ gµν , i.e. the two metrics are proportional
to each other. But, as we saw in section 3.4.1, this implies that also
fµν has constant curvature. Of course, we can just as well solve the fµν
equation algebraically for gµν and interchange the roles of gµν and fµν
in the argument, and hence a constant curvature solution for one of the
metrics always implies proportional backgrounds and a constant curvature
solution for the other metric.

7.2.3 Resulting theory for gµν

Following the strategy described in section 7.2.1, we now use the solu-
tion (7.36) for fµν to eliminate it in the bimetric action (3.1). In the
interaction potential this is straightforward: One simply uses (7.32) to
obtain an expansion in curvatures of gµν . Since the expansion of the ma-
trix Mµ

ν ≡ Sµν/a−δµν starts with a term linear in Pµν , only en(M) with
n = 0, 1, 2 contribute to quadratic order in P/m2.

The kinetic term for fµν is a bit more tricky. First, we need to evaluate
the inverse and the Jacobian determinant of fµν . The result for the inverse
reads

(f−1)µν = a−2gµν − 2

a2s1m2
Pµν +O

(
P 2

m4

)
. (7.37)

It is sufficient to expand this to first order in curvatures because in the
kinetic term it is contracted with the Ricci tensor for fµν which involves
no constant term. Furthermore, we have

√
f =
√
g detS =

√
g det(a1 + aM) = ad

√
g

d∑

n=0

en(M) , (7.38)

in which now only terms with n = 0, 1 contribute to quadratic order in
curvatures in the action.

In order to evaluate the Ricci tensor for fµν , we invoke once more
the curvature relations (A.2). With their help we can express Rµν(f) as
Rµν(g) plus terms with covariant derivatives acting on gµν curvatures. It
turns out that terms involving gµν-covariant derivatives (which anyway
would only give a total derivative contribution) drop out of the action
upon use of the Bianchi identity. More details are provided in Paper VIII,
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here we simply present the final result. Putting everything together gives
the following effective action for gµν ,

SHD = md−2
g

∫
ddx
√
g
[
cΛ + cRR(g)

− cRR
m2

(
RµνRµν −

d

4(d− 1)
R2
)]

+ O
(
P 3

m6

)
. (7.39)

The coefficients of different orders in curvatures are related to the original
bimetric parameters through

cΛ = −2m2α0 , cR = 1 + (αa)d−2 − α1(d− 2)

s1(d− 1)
,

cRR =
1

s2
1

(
2s1(αa)d−2 − α2 +

α1s2(d− 2)

s1(d− 1)

)
. (7.40)

Remarkably, the effective action (7.39) is exactly of the form (7.1). In
particular, the relative coefficient in between the two quadratic curvature
coefficients is independent of the parameters of the theory and fixed to the
value that removes the Boulware-Deser ghost from the spectrum. This is
of course expected considering the fact that we started from the ghost-free
Bimetric Theory.

In the beginning of this chapter we showed that the quadratic curva-
ture action (7.1) always contains a spin-2 ghost. Clearly, this is not the
case in Bimetric Theory which gives rise to two healthy spin-2 modes at
the linearized level. In Paper VIII we try to localize the origin of the
inconsistency using a simplified model of two scalar fields. This example
shows that the ghost is most likely not introduced by our procedure of
obtaining the effective action for gµν . That is to say, we believe that the
extra zero modes to the operator δfαβ/δgµν that appear in the solution
are not responsible for the inconsistency. Rather, the scalar field model
suggests that the ghost instability arises when the theory with infinitely
many derivatives is truncated to the four-derivative level. This result
is also in accordance with Ostrogradski’s theorem. We are thus lead to
making the following conjecture: The local higher-derivative theory with
action SHD obtained from Bimetric Theory by integrating out fµν us-
ing the gµν equation provides a ghost-free extension of the incomplete

quadratic curvature action S
(2)
HD.

Note also that the sources may be included into the theory by making
the replacement (7.27) in (7.39). As a result, in the effective action, the
ghost-free coupling to matter sources is highly nontrivial.
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7.3 Partially massless case

We now specialize to four space-time dimensions where, as we demon-
strated in chapter 6, the family of Bimetric Theories contains a candidate
for the nonlinear theory of a partially massless field. But instead of fix-
ing the parameters in the interaction potential immediately to their PM
values, let us start from a different direction: Suppose our interest lies in
finding the parameter values for which the higher-derivative action (7.39)
obtained from Bimetric Theory reduces to the Conformal Gravity ac-
tion (7.7) at lowest order in derivatives. Clearly, this means that we must
have

cΛ = −2m2α0 = 0 , cR = 1 + (αa)2 − 2α1

3s1
= 0 . (7.41)

Recall that satisfying the gµν equation required s0 = 0. Then, the identity
(7.30) together with the first of the above conditions, α0 = 0, imply that
also α1 = 0. Using this in the second condition we see that we must
have a = ±iα−1. Now we plug this value for a into s0 = 0 and α0 = 0
which we evaluate in terms of the βn parameters. This gives two complex
equations,

β0 +
3i

α
β1 −

3

α2
β2 −

i

α3
β3 = 0 ,

β0 +
4i

α
β1 −

6

α2
β2 −

4i

α3
β3 +

1

α4
β4 = 0 . (7.42)

The real and imaginary parts must vanish separately and the unique
solution is

β1 = β3 = 0 , α2β0 = 3β2 = α−2β4 . (7.43)

Remarkably, these values precisely corresponds to the PM parameter
choice in d = 4 that we found in chapter 6. We conclude that the PM can-
didate is the unique member of the family of Bimetric Theories with the
feature that to lowest order in a derivative expansion the effective action
for gµν is Weyl invariant. To lowest order, the corresponding equations of
motion obtained from the effective action for gµν are those of Conformal
Gravity,

Bµν +O
(
P 3

m6

)
= 0 . (7.44)

Moreover, it is straightforward to show that the first method that we
explained in section 7.2.1 yields a similar result: The effective equation
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for gµν , obtained from solving the gµν equation for fµν and plugging the
solution into the fµν equation, also sets the Bach tensor to zero at lowest
order in derivatives. This is expected since the first term in the operator
δfαβ/δgµν in (7.21) is proportional to the identity and hence the lowest-
order terms are the same for both ways of integrating out fµν .

The nonlinear PM Bimetric Theory therefore proposes a ghost-free
completion of Conformal Gravity. The presence of a gauge symmetry to
lowest order in a derivative expansion further supports the existence of
a PM gauge symmetry in the theory. In turn, if it exists, the PM sym-
metry constitutes the generalization of the gauge invariance of Conformal
Gravity to higher orders in derivatives.

Constructing the PM symmetry

The perturbative solution to the gµν equation and the analogous solution
to the fµν equation can be used to construct the PM symmetry transfor-
mation order by order in derivatives. This is work in progress and will
not be discussed in detail in this thesis. However, since it strengthens the
importance of Paper VI, Paper VII and Paper VIII, let us briefly outline
the idea.

An important tool in what follows is the discrete interchange symme-
try of the PM candidate theory. Namely, recall that the action and the
equations of motions are invariant under

α−1gµν ←→ αfµν . (7.45)

With the PM parameters (7.43), the perturbative solutions to the gµν and
fµν equations of motion, respectively, assume the form,

fµν = −α−2gµν +
1

β2m2
Pµν + γµν(α−1g, P ) ,

gµν = −α2fµν +
α2

β2m2
P̃µν + α2γµν(αf, P̃ ) , (7.46)

where P̃ denote curvatures for fµν . Furthermore, the function γµν con-
tains all higher-order contributions, starting at the four-derivative level.
Due to the interchange symmetry (7.45) the higher orders have the same
functional form in both equations.
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It is easy to see that, to lowest order in derivatives, the perturbative
solutions in (7.46) are invariant under two Weyl transformations,

∆gµν = φ(x)gµν +O
(
P
m2

)
,

∆fµν = φ(x)fµν +O
(
P̃
m2

)
= −α−2φ(x)gµν +O

(
P
m2

)
. (7.47)

In the second line, we have used the solution for fµν to give two different
expressions for its transformation that are equivalent on-shell: one that
can be obtained from the gµν transformation via the interchange symme-
try (7.45) and one for which the invariance of the perturbative solutions
is manifest.

Although the Weyl transformations are a symmetry of the lowest-
order terms in the above equations, it is clear that they will not leave
the higher-order contributions invariant. In order to cancel the effects
of the Weyl transformations in higher orders, we need to include higher-
derivative terms into the symmetry transformations of the metrics.

The next order of the transformations has two derivatives and con-
sists of terms involving covariant derivatives acting on φ or curvatures
multiplying φ. They are constructed by plugging the lowest order of the
transformation into the two-derivative terms of the equations. In order
to cancel out these contributions one then adds corresponding terms in
the transformations for gµν and fµν . In fact, it is sufficient to consider
only one of the above equations, say the solution for fµν , and write down
the necessary terms in the transformations to guarantee invariance of this
equation. Then, for each type of term, there will still be an arbitrary
relative coefficient between the gµν and fµν transformation. This coeffi-
cient is then fixed by imposing the interchange symmetry (7.45). In this
way, since it can be obtained from the solution for fµν through the in-
terchange symmetry, the solution for gµν will also be invariant under the
PM symmetry by construction.

The results for the transformations to second order in derivatives de-
rived in this manner have the following form,

∆gµν = φgµν −
α2

2β2m2
∇µ∂νφ−

α2

2β2m2
Pµνφ+O

(
P 2

m4

)
,

∆fµν = φfµν −
1

2β2m2
∇̃µ∂νφ−

1

2β2m2
P̃µνφ+O

(
P̃ 2

m4

)

= −α−2φgµν −
1

2β2m2
∇µ∂νφ+

1

2β2m2
Pµνφ+O

(
P̃ 2

m4

)
.

(7.48)
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Again, we have expressed the fµν transformation in two different ways
that are equivalent on-shell. The expression in the last line can be used
to check the invariance of the perturbative solutions explicitly. When
using the solution for fµν to rewrite its transformation in terms of only
gµν and its curvatures, one introduces new higher-derivative terms that
need to be taken care of at the next orders. This is how, for example,
the term proportional to Pµνφ enters the transformations. A term Pgµνφ
is absent because it is not introduced by using the perturbative solution
for fµν .

If the above construction of the transformations can be continued
step by step at each order in derivatives, the result will be a perturbative
expression for the PM gauge symmetry. Performing this construction
explicitly is intricate already at the four-derivative level. Although the
perturbative solutions are not the most general ones4, they make up a
large isolated class of all possible solutions. The existence of a gauge
symmetry on this class of solutions is therefore highly nontrivial and would
furthermore support its presence in the full theory.

Note that the precise form of the perturbative solutions in (7.46) is
unique to the PM parameters. It is quite simple to show that, for any
other values of the βn parameters, the construction of a gauge symmetry
fails latest at the two-derivative level. This could have been expected,
since it was only the PM parameters that lead to the Weyl invariant
Bach equation when the gµν and fµν equations where combined. We
conclude that our PM model is the unique candidate for having a scalar
gauge symmetry in the perturbative solutions to its equations of motion.

To conclude this discussion, let us demonstrate that the above trans-
formations reduce to the well-known PM gauge symmetry in the linear
theory around a de Sitter background. To this end, recall the transforma-
tion for the massive fluctuation δMµν around proportional backgrounds
which, in d = 4, can be written as

∆(δMµν) = φ(x)ḡµν +
3

Λg
∇̄µ∂νφ(x) . (7.49)

According to its definition in (3.21), the massive fluctuation satisfies
δMµν ∝ δfµν − c2δgµν . This implies that its transformation under the

4For example, the perturbative solutions imply that if the curvatures are diagonal
then so are the metrics, whereas Bimetric Theory is known to also contain solutions for
which this is not the case, see e.g. [108]. However, in d = 4, these are not continuously
connected to the perturbative solutions above.
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PM symmetry must be proportional to ∆fµν − c2∆gµν evaluated on the
proportional backgrounds. For f̄µν = c2ḡµν we have that

Pµν(ḡ) = P̃µν(f̄) =
Λg
3
ḡµν Λg = 3β2m

2(1 + α2c2) . (7.50)

Using these results in (7.48) it can easily be checked that on these back-
grounds one obtains

(
∆fµν − c2∆gµν

)∣∣
f̄µν=c2ḡµν

=
1

2
(α4c4 − 1)

[
φḡµν +

3

Λg
∇̄µ∂νφ

]
, (7.51)

which is indeed proportional to (7.49). Hence, the above nonlinear trans-
formations generate precisely the PM transformation of the massive fluc-
tuation. As a side remark, let us point out that this also means that the
higher-order terms of the PM transformation of δMµν must vanish on the
proportional backgrounds, which can in fact be shown with slightly more
effort.

The fact that we arrive at the correct form (7.49) starting from the
nonlinear transformations shows that the gauge symmetry we constructed
above corresponds precisely to the PM invariance of the linear theory. Our
nonlinear PM candidate thus explains the origin of the PM symmetry
around de Sitter backgrounds and, even at the nonlinear level, we expect
a gauge symmetry to remove one degree of freedom.



Chapter 8

Summary & Outlook

In this thesis, we discussed ghost-free nonlinear theories involving massive
spin-2 fields. Our findings are summarized below.

� There are two classes of consistent nonlinear theories for massive
spin-2 fields of rather distinct nature: Nonlinear Massive Grav-
ity [13, 14] contains self-interactions of a massive spin-2 field in a
background that is fixed by hand, whereas Bimetric Theory [17] de-
scribes two dynamical spin-2 fields, one with massive and one with
massless fluctuation around maximally symmetric backgrounds. We
demonstrated the absence of the Boulware-Deser ghost instability
in nonlinear Massive Gravity both in the physical gauge and in a
diffeomorphism invariant formulation.

� We computed the mass spectrum of Bimetric Theory around pro-
portional background solutions and identified nonlinear fields with
massive and massless fluctuations around these backgrounds. A
Hamiltonian analysis revealed that the nonlinear massless field can-
not have standard matter couplings, which suggested that, in the
presence of a massive spin-2 field, the gravitational metric is a su-
perposition of mass eigenstates.

� In the vielbein formulation, Bimetric Theory can be generalized to
describe interactions of multiple spin-2 fields [58]. We introduced a
set of Stückelberg fields to reinstore the broken local Lorentz symme-
try in the theory, which enabled us to reformulate the multivielbein
theory in terms of the respective metrics.

� The most general homogeneous and isotropic solutions to the bi-
metric equations of motion were derived and, in some special cases,
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discussed in more detail. The parameters of the interaction potential
could be fitted to observational data and thus, at the background
level, Bimetric Theory could account for the observed cosmological
evolution. Certain parameter subspaces even gave rise to a viable
self-accelerating cosmological expansion without the need to include
vacuum energy [73].

� We developed a method to identify nonlinear candidate theories for
a partially massless spin-2 field within the family of bimetric ac-
tions. The equations of motion in such a theory should be invariant
under a generalization of the gauge symmetry for linear PM fields
in de Sitter backgrounds. In the four-dimensional candidate theory,
several aspects pointed towards the presence of a gauge symmetry
at the nonlinear level. In space-time dimensions greater than four, it
was necessary to extend the bimetric action by the Lanczos-Lovelock
terms in order to obtain nontrivial results.

� Bimetric Theory was shown to be closely related to a certain class
of higher-curvature theories for gravity which are known to be free
of the Boulware-Deser ghost. On the other hand, these theories
contain a spin-2 field whose helicity components all show instabili-
ties. We argued that this problem may be cured by completing the
quadratic curvature terms in the action into an infinite expansion
in derivatives whose form can be derived from Bimetric Theory.

� A close connection between our candidate theory for nonlinear par-
tial masslessness and Conformal Gravity was established. The equa-
tions of motion of PM Bimetric Theory were shown to be confor-
mally invariant at the four-derivative level in a perturbative expan-
sion. This observation further allowed us to explicitly construct the
PM gauge symmetry perturbatively to second-order in derivatives,
which resulted in an expression compatible with the well-known
transformation of linear PM fields. Moreover, the perturbative solu-
tions to the equations of motion in the PM Bimetric Theory opened
up the possibility to prove the existence of a gauge symmetry at the
nonlinear level.

Open issues in the field of nonlinear Massive Gravity and Bimetric
Theory can be divided into phenomenological and more theoretical ques-
tions. On the phenomenology side, further investigation of classical solu-
tions to the equations of motion is of great interest. On the theory side,
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it is most interesting to look for extensions of the consistent theories in
order to fit them into a larger framework. In the following we mention
some of the vividly ongoing research.

Having found viable cosmological background solutions to the bimet-
ric equations, the next test the theory needs to pass is whether it can
explain growth of structure in the universe. In order to address this ques-
tion, one needs to study perturbations around the cosmological solutions.
Unfortunately, this type of analysis is complicated by the square-root ma-
trix in the interaction potential. First attempts to derive and solve the
perturbation equations have been made in [69, 70], but the compatibility
of Bimetric Theory with constraints from structure formation is still an
open question.

Another important issue in theories with massive spin-2 fields coupled
to matter is the existence of a Vainshtein mechanism in order to avoid
the observationally discarded vDVZ discontinuity. Spherically symmetric
solutions to the bimetric equations have been investigated in [71, 108, 72].
The possibility for a Vainshtein mechanism and the reconcilability with
astrophysical data were shown to be given both in Massive Gravity [109]
and in Bimetric Theory [110].

The evidence for the existence of a gauge symmetry, which we discov-
ered in several independent approaches, exposes the exceptional nature
of the nonlinear PM Bimetric Theory. It would be of great interest to
derive the explicit non-perturbative form of the gauge transformations
that leave the bimetric equations invariant. But even without the knowl-
edge of the exact transformations, physical aspects of the theory can be
studied. An analysis of implications for cosmology has been started, for
example, in [56]. Moreover, in [111] it was shown that the PM theory
avoids the Gregory-Laflamme instability [112] which is a generic unde-
sirable feature of black-hole solutions in nonlinear Massive Gravity and
Bimetric Theory [113, 114].

Eventually, one would of course also like to return to the original
motivation for constructing a nonlinear Massive Gravity theory and read-
dress the cosmological constant problem. So far, an obvious solution to
the problem has been found neither in Massive Gravity nor in Bimet-
ric Theory. The self-accelerating cosmological backgrounds discussed in
[73, 56] demonstrate that Bimetric Theory can account for the observed
rate of cosmic acceleration without any vacuum energy. The acceleration
is due to a spin-2 field with mass at the Hubble scale, which mildens the
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cosmological constant problem because a small spin-2 mass is technically
natural. On the other hand, the origin of the small value for the graviton
mass as well as the disappearance of vacuum energy from quantum field
theory remain unexplained in this setup.

Turning to the prospects on the theory side, we emphasize that exten-
sions of the bimetric action primarily need to maintain the consistency
of the theory. In particular, they must not reintroduce the Boulware-
Deser ghost instability. One possibility of extending the theory is then
given by the Lanczos-Lovelock terms that we already considered in Pa-
per VII. These are commonly believed to avoid the Boulware-Deser ghost
and therefore provide a viable generalization of the Hassan-Rosen ac-
tion. Another conceivable extension is the addition of further derivative
interactions that respect the antisymmetric structure of the interaction
potential and the LL terms. Recently, a pseudo-linear analysis suggested
the consistency of such new interactions [115] and, subsequently, also a
nonlinear version of these terms was proposed [116].

Other extensions involving additional scalar fields have been intro-
duced mainly in the context of nonlinear Massive Gravity. For example,
it has been suggested to promote the βn parameters to functions of a scalar
field [117, 118]. Furthermore, the proposals involve coupling the metric
gµν to fields with Galileon symmetry [119] and to a quasi-dilaton [120]. If
the quasi-dilaton is self-interacting, the theory is classically equivalent to
the Massive Gravity action extended by functions of the Ricci scalar [121].
A similar f(R) generalization has also been considered for Bimetric The-
ory [122].

Another important issue is the computation of quantum corrections
to the consistent nonlinear actions for spin-2 fields. A first attempt to
this effect has been made in [51] which, however, worked with the aux-
iliary model that we discussed in section 2.2.3. Although, classically,
this model is equivalent to the Massive Gravity action with a certain pa-
rameter choice, the two theories may differ at the quantum level. More
recently, the one-loop correction to the interaction potential of the dRGT
model was computed in [123]. There it was demonstrated that, at one-
loop level, matter fields running in the loop do not change the structure of
the self-interaction terms for the metric, whereas the ghost-free configura-
tion does get modified by gravitons in the loop. Fortunately, the authors
also argue that the mass of the ghost is never below the Planck scale
and therefore does not propagate in the effective theory. These promising
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results suggest that consistent nonlinear Massive Gravity may be stable
under quantum corrections. Besides the computation of higher-order loop
diagrams in the dRGT model with fixed Minkowski background, it would
be interesting to investigate whether this feature is shared by the fully
dynamical Bimetric Theory.

Finally, one could explore the possibility of embedding the consistent
bimetric models in String Theory. The most promising candidate for a
unified description of particle physics and quantum gravity possesses a
rich spectrum of massless and massive higher-spin fields. In particular,
it contains a massless spin-2 field whose low-energy effective action is
Einstein-Hilbert plus higher-curvature corrections. It is an interesting
open question whether the ghost-free structure of the nonlinear massive
spin-2 theories discussed in this thesis can be reproduced in String Theory.
If this is the case, then, since phenomenologically viable String Theory
requires Supersymmetry, it will contain a supersymmetrized version of
Bimetric Theory. This motivates the search for a supersymmetric theory
involving massive spin-2 fields which, even without String Theory, could
be an interesting subject on its own. Interestingly, such a theory was
already suggested several decades ago in [22] but without addressing the
ghost issue.

To summarize, it is worthwhile to develop a deeper understanding
of the only known consistent nonlinear theories involving massive spin-2
fields, which have already proven to possess several promising features.
Since nonlinear Massive Gravity and Bimetric Theory represent a very
young field of research, there is still a lot to explore and understand both
on the theoretical and the phenomenological side.



122



Appendix A

Conventions and useful
identities

A.1 Geometry

Our conventions for metrics and curvatures are those of [124]. The metric
signature is mostly plus such that for the flat Minkowski metric we have
ηµν = diag(−1,+1, . . . ,+1). The Riemann tensor R σ

µνρ is defined in
terms of covariant derivatives acting on an arbitrary (0, 1)-tensor ωσ as
follows,

R σ
µνρ ωσ ≡ [∇µ,∇ν ]ωρ . (A.1)

We often invoke the following useful formula relating the Ricci tensors of
two different metrics,

Rµν(f) = Rµν(g) + 2∇[µCα]ν
α − 2Cν[µ

βCα]β
α . (A.2)

Here, ∇ is the covariant derivative with respect to gµν and we have defined
the tensor

Cµν
α ≡ 1

2
(f−1)αρ (∇µfνρ +∇νfµρ −∇ρfµν) , (A.3)

which is also equal to the difference Γαµν − Γ̃αµν of Christoffel symbols for
gµν and fµν , respectively.
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A.2 Elementary Symmetric Polynomials

The elementary symmetric polynomials of a matrix S can be defined
through a recursion formula, also known as Newton’s identities,

en(S) =
(−1)n+1

n

n−1∑

k=0

(−1)kTr(Sn−k)ek(S) , with e0(S) = 1 . (A.4)

When written in terms of eigenvalues si of S, the function en(si) is the
symmetrized sum of products of n eigenvalues. The elementary symmetric
polynomials appear in the expansion of the determinant,

det(1 + S) =
d∑

n=0

en(S) , (A.5)

and can also be written in terms of fully antisymmetric tensors,

en(S) =
2

n!(d− n)!
εµ1...µnλn+1...λdεν1...νnλn+1...λd S

ν1
µ1 . . . S

νn
µn . (A.6)

In d dimensions, they satisfy

ed(S) = detS , en(S) = 0 for n > d , (A.7)

as well as the important symmetry relation

en(S) = (detS) ed−n(S−1) . (A.8)

Another useful property is

en(a1 + S) = an
n∑

k=0

(
d− k
n− k

)
ek(S/a) , (A.9)

for any scalar a. The explicit expressions for en(S) for n ≤ 4, with square
brackets denoting the matrix trace, read

e0(S) = 1 ,

e1(S) = [S] ,

e2(S) =
1

2

(
[S]2 − [S2]

)
,

e3(S) =
1

6

(
[S]3 − 3[S2][S] + 2[S3]

)
,

e4(S) =
1

24

(
[S]4 − 6[S]2[S2] + 3[S2]2 + 8[S][S3]− 6[S4]

)
. (A.10)
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The bimetric equations of motion contain variations of the interaction
potential that are of the form

(Y (n))µν
(√

g−1f
)

=
2√−g g

µρ δ

δgρν

[√−g en
(√

g−1f
)]
. (A.11)

From (A.7) it follows that (Y (n))µν = 0 for n ≥ d. There is also an
expression for the matrix functions (Y (n))µν in terms of the elementary
symmetric polynomials,

(Y (n))λν =
n∑

k=0

(−1)kek(S)(Sn−k)λν . (A.12)

Their explicit form for n ≤ 3 reads, in matrix notation,

Y (0)(S) = 1 ,

Y (1)(S) = S − 1[S] ,

Y (2)(S) = S2 − S[S] +
1

2
1

(
[S]2 − [S2]

)
,

Y (3)(S) = S3 − S2[S] +
1

2
S
(

[S]2 − [S2]
)

− 1

6
1

(
[S]3 − 3[S][S2] + 2[S3]

)
. (A.13)

From the symmetry of the square-root matrix Sµν ≡ gµρSρν with lowered
indices it follows that also the matrix functions gµρ(Y

(n))ρν with lowered
indices are symmetric. This also holds when the indices are lowered with
fµν instead of gµν .
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