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Abstract 

The process of multi-objective optimization involves finding optimal solu-

tions to several objective functions. However, these are typically in conflict 

with each other in many real-world problems, such as production system 

design. Advanced post-optimization analysis can be used to provide the de-

cision maker with information about the underlying system. The analysis can 

be based on the combination of simulation-based multi-objective optimiza-

tion and learning from the obtained solution set. The goal of the analysis is 

to gain a deeper understanding of the problem at hand, to systematically 

explore and evaluate different alternatives, and to generate essential infor-

mation and knowledge to support the decision maker to make more informed 

decisions in order to optimize the performance of the production system as a 

whole.  

The aim of this work is to explore the possibilities on how post-

optimization analysis can be used in order to provide the decision maker 

with essential information about an underlying system and in what way this 

information can be presented. The analysis is mainly done on production 

system development problems, but may also be transferred to other applica-

tion areas. 

The research process of the thesis has been iterative, and the initial ap-

proach for post-optimization analysis has been refined several times. The 

distance-based approach developed in the thesis is used to allow the extrac-

tion of information about the characteristics close to a user-defined reference 

point. The extracted rules are presented to the decision maker both visually, 

by mapping the rules to the objective space, and textually. The method has 

been applied to several industrial cases for proof-by-demonstration as well 

as to an artificial case with information known beforehand to verify the dis-

tance-based approach, and the extracted rules have also been used to limit 

the search space in the optimization. The major finding in the thesis is that to 

learn from optimization solution sets of production system problems with 

stochastic behavior, a distance-based approach is advantageous compared 

with a binary classification of optimal vs. non-optimal solutions.  
 



 



 

Sammanfattning 

Flermålsoptimering handlar om att hitta optimala lösningar till flera mål-

funktioner. Dessa är vanligen i konflikt med varandra för många verkliga 

problem, såsom vid design av produktionssystem. Avancerad analys av re-

sultatet av optimeringen kan användas för att beslutsfattare skall få informat-

ion om de bakomliggande faktorerna och produktionsinställningar som på-

verkar systemet. Analysen är baserad på en kombination av simuleringsbase-

rad flermålsoptimering och lärande från optimeringsresultaten. Denna metod 

kan användas för att få en djupare förståelse för det aktuella problemet, sys-

tematiskt utforska och utvärdera olika scenarier, samt att generera väsentlig 

information som stöd till beslutsfattare för att underlätta att mer under-

byggda beslut skall kunna fattas för att optimera produktionssystemet som 

helhet. 

Syftet med denna avhandling är att undersöka möjligheterna för hur ana-

lysen av optimeringsresultatet kan utformas för att ge beslutsfattare använd-

bar information om det underliggande systemet och på vilket sätt denna in-

formation kan presenteras. Arbetet fokuserar på analyser som huvudsakligen 

appliceras inom produktionssystemsutveckling, men skulle också kunna 

överföras till andra applikationsområden. 

Forskningsprocessen i denna avhandling har varit iterativ där den ur-

sprungliga strategin för att utföra avancerad analys av optimeringsresultaten 

har förfinats i flera steg. Den distansbaserade metoden som har utvecklats i 

denna avhandling används för att utvinna information om egenskaper nära 

en användardefinierad referenspunkt. De utvunna reglerna presenteras för 

beslutsfattare både visuellt och i text. Metoden har tillämpats på flera indu-

strifall för så kallad bevis-genom-demonstration samt ett teoretiskt fall med 

på förhand känt resultat för att verifiera metoden. Den huvudsakliga upp-

täckten i avhandlingen är att för att lära sig av optimeringsresultatet av pro-

duktionssystem med stokastiskt beteende är det fördelaktigt att introducera 

ett distansbaserat mått jämfört med en binär klassning av lösningarna som 

antingen optimala eller icke-optimala.  
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1 Introduction 

1.1 Background 

A production system can be defined as the arrangement and operation of 

machines, tools, material, people, and information to produce a value-added 

physical, informational, or service product, whose success and cost is char-

acterized by measurable parameters (Chryssolouris, 1992). Production sys-

tem design takes into account the aspects of creating the production system, 

such as the level of automation, selection of equipment and its physical lay-

out, and the operation of the production system (Cochran & Dobbs, 2001). 

For a company to remain competitive in the world today, it must have the 

ability to rapidly adapt to changes and improve its performance. Manufactur-

ing companies use various measures to evaluate the performance of the pro-

duction system, e.g., overall equipment effectiveness (OEE), which is a 

measure of the availability, performance and quality related losses (Nakaji-

ma, 1982). For example, an industrial company may cope with an increased 

number of product variants in different ways, e.g., by substantial investments 

or by developing the existing production system to increase its availability, 

performance and quality efficiency, or a combination of these. The industry 

typically relies on lean methodology to solve production systems related 

issues. Lean has been defined by the National Institute of Standards and 

Technology (NIST 2000) as:  

“A systematic approach to identifying and eliminating waste (non-value-
added activities) through continuous improvement by flowing the product at 
the pull of the customer in pursuit of perfection”. 

 

When it comes to production system related problems, lean is a necessary 

but not sufficient approach, and in Standridge & Marvel (2006) several rea-

sons are stated why the lean methodology is insufficient. First of all, the lean 

approach is a deterministic method based on static data and it focuses mainly 

on individual components, disregarding the interaction between components. 

Also, future scenarios are difficult to assess before they are implemented and 

alternative future scenarios will not be exposed (Standridge & Marvel, 

2006). If the industrial company in the above example strives to be competi-

tive on the global market, proactive planning or redesign of the production 

system for future changes can have a great impact on the overall profit. To 
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reach the goal of the enterprise, the design phase of the production system 

involves making several complex decisions over time (Hayes & Wheel-

wright, 1979). Such a complex decision ought to be taken by considering a 

vast amount of possible alternatives and these should not be based on ad hoc 

assumptions of future scenarios. A decision making framework for systemat-

ic analysis to handle such situations is valuable and inevitable: 

”…recall that a real-world factory is a nonlinear, stochastic, dynamic system 
with feedback. When faced with such a system, you can rest assured that your 
intuition is almost always wrong. In short, factories are complex systems, and 
no matter how intelligent and experienced you might be, it is vital to avoid 
jumping to conclusions...”. (Ignizio, 2009) 

 

A production system is a complex system with stochastic and dynamic 

behavior. According to Fu et al. (2000), simulation is the only generally 

applicable modeling tool for such a complex system, and discrete-event sim-

ulation (DES) models are frequently used for this purpose (Pehrsson et al., 

2011). Although such a DES model can be used to test various scenarios of 

future improvements and typically compare the performances, a production 

system has an enormous amount of possible configurations. Using simula-

tion alone will allow only a limited number of configurations to be evaluated 

by the model. The configuration that appears to be best is chosen, based on a 

few scenarios determined by the group members of the simulation project 

team, including, e.g., the simulation engineer, production engineer and pro-

duction manager (Law & McComas, 2002). This limitation can be addressed 

by simulation-based optimization (SBO) (April et al., 2003), which com-

bines DES models with heuristic or meta-heuristic search methods. In order 

to make the right decisions when it comes to future adaptions to changes or 

investments of production systems and several objectives need to be taken 

into account, simulation-based multi-objective optimization (SMO) (April et 

al., 2003) can be a valuable tool. Trying to find optimal settings of a produc-

tion system by only considering manually chosen scenarios for the DES 

model is analogous with the intuition based approach described in the quote 

by Ignizio (2009) above. The simulation project team defines the scenarios 

and these are most often limited to only considering system settings (i.e., 

buffer sizes) within production common sense. Alternatively, by allowing a 

search algorithm with no former preconceptions of the model to explore and 

define the settings of the variables for the production system, it is more like-

ly that an optimal solution will be found. Another benefit of using a meta-

heuristic search algorithm is the time gain; it will discover and evaluate pro-

gressively more beneficial variable settings that will lead to optimal solu-

tions without human interference. Due to the multi-objective character of the 

optimization, a set of trade-off optimal solutions is presented instead of one 

single optimal solution. SMO research has mainly focused on developing 
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algorithms for generating good solutions to the optimization problem, i.e., a 

wide spread of solutions in the objective space and with good convergence 

of the solutions with the optimal front.  

It is one thing to generate as many good solutions as possible to the multi-

objective optimization (MOO) problem, but to be used as a decision making 

tool there is also an opportunity to learn from the solution set generated by 

the MOO. In order not only to have one or a few optimal solutions, but also 

to learn how the system acts and to gain knowledge, understanding the un-

derlying settings and why a solution is optimal can be essential to the deci-

sion maker. Then the decision maker will have not only an optimal setting of 

the system but also information on why this specific setting is optimal. Such 

knowledge could be extracted manually by using statistical and/or visualiza-

tion techniques. If an automated process is the target for the knowledge ex-

traction part of the learning, then appropriate data mining techniques could 

be used.  

The overall framework that this thesis is based upon has defined the con-

nections between SMO, decision making, knowledge discovery and visuali-

zation, as presented in Figure 1.  

 

Figure 1: The overall framework that connects the simulation-based multi-objective 
optimization with decision making, knowledge discovery and visualization.  

 

The interaction between these areas has previously been largely neglected. 

Effective exploitation of the interactions between SMO and knowledge dis-

covery will increase the potential of SMO for real-world applications within 

production system development. Recently, there has been increasing interest 

in gaining knowledge from MOO solution sets, and several studies have 

been conducted to learn from the optimal solutions (e.g. Jeong et al., 2005; 

Taboada & Coit, 2006; and Liebscher et al., 2009), for MOO of static me-

chanical engineering problems. To imitate a production system with a simu-

lation model requires the model to be able to handle stochastic behavior, just 

like most real-world scenarios with e.g., varying process times and break 

downs. The model is typically run several times with identical settings and 
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the average values of the objectives are generally used to determine whether 

a solution is optimal or not. Consequently, it would be misleading to treat the 

solutions as dichotomic, either optimal or non-optimal, due to the stochastic-

ity, because solutions on the optimal front and solutions close to the front 

will possess similar attributes. 

1.2 Problem 

When applying multi-objective optimization to production system develop-

ment problems, it can be valuable not only to obtain a set of optimal solu-

tions but also to get an explanation of the underlying characteristics of the 

production system for the decision maker (Ng et al., 2009) in order to learn 

how the system behaves. Learning from solution sets can be of such a nature 

that the features of the optimal solutions, or what distinguishes good solu-

tions from bad ones, are sought after, together with how this information is 

presented to the decision maker. Such a post-optimization analysis method 

can support the decision maker to choose the correct alternatives, such as to 

define buffer capacities or investments in various equipment, to focus on the 

right system problems and to fix the most severe issues first (Pehrsson et al., 

2013; Li et al., 2009). The existing methods for post-optimization analysis 

that can provide such information are inadequate for production system 

problems. The reader is referred to the post-optimization analysis section in 

the frame of reference chapter for discussion of these inadequacies. They 

either focus on finding characteristics only within the optimal solutions or do 

not take into account problems of a stochastic nature, such as production 

systems. There is no post-optimization method that can be used for the anal-

ysis of stochastic solution sets and used to provide the decision maker with 

information about the main characteristics of the system settings.  

1.3 Research question 

Given the stochastic nature of the simulation outputs commonly found in 

production systems simulation, the aim of this research is to develop an ef-

fective method to extract useful knowledge from simulation-based multi-

objective optimizations for decision support, using data mining techniques. 

Put another way, the research question is formulated as: 

How can data mining techniques be effectively used to extract useful 

knowledge from simulation-based multi-objective optimizations to support 

decision making within production system development? 
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1.4 Main contribution of the included papers 

The main contributions of the included papers and how these relate to the 

research question are presented below. 

 

Paper I  

Catarina Dudas, Amos H.C. Ng, and Henrik Boström, 2009. Information 

extraction from solution set of simulation-based multi-objective optimi-

zation using data mining. In Proceedings of ISC 2009, the 7th Interna-

tional Industrial Simulation Conference, Loughborough, UK, pp. 65–69. 

An initial approach on how to learn from the optimal solution set is ex-

plored where decision trees are built and analyzed for each objective 

separately. The outcome of the paper is an initial step on how to find re-

lationships among the independent variables related to each objective. 

Paper II  

Catarina Dudas, Marcus Frantzén, and Amos H.C. Ng, 2011. A synergy 

of multi-objective optimization and data mining for the analysis of a 

flexible flow shop. Published in the International Journal of Robotics 

and Computer Integrated Manufacturing 27, pp. 687–695.  

The combination of simulation-based optimization and knowledge dis-

covery is applied to an industrial application study with the purpose of 

finding the most beneficial production system settings for improving the 

performance. The method is similar to the one used in Paper I and the 

extension is about how the result of the analysis is presented to the deci-

sion maker. If the relationship between the independent system variables 

and the objectives can be presented in a comprehensible way by using an 

appropriate visualization technique, this can be supportive for the deci-

sion maker. Such a visualization technique is used to present the main 

results of the analysis in this paper, which enhances not only the under-

standing of the relationship but also the decision making process. 

Paper III  

Catarina Dudas, Philip Hedenstierna, and Amos H.C. Ng, 2011. Simula-

tion-based innovization for manufacturing systems analysis using data 

mining and visual analytics. In Proceedings of the 4
th
 Swedish Produc-

tion Symposium, Lund, Sweden, pp. 374–382. 

Classification rules are discovered for separating the contour boundaries 

of a three-objective supply-chain problem. This paper describes how 

simulation-based optimization can be combined with knowledge discov-

ery and visualization and how the relationships between the independent 

variables and the objectives are revealed in an iterative manner. The 

rules that describe the relationships are mapped to the objective space 

using color-coded scatter plots to facilitate the interpretation of the rules 

for the decision maker. 
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Paper IV  

Amos H.C. Ng, Catarina Dudas, Johannes Nießen, and Kalyanmoy Deb, 

2011. Simulation-based innovization using data mining for production 

systems analysis. Book chapter in Multi-objective Evolutionary Optimi-

zation for Product Design and Manufacturing, Springer London, pp. 

401–409. 

The data sets used for analysis in the previous papers were limited to the 

optimal solutions only. In this paper, the entire solution set is used and, 

due to class imbalance between optimal and non-optimal solutions, sam-

pling is applied. The reason for using the entire solution set is to find an 

explanation of the separation between optimal and non-optimal solu-

tions, which is of particular interest when the objectives are in great con-

flict with each other. Information about the separation between optimal 

and non-optimal solutions was the main interest. Such information was 

found and used in a second run of optimization to extend the search area.  

Paper V  

Catarina Dudas, Amos H.C. Ng, Leif Pehrsson, and Henrik Boström, 

2013. Integration of data mining and multi-objective optimization for 

decision support in production system development. Published in the In-

ternational Journal of Computer-Integrated Manufacturing.  

Due to the stochastic characteristics of real-world production system de-

velopment problems, the binary classification of optimal vs. non-optimal 

solutions is insufficient. Solutions close to the optimal front typically 

have more in common with the optimal solutions than solutions far away 

from this front. The main contribution of this paper is the method devel-

opment by the introduction of a distance-based approach applied to an 

industrial cost model problem. This approach turns the classification 

problem from Paper IV into a regression problem by calculating the dis-

tance between a user-defined point and all solutions. The distance is 

used as the regression variable to find useful information about the pro-

duction system. 

Paper VI  

Catarina Dudas, Amos H.C. Ng, and Henrik Boström, 2015. Post-

analysis of multi-objective optimization solutions using decision trees. 

Accepted for publication in Intelligent Data Analysis 19(2). 

The validation of the methods has previously been done by proof-of-

demonstration. In this paper, the distance-based approach is applied to 

an artificial benchmark problem and an industrial case. The usefulness 

of the artificial problem is that the characteristics of the optimal solu-

tions are known beforehand, which is beneficial for comparison of the 

rules generated by the decision tree model and the true model. It was 

found that the distance-based approach is able to capture the essence of 

the characteristics of the optimal solutions, in both the artificial and the 

industrial case. 
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Paper VII  

Amos H.C. Ng, Catarina Dudas, Leif Pehrsson and Kalyanmoy Deb, 

2012. Knowledge discovery in production simulation by interleaving 

multi-objective optimization and data mining. In Proceedings of the 5
th
 

Swedish Production Symposium, Linköping, Sweden, pp. 461-471.  

(Winner of best paper award in Industrial Automation at the Swedish 

Production Symposium) 

The method used in this paper is similar to the ones used in the previous 

two papers but the application area differs. This is the first attempt to 

combine multi-objective optimization and knowledge discovery to gain 

faster optimization convergence. The decision maker takes a different 

role from that in the previous papers, as an interactive part in an iterative 

optimization process. The result was that the optimal solutions from the 

proposed method generated solutions of better convergence close to the 

reference point. 

1.5 Outline of the thesis 

The thesis has the following structure: 

 

The first (this) chapter has briefly introduced the reader to the research area 

and presents the research background, research problem and research ques-

tion. The second chapter (Frame of reference) introduces the relevant back-

ground literature, and includes earlier research and definitions that are used 

later in the thesis and in the included papers. In the third chapter (Research 

approach), the theoretical framework as well as the overall methodology 

applied to address the research question is presented. The fourth chapter 

(Results) summarizes the results of the included papers. In the fifth chapter 

(Discussion), the results are discussed in relation to the research question 

and to previous studies. Some suggestions for future research are also dis-

cussed. The final chapter (Conclusions) summarizes the conclusions regard-

ing the research question. 
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2 Frame of reference 

2.1 Multi-objective optimization 

Many real-world optimization problems are multi-objective with several 

conflicting objectives (Abraham & Jain, 2005). This means that there is no 

single best solution with respect to all objectives, and improving perfor-

mance in one objective worsens the performance of one or more other objec-

tives (Srinivas & Deb, 1995). The solution to an optimization problem can 

be described by a vector in the decision space. For a general multi-objective 

optimization (MOO) problem, the task is to find solution vectors that mini-

mize (or maximize) the objectives of the optimization problem. A function 

evaluates the solution by applying the vector to generate a set of values for 

the objectives. The formal definition of a minimization problem with k ob-

jectives and n decision variables is:  

 

Minimize    ( )  (     ( )        ( )) 

where       
  (       )   

  (       )   
 

 

and where x is called the decision vector, X is the decision space, y is the 

objective vector in the objective space Y. 

 

The relation between the decision space and the objective space is illustrated 

in Figure 2. 

The goal when having a MOO problem is to search for a set of optimal 

trade-off solutions, where an improvement in one objective will cause a 

worsening in at least one other objective. The concept of dominance is used: 

a solution x2 is said to be dominated by a solution x1, if x1 is no worse than 

x2 with respect to all objectives and x1 is strictly better than x2 with regard to 

at least one objective (Deb, 2004). The set of non-dominated solutions is 

called the Pareto-optimal set and solutions outside this set are called domi-

nated solutions. The solution set from a multi-objective optimization is typi-

cally represented as a matrix with m rows equal to the number of evalua-

tions, and with n+k columns (n is the number of decision variables and k is 

the number of objectives). 
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Figure 2: Illustration of the relation between the decision space and the objective 
space for a multi-objective optimization problem (Zitzler et al., 2003).  

2.1.1 Simulation-based multi-objective optimization 

The level of detail of a simulation model can vary from a conceptual model 

to a model with detailed operation logics. One thing that almost all real-

world industrial models share is that stochastic processes are commonly used 

to model variability, e.g., due to machine failures. For a stochastic simula-

tion model, the same setting of decision variables can produce different ob-

jective function values on repeated simulation runs; hence the outputs are 

actually random numbers (Evan et al., 1991). The evaluation of the decision 

variables is done in the simulation model, which can be seen as a black box; 

the model is fed with the decision variables and the output variables (the 

objectives) are provided by running the model (Evan et al., 1991). This itera-

tive process is illustrated in Figure 3. The goal of the optimization is to itera-

tively refine the objective values by adjusting the decision variables. Instead 

of manually performing adjustments, an optimization engine is used to au-

tomate this process. 

Evolutionary algorithms (Deb, 2004) are frequently applied to solve such 

problems and are often embedded in the optimization engine. The goal is to 

find solutions, i.e., points in the decision space, for which the corresponding 

points in the objective space reside on or close to the Pareto front. Such algo-

rithms effectively generate solutions with a wide spread, i.e., the solutions 

cover a large set in the objective space, and have good convergence proper-

ties, i.e., the Pareto front evolves iteratively (Deb, 2004).  
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Figure 3: Iterative behavior of simulation-based optimization. The evaluation of the 
decision variables (x) provided by the optimization engine is done in the simulation 
model, which returns the objective values (y) to the optimization engine.  

2.2 Knowledge discovery 

Data mining (DM) is defined as “… the analysis of (often large) observa-

tional data sets to find unsuspected relationships and to summarize the data 

in novel ways that are both understandable and useful to the data owner” 

(Hand et al., 2001). DM is also known under other names in different com-

munities, including knowledge extraction, information discovery, infor-

mation harvesting, data archeology, and data pattern processing (Fayyad et 

al., 1996b). 

Knowledge discovery (KD) is the entire knowledge extraction process 

and it includes not only the DM step but also how the data is stored and ac-

cessed, the choice of appropriate algorithms, and furthermore the interpreta-

tion and visualization of the results (Cios et al., 2007). Learning and under-

standing the application domain is typically also included in the KD process 

(Klosgen & Zytkow, 1996).  

Knowledge discovery in databases (KDD) is KD applied to databases and 

was initially defined “as the nontrivial extraction of implicit, previously un-

known, and potentially useful information from data” (Frawley et al., 1992). 

The definition was later revised and the definition of KDD given by Fayyad 

et al. (1996c) is probably the most popular: “KDD is the nontrivial process 

of identifying valid, novel, potentially useful, and ultimately understandable 

patterns in data”.  

To get a more neutral term for the KDD process, i.e., without the focus on 

databases, the term knowledge discovery and data mining (KDDM) can be 

used (occasionally named data mining and knowledge discovery, DMKD). 

KDDM is the KD process applied to any data source, and the main goal is to 

turn low-level data into high-level knowledge (Chapman et al., 2005). 
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2.2.1 The knowledge discovery process 

In order to get a common understanding, both within academia and industry, 

a general framework on how to conduct a KD project can be useful. It is 

important to realize that knowledge discovery cannot be seen as a linear 

process but should be considered as an iterative multi-step process. One of 

the first KDD process models was introduced by Fayyad et al. (1996a) and 

several other models have later been proposed as variants and modifications 

of it. The commonalities with the models are that they cover multiple steps, 

the iterative behavior of the processes, and the sequencing of the activities, 

but in which each step can vary in name and content between the processes 

(Cios et al., 2007). An activity has to be successfully completed in order to 

move to the next step, and the result of the preceding step is used as the input 

to the coming step. A schematic overview of a general framework for a KD 

process is presented in Figure 4. 

 

Figure 4: General framework of the KD process (Cios et al., 2007). 

 

One main distinction between the models is if they are academic or industry 

oriented. Industrial KD projects have rather different characteristics from 

academic projects, with different types of data and more complex applica-

tions, and are associated with different kinds of problems and difficulties 

(Kurgan & Musilek, 2006). The model introduced by Anand & Bücher 

(1998) has a lot in common with the model by Fayyad et al. and both are 

categorized as academic knowledge discovery processes. The limitation of 

the Anand and Bücher model is the absence of a deployment step of the dis-

covery knowledge (Kurgan & Musilek, 2006). The first model with an in-

dustrial focus was the model developed by Cabena et al. (1998). The main 

shortcoming of this model is the lack of a data understanding step, as pointed 

out by Kurgan & Musilek (2006). Another model developed from an indus-

trial perspective is CRISP-DM (Shearer, 2000) and the name is an abbrevia-

tion for CRoss-Industry Standard Process for Data Mining. It is probably the 

most well-known model, having been extensively tested in many applica-

tions, and CRISP-DM is the de facto standard for developing data mining 

and knowledge discovery projects (Marbán et al., 2009). The model pro-

posed by Cios et al. (2000) can be categorized as a hybrid model since it has 

adapted the CRISP-DM model (industry oriented) and combined it with the 
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academic requirements. An overview and comparison of the three major 

knowledge discovery process models are schematically described in Table 1. 

 

Table 1. Comparison of KD process models (Kurgan & Musilek, 2006) 

Model (Fayyad et al., 1996) (CRISP-DM, 2000) (Cios et al., 2000) 

Area Academic Industrial Academic / Industrial 

No of steps 9 6 6 

Steps 1 
Developing and under-
standing of the applica-
tion domain 

1 
Business understanding 

1 
Understanding the 
problem domain 

 2 
Creating a target data 
set 

2 
Data understanding 

2 
Understanding the data 

 3 
Data cleaning and pre-
processing 

3 
Data preparation 

3 
Preparation of the data 

 4  
Data reduction and 
projection 

  

 5 
Choosing the DM task 

  

 6 
Choosing the DM 
algorithm 

  

 7 
DM 

4 
Modeling 

4  
DM 

 8 
Interpreting mined 
patterns 

5 
Evaluation 

5 
Evaluation of the dis-
covered knowledge 

 9 
Consolidating discov-
ered knowledge 

6 
Deployment 

6 
Using the discovered  

knowledge 

Notes Significant iterations 
by looping between 
any two steps are pos-
sible, but no details are 
given. This model 
became a cornerstone 
for the future models, 
and is currently the 
most cited model in the 
scientific literature. 

Uses easy to under-
stand vocabulary and 
has good documenta-
tion. Divides steps into 
sub-steps that provide 
more details. Acknowl-
edges strong iterative 
nature of the process 
but without details. 

Emphasizes and explic-
itly describes iterative 
and interactive aspects 
of the process. 

 

The knowledge discovery process models have a lot in common; they share 

the main activities but are to a certain extent modified and differ slightly. 

The model used in this thesis resembles the CRISP-DM model but is altered 

to be aligned with the knowledge discovery process for this research area. 

The main deviation is during the data preparation phase. The data sets from 
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the multi-objective optimization used in this thesis possess some common 

characteristics; there is no missing data and data reduction due to large vol-

umes of data is not necessary. On the other hand, in the later papers included 

in this thesis, the data preparation phase includes calculation of the depend-

ent variable. 

2.3 Data mining 

Data mining is a (semi-) automatic process of discovering relationships in 

data where the results should be of such importance that they will lead to 

some improvements and advantages (Witten & Frank, 2005). Data mining 

can be seen as an interdisciplinary area, as it is influenced by several differ-

ent disciplines, such as statistics, machine learning, artificial intelligence and 

visualization (Hand et al., 2001). 

A data set used for data mining usually contains observational data from 

the application area at hand. The data set is typically represented as a table 

with rows and columns. One row in the data set is usually referred to as a 

sample and is one instance of observational data. Each sample can be seen as 

a vector where the elements are values of the independent variables (also 

called input or control variable, or feature). In some data sets, there is a de-

pendent variable (also called an output or response variable, or target) asso-

ciated with each sample vector. The independent variables are the inputs that 

can be manipulated or changed. If there is a dependent variable present, the 

independent variables can be used to describe the dependent variable.  

Essentially, there are two main categories of data mining: predictive data 

mining (sometimes referred to as supervised learning) or descriptive data 

mining (also known as unsupervised learning). There are a few main task 

areas which are used to group data mining techniques and application areas 

(Fayyad et al., 1996a). The main task areas are: classification or regression 

which is typically used for predictive data mining, while clustering or de-

pendency analysis is part of descriptive data mining and summarization is 

used for both predictive and descriptive data mining (Fayyad et al., 1996a; 

Jackson, 2002). 

 

 Predictive data mining: The objective with a predictive model is to be 

able to give the value of the dependent variable of a sample based on the 

values of the known (historical) observed data set. Models that are classi-

fied as predictive attempt to discover the relationship between the inde-

pendent and dependent variables, and the discovered relationships can be 

used for future predictions (Kantardzic, 2003). A function or model is 

constructed by using the independent variables to determine or predict the 

value of the dependent variable. In the case of a nominal dependent varia-

ble, the prediction task is usually referred to as classification. The classes 
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are a set of predefined numbers of identifiers, such as binary classes (0/1) 

or qualitative values (blue/green/red). The corresponding task when hav-

ing a numerical (continuous) dependent variable is called regression.  

 

 Descriptive data mining: The objective of descriptive models is to detect 

any underlying patterns that summarize relationships in the data set, or to 

group the data set into clusters, with which similar data samples are 

grouped together. From a descriptive model, one gains understanding 

about the independent variables with or without the interference of a de-

pendent variable (Kantardzic, 2003). Clustering (or segmentation) is a de-

scriptive task of separating a heterogeneous group of data items into sev-

eral more homogeneous subgroups aiming to describe the data. Clustering 

of the data is used to detect patterns or similarities within the independent 

data without any focus on the dependent data. Dependency analysis (or 

association rules) reveals the dependencies between variables and if/how 

these are connected to each other. Dependency rules are commonly used 

to find relationships between the independent variables that frequently 

appear in the data set. 

 

Summarization: This task is usually carried out early in a data mining project 

to get an initial understanding of the data. It provides an overview of the 

structure by using simple descriptive techniques. Summarization can be done 

by visualizing the data or by, e.g., summarizing the mean value and standard 

deviation of all attributes (Chapman et al., 2000). 

 

Predictive models may also have a descriptive ability. The main objective 

with some problems may not be to find a model with optimal predictive per-

formance; its descriptive ability is of greater interest. An explanation of the 

model structure can be helpful, in other words, to present an explicit repre-

sentation of the gained knowledge (Witten & Frank, 2005). 

2.3.1 Evaluation of models 

Evaluation of predictive models is an important activity in the data mining 

process. The evaluation tells how well the model is able to predict unseen 

samples and gives an estimation of the reliability of the model (see Kohavi, 

1995; Witten & Frank, 2005; and Souza et al., 2002). If the evaluation of the 

model is done with the same data set as was used for training the model, the 

performance will be non-realistic and too optimistic (Faraway, 1995; Witten 

& Frank, 2005; Souza et al., 2002). To determine the performance of the 

model, an independent set of data should be used, i.e., a data set that has not 

previously been provided to the learning algorithm, which is called the test 

set. Such a test set can be generated in several ways, i.e., split sample, exter-

nal test set, and cross validation. 
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2.3.1.1 Split sample 

One of the most straightforward ways to construct a test set is to randomly 

split the original data set into two parts, one training set and one test set. It is 

believed that by using the split sample technique, the performance of the 

model can then be based on independent but similar data (Witten & Frank, 

2005). In general, two thirds of the original data set is used for training the 

model and the remaining one third is used for testing (Kohavi, 1995). One 

drawback of the split sample approach is that it provides less data to train the 

model, since one third is set aside for testing at a later stage (Faraway, 1995). 

This might generate a poorer model and the testing might also be influenced 

by the limited number of test samples, and higher variance in the observed 

performance can be expected (Witten & Frank, 2005). Another quite similar 

approach to the split sample is to use an external test set. Instead of splitting 

the data set, the entire data set is used for training and an external set of data 

is used for testing. 

2.3.1.2 Cross validation 

If the amount of data is limited, a more refined approach is the n-fold cross 

validation method (Souza et al., 2002; Witten & Frank, 2005). Prior to the 

training process of the model, each of the samples in the original data set is 

assigned to one of the n folds of approximately the same size. One of the 

folds is set aside and used for testing, while the other n-1 folds are used for 

training the model. This is repeated n times, which means that there will be a 

total of n models. Each sample has been used once for testing and n-1 times 

for training. The overall error is estimated by averaging each of the n error 

estimates. Normally the number of folds is set to ten, which means that 90% 

of the original data set is used for training and 10% is used for testing in 

each turn (Witten & Frank, 2005).  

2.3.2 Performance metrics 

For assessing the models, there are different performance metrics that can be 

used for classification and regressions tasks. The commonality among the 

different metrics is that they are all based on the difference between the pre-

dicted values and the true values.  

2.3.2.1 Performance metrics for classification problems 

One of the most popular performance metrics for evaluating classification 

problems is accuracy, which is the percentage of all observations that are 

classified correctly. If the model predicts all observations as belonging to the 

majority class, the accuracy will still be high when the classes are imbal-

anced, without having to correctly classify any of the examples belonging to 

the minority class. Accuracy as a performance metric can therefore be a bit 
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misleading if the data set is imbalanced or if the cost of misclassification is 

unequal for the classes. Other metrics, such as recall, precision, and area 

under the ROC (AUC) (explained below) are more appropriate when dealing 

with such data sets.  

For binary classification problems, there are four possible outcomes when 

a model makes a prediction: true positives (TP) and true negatives (TN) are 

the correctly classified samples, and the false positive (FP) and false nega-

tive (FN) are the misclassified samples (see Table 2). Such a table is usually 

referred to as a confusion matrix (Witten & Frank, 2005). 

 

Table 2. Possible outcomes of a binary classification problem. 

  Predicted class 

  1 0 

Correct class 
1 TP FN 

0 FP TN 

 

2.3.2.1.1 Accuracy 

Accuracy is a performance metric based on the ratio of correctly classified 

samples divided by the total number of samples (Eq. 1). It is sometimes 

called the overall success rate, while the error rate for a model is calculated 

as one minus the accuracy (Witten & Frank, 2005).  

 

         
     

           
         (1) 

 

A data set is called imbalanced if the number of samples for the majority 

class is much greater than the number of samples for the minority class. The 

minority class is very often the important or interesting class (e.g., fraud, 

quality, or spam), though if the model predicts all observations as belonging 

to the majority class, the accuracy will still be high when the classes are 

imbalanced, without having to correctly classify any of the examples belong-

ing to the minority class. 

2.3.2.1.2 Precision and recall 

The precision of a class is the proportion of correct predictions when predict-

ing that class (Eq. 2). It can be viewed as the accuracy for a given class, and 

the TP and FP are the numbers for that specific class. 

          
  

     
          (2) 
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Recall for a class is the proportion of correctly labeled instances belonging 

to that class (Eq. 3). Note that the TP and FN are again the numbers for the 

considered class.  

       
  

     
           (3) 

 

For a model to perform well, both recall and precision should be as high as 

possible. Precision and recall are more useful performance metrics for im-

balanced data sets because these metrics are class dependent. Precision and 

recall can be calculated for both the minority and majority classes.  

2.3.2.1.3 Area under the ROC-curve (AUC) 

The receiver operating characteristic (ROC) curve was traditionally used for 

signal detection but is nowadays also used for evaluation of classification 

problems. The ROC curve is a visual tool that describes the relationship 

between the true positive rate (TPR is equal to the recall, Eq. 3) on the y-

axis, and the false positive rate (FPR, Eq. 4) on the x-axis. The relationship 

in the ROC curve can be seen as a trade-off between benefit (TP) and cost 

(FP) (Fawcett, 2006). To strive to be as close to the upper left corner as pos-

sible, where the false positive rate is zero and the true positive rate is one, is 

the target.  

    
  

     
            (4) 

 

To construct a ROC curve, the samples are ordered by the likelihood of be-

ing positive and the starting point is the origin (0, 0). The second step is, for 

each of the samples in the ordered list, to move one step up for a positive 

sample (TP) and one step right for a negative sample (FP). This procedure is 

illustrated in Figure 5, where ten samples are used to construct the ROC 

curve. Starting at the origin, the first two samples are TP (moving up), then 

the third is an FP (moving right), etc. The ROC curve is always plotted in the 

unit square, i.e., the TP and FP is between zero and one. 

To be able to compare models, one needs a quantifiable and unified met-

ric for the ROC curves. Since the best classifier is the one that has no FP and 

only TP, i.e. the point (0, 1), a common metric is the area under the ROC 

curve (AUC). The highest possible value for the AUC is equal to one, which 

characterizes a perfect classifier, and for a classifier to predict at random, the 

AUC value is 0.5 (the striped line in Figure 5). Any classifier that has its 

ROC curve in the lower right triangle (below the striped line) thus performs 

worse than randomly. 
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Figure 5: The ROC curve for a set of 10 samples. 

2.3.2.2 Performance metrics for regression problems 

Two performance metrics used for evaluation regression models are the 

mean squared error (MSE) and the Pearson correlation coefficient (r), or 

variants thereof.  

2.3.2.2.1 Mean squared error 

The mean square error is calculated as the sum of squared differences of the 

predicted values (ŷ) and the actual values (y) of the regression variable di-

vided by the number of predictions (Eq. 5).  

    
 

 
∑ ( ̂   )  
            (5) 

2.3.2.2.2 Correlation coefficient 

The Pearson correlation coefficient has been used since the late 19
th
 century 

and is still the most used relationship measure for regression (Rodgers & 

Nicewander, 1988). The correlation coefficient measures the strength of 

association between the predicted values and the actual values (Eq. 6). 

  
∑ ( ̂   ̅̂)(    ̅)
 
   

√(∑ ( ̂   ̅̂)
 
(    ̅)

  
   )

         (6) 

 

The numerator uses the mean value of the predicted values ( ̅̂) and the mean 

value of the actual values ( ̅) to center the scores and takes the accumulated 

sum of the cross-product of each pair of predicted and actual values.  

The correlation coefficient is bounded between -1 and 1, where r = -1 is a 

(perfect) negative correlation, r = 0 means no correlation, and r = 1 is a (per-

fect) positive correlation between the relationship of the predicted and actual 



 38 

value of the samples. One should strive to have a model that can predict the 

samples close to the actual values, i.e., its correlation coefficient should be 

close to 1. 

2.4 Post-optimization analysis 

The analysis of data sets generated from optimization ranges from simple 

visualization of the solution set to more advanced data analysis techniques. 

The solution set from the multi-objective optimization problem can be used 

for visualization in several different ways. Normally a visualization of the 

objective space is initially performed and sometimes also a plot relating the 

objective space and the decision space. Learning from optimization solutions 

sets is to discover the relationship between the decision (independent) varia-

bles and the objective (dependent) values. The main reason for using data 

mining in this thesis is to extract rules that can describe the relationship be-

tween the objectives and the decision variables in order to learn how the 

decision variables affect the objectives. The focus is on comprehensible 

models generated by decision tree modeling. The techniques briefly de-

scribed below have been selected based on what is used in the thesis and the 

included papers. The most frequently used techniques related to learning 

from optimization in research papers published by other researchers (e.g., 

(Jeong et al., 2005; Taboada & Coit, 2006), are mainly self-organizing maps 

and clustering.  

2.4.1 Visualization 

Visual representation of data is often limited to a few dimensions. This can 

be a problem when multivariate data needs to be presented, since the data 

has to be transformed into a lower-dimensional representation. In statistics, 

there are two ways of handling this problem; either the dimensionality of the 

problem should be reduced or the multivariate data can be plotted as objects 

or icons (Korhonen & Wallenius, 2008).  

A solution set generated from multi-objective optimization is typically 

multivariate, with several objective functions and many independent varia-

bles. There are different ways to visualize the multivariate nature of these 

kinds of solution sets generated from a multi-objective optimization.  

One of the most commonly used plots is the objective space plot that 

shows the non-dominated (optimal) and dominated solutions in the objective 

space (see Figure 6). This plot shows the diversity of the solutions and the 

convergence of the optimization algorithm and provides an initial under-

standing of the trade-off between the objectives. The objective space plot 

does not include the decision space, so no information is visualized about the 

relation between the objectives and the decision variables. 
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Figure 6: The objective space plot for the objectives f1 and f2. 

 

A parallel coordinate plot (PCP) is a way to display multi-dimensional da-

ta graphically (Inselberg & Dimsdale, 1990), in which each polygonal line 

represents a solution from the optimization. The objectives and decision 

variables are displayed on parallel axes (see Figure 7). The correlation be-

tween y1 and x1 is evident since a large value of y1 corresponds to a low val-

ue of x1 and vice versa. There is no aggregation of the data, so there is a risk 

of overspreading, making it difficult to trace a specific solution for large 

solution sets or if the number of objectives and decision variables is too 

high.  

 

Figure 7: The parallel coordinate plot of the objective y1 and the corresponding 
decision variable values of x1, xi and xn. 

To visualize several objectives and to compare the importance of the non-

dominated solutions, hyper-radial visualization can be used (Chiu & 
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Bloebaum, 2008; Liebscher et al., 2009). The hyper-radial visualization 

(HRV) technique is based on a weighted sum of the normalized objective 

function values, called the hyper-radial calculation (HRC-value), for each 

Pareto-optimal solution. The HRC-value is mapped on a 2D plot and the 

solution closest to the origin is the “best” solution, according to the weights 

defined by the decision maker (see Liebscher et al. (2009) for details). 

Self-organizing maps (SOM) are an unsupervised method which can be 

used for clustering and visualization of the input space (Kohonen, 1990). 

SOMs can be used to cluster points in a high-dimensional input space into 

low-dimensional maps, usually one- or two-dimensional, but also of higher 

dimensions (Vesanto, 1999). Similarly to any supervised neural network 

learning method (Rojas, 1996), the topology of the SOM has to be deter-

mined beforehand or using trial and error to come up with the final topology. 

The main drawback of SOM is the non-intuitive nature of how to interpret 

the map without prior knowledge, which is often the case for the decision 

maker. One of the most common ways of presenting the structure and shape 

of the SOM is to use the unified distance matrix or the u-matrix (Kaski & 

Kohonen, 1996). The elements in the u-matrix are the distance between each 

map neuron and its neighboring neurons. These distances are then mapped 

and visualized using a gray scale (or jet colors) that represent the distance: 

light gray symbolizes a short distance and dark gray indicates longer dis-

tances. The color-coded map can be interpreted with light gray areas repre-

senting clusters and the dark gray areas can be seen as borders between these 

clusters. Similar to the distance coloring, the values of the input variables 

can be used to color-code the map, instead of the distance values. This will 

provide an awareness of how the values of each of the input variables are 

spread in the map. In Figure 8, the distances in the u-matrix are represented 

in (a), where the light gray scale presents three distinct clusters, and in (b), 

where the values from the input variable x are color-coded and plotted onto 

the SOM. 

 

Figure 8: Two visualization techniques for SOM. (a) The u-matrix represents the 
distances between neighboring nodes where light gray areas can be seen as clusters. 
(b) Maps the values of the variable x onto the SOM.  
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To represent the data without performing any calculations, a heat map can 

be used (Pryke et al., 2007). The data is displayed as a matrix in which one 

row corresponds to one solution and the columns are the objectives and deci-

sion space variables; the different colors of the heat map are given by the 

value of each cell in the matrix (see Figure 9). In a heat map, the correlations 

between the objectives and the decision variables can be extracted by com-

paring the relationships by visual inspection. A heat map is a compact way 

to graphically present the data, but it may become rather blurred if there are 

too many variables or samples in the data set.  

 

Figure 9: A heat map representing one objective (y1) and three decision variables, 
x1, xi, and xn with their corresponding values. The relationship between y1 and x1 is 
that if x1 = 0 the objective is about one, and for x1 = 1the value of y1 is around 0.5.  

 

A contour plot is an objective space plot with an extra dimension added, 

displaying 3D data on a 2D color-coded scatter plot (or 4D data on a 3D 

scatter plot), where the color represents the third (or fourth) dimension. This 

dimension is the decision variable which contains the information in the 

objective space and its intensity is translated into a color. As an example, 

two conflicting objectives are shown in Figure 10, in which one of the deci-

sion variables (DVi) represents the color-coded intensity. The first objective 

will be minimized if DVi has as low a value as possible within the given 

interval, while the contrary is true for the second objective.  
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Figure 10: 2D-color-coded scatter plot for the objective space where both objectives 
should be minimized. The third dimension is one of the decision variables and is 
represented by the color intensity. To minimize objective 1, the value of the decision 
variable should be four, and for the other objective the value it should be nine. 

 

In a study by Liebscher et al. (2009), there is an outline and comparison 

of an objective space plot, parallel coordinate plot, hyper-radial visualiza-

tion, and self-organizing maps. Their main conclusion is that the choice of 

visualization method depends on the problem at hand and there are both 

advantages and disadvantages to all of them, evaluated from various aspects 

(see Table 3 for a summary of these). This conclusion is drawn from their 

experience, based on industrial examples that have been used for evaluation. 

One aspect is the ability to identify trends in the Pareto front (trend analysis), 

while another is the capability to detect gaps in this front (discontinuities). 

Yet another is whether the method can provide the user with one or a few 

possible design options. The ease of use is based on how intuitive the meth-

od is. 

 

Table 3: Characteristics of some visualization techniques (Liebscher et al., 2009). 

Feature Objective plot PCP  HRV  SOM 

Dimensionality preferably 2 or 3 any number any number any number 

Trend analysis weak weak no  strong  

Discontinuities can detect no  no  strong  

Design selection weak strong strong moderate 

Ease of use moderate strong strong weak 
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2.4.2 Data analysis techniques 

More sophisticated techniques than visualization for finding the relationship 

between the decision space and the objective space have been proposed. 

During the past decade, research on combining multi-objective optimization 

and data mining has attracted increased interest and data mining techniques 

that have been used for this purpose are clustering, SOM and decision trees 

(e.g., Koonce & Tsai, 2000; Jeong et al., 2005). A commonality for these 

studies is that they tend to focus on the analysis of solutions on the Pareto-

optimal front only, or that the objectives are treated one by one.  

2.4.2.1 Self-organizing maps 

Self-organizing maps can be used in a more refined way than just to visual-

ize data sets. To gain qualitative information (e.g., detecting trends) on the 

multi-objective solutions, SOM can be used and has been applied in several 

different areas within engineering design, e.g., aerospace (Obayashi & Sasa-

ki, 2003; Jeong et al., 2005; Chiba et al., 2006), automotive (Liebscher et al., 

2009), and electromagnetic devices (Campelo et al., 2009). There are three 

main reasons for using SOM: 

 

1. To visualize the trade-off between the objectives. 

2. For coupling between the objectives and the decision space. 

3. To reduce the number of candidate solutions (clustering). 

 

As a first step when generating a SOM, the relationships and similarities 

among the objective functions can be unveiled. A SOM can explain the 

trade-off between competing objectives and is presented for visual under-

standing in a qualitative manner. Secondly, the SOM can be color-coded 

with the decision variables, which allows some information of the relation-

ship between the objectives and decision space to be revealed. This qualita-

tive information can be used for future design improvements as a support for 

the decision maker or the design engineer. Finally, a SOM can be seen as a 

clustering approach of the solution space (Campelo et al., 2009). By compar-

ing the different SOMs for the objectives, one can identify clusters for the 

solutions and pick one solution from each cluster of interest, since the deci-

sion space for these solutions ought to be similar within the clusters. This 

will reduce the number of candidate (or interesting) solutions that need to be 

further investigated to learn the characteristics and similarities of the solu-

tions used later in the decision making process. 

2.4.2.2 Clustering 

Instead of using SOM for clustering of the Pareto-optimal solutions, k-means 

clustering (or other similar clustering methods) can be applied (Taboada & 

Coit, 2006; Dumedah et al., 2010). The goal is similar to the third reason for 
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using the SOM approach. Instead of having all Pareto-optimal solutions to 

choose from, clustering is applied to these solutions and representative solu-

tions from the k clusters are presented to the decision maker. By using this 

approach, the decision maker is given a reduced number k of candidate solu-

tions to choose from and these candidate solutions share some common simi-

larities in the decision space within each cluster. 

2.4.2.3 Decision trees 

A decision tree can be seen as a hierarchically constructed graph built up by 

a set of if-then rules. Decision trees are used for predictive modeling. The 

model can be used to estimate the dependent variable given the values of the 

independent variables. In the case of a nominal dependent variable, i.e., 

when the possible values for the dependent variable are not given any partic-

ular order, the decision tree is usually referred to as a classification tree, 

whereas the corresponding model is called a regression tree when the de-

pendent variable is continuous. There is no general limitation on the types of 

the independent variables; these values can, for example, be numerical and 

nominal (categorical).  

There are several well-known algorithms for generating decision trees, 

CART (Breiman et al., 1984) and ID3 (Quinlan, 1986), C4.5 (Quinlan, 1993) 

and C5.0 (Quinlan, 1997). An algorithm for learning a classification or re-

gression tree has three main tasks: the first is to handle the partition of the 

data set into sub-sets, the second is to define criteria for the stopping of the 

partitioning, and the third task is to predict the dependent variable in a parti-

tion (Loh, 2008). The main principle when generating decision trees is a 

special case of a recursive partitioning algorithm, where the algorithm 

searches among the decision variables in order to find, in some sense, the 

best one to split the data set. After each split, there is a new subset of obser-

vations waiting to be assigned as a final leaf, or the process of finding the 

best split may need to be repeated on the current subset, hence the term re-

cursive partitioning.  

An example of a classification tree and a regression tree is given in Figure 

11, where the first splitting is done by the xi variable with the threshold vp 

and the second split is done with the xj variable at vm. For classification trees, 

these values can be found by minimizing the node impurity. The two most 

commonly used impurity functions are the Gini Index (Breiman et al., 1984) 

and the entropy (Quinlan, 1993). The Gini index is based on the estimated 

probability of misclassification and the entropy is a probability-based meas-

ure to determine the amount of uncertainty for the class to which an observa-

tion belongs. The choice of splitting attribute for a regression tree is based 

on increasing the homogeneity of the observation values of the dependent 

variable in each node. One way of doing this is to reduce the standard devia-

tion of the dependent variable after a split (Witten & Frank, 2005).  
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The process continues recursively with each subgroup until certain condi-

tions are met, such as that the error cannot be further reduced, e.g., when all 

examples in a group belong to the same class.  

 

Figure 11: Example of a classification tree (a) and a regression tree (b).The xi and 
xj are two independent variables used for partitioning the examples. The thresholds 
for the independent variables xi and xj are vp and vm respectively.  

 

Decision tree analysis can be applied to the solutions set from a multi-

objective optimization where the dependent variable is the objective function 

value (Sugimura et al., 2007). This means that there will be several decision 

trees, one for each objective. The decision trees can extract a unique rule for 

each objective, though the objectives are typically of a conflicting nature and 

the rules inherit this behavior as well. Decision rules can also be used in 

interactive multi-objective optimization, where the rules are presented to the 

decision maker in order to narrow the search space (Greco et al., 2008). New 

constraints are defined by the decision maker, supported by the important 

rules presented, and the optimization is iteratively repeated. Another feature 

of this method is that the decision maker can learn some characteristics of 

the objective space, represented as association rules. 

2.4.2.4 Ensembles 

An ensemble is a combination of several different individual models, e.g., 

decision trees (Witten & Frank, 2005). By combining k trained models, M1, 

…, Mk, the aim is to create an improvement model M*, that is, to increase 

the predictive performance compared with a single model. Each model is 

trained using the training data provided to each instance, and then the predic-

tive output is combined in order to produce the final output of the ensemble 

(Opitz & Maclin, 1999). The combination of the classification models is 

normally done by majority voting, while for regression models averaging is 

commonly used (Witten & Frank, 2005). Obviously, if the individual models 
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are too similar (or identical), there is no need to combine them. In other 

words, the individual models have to disagree to some extent to be useful in 

an ensemble (Opitz & Maclin, 1999). Two of the most popular methods for 

generating ensembles are bagging (Breiman, 1996) and boosting (Schapire, 

1990).  

2.4.2.4.1 Issues with ensembles 

The increased predictive performance is prioritized over the comprehensibil-

ity of the model. Ensembles could be viewed as black box models, as they 

do not provide information in a comprehensible way on how the predictions 

are generated, as opposed to, e.g., individual decision trees. On the other 

hand, running the same learning algorithm on different subsets of training 

example can yield very different classifiers which can be combined to yield 

an effective ensemble. If the goal is to have a model with high accuracy, 

ensembles are useful, but if the main purpose is to extract rules, then an in-

dividual decision tree might be more appropriate, even though it has lower 

accuracy. 

2.4.2.5 Genetic algorithm 

A genetic algorithm based unsupervised learning technique was proposed in 

Bandaru & Deb (2010), in which the Pareto-optimal solutions from multi-

objective optimization are used. The algorithm is based on finding analytical 

relationships between the independent variables of engineering design prob-

lems to facilitate the explanation of the objectives’ trade-offs. These rela-

tionships are explained by a product of a basis function, as in Eq. 7:  

 ( ( ))  ∏   ( )
     

           (7) 

where φj(x) are the independent variables and the task is to find the bj’s.  

An artificial problem will be used to illustrate the technique. The data set 

contains 33 samples and there are two objectives, y1 and y2, and n independ-

ent variables. The two independent variables xi and xk are used to describe 

one analytical relationship, and this is given by xi
1.00

 ∙ xk
0.75

 = c, where c = [2, 

4, 7]. The three clusters in Figure 12 (a), where the value of c differs, repre-

sent the three clusters in the objective space for y1 and y2 in Figure 12 (b). 

This method can be used to identify useful design principles, such as the 

relationship between the xi and xk variables. 
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Figure 12: An illustration of the relationship between the independent variables xi 
and xk, derived from the technique based on the genetic algorithm. 
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3 Research approach 

“Curiosity is more important than knowledge.”  

- Albert Einstein 

 

Many humans have a natural instinct to be curious and to devote time and 

effort to looking for answers to all kinds of questions (Berlyne, 1954). 

Whenever an unfamiliar situation or problem appears, it is natural for many 

people to seek a solution. Probably millions of people had seen apples falling 

from trees before but Newton was curious enough to find out why. Curiosity 

is the source of knowledge and the method to discover that can be called 

research. The definition of research given by Oxford Dictionaries (2010) is 

“the systematic investigation into and study of materials and sources in or-

der to establish facts and reach new conclusions” and the origin of the term 

comes from the late 16
th
 century French word recerche which is the combi-

nation of re- (expressing intensive force) and cerchier (to search). 

3.1 Theoretical framework 

There are several ways to classify research philosophies and approaches. A 

paradigm can be seen as a framework for the researcher’s world view and 

can be positioned by the response to three questions (Guba & Lincoln, 

1994): what is the form and nature of reality (ontology); what is the nature of 

knowledge and what can be known (epistemology); and how can this 

knowledge be obtained (methodology). One main division of philosophies is 

between positivism and interpretivism (also known as anti-positivism) (Iivari 

et al., 1998), where the methodological distinction between these two areas 

is most commonly done by allying the positivist with quantitative research 

and associating the interpretivist with qualitative research. The positivist 

assumes that there are objective truths and assertions about the world and 

seeks measurable relationships among variables to test and verify (or falsify) 

hypotheses about these (Swanson & Holton, 2005). The interpretivist be-

lieves that knowledge is only an individual interpretation of a socially con-

structed world or environment (Iivari et al., 1998; Swanson & Holton, 2005). 
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“Accordingly, positivism views scientific knowledge to consist of regularities, 
causal laws, and explanations, whereas anti-positivism emphasizes human in-
terpretation and understanding as constituents of scientific knowledge.” (Iiva-
ri et al., 1998) 

 

Traditionally, there has been a barrier between the quantitative and qualita-

tive approach and they have often been treated as opposing, but they can be 

used in conjunction (Jick, 1979). The concept of triangulation (Webb et al., 

1966) aims to improve the quality of research by combining both quantita-

tive and qualitative techniques. Some argue that mixed (or multi) methods 

research is a third approach to research (Bryman, 2006).  

A third paradigm has been proposed (Gregg et al., 2001) which is called 

the socio-technologist paradigm and has its origin within the information 

systems discipline and software engineering research. Both the positivist and 

the interpretivist assume that technology is either present or absent and the 

focus of these two paradigms is not on the “creation of unique knowledge 

associated with the development of information systems from their concep-

tion to inception” (Gregg et al., 2001). In Table 4, the three paradigms (posi-

tivist, interpretivist, and socio-technologist) are presented, with their dissimi-

lar standpoints. 

Table 4. A summary of the three paradigms, originating from Guba & Lincoln 
(1994), adapted by Gregg et al. (2001) and Vaishnavi & Kuechler (2004). 

Basic beliefs Positivist/ 
postpositivist 

Interpretivist/ 
constructivist 

Socio-technologist/ 
developmentalist 

Ontology 
What is the nature  
of reality? 

One reality; knowa-
ble with probability 

Multiple socially 
constructed realities 

Known context with 
multiple socially and 
technologically 
created realities 

 

Epistemology 
What is the nature  
of knowledge? 

Objectivity is im-
portant; researcher 
observes in dispas-
sionate objective 
manner 

Subjective; interac-
tive link between 
researcher and par-
ticipants; values are 
made explicit; creat-
ed findings 

Objective and inter-
active; researcher 
creates the context; 
knowing through 
making; iterative 
circumscription  

 

Methodology 
How can this 
knowledge be  
obtained? 

Quantitative;  
experimental; verifi-
cation of hypotheses; 
decontextualized; 
statistical 

Qualitative;  
hermeneutical  
(interpretative);  
dialectical (logical 
argumentation); 
participation; con-
textual factors are 
described 

 

Developmental; 
focus on technologi-
cal augmentations to 
social and individual 
factors 

 

Axiology 
What is of value? 

Truth, universal and 
beautiful; prediction 

Understanding; 
situated and descrip-
tion 

Control; creation; 
progress (i.e., im-
provement); under-
standing 
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Another term for the socio-technologist paradigm was introduced by Vaish-

navi & Kuechler (2004): design science research. One of their contributions 

is the axiology level in the description of the three paradigms in Table 4. 

This level describes what the researcher believes is the value or worth under 

study and the axiology is what gathers a research community together, ac-

cording to Vaishnavi & Kuechler (2004). The second impact is the focus on 

the iterative circumscription (to reveal/determine the reality and uncover the 

knowledge during repeated research efforts) in the design science research 

methodology. This is a central part of the design science research because “it 

generates understanding that could only be gained from the specific act of 

construction” (Vaishnavi & Kuechler, 2004). 

According to Johannesson & Perjons (2012), design science is a cross-

disciplinary field of science, and the knowledge from social, behavioral and 

formal sciences is applied in order to investigate how artifacts are developed 

and used to solve a problem identified by the stakeholders. An artifact can be 

seen as an object to be used for addressing a practical problem (Johannesson 

& Perjons, 2012). Examples of artifacts can range from methods and guide-

lines to models and prototypes within the information technology area. The 

standpoint in this thesis is described in the coming section. 

3.2 Research process 

The research in this thesis falls at the intersection of information technology 

(computer and systems science) and production system development. The 

research process has been iterative whereby the artifact has been developed 

and tested in real-world settings. A gap in the existing methods for analyzing 

optimization solution sets was identified. The artifacts are methods that de-

scribe the guidelines and processes on how to solve the problem. An applica-

tion has also been developed that uses the proposed method and can be ap-

plied to learn from the solution set generated from the optimization. 

The research process can be seen as the framework of how the research is 

conducted and the setup to establish a well-organized research progression. 

It involves understanding the research area, identifying relevant research 

questions and matching these questions to appropriate research methodolo-

gies (Nunamaker et al., 1991). The research process used during the work in 

this thesis is inspired by design science research (Vaishnavi & Kuechler, 

2004), which consists of iterations through five steps or phases: awareness of 

the problem, suggestion, development, evaluation, and conclusion, as pre-

sented in Figure 13. They resemble the activities in the design science meth-

od by Johannesson & Perjons (2012): explicate the problem, outline the arti-

fact and define requirements, design and develop the artifact, demonstrate 

the artifact, and evaluate the artifact.  
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Figure 13: The design science research process, originally from Takeda et al. 
(1990) and modified by Vaishnavi & Kuechler (2004). 

The result of the first step, awareness of the problem, is a proposal which 

has been derived by consulting both academia, i.e., the literature review, and 

industry to get an initial understanding of the problem. This proposal is used 

as a decision basis in order to generate a suggestion or tentative design. Dur-

ing the development phase, the suggestion is implemented and the outcome 

is the artifact. After the development phase, the artifact is demonstrated, 

according to the terminology of the method by Johannesson and Perjons 

(2012), to prove its feasibility, which is sometimes called “proof of con-

cept”. Once the artifact is created, it is evaluated by using both quantitative 

and qualitative methods to assess the performance and how well it fulfills the 

requirements stated in the proposal. If a problem is indicated in the evalua-

tion, the results and information from both the evaluation and development 

phases are gathered and fed back to another round of iteration, aiming at 

constructing a new proposal (corresponding to the circumscription arrows in 

Figure 13). The final phase, conclusion, is reached if the outcome of the 

evaluation phase for the developed artifact is satisfactory, or at least “good 

enough” (Vaishnavi & Kuechler, 2004). In the conclusion phase, it is im-

portant not only to sum up and write a report on the final results, but also to 
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bring together all the knowledge gained. The knowledge can either be firm, 

learned facts that can be directly applied, or “loose ends”, anomalies that can 

be the starting point for new research projects (Vaishnavi & Kuechler, 

2004). It is likely that not all five phases of the design science research pro-

cess are given equal attention, as typically not all activities are carried out to 

a similar depth (Johannesson & Perjons, 2012).  

The proposal was identified in an early phase of the research process in 

the work in this thesis. The requirements of the artifact that could solve the 

problem have also been identified and have been refined during the itera-

tions. While the design of the artifact has been iteratively refined during the 

research process, the main focus has been on the development and evalua-

tion of the artifact, and the associated application, during the research. 

3.3 Research method 

Research is conducted by performing specific activities, such as interviews, 

setting up and analyzing a survey, performing (controlled) experiments, 

making participant observations, and/or developing conceptual models 

(Mingers, 2001). These types of activities are examples of research methods, 

which are the tools applied to find the answers to the research questions, i.e., 

the techniques or procedures used to collect and analyze data (Crotty, 1998).  

The nature of the research question in this thesis calls for research meth-

ods that can be used to develop and investigate how a post-optimization 

analysis tool should be constructed in order to support decision making from 

a production system development perspective. The circumscription phase in 

the research process (Figure 13) used in this thesis resembles the multi-

methodological framework for information system research described in 

Nunamaker et al. (1991), in which theory building, system development 

prototyping, experimentation and observation use different methods to fulfill 

the integrated approach (Figure 14). The theory building part of the frame-

work is where the new ideas, models, methods, or concepts are developed on 

a theoretical basis. The experimentation bridges the theory with the observa-

tion and includes, e.g., computer simulations, laboratory and field experi-

ments. The results may be used for theory and/or system improvements. The 

observation segment includes methods, such as case studies, field studies 

and surveys. The fourth part is system development, which can be seen as the 

conceptual design of a prototype and is used to demonstrate feasibility. 

According to Nunamaker et al. (1991), the development of a method can 

offer “a perfectly acceptable piece of evidence (artifact) in support of a 

‘proof’, where proof is taken to be any convincing argument in support of a 

hypothesis. System development could be thought of as ‘proof-by-

demonstration’”. 



 54 

 

Figure 14: The integrated information system research approach proposed by 
Nunamaker et al. (1991).  

Theory building by means of new ideas and methods has been in focus in 

Paper I and Paper V of the included papers. An initial approach to a new 

method for post-optimization analysis was introduced in Paper I and a major 

re-development of the method was introduced in Paper V. The other papers 

can be seen as a platform for refinement of the method; in Papers II–IV the 

initial approach was refined by combining experimentation with observation 

and evaluation. The limitations noted during these first four papers were 

taken into account when the major re-development was introduced in Paper 

V. In Papers VI and VII, the final method was used for experimentation.  

For each of the tentative designs in the research process, an industrial ex-

periment, or application case study, has been performed in a controlled envi-

ronment to test the usability of the suggested method (the artifact). The result 

from the experiment is used as evaluation of the suggested method im-

provement. In some cases, artificial and theoretical models have been used 

for the experiments instead of real-world applications for easier verification 

of the method and hence to increase the validity of the suggested method. 

During the experiment phase of Papers V–VII, the implementation of an 

automated post-optimization analysis tool has been developed. The final 

version of the system development can be used as a standalone application 

for analyzing data sets generated by multi-objective optimization. 

3.3.1 Evaluation of the research 

Reliability and validity are two commonly used properties/qualities by which 

research work and results are assessed.  

Reliability concerns the ability to allow for reproduction of the same re-

search results under similar methodology and assumptions. If the results can 

be repeated, the research is believed to be reliable (Yin, 2003; Bryman & 
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Bell, 2011). The method development part of the thesis is connected to theo-

ry building of the research and can be evaluated in terms of reliability. Con-

sulting academia and industry can be seen as part of the method develop-

ment and can be repeatable. Furthermore, reliability can also be considered 

when the method is used in the experimentation phase. The method has been 

applied to several industrial case studies, at least one industrial case for each 

paper. The data used in these cases are stored in databases, flat files and in 

written documents which will enhance the ability to reproduce the results. 

Hence, the results of the post-optimization analysis are reliable if identical 

data and settings are used, but the outcome of the results from the case stud-

ies will most probably change if updated real-world data is used.  

The validity is related to accuracy and is used to verify that the research 

measures what it is intended to measure. According to Yin (2003), validity 

can be established by considering three areas; construct validity, internal 

validity, and external validity. Construct validity is about constructing cor-

rect measures of what is being studied and avoiding subjective conclusions 

for the data collecting phase. Construct validity is also related to reliability; 

if the measures fluctuate or are unstable, the results will lack both construct 

validity and reliability. Internal validity is about establishing causal relation-

ships, and can be applied when the research results are trying to explain how 

or why x leads to y. External validity is about generalization, and defining 

the domain to which the findings can be generalized.  

The construct validity is strengthened by the fact that the method devel-

opment and theory building part of the method developed during the experi-

mentation phase of the included papers has been compared with other meth-

ods and approaches. The method has been implemented and applied to sev-

eral industrial cases in order to ensure that the construct validity holds and 

that the conclusions from the papers point in the same direction.  

The internal validity is probably the most difficult part to verify since 

most of the research results in the included papers are based on industrial 

case studies, with no correct solution of what to expect or to compare with. 

The internal validity in the included papers has been strengthened by using 

different kinds of measurement on the extracted rules and how valid these 

rules appear to be. A summary is provided in Table 5. The idea has been to 

use the original solution set from the optimization as the baseline for com-

parison, since no exact or correct alternative is available from the industrial 

cases. To determine the effectiveness or usefulness of the rules for the classi-

fication studies (as in Papers III and IV), support and confidence are used 

which originate from the field of association rule mining. The support can be 

seen as an indicator of how frequent a rule is within the data set and, as a 

consequence, how significant that specific rule is. Confidence, on the other 

hand, reveals the strength of the rule among all solutions in the data set. In 

Papers V–VI, where regression models are used, the average value of the 

regression variable (i.e., the distance) is calculated for the remaining solu-
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tions when the rule has been applied in order to gain a measurement of the 

validity. 

To strengthen the internal validity further, other types of technique have 

been applied in the included papers. One way is to examine how the extract-

ed rules affect the original solution set. In Papers II–VII, the internal validity 

was established by applying the extracted rules on the original solution set, 

and the remaining solution set is thereafter visually presented as a validation 

on how the rules affect the objective space. Another technique is to investi-

gate how the minimum and maximum values of the objectives are affected 

by the rules. This approach is used visually in Paper II and textually in Paper 

VI. If the minimum/maximum values of the objectives are strongly limited 

when the rule has been applied, it can be seen as an implication that the va-

lidity of the rule is strengthened.  

One way to strengthen the internal validity, without relying on the origi-

nal solution set as a baseline, is to use the extracted rules as constraints in a 

second run of optimization (informed optimization). If the rules can narrow 

the objective space in such a way that only solutions close to the preferred 

region are generated, it can be seen as a proof that the rules contain such 

vital information about the underlying system that the objectives will in fact 

be limited to the designated area and hence increase the internal validity. 

This procedure was used in Papers VI–VII. In Paper VI, the internal validity 

was further strengthened when the method was applied on a theoretical 

benchmark function with a priori known causal relationship.  

 

Table 5. A summary of the measurements used for internal validity in Papers I–VII. 

Paper Quantitative  Qualitative 

Paper I - - 

Paper II Minimum/maximum relationship Remaining solutions visually presented  

Paper III Support and confidence Remaining solutions visually presented 

Paper IV Support and confidence Remaining solutions visually presented 

Paper V Average regression value Remaining solutions visually presented 

Paper VI Average regression value  
Minimum/maximum relationship 

Remaining solutions visually presented 
Informed optimization 

Paper VII - Remaining solutions visually presented 
Informed optimization 

 

The external validity is about generalization of the research results. The 

method has been applied to several case studies in different application do-

mains such as scheduling, supply chain, investment and buffer allocation 

problems, as well as some theoretical problems. At least one industrial real-

world problem is used in each paper and in some papers theoretical problems 

are used as well. The external validity is therefore improved because the 

method can be used in several different areas as long as the multi-objective 
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optimization can generate solutions with good convergence. The initial 

method needed some developments for each application or case study, but 

the final version of the method is generic and can be applied to any simula-

tion-based multi-objective optimization problems. 

3.4 Work procedure 

The research in this thesis has been conducted during several years and the 

timeline and progress is presented in Figure 15. Since the time when the 

research was conducted and the year of publication usually differ, both are 

indicated in the figure. The two most productive years, judging by the num-

ber of publications, are 2011 and 2013, but the actual research reported in 

the papers started one or two years earlier. The related papers are also in-

cluded in the figure since these have contributed by pushing the research 

forward, although they are not as important as the included papers and are 

therefore not included in the thesis. Some of the related papers are not direct-

ly relevant to the research question. Others have either been refined or are 

partly or entirely covered in the included papers.  

 

Figure 15: The research and publication timeline in the thesis. 
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4 Results 

4.1 Summary of included papers 

In this section, the included papers are associated with the overall framework 

of the interaction between SMO and knowledge discovery. The included 

papers are outlined in Figure 16, in which the main focus of each paper is 

related to the framework. 

 

Figure 16: The overall framework with the included papers. 

 

The results of each individual paper are presented in this chapter together 

with a discussion of how the results contribute to answering the research 

question:  

How can data mining techniques be effectively used to extract useful 
knowledge from simulation-based multi-objective optimizations to support de-
cision making within production system development? 

 

The development of the method for learning from multi-objective optimiza-

tion was initiated in Paper I and has gradually been refined through Paper II 

to Paper VII. Note that only the successful advances have been published, 

while all cul-de-sacs have been time-consuming learning experiences. 
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4.1.1 Paper I: Information extraction from solution set of 

simulation-based multi-objective optimization using data 

mining 

An initial approach on how to extract information from simulation-based 

multi-objective optimization is presented in Paper I. The approach was in-

spired from the KDD area, but instead of using historical data from data-

bases, the data set was generated by simulation-based multi-objective opti-

mization.  

4.1.1.1 Results 

The multi-objectivity problem was addressed by converting it into several 

single-objective problems and only the optimal solutions in the optimization 

were considered. In order to learn from the set of the optimal solutions, each 

objective was used as the dependent variable in a decision tree model. The 

approach was applied and tested on two production system models: an artifi-

cial buffer allocation problem with two objectives (to minimize lead time 

and maximize throughput), and a real-world case for dispatching rule selec-

tion of a machining line with two objectives (to minimize total tardiness and 

maximize throughput). The main goal of this study was to explore the possi-

bilities of combining decision tree analysis of solution sets from MOO in 

order to discover relationships among the independent variables and the ob-

jectives, and to generate simple rules. 

The rules for the artificial buffer allocation problem were obtained from 

the decision trees, one with lead time as the dependent variable and one with 

throughput as the dependent variable (see Figure 17). According to the trees 

in Figure 17, in order to maximize the throughput (TP) one should follow the 

far right path from the root node down in the left tree (Eq. 8); and for mini-

mizing the lead time (LT) the far left node in the right tree provides the rule 

(Eq. 9). The combination of Eq. 8 and Eq. 9 gives an interval on the B1 ca-

pacity where the lead time is still rather low and simultaneously the through-

put can be kept at a high level. 

   (  )                 (8) 

   (  )                 (9) 

 

The rules for the industrial case were extracted using a similar approach, 

with which the dependent variables are total tardiness and throughput, re-

spectively. Again, two regression trees were generated: one predicting the 

total tardiness (lateness of the products) and the other the throughput (num-

ber of produced products) as the dependent variable. There are in total 13 

independent variables, but only two of them have a significant effect on the 



 61 

decision trees: the choice of dispatching rule for operation 20 (op20) and 

operation 90 (op90), see Figure 18. 

 

 

 

Figure 17: The decision trees for the artificial buffer allocation problem. On the left 
is throughput as dependent variable (to be maximized) and on the right is lead time 
(to be minimized). The splitting attributes B1 and B2 (buffer capacity before station 
number 1 and 2) are two of the independent variables. 

 

 

 

Figure 18: The decision trees for the industrial case. On the left is throughput (TP) 
as the dependent variable (to be maximized) and on the right is total tardiness (TT) 
as the dependent variable (to be minimized). The splitting attributes op20 and op90 
are two of the independent variables. 
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A rule for maximizing throughput derived from the first tree is stated in Eq. 

10, while another rule for minimizing total tardiness derived from the second 

tree is given in Eq. 11. 

   (  )                              (10) 

   (  )                             (11) 

 

The combination of the two rules is what is most interesting for the decision 

maker and the rule for maximizing throughput is also true for minimizing 

total tardiness. In this rather simple problem, it was possible to find a com-

bined rule satisfying both objectives. 

4.1.1.2 Relation to the research question 

The first paper is related to the research question in the sense that it presents 

an initial approach on how to learn from the solution set from multi-

objective optimization problems. The main goal of this study was to explore 

the possibilities of combining decision tree analysis with the solution set 

from MOO in order to discover the relationships among the independent 

variables and the objectives, and to generate simple interpretable rules.  

The study demonstrates that useful knowledge expressed as rules can be 

extracted and implies that the approach is promising when it comes to learn-

ing from multi-objective optimization by using decision trees. Some insight 

on the relationship between the objective space and the decision space can 

be gained. The extracted knowledge can be of great importance for the deci-

sion maker when it comes to reconfiguring or improving the production sys-

tem, since the decision maker knows which decision variables to focus on. 

To have this kind of knowledge (i.e. the dispatching rule for operation 20 

should be SPT and for operation 90 should not be MWKR) beforehand 

without interfering with the actual production line could be valuable for the 

production manager. By using decision trees, the results and extracted 

knowledge can be presented to the decision maker in a quantitative way, 

expressed as rules.  

The data analysis methods used in previous research (Obayashi & Sasaki, 

2003; Taboada & Coit, 2006) use less explicit methods, e.g., self-organizing 

maps are interpreted to find relationships between objectives and decision 

variables in a qualitative manner; clustering is used to group the solutions 

into regions without presenting the reason behind the optimality; and the 

genetic algorithm presents only the analytical relationship between the deci-

sion variables represented as mathematical expressions.  

This paper is related to the framework by combining multi-objective op-

timization with knowledge discovery, and to some extent decision making.  
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4.1.2 Paper II: A synergy of multi-objective optimization and 

data mining for the analysis of a flexible flow shop 

This paper presents a further development of the method proposed in Paper 

I. The extension lies in the visualization part of the discovered rules, to allow 

a more effective verification of the rules. The concept of simulation-based 

innovization (SBI) is introduced and applied on a modified version of the 

industrial case from Paper I. 

4.1.2.1 Results 

The concept of innovization is the task of creating innovative design princi-

ples through optimization, which was introduced by Deb & Srinivasan 

(2006) for engineering design problems. To combine innovization with sim-

ulation-based optimization and data mining is believed to be particularly 

suitable for production system development problems. This approach is 

called simulation-based innovization (SBI) and is divided into three activi-

ties: (1) generate a solution set by SMO; (2) extract the hidden knowledge, 

and (3) develop a knowledge base for future use containing the extracted 

knowledge. The SBI approach is illustrated in Figure 19, which shows that 

the first step is to collect a solution set through SMO, which is done in con-

junction with simulation modeling and MOO. The second step in SBI is to 

extract hidden information within the non-dominated set of solutions, called 

knowledge elicitation in Figure 19. The final step in the SBI approach is to 

capture and store this information, so it can easily be retained from various 

divisions of the organization for efficient production system development. 

 

Figure 19: An illustration of the simulation-based innovization approach. 

 

SBI is applied on the dispatching rule selection of a machining line with 

three objectives: to minimize total tardiness (TT), minimize makespan (MS; 

average completion time per week), and minimize work in process (WIP; 

average work in process of products in the system). The number of inde-

pendent variables is 22; dispatching rules (a rule that prioritizes the products 

waiting to be processed) for ten work stations, buffer sizes for ten work sta-

tions, and two production line controlling parameters. The load of the pro-
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duction system is varied in five levels, which provides five different runs of 

optimization. Each objective is analyzed individually, with the result that 15 

decision tree models (three objectives for five system loads) were generated. 

The rules for the three objectives were generated by consulting the decision 

trees and searching for nodes that contain an appropriate level (dependent on 

the magnitude of the objectives) of the objective of interest. The rules are 

presented in a table format, as in Table 6, where WSi corresponds to work 

station i and the value corresponds to one of eight dispatching rules.  

 

Table 6: Rule set for the objective makespan. 

System load Low makespan High makespan 
0.99 WS5 ≠ 5 WS5 = 5 

0.8 WS4 ≠ 5 & WS7 = 3 WS4 = 5 & WS7 = 1 

0.6 WS6 = 8 & (WS9 = 7 || (WS8 = 3 & WS5 = 7)) WS5 = 2 

0.4 WS5 = 5 WS5 = 2, 4, or 8 

0.2 WS1 = 5 & WS5 = 2 WS5 ≠ 2 

 

To verify the results discovered from the decision tree analysis, the rules 

were applied on the original solution set. The average objective values of the 

solutions fulfilling the rules were calculated and presented as histograms 

(see Figure 20). The histogram has four bars for each system load (the per-

centage of full production depending on demand). The first bar represents 

the minimum objective value (Min MS in Figure 20), the second one is the 

average value of the MS for the remaining solutions when the rule for Low 

MS has been applied (Low MS rule applied), the third bar is the average 

value of the MS for the remaining solutions when the rule for High MS has 

been applied (High MS rule applied), and finally the last bar is the maximum 

objective value (max MS). This is a way to visually present how the extract-

ed rules affect the objective value of interest. These quantitative figures 

could also be presented textually in a table, but the visual approach was cho-

sen in this study. If the average value of the Low MS rule applied is close to 

the minimum objective value (Min MS), the rule is considered to be reliable 

since it most likely possesses such criteria that when applied, a solution with 

a low objective value can be obtained. Similarly, the average value of the 

remaining solutions after the High MS rule has been applied is compared 

with the maximum objective value for MS.  

The differences between the minimum values and the Low MS rule ap-

plied average values for all system loads in Figure 20 are small, which indi-

cates that the rules are reliable. The results are similar for the maximum MS 

and the High MS rule applied, where a small difference for all system loads 

indicates that the extracted rules are reliable. 



 65 

 

Figure 20: Visualization of the rule set effects on the makespan (MS) objective value 
for different system loads (SL). 

 

4.1.2.2 Relation to the research question 

If the solution set from the multi-objective optimization is combined with 

knowledge discovery and visualization techniques, the underlying relation-

ship between the independent variables and the corresponding objective 

value can be learned. To present this previously unknown knowledge in an 

easy-to-grasp manner can be supportive for the decision maker, who can 

thereafter take more informed decisions.  

Data mining is used in a straightforward manner in this paper, in which 

one decision tree is built for each objective. The main difference from Paper 

I is the amount of information provided to the decision maker and how the 

information is presented. Not only is information about the minimum objec-

tive value (or maximum value if the objective is to be maximized) extracted 

and presented, but there is also information about what settings of the deci-

sion space to avoid, presented both textually and visually. This information 

can be crucial from a production system development perspective because it 

can sometimes be more informative to learn the extreme settings that should 

be avoided rather than the values for what is considered to be the optimal 

settings. On the other hand, the main drawback with the use of one decision 

tree for each objective in this paper is that the trade-off behavior of the ob-

jectives is neglected. In this paper, contradictory rules (WS5 = 5 to minimize 

WIP and WS5 ≠ 5 to minimize makespan) are presented to the decision mak-

er, who has to decide the importance of the objectives, and which objective 

to sacrifice. Another drawback is the abandonment of the dominated solu-

tions. No information about the distinction between a non-dominated solu-

tion and a dominated solution can be presented to the decision maker. This 

was the first attempt to visualize results using bar histograms. The idea of 

visually verifying and presenting the rules for the decision maker has its 
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origin in this paper. The result from the decision tree analysis is further ex-

amined and can be visually presented to the decision maker in order to im-

prove the comprehensibility of the extracted rules and knowledge.  

This paper covers to some extent all four boxes in the right square of the 

research framework in Figure 16, combining multi-objective optimization 

with knowledge discovery, decision making, and basic visualization.  
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4.1.3 Paper III: Simulation-based innovization for 

manufacturing systems analysis using data mining and 

visual analytics 

The third paper focuses on iterative rule extraction and the integration be-

tween data mining and visualization to support decision making by visualiz-

ing the discovered rules. To gain an initial understanding of the relationships 

between the independent and dependent variables, visual analytics is applied 

before decision tree modeling using box plots and parallel coordinate plots. 

The visualization of the discovered rules is an extension of the visualization 

part of the second paper. The solution set fulfilling the extracted rule is ap-

plied to the objective space and visually presented to the decision maker. 

The decision maker can in a comprehensible way understand the effect of 

specific variables, their values, and the correlation with the objective space. 

4.1.3.1 Results 

The application domain used for the experiment in this paper is a manufac-

turing supply chain problem with three objectives (to minimize order quanti-

ty, minimize total backlog, and minimize total pipeline inventory). This is 

treated as a classification problem with four classes according to which each 

solution that belongs to one of the contours is labeled, and the interior solu-

tions are counter-examples. The main goal of the study is to find rules that 

can separate the three contours not only from each other, but also from the 

interior solutions. 

Since there are only a few independent variables, basic visual analytics 

was used in this case study. The visualization of the solution set was done by 

using box plots to present aggregated information on each independent vari-

able so that the individuality of the solutions is disregarded. On the other 

hand, the parallel coordinate plot can preserve the characteristics of each 

solution and a combination of both box plots and parallel coordinate plots 

was used in this paper (see Figure 21). 

An initial run of decision tree modeling was conducted and a set of rules 

for each contour was extracted. The solutions fulfilling the rules were plotted 

in the objective space using color-coded visualization for easier comprehen-

sion of how the rules affect the objective space. By manual inspection of 

these plots, it can be seen that the initial set of rules are insufficient (the so-

lutions fulfilling the rules cover not only the contour but also a major part of 

the interior solutions) for two of the contours. The visual analytics plots, the 

parallel coordinate and box plot, were consulted for comparison and to gain 

additional knowledge of the independent variables and their appropriate 

levels. It was noted that the limits for some of the independent variables 

were too generous; a stricter limit would probably exclude the interior solu-

tions. With the iterative process of the simulation-based innovization method 
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combined with visualization analytics, the process can continue for a few 

iterations until the resulting rule sets are satisfactory. 

 

Figure 21: The box plots (left) and the parallel coordinate plots (right) for the four 
classes are presented, showing how the independent variables (TargetFGI, TbTp, 
TiTp, TwTp and Ti/Tw) correlate with each class. 

The generated rules from the classification tree are presented to the user 

textually. In order to gain comprehensibility for the decision maker and in-

crease the credibility of the rules, these are also visually presented. The visu-

alization of the extracted rules is used as a support tool for the decision mak-

er, who can gain knowledge about the relationship between the settings of 

the system and the corresponding objective, which could ease the decision 

making process. The final rules are presented textually as in Table 7 and 

visually in Figure 22. 

Table 7: Rule set for the three contours; order quantity, total backlog, and total 
pipeline inventory. TFGI, TbTp, TiTp, and Ti/Tw are independent variables. 

Contour Rule set 
Order quantity TFGI > 0.02 & Ti/Tw > 5.74 & TbTp > 2.5 

Total backlog TFGI > 2.23 & Ti/Tw <= 1.08 & TiTp <= 0.51 & TbTp > 1.15 

Total pipeline inventory TFGI <= 0.02 
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Figure 22: The rule sets from Table 7 are color-coded and visualized in the objec-
tive space. TFGI, TbTp, TiTp, and Ti/Tw are independent variables. 

 

4.1.3.2 Relation to the research question 

Decision tree modeling is used in this paper effectively by combining itera-

tive classification of the contours with visualization of the generated rules in 

order to facilitate the decision making process. The useful knowledge that 

ought to be gained in this multi-objective optimization problem is to find the 

factors or variables that separate the contours of the optimal solutions. The 

effective use of data mining techniques in this paper was solved by using 

iterative data mining in order to extract useful information. The iterative 

process was inevitable since the initial set of rules was inadequate and the 

rule sets for two of the contours had to be iteratively refined in order to ex-

tract useful knowledge. The plot of Figure 22, where both the rule (in text) 

and the visualization of the rule are combined, can be seen as a support tool 

for the decision maker as it can provide information about the relationship 

between the independent variable space and the objective space in a compre-

hensible way. This paper has its main focus on the top right box in the 

framework, visualization and decision making, but certainly also includes 

multi-objective optimization and knowledge discovery. 
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4.1.4 Paper IV: Simulation-based innovization using data 

mining for production systems analysis  

The previous three papers have only considered the set of non-dominated 

solutions. This implies that no explanation of the separation between the 

non-dominated and dominated solutions will be discovered. This paper ad-

dresses the research question of how data mining techniques can be used to 

extract knowledge effectively. The decision trees were formerly (Papers I–

II) used as for regression with which each objective value was used as the 

dependent variable, whereas a classification of dominated against non-

dominated solutions is introduced here. Therefore, the capability of what it is 

possible to learn from the solution set is hereby expanded. This paper con-

tains an initial attempt to include the entire solution set to gain knowledge 

about the difference between non-dominated and dominated solutions. The 

main re-design of the method compared with the previous papers is that the 

problem is treated as multi-objective, i.e., it is not split into several single 

objective problems. This is of particular interest since the objectives in real-

world applications very often possess trade-off behavior, i.e., an improve-

ment in one objective will reduce the performance in another conflicting 

objective.  

4.1.4.1 Results 

The re-design of the method consists of a new approach to include all solu-

tions and to treat the problem as a binary classification problem: dominated 

against non-dominated solutions. The number of non-dominated solutions is 

much smaller (the minority class) than the number of dominated solutions 

(the majority class). Due to the class imbalance, over-sampling of the minor-

ity class was applied. The process is seen as a knowledge discovery process 

with four major steps: (1) simulation-based multi-objective optimization 

being the data source; (2) the data preprocessing step contains the separation 

of non-dominated and dominated solutions and sampling of the minority 

class; (3) the pattern detection (or data mining) is the decision tree training 

step; and (4) the interpretation and evaluation step is where the rules are 

assessed and visually presented. This process is hereafter called simulation-

based innovization using data mining (SBI-DM) and is illustrated in Figure 

23. 

The SBI-DM process was applied to improve the performance of an as-

sembly line focusing on three objectives: to maximize throughput, minimize 

work in process, and minimize cycle time. These objectives are subject to 

the constraints of 12 independent variables, i.e., the number of pallets (Np) to 

be used and buffer capacities (Bi). By plotting the objective space from the 

multi-objective optimization, it is clear that the non-dominated solutions are 

generated in close vicinity to each other (Figure 24). This indicates that 
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many different configurations of the system settings will provide similar 

system performance. 
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Figure 23: The SBI-DM process used in Paper IV. The iterative step is typically 
done once or twice, and the importance score is generated from the rule discovery 
software used (RDS). The reader is referred to the included paper for details. 
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Figure 24: The objective space plot with non-dominated solutions marked as red 
dots. There are three objectives in this problem, to minimize work in process and 
cycle time, and maximize throughput. The non-dominated solutions are located 
adjacent. 

 

To identify the relationships and main characteristics of the optimal solu-

tions, the SBI-DM process has been applied. The minority class contains the 

solutions that are optimal (TRUE) and the majority class is the explored 

(dominated) solutions (FALSE). Crisp rules for the separation of the two 

classes were generated from the decision tree analysis and manually identi-

fied by choosing the rules with the highest probability, one rule for the class 

labeled FALSE (Eq. 12) and one for the TRUE class with the optimal solu-

tions (Eq. 13): 

 

IF Np>100 THEN predicted=FALSE             (12) 

IF Np=100 & B20 > 8 & BCS ≤ 11 & BCH ≤ 22 THEN predicted=TRUE  (13) 

 

The main splitting variable, the number of pallets (Np), is plotted together 

with each objective (Figure 25). By examination of this plot, it is noted that 

the lower limit for the number of pallets is too high, i.e., each objective 

could probably be improved by decreasing the lower bound even further.  
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Figure 25: The correlation between the objectives and the number of pallets. All 
non-dominated solutions share one common characteristic: the number of pallets is 
equal to 100. This indicates that an even smaller amount of pallets would probably 
provide superior solutions.  

 

The production engineering team has previously considered increasing the 

number of pallets (today there are 110 pallets in the system) in order to in-

crease throughput. The result from the decision tree analysis shows that the 

number of pallets for all non-dominated solutions is equal to 100, which 

implies that a reduction of pallets in the system can be useful. By consulting 

the production engineering team, it was decided to use this knowledge in a 

second run of optimization, aiming to explore how a reduction in the number 

of pallets would affect the system performance. In this optimization the limit 

for the number of pallets was significantly reduced, from 100 to 35. The 

extracted rules from the second run of optimization were color-coded and 

visualized as a mapping of the 3D-space spanned by cycle time, throughput 

and number of pallets (see Figure 26). Some important observations can be 

made from this figure: 

 

 Cycle time correlates linearly with the number of pallets, indicated by the 

shadowed line on the 2D-plane spanned by cycle time and number of pal-

lets.  

 Throughput increases proportionally with the number of pallets in the 

range [30, 90]. While a larger number of pallets will not improve 

throughput further, it will only worsen the work in process and cycle 

time. 

 Apart from the main influencing variable (number of pallets), the buffer 

capacities in BCH (≤ 21) and BCS (≤ 15) should be limited. 
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Figure 26: Color-coded scatter plot for visualization of the rules in the 3D space 
spanned by the two objectives cycle time, throughput, and the independent variable 
number of pallets (NP). A linear correlation can be seen between cycle time and NP, 
while throughput increases proportionally with NP.  

4.1.4.2 Relation to the research question 

This paper contributes to the research question due to the re-design of the 

method, with which data mining techniques can be used in a more effective 

way (classification of non-dominated vs. dominated solutions) to extract 

useful knowledge (the number of pallets should be equal to 100 for the non-

dominated solutions) and to support the decision making process. The main 

contribution of this paper is the alternative way of using binary classification 

of the non-dominated and the dominated solutions instead of using one deci-

sion tree for each objective. This is of particular interest when the objectives 

are in great conflict with each other and in order to find the separating fac-

tors between non-dominated and dominated solutions. If there is one deci-

sion tree for each conflicting objective (as in Paper I and Paper II), then the 

extracted rules from each model will most certainly also be of a conflicting 

character. On the other hand, if binary classification is used, the problem of 

having several models to evaluate and also the fact that the extracted rules 

from the classification model will be true for all objectives simultaneously 

can be overcome.  

The useful, and somewhat unexpected, knowledge that was extracted is 

that one of the variables should take its minimum value in order for a solu-

tion to be non-dominated. This knowledge could be used in a second round 
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of optimization, in which the lower limit for this variable was significantly 

decreased.  

Compared with the method used in Paper I and Paper II and other meth-

ods used for post-optimization analysis (Taboada & Coit, 2006; Bandaru & 

Deb, 2010), the method in this paper is able to extract knowledge that can 

separate the non-dominated solutions from the dominated ones. Other meth-

ods typically consider the optimal solutions only, so no knowledge can be 

extracted for the separation between the non-dominated solutions and the 

dominated ones. The SBI-DM process resembles the KDD process and was 

introduced in this paper; by using the SBI-DM process the post-optimization 

analysis is more structured.  

This paper focuses on the interaction between the multi-objective optimi-

zation and knowledge discovery with its iterative SBI-DM process. Decision 

making also plays a part in the rule evaluation and the adjusted limit for the 

independent variable and is closely connected to visualization. 
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4.1.5 Paper V: Integration of data mining and multi-objective 

optimization for decision support in production system 

development 

A breakthrough in the method development was introduced in this paper; 

instead of using classification of the non-dominated against the dominated 

solutions, a distance-based approach was developed which turned the analy-

sis into a regression problem. Regions on the non-dominated front were cho-

sen and the shortest distance between all regions and each solution was cal-

culated. Solutions closer to the region are believed to share common charac-

teristics of the independent variables than solutions further away. The meth-

od was tested on a real-world industrial investment problem with three 

objectives: to minimize running cost, minimize buffer capacity, and mini-

mize investment. 

4.1.5.1 Results 

Due to the stochastic behavior of the simulation model, the same setting of 

the independent variables can produce slightly different objective values so 

that an average value is calculated. This implies that the solutions that are 

labeled optimal and the close-to-optimal solutions can share similar, and 

perhaps some identical, attribute values in the independent variable space. 

First of all, the binary classification used in Paper IV is not truly reliable 

since this process will treat the close-to-but-not-optimal solutions as belong-

ing to the majority class. Furthermore, the decision maker may seek not only 

information about the non-dominated solutions but also an explanation about 

the discriminating factors for the distinction between the non-dominated 

(and close-to-optimal) solutions and the solutions further away, i.e., the 

dominated solutions far away from the desired position. Solutions close to 

the region will have a small distance and solutions further away will have a 

larger distance. A region of interest on the non-dominated front in the objec-

tive space is used as the basis and an interpolant is calculated between these 

non-dominated solutions. Interpolation generates new data points between 

the non-dominated solutions in the region to increase smoothness in the dis-

tance. The minimum Euclidean distance is subsequently calculated between 

the interpolant and each solution in the normalized objective space (Eq. 14): 

            |    |      √∑ |      |
 
  

       (14) 

 

The distance dj is calculated between the solution to the optimization prob-

lem x and all possible points of the interpolant yj and the minimization is 

taken over all interpolant points j. This is illustrated in Figure 27, where the 

distance is represented by a color scale. The problem is treated as a regres-
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sion problem, with the distance vector used as the dependent regression vari-

able in the decision tree analysis. 

 

Figure 27: The minimum Euclidean distance for a problem with two objectives, to 
minimize f1 and f2.The point yj is a point on the interpolation curve, and x is one 
point in the solution set. The distance is based on the normalized objective space. 

 

In order to examine the usability of the distance-based approach and how 

it can be beneficial as part of a decision making support tool, it was applied 

to an industrial case study. The objective of the study is to find factors that 

explain the relationship between production performance measures, (e.g. 

buffer capacity), and financial factors, such as investment and running cost. 

Based on the running cost and buffer capacity objectives, five regions were 

manually identified as interesting to be examined by observing the objective 

space plot. The interpolation curves and the distances are plotted in the ob-

jective space for the two objectives in Figure 28. In order to learn from the 

optimization and enhance the decision making process, it is important not 

only to find the factors that lead to a specific region, but also to get infor-

mation about how these five regions differ from each other.  

The distance vectors were used as dependent regression values to generate 

one decision tree model for each region. Rules were extracted from these 

five models, and all these rules fulfill the criteria of having a short distance. 

The threshold for the distance was set to be 0.05 in the normalized objective 

space. The rules are detailed in Table 8.  
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Figure 28: The interpolation curves for the five regions are given in the left column 
and the corresponding distances are given in the right column for the industrial case 
with two objectives: to minimize running cost and buffer capacity. 

 

Table 8: The rule sets for the five regions. The independent variable Iui is investment 
in availability improvement for operation i, Ipk is process time related investment for 
operation k, and Bi represents buffer capacity for operation j. 

Region Rule set Distance 

1 ∑(Iu+Ip) > 14, B2 > 26, B4 > 29, B6 <= 9, B8 = [7 11], B25 > 12 0.049 

2 ∑(Iu+Ip) > 10, ∑ Ip > 6, B4 > 28, B11 <= 5, B12 <= 19, B25 <= 5 0.037 

3 ∑(Iu+Ip) > 8, ∑ Ip > 5,IuOP1E > 0, IuOP1G = 0, B2 <= 10, B4 <= 5, 
B13 <= 6, B23 <= 4, B24 <= 5, B27 <= 25, B30 <= 6 

0.028 

4 IuOP1G = 4, ∑ Iu <= 5,  

B2 <= 5, B3 <= 8, B4 <= 4, B5 <= 4, B13 <= 4 

0.024 

5 ∑Ip <= 4, ∑ Iu = 0,  

B2 <= 5, B4 <= 4, B5 <= 6, B28 <= 11, B30 <= 3, B24 <= 1 

0.034 
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The independent variables Iui and Ipk represent investments in availability 

improvements for operation i and process time related investments for opera-

tion k respectively and are specified by levels of investment. The Bi variables 

are inter-workstation buffer capacities. The amount of investment contrib-

utes to the regions, since investment is correlated with the running cost, i.e., 

no or small investments lead to high running cost. One interesting factor is 

the buffer capacity B4, which is present in the rules for all five regions. For 

the first two regions, the buffer capacity for B4 is relatively high and for the 

other three regions, it radically decreases. This kind of information can sup-

port the decision maker to identify certain variables to focus on when pro-

duction line improvements need to be made.  

For the decision maker to get an easier understanding of how these ex-

tracted rules affect the objective space, the rules are mapped to the original 

data set and visualized (see Figure 29). The rules are colored and mapped to 

the running cost and buffer capacity objective space in order to understand 

how these rules fulfill the pre-defined regions, as well as to the running cost 

and investment objective space to realize how these rules contribute to the 

neglected objective. 

 

Figure 29: Color-coded visualization of the extracted rules presented in Table 8, 
both in the running cost vs. buffer capacity objective space and the running cost vs. 
investment objective space.  

4.1.5.2 Relation to the research question 

The relation to the research question in this paper is the extension of the 

method which enables data mining techniques to be used more effectively 

than in the previous papers (Papers I–II and IV) or in the other proposed 

methods for post-optimization analysis (e.g. Obayashi & Sasaki, 2003; 

Taboada & Coit, 2006), regarding learning from the simulation-based multi-

objective optimization. Simulation models usually exert stochastic behavior 

so that the data mining procedure could be misled by solutions being classi-

fied as either optimal or not, as in Paper IV. When solutions appear in close 

proximity to the non-dominated front, they can be expected to possess very 
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similar properties to the non-dominated solutions. The method was therefore 

re-developed in this paper by replacing the previous dependent variable–

instead of either splitting the problem into several models for each objective 

value (Paper I–II) or using classification with non-dominated against domi-

nated solutions (Paper IV), the distance variable is introduced and used as 

the dependent variable.  

The distance-based approach was successfully used in the industrial ap-

plication. The decision maker was given a set of rules which can be used in 

order to make more informed decisions regarding production system im-

provements. Visually presenting the rules in the objective space will advise 

the decision maker how the rules affect the objectives. A number of selected 

actions related to the rules found in this study were subject to implementa-

tion within the company. Parameters related to the objectives were moni-

tored during and after implementation and the financial controllers con-

firmed the positive result: the investment was a bit higher but with a lower 

running cost. 

One major benefit of the method proposed in this paper is that the deci-

sion maker will not only be provided with information about the most im-

portant improvements but also gain knowledge about which settings to 

avoid. In Papers I–II one could also extract knowledge about what settings to 

avoid but this was done objective by objective, which means that the con-

flicting behavior of the objectives was neglected. To improve one objective 

will typically decrease the other objective(s) and the generated knowledge is 

of a contradictory character. Instead, by using the distance-based approach, 

the decision maker can choose any region within the objective space as a 

baseline for the post-optimization analysis, and not only the region of high-

est interest. This means that the decision maker can gain knowledge about 

regions with poor objective values as well as regions with superior objective 

values.  Visualization is used to display how the extracted rules can be used 

to define the objective space for the decision maker.  

The focus in this paper was on the pre-processing step of the knowledge 

discovery part (distance calculation), but also the combination of visualiza-

tion and decision making. 
  



 81 

4.1.6 Paper VI: Post-analysis of multi-objective optimization 

solutions using data mining 

The internal validity has previously been established by using the original 

solution set from the multi-objective optimization as the baseline. The ex-

tracted rules are applied on the original solution set and visually presented in 

order to validate the rule. Another way has been used to check how, when 

the rule has been applied, the minimum and maximum values of the objec-

tives differ from the original minimum or maximum objective value.  

There was an ambition to strengthen the validity of the proposed method in 

this paper by using the extracted rules as constraints in a second run of opti-

mization. If the rules can be used to limit the solutions from the optimiza-

tion, i.e., to narrow the objective space, in such a way that only solutions 

close to the preferred region are generated, the rules most certainly possess 

such characteristics that are of importance for the decision maker and hence 

the validity of the method will increase. The method used in Paper V was 

slightly modified and applied to two problems in this paper: one artificial 

benchmark problem and one additional industrial application study. The goal 

of the first problem was to validate the method in a broader context. The 

distance-based approach can be used to generate rules for the optimal solu-

tions. The extracted rules can be verified against the already known optimal 

settings for the artificial benchmark problem. The industrial case has been 

used to show how the distance-based approach can support the decision 

making process in a reconfiguration of a machining line. The industrial case 

has three objectives: minimizing energy usage, minimizing work in process, 

and maximizing production. As an alternative to the user-defined region 

used in Paper V, the user supplies one (or several) desired position in the 

objective space, called a reference point.  

4.1.6.1 Results 

The simulation-based innovization using data mining (SBI-DM) process has 

been slightly modified compared with the SBI-DM process used in Paper IV. 

In principle, there are two major changes: the data pre-processing step for 

the industrial case using a user-defined reference point, and an iterative step 

with the extracted rules used as constraints in a second run of optimization 

have been added. The intent of using the iterative step is to verify that the 

extracted rule is reliable and that the solutions to the optimization problem 

can be limited to the close vicinity of the user-defined preferred region or 

reference point. The SBI-DM process has been updated in Figure 30. 
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Figure 30: The modified simulation based innovization using data mining process. 
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4.1.6.1.1 Results for the artificial case 

The artificial case focuses on validating the proposed distance-based ap-

proach originally developed in Paper V. The benchmark function ZDT3 has 

been used and it has two objectives (f1 and f2) and 30 independent variables. 

ZDT3 was originally used as a benchmark function for evaluating optimiza-

tion algorithms and was defined by Zitzler et al. (2000), as shown in Eq. 15–

17: 
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where g(x) is defined as: 
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and n = 30 where xi   [0, 1], ∀ i = 1,…, 30. 

 

The main advantage of this kind of benchmark function is that the optimal 

front is known beforehand and the extracted rules can therefore be easily 

verified. The benchmark function will provide optimal solutions when g(x) = 

1, which means that the first independent variable x1 does not affect the op-

timal characteristics. On the other hand, the first objective is solely affected 

by the value of x1. The optimal solutions occur when the expression in Eq. 

18 is fulfilled: 
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The non-dominated solutions are clustered into five regions in the objec-

tive space (see Figure 31). The distance was calculated using a similar pro-

cess to that used in Paper V, where the five regions were used as the basis 

for the interpolation determination and the subsequent distance calculation. 
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Figure 31: The ZDT3 objective space plot with the five non-dominated regions. 

 

The extracted rules, as listed in Table 9, share some commonalities between 

the regions. The summation of the independent variables x2,…,x30 should be 

small and the value of x1 determines in which region the solutions are locat-

ed. The average distance is used as a measurement of the validity of the rule, 

which is calculated as the average distance of the solutions fulfilling the rule. 

These results were compared with the analytical analysis of the function in 

Eq. 18, which states that the summation of the independent variables 

x2,…,x30 should be zero. The conclusion is that the rules generated from the 

SBI-DM process correspond well with the true limitation of the independent 

variables.  

 

Table 9: The rule sets for the regions in the artificial case in Paper VI. 

Region Rule set Average distance 

1 x1 = [0, 0.09]       AND ∑x2:x30 ≤ 0.1 0.0014 

2 x1 = [0.18, 0.26] AND ∑ x2:x30 ≤ 0.1 0.0004 

3 x1 = [0.41, 0.46] AND ∑ x2:x30 ≤ 0.1 0.0013 

4 x1 = [0.62, 0.66] AND ∑ x2:x30 ≤ 0.1 0.0001 

5 x1 = [0.82, 0.86] AND ∑ x2:x30 ≤ 0.1 0 
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4.1.6.1.2 Results for the industrial case 

The main objective of the industrial case is to find the characteristics of the 

independent variables close to a user-defined reference point, which is an 

alternative to the distance calculation based on a region used in Paper V and 

in the artificial benchmark problem. The main difference is that there is no 

interpolation curve used as the basis for the distance calculations as in Paper 

V and in the artificial benchmark problem. It is important to note that all 

distances are calculated from the reference point to each solution in the nor-

malized objective space.  

The objectives of the case are to minimize energy usage, minimize work 

in process, and maximize production, by altering nine system variables. The 

decision maker provided a reference point with low work in process and a 

high production rate while sacrificing energy usage, going from three objec-

tives to two objectives. The distance is calculated from this point, marked as 

a red circle in Figure 32. 

 

Figure 32: The distance between the reference point (the large red dot) and all solu-
tions. The distance is calculated in the normalized objective space, minimize energy 
usage and work in process, and maximize production. 

 

The main splitting variable is the lathe setting (Ls), which partitions the 

two regions of solutions in the objective space. If Ls = 1 then one will have 

high production and high energy usage, while if Ls = 2 the production will 

be sacrificed but with energy savings. The conveyer belt lengths (CB1, CB2, 

and CB5) are used to regulate the work in process objective. The production 
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setting variable is mainly used to regulate the energy consumption. The ex-

tracted rule for solutions close to the reference point is shown in Eq. 19. 

 

                                                (19) 

 

The rule in Eq. 19 is used as a constraint in a second run of optimization, i.e., 

an informed (constrained) optimization, to verify that the extracted rule con-

tains information of such a nature that the decision maker can rely on the 

rule. For comparison, an uninformed run of optimization is also done to veri-

fy that the informed optimization run actually performs better, in the sense 

that the informed optimization generates more solutions closer to the refer-

ence point. The resulting objective spaces of the constrained optimization 

and the uninformed optimization are compared with the original objective 

space. The main difference when comparing the objective spaces for the 

informed and uninformed optimizations is the spread of solutions. The in-

formed optimization generates fewer optimal solutions than the uninformed 

optimization, but the proportion of non-dominated solutions is greater than 

with the approximation of the true Pareto front: 70% for the informed ap-

proach compared with 37% for the uninformed approach. This implies that 

the informed approach generates more superior solutions than the unin-

formed approach. Another evaluation criterion used to quantitatively com-

pare the two approaches is the AUC, where the distance to the reference 

point is used for ranking of the non-dominated solutions. If the AUC = 1, 

then all the non-dominated solutions for the approach are closer to the refer-

ence point than the non-dominated solutions for the approximation of the 

true optimal front. Furthermore, if the AUC = 0.5, then this is an indication 

that the non-dominated solutions are spread evenly over the objective space. 

The AUC for the informed approach is 0.962 (Figure 33 (a)), and for the 

uninformed approach it is 0.511 (Figure 33 (b)). The conclusion is that the 

informed search outperforms the uninformed and the rule submitted to the 

informed run of optimization is reliable, so the decision maker can draw 

usable knowledge from the provided rule. 

4.1.6.2 Relation to the research question 

The method has been slightly modified in this paper such that the user-

defined region from Paper V was replaced with a user-defined reference 

point, which can be placed anywhere in the objective space. The main ad-

vantages of going from a region on the optimal front to the arbitrary refer-

ence point in the objective space are that: 1) it is easier to define a point in 

space for the decision maker who might not know the values of an optimal 

region; 2) it enhances the implementation of a more general method. By 

using the distance between the reference point and the solutions in the objec-

tive space as the dependent variable in the data mining (decision tree), 
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knowledge about the underlying characteristics in the decision space were 

exposed. The usefulness of this knowledge was validated by the informed 

(constrained) optimization. 

The result from the industrial case shows that the method is able to extract 

rules (i.e., the lathe setting must be equal to one for high production) that 

were shown to be useful for constraining the search of a new optimization 

round and could be useful knowledge for the decision maker. Another con-

tribution of this paper is the validation of the method. In the artificial 

benchmark problem, the condition for optimality is known beforehand. This 

knowledge could be used to draw the conclusion that the proposed method is 

valid. Another kind of validation was used in the industrial case, since no 

knowledge about the optimal solutions is known beforehand. By using the 

extracted rule as a constraint in a second run of optimization, it could be 

shown that this informed optimization generated more superior solutions 

when compared to an uninformed optimization.  

The decision maker interacts in the method, since the reference point, or 

region, is user-defined. The visualization is used to show how the extracted 

rules affect the objective space for increased comprehensibility and, to some 

extent, the internal validity. The main focus has been the connection between 

multi-objective optimization and the knowledge discovery part, due to in-

crease the validation with the constrained (informed) optimization. 

 

Figure 33: (a)  AUC = 0.962 for the informed approach vs. the approximation of the 
true Pareto front and (b) AUC = 0.511 for the uninformed approach. 
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4.1.7 Paper VII: Knowledge discovery in production simulation 

by interleaving multi-objective optimization and data 

mining 

The SBI-DM process and industrial case used in this paper is the same as 

that used in Paper V. The main distinction is the application of the resulting 

knowledge discovered. In Paper V, the main goal was to support the decision 

maker with novel system knowledge. In Paper VI, the constrained optimiza-

tion was only used as a validation step in the SBI-DM process. In this paper, 

the goal is to use the extracted rules as constraints in an iterative process of 

optimization, in order to focus the search for optimal solutions, generating 

better solutions and to gain faster convergence close to the user-defined pre-

ferred reference point. Without changing the SBI-DM method, adjusting the 

application area instead has proved to be effective in this case.  

4.1.7.1 Results 

The interactive and interleaving aspect of the process is to incorporate the 

decision maker’s preference. The interactive step is for the decision maker to 

choose and/or change the reference point in the objective space. The inter-

leaving step, however, is done by the introduction of several iterations of the 

SBI-DM cycle. This is illustrated in Figure 34. 

 

Figure 34: An interactive and interleaving approach for SBI-DM. The iterative step 
when the extracted rule is used as a constraint is typically performed once or twice.  
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Three different setups for combining decision making, knowledge discov-

ery and multi-objective optimization are suggested in the study (Figure 35). 

The total number of iterations is equal for the three different setups, but they 

differ in the order in which the iterations take place. Latin hypercube design1 

(LHC) is used to get a wide spread of initial solutions, MOO(c) stands for 

multi-objective optimization (with constraints), and DM is an abbreviation 

for data mining, which in this paper is decision tree analysis.  

 

 

Figure 35: The optimization setup for comparing different approaches. Latin hyper-
cube design (LHC) is used to generate initial solutions. Multi-objective optimization 
(MOO) with constraints from data mining (DM) is denoted MOOc. The numbers 
denote the number of iterations of the LHC or MOO(c). 

 

The results from the optimization runs are presented in Figure 36. The 

left-hand side in Figure 36 illustrates the entire objective space for running 

cost and buffer capacity and the right side is zoomed in closer to the refer-

ence point. Optimization setup no. 2, with data mining rules extracted from 

an additional step of MOO, can produce better rules that capture the attrib-

utes of the decision variables closer to the reference point. This has led to 

faster convergence of the subsequent MOOc closer to the reference point, 

and its optimal front covers only a smaller part in the running cost objective 

compared with the other optimization setups. In other words, better optimal 

solutions with respect to the reference point can be found more efficiently in 

optimization setup no. 2 than in setups no. 1 and no. 3. 

 

                                                      
1 Latin hypercube design is a sampling technique which generates a set of independent solu-

tions. 



 90 

 

Figure 36: Comparison of the optimal fronts for the different optimization setups. 
The left plot covers the entire objective space, while the right plot zooms in on the 
reference point.  

4.1.7.2 Relation to the research question 

The relation to the research question in this paper lies in the extension of the 

existing SBI-DM process introduced in the previous papers. The extension 

contains an interleaving approach which allows the decision maker to inter-

act in the setup of the optimization to enhance the performance, i.e. faster 

convergence of solutions close to the reference point. From the experiments 

in this paper, it can be concluded that data mining can be used in an iterative 

and interactive manner in order to extract more focused solutions close to a 

user-defined reference point. Although the user needs to interact more in this 

case than in the previous studies in Papers I–VI, she will in return be provid-

ed with better solutions close to the reference point. As a positive side-effect 

to the superior solutions, the decision maker can gain useful knowledge 

about the underlying characteristics of the solutions close to the reference 

point.  

This is the first attempt within this new application area in the current re-

search to combine multi-objective optimization and knowledge discovery, 

and in which the user assumes an additional role compared with the previous 

papers. The results of this study show another area where data mining tech-

niques can be used effectively within production system development. 
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4.2 Implementation of the post-optimization analysis 
method 

Most of the implementations done to automate the post-optimization analysis 

have not been described in detail in the included papers, and will therefore 

be presented here. The solution set from the MOO is used for several pur-

poses and the main procedure is presented in Figure 37. 

 

 

Figure 37: The basic procedure of the flow from the MOO to the decision maker.  

 

In the first four papers, the pre-processing step was rather straight-

forward and no extra calculations were needed. The solution set generated 

from the MOO was saved as text files and was directly used in the data min-

ing software Rule Discovery System™ (RDS™)2, which has been used to 

derive rules by decision tree modeling. In the subsequent papers, the pre-

processing step has been extended by the introduction of the distance-based 

approach, meaning that the values for the dependent variable have to be cal-

culated. The distance calculation is implemented as a MATLAB®3 function, 

where the distance is based on either a reference point or an interpolation 

curve (a MATLAB® function is used to calculate the interpolation curve). 

In the first paper, the decision tree and the extracted rules were presented 

to the decision maker with no further modifications or developments. In 

Paper II, the post-decision tree visualization part was done in Excel, while in 

the later papers (Papers III–VII), this step was automated by implementa-

tions using MATLAB®.  

4.2.1 Automatic rule extraction combined with visualization 

The combination of rule extraction using decision trees and visualization of 

the extracted rules has been automated in a standalone executable based on 

MATLAB® functions. The user can run the application in order to extract 

rules for the solutions close to the user-defined reference point. The flat file 

is provided by the user, who also determines the number of objectives, num-

ber of numeric against categorical variables and the reference point of inter-

est. For a rule to be “interesting”, the predicted distance should be sufficient-

                                                      
2 Rule Discovery System, Compumine AB, www.compumine.com 
3 MATLAB R2001B, www.mathworks.com 
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ly small and the number of solutions that fulfills this rule should be suffi-

ciently large. The decision maker, or the user of the application, is asked to 

provide such thresholds. The threshold for the distance depends on where the 

reference point is located in the objective space related to the solutions. If 

the reference point is close to the non-dominated front, or if the reference 

point is located further away from the solutions, the threshold for the dis-

tance may differ. The threshold for the number of solutions relies on the 

optimization problem at hand and the number of solutions available. The 

rules that fulfill the thresholds are both visually presented to the decision 

maker (Figure 38) and stored in a table (Table 10) which is provided to the 

decision maker as an Excel file. The thresholds can be adjusted by running 

the application once again if the extracted rules are inadequate. The test ex-

ample is the industrial case from Paper VI.  

 

Table 10: The extracted rules fulfilling the user-defined thresholds are presented to 
the decision maker as a table. The independent variables are in the right column 
and their values are given in the Rule no xx columns. In the bottom rows the average 
distance for the solutions fulfilling the rule is given with the number of solutions.  

Variable Rule no 1 Rule no 2 Rule no 3 Rule no 4 
CB1 <5.63 <5.63 <5.63 <5.35 
CB2 <4.89 <4.89 <4.89 <4.89 
CB3 

 
   

CB4 <1.98 <1.98 <1.19 <1.19 
LS 1 1 1 1 
PS <1.5 <1.5 <1.5 <1.5 
MS 

 
   

W1 
 

<2.5 <2.5 <2.5 
W2 

 
   

Average distance 0.0538 0.0513 0.0508 0.0502 
Number of solutions 38 31 26 18 
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Figure 38: Rule no 4 from Table 10 is presented as red markers, whereas the blue 
circle indicates the reference point compared to all solutions (the gray markers). 

4.2.2 Color-coded scatter plots 

As a supplementary decision support tool, a color-coded scatter plot is also 

provided as a standalone executable for the decision maker, with which the 

objective space is plotted by allowing the independent variables to be used 

for coloring of the solutions. This will provide information on how the inde-

pendent variables affect the objectives and to what extent, by considering the 

color-coded scatter plot in which the independent variables are used for col-

oring one after another.  

The standalone application was developed in MATLAB®. The data set is 

loaded and visualized based on the color-coded scatter plot technique 

(Figure 39). This is to facilitate the process if there are many decision varia-

bles. The objective space can be presented as either 2D or 3D, depending on 

the number of objectives and the preference of the user, who can also choose 

to visualize all the solutions or concentrate solely on the Pareto solutions. 

The user is allowed to alternate the interval for the decision variable. The 

application can be used by the decision maker in order to understand how 

common characteristics and relationships in the objective space are affected 

by the independent variables. The application can also be used for verifica-

tion of rules derived from the data mining study, to visually realize how each 

individual independent variable contributes to the objective space and how 
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different values of the independent variable are distributed among the objec-

tives. It can be seen in Figure 39 that to minimize the running cost and in-

vestment the variable IuOP1G should be either one or two, the lower region in 

the objective space. If the value of IuOP1G is greater than two, the effect will 

only lead to greater investment cost, without any return on running cost. 

 

 
 

Figure 39: The application for color-coded visualization of the independent variable 
IuOP1G and its effect on the objectives running cost and investment. If the value is one 
or two, there will be a good trade-off between the two objectives, while a greater 
value will only worsen the investment objective without any gain in running cost. 
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5 Discussion 

In this chapter the results and conclusions from the included papers will be 

discussed in relation to the research question and to the other proposed tech-

niques, i.e., SOM and clustering, for post-optimization analysis. The purpose 

is to describe the issues and difficulties with the analysis of solution sets 

from simulation-based multi-objective optimization of production systems 

and how this can be handled by the distance-based method. Other known 

techniques for post-optimization analysis have some shortcomings when 

applied to production systems, and these limitations are also revealed. Fur-

thermore, issues regarding the methodological choices will also be dis-

cussed. Lastly, there are some “loose ends” that should be brought up in a 

later stage of research, and these are presented in thoughts on future research 

that will conclude this chapter.  

5.1 Post-optimization analysis method 

The method for performing post-optimization analysis presented in this the-

sis has evolved over several years. Initially, the method was rather basic 

without any pre-processing of the solution set from the multi-objective opti-

mization. The method has been iteratively refined based on the conclusions 

from the included papers and the identified limitations in order to respond to 

the research question. Three major limitations have been identified:  

 

1. Neglecting the multi-objectivity. 

2. Disregarding the dominated solutions. 

3. Not handling stochastic solutions. 

 

These three limitations have been handled in the subsequent research process 

and will be discussed in more detail in the following sub-sections. 

5.1.1 Neglecting the multi-objectivity 

The method used in the first papers (Paper I and Paper II) disregarded the 

multi-objectivity and transformed the problem into several single-objective 

problems. This was similar to the approach used in the method by Sugimura 

et al. (2007). As a consequence, the rules and results for each objective can 
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be useful, but joining this information together for several objectives can 

lead to contradictory results. This means that the decision maker can get 

useful information for each individual objective, but the trade-off effects 

between the objectives are neglected and would be of limited use as decision 

support. Self-organizing maps (SOM) can, on the other hand, be used to 

reveal trade-off behavior, but are limited to presenting the information in a 

qualitative way by visual interpretation of the SOM. The manual interpreta-

tion would require knowledge about SOM, which is often not the case for 

production engineers or managers. Comprehensible and easy-to-grasp in-

formation will increase the possibilities of learning from the optimization. In 

Paper I and Paper II the generated rules were presented as crisp rules to the 

decision maker. The information was also visually presented to the user in 

Paper II as an attempt to increase the comprehensibility. 

5.1.2 Disregarding the dominated solutions 

As a second limitation of the initial approach (Paper I and Paper II), the 

dominated solutions are removed and only the non-dominated solutions are 

used for knowledge extraction. Although information about the non-

dominated solutions is desirable, the decision maker might also need to 

know the difference in the decision space between a good and bad solution. 

This limitation induces two main concerns:  

 

1. No explanation of the divergence between the non-dominated and domi-

nated solutions is provided. The possibility of learning the differences in 

the settings between a non-dominated solution and a dominated solution 

is removed.  

2. If only the non-dominated solutions are analyzed, the resulting rules 

might be inadequate. If the analysis is based only on the non-dominated 

solutions, the resulting rules might also be true for the neglected domi-

nated solutions. The resulting rules may therefore be inconclusive.  

 

The main focus for the other proposed methods for post-optimization analy-

sis is also to discover the main characteristics of the non-dominated front, 

without any consideration of the dominated solutions (e.g. Taboada & Coit, 

2006; Bandaru & Deb, 2010). They can give some information about the 

non-dominated solutions, but they cannot provide information about the 

differences between good and bad solutions. 

A first re-design of the method was introduced in Paper IV, in which the 

limitations of the initial approach are considered. The entire solution set is 

used, instead of only the non-dominated solutions. This has the effect that 

the trade-off behavior between the objectives and the relationship between 

the non-dominated versus dominated solutions is handled. In the former 

method introduced in Paper I and Paper II, the objective value was used as 
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the dependent variable in the decision tree and is therefore treated as a re-

gression model. The re-designed method is instead a classification model, in 

which the dependent variable is a binary variable (non-dominated or domi-

nated solution). In the specific industrial application study used in Paper IV, 

the non-dominated and dominated split was obvious and the binary classifi-

cation worked well. For a more general industrial case, there are normally no 

obvious results to be found and the distinction between optimal, close-to-

optimal and non-optimal is not as resolute as in Paper IV. 

5.1.3 Not handling stochastic solutions 

The techniques used in related papers mainly focus on static problems and 

do not take into consideration any stochastic behavior of the solutions. Most 

of the other methods have been verified by and applied to solution sets from 

deterministic optimization problems, such as engineering design problems 

(e.g. Obayashi & Sasaki, 2003; Bandaru & Deb, 2010). A simulation model, 

on the other hand, is a stochastic process in which, for example, process 

times are modeled with statistical distributions to imitate the real-world pro-

duction system. The simulation model is run several times with identical 

independent variable settings in order to capture the stochastic behavior of 

the system. This means that identical settings in the independent variable 

space will generate slightly different objective values for the optimization 

problem and the average value of each objective is used in the solution set of 

the optimization. This implies that a solution close to the optimal solution 

will probably share common attributes in the independent variable space. 

That is, if the standard variation is greater than zero the true objective values 

for a solution close to the optimal solutions can span over the optimal objec-

tive value.  

The optimal versus the close-to-optimal solutions in the y1 and y2 objec-

tive space are presented in Error! Reference source not found., where the 

ashed ellipse represents one standard deviation of the close-to-optimal objec-

tive values. It is obvious that the region for the objective values of the close-

to-optimal objective values overlaps with the optimal solution objective val-

ues. This indicates that for stochastic systems, it is not entirely reliable to do 

a binary classification of optimal versus non-optimal solutions as in Paper 

IV. Some other method should be used instead, such as the distance-based 

method proposed in this thesis. Instead of treating dominated and non-

dominated solutions as belonging to two different classes, and hence finding 

discriminatory factors by building classification models, the problem is con-

verted into a regression problem, where the distance to the non-dominated 

front (or a reference point in the objective space) is used as the dependent 

variable in the data mining process. This will enhance the knowledge extrac-

tion, and data mining can be used more effectively, i.e., the knowledge is 

more useful for the decision maker. 
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Figure 40: The dashed ellipses represent one standard deviation for the close-to-
optimal solutions in the y1 and y2 objective space. 

 

To overcome the drawback of the third limitation, the method was re-

designed in order to be suitable as a decision making support tool for pro-

duction system development problems created from simulation-based multi-

objective optimization. Instead of using either the objective value as a re-

gression variable or the non-dominated versus dominated solutions as classi-

fication variable, the distance-based approach was introduced in Paper V and 

used in Paper VI and Paper VII as well. This method uses all solutions, 

where the distance is calculated between each solution and a user-defined 

region. In order to find characteristics in the independent variable space that 

explain the commonalities close to the specified region, the distance is used 

as a regression variable. The task is to find factors that distinguish solutions 

with short distances to the Pareto front from solutions with long distances. 

This means that the distance-based method can identify and generate infor-

mation on the divergence between the optimal and close-to-optimal solutions 

in contrast to the solutions further away. The method was slightly modified 

in Paper VI, where the region on the non-dominated front was replaced by 

an arbitrary reference point in the objective space.  

The distance-based method has been applied to a cost modeling problem 

and a machining line reconfiguration problem, as well as a theoretical 

benchmark optimization problem. In order to increase the external validity 
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for the distance-based method, it should be applied in other application areas 

as well. 

The validity of the rules is strengthened by the fact that one can visually 

inspect in what area of the objective space the rule fires, as was done in Pa-

pers III–VII. Another way to check the validity is to perform a second run of 

optimization with the extracted rule as constraint. This was used as valida-

tion in Paper VI and Paper VII. If the solutions from the constrained optimi-

zation lie in the vicinity of the targeted position in the objective space, the 

rule is believed to capture the important characteristics of the decision space 

and the rule is therefore considered to be valid.  

5.2 Methodological discussion 

The development and the iterative re-design of the method were mainly 

based on the results from industrial cases. The validation of the proposed 

method was also mainly based on real-world problems. One paper (Paper 

VI) has an artificial problem which was used to verify the results of the pro-

posed method by comparing the extracted rules with results known before-

hand. Other artificial problems could have been used instead of industrial 

problems, with the benefits of easier verification and validation of the meth-

od. It might also be advantageous for comparison with other techniques, 

since an artificial problem that fulfills given appropriate criteria for evalua-

tion can be selected. On the other hand, in order to have a real impact on 

industry, the industrial partners that have provided the industrial cases are 

interested in finding a method that is suitable for industrial applications ra-

ther than artificial or hypothetical ones. This is why industrial application 

cases have been chosen instead of artificial problems, because the method is 

ultimately to be used in real-world settings.  

Another consideration is the way that usefulness and effectiveness are 

measured. In the included papers, different measures are used - both quanti-

tative and qualitative. This is not an exhaustive selection of possible ways to 

measure usefulness and effectiveness. Other qualitative measurements might 

also be interesting to use, such as participant studies, interviews or surveys. 

However, so far, there are not enough employees in the partner companies 

with the necessary knowledge of simulation-based multi-objective optimiza-

tion combined with analysis of post-optimization solution sets to perform 

this kind of qualitative study. 
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5.3 Future research 

The research question in this thesis was formulated based on a production 

system development perspective and the application areas have ranged from 

buffer allocation, supply chain, and cost problems to assembly and machin-

ing lines. The distance-based method has only considered cost modeling and 

machining problems, so production system problems of a more complex 

nature such as assembly systems would be interesting for future research. 

Multi-objective optimization problems without a production system related 

focus are also of research interest to verify if the method can be expanded 

and applied to other areas. The other methods used in related studies have 

mainly been applied to engineering design problems, and performing a com-

prehensive comparison between the distance-based method and these meth-

ods could provide valuable information.  

Re-development of the proposed distance-based method is another topic 

for future research, and some possible improvements or expansions have 

been identified. In the current method, the distance is based on the Euclidean 

distance in the normalized objective space. Other distance measures can be 

applied, e.g., the squared Euclidean distance can be used to put greater em-

phasis on solutions further away from the preferred reference point (Hill & 

Lewicki, 2006).  Another way is to further explore the possibilities on how 

to present the distance to the user in a more expressive or understandable 

way.  

Regarding the usability and to develop an integrated decision-support 

tool, the proposed SBI-DM process could be automated and included in an 

optimization package to facilitate the decision making process. This would 

be an integrated decision support tool for efficient analysis of the optimiza-

tion problem at hand, such as a production system. Today, the post-

optimization analysis tool is a standalone application that can be used for 

evaluation of the multi-objective optimization solution sets. 

Other metrics to evaluate usefulness and effectiveness could also be of in-

terest for future research. Such metrics could be of a more qualitative nature, 

such as participant studies or interviews. This may be combined advanta-

geously with a study on the comprehensibility of the developed application 

tool in order to enhance the user-interface and usability if necessary.  

The combination of the results from the post-optimization analysis and an 

iterative approach for multi-objective optimization to improve convergence 

of the solution in a user-defined area was proposed in Paper VII. This is a 

novel technique which has great potential for optimization and is of interest 

as another direction for future research. The work has just started and needs 

more research efforts to establish this approach. The performance of the 

convergence can be evaluated by applying the approach on benchmark opti-

mization functions for comparison. 
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6 Conclusions 

The research question on which this thesis is based has its main orientation 

to investigate how the post-optimization analysis should be designed in order 

to improve the decision making process afterwards (or during, as was shown 

in Paper VII). Increased effectiveness during the learning phase from the 

optimization solution sets will enable the decision makers, the production 

engineering team, to use this kind of technique when evaluating or develop-

ing existing or new production lines. 

The thesis provides a novel method that can be used for the post-

optimization analysis of a solution set of multi-objective optimization prob-

lems within the production system in an automated way. It uses the solution 

set from multi-objective optimization and can be used to identify what is of 

importance in order to develop the production system, based on the objec-

tives in the optimization. In addition, from a set of optimal solutions, the 

decision maker will also be able to learn from the optimization, with the 

possibility of gaining knowledge that can be used to improve the perfor-

mance of the production system. The main goal of the method is to provide 

the decision maker with information on how the objective values, i.e., 

throughput, work-in-process, or running cost, are related to the independent 

variables, i.e., buffer capacities, investment in equipment, or dispatching 

rules.  

The proposed method has its origin in Paper I and it has been iteratively 

refined during several studies. In order to be able to use data mining tech-

niques effectively in the analysis of solution sets from simulation-based op-

timization  of production systems, three obstacles or limitations have been 

identified, based on the results and conclusions from the studies published in 

the included papers. The first limitations in Paper I and Paper II were that the 

multi-objectivity was neglected and the dominated solutions were disregard-

ed. These limitations have been solved during the iterative refinement of the 

method and together with the handling of the stochastic nature of the solu-

tions, when the distance-based approach was introduced in Paper V. The 

method has been applied in several real-world industrial application studies, 

at least one in each paper. These have shown that previously unknown 

knowledge can be obtained from the proposed method. This knowledge can 

be used by the decision maker to learn the relationship between the key deci-

sion variables and the objectives, and can be presented both visually and 

textually.  
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