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Abstract

States of matter with quasi-particle excitations that exhibit anyonic statistics
are of great theoretical interest, especially in those cases where the anyons are
non-Abelian. Two of the most promising states that could support non-Abelian
anyons are the ν = 5/2 quantum Hall state and the two dimensional p-wave
superconductor, and they can both be understood as p-wave paired states. The
motivation for the present thesis is to get a better understanding of the theo-
retical description of p-wave paired states.

In the accompanying paper we construct an effective field theory for the 2D
spin-less p-wave paired superconductor that faithfully describes the topological
properties of the bulk state, and also provides a model for the subgap states
at vortex cores and edges. In particular it captures the topologically protected
zero modes and has the correct ground state degeneracy on the torus. We
also show that our effective field theory becomes a topological field theory in a
well defined scaling limit and that the vortices have the expected non-Abelian
braiding statistics.
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Chapter 1

Introduction

In 1977 Jan Myrheim and Jon-Magne Leinaas [1] considered the possible ways to
quantize indistinguishable particles in two dimensions. They found that instead
of only bosons and fermions, as we are used to in three (and higher) dimen-
sions, there is a continuum of possible particle statistics. Such indistinguishable
particles that neither are bosons nor fermions are usually referred to as anyons;
a term coined by Frank Wilzcek they can have any statistics. At the discov-
ery in 1977 the anyons were purely theoretical notions, but seven years later
Halperin [2] made an argument for why the excitations on top of the Laughlin
state [3], which describes the fractional quantum Hall state discovered in 1982
[4], were anyons. Almost ten years later, non-Abelian anyons, an even more ex-
otic type of particles with non-commuting braiding, were shown possible. The
state that could exhibit these excitations was another quantum Hall state, the
Moore-Read state [5]. This state naturally got much attention and the next
year, Greiter et. al. [6] realized (which was clarified in [7]) that one can view
the state as a type of p-wave superconductor, in which the non-Abelian anyons
are vortices. The year after [8], an argument was given, and later strength-
ened [9], for why non-Abelian anyon excitations are expected in any p-wave
superconductor. Presently there is one superconductor (Sr2RuO4[10]) which
seems to be of p-wave type, so the search for non-Abelian statistics no longer
only concerns the quantum Hall states. The two mentioned proposals for states
with non-Abelian anyon excitations, the Moore-Read quantum Hall state, and
Sr2RuO4, are currently the most realistic suggestions, and they can both be
understood as p-wave superconductors. The main motivation for the work in
this thesis is to understand the topological properties of these systems better.
In this thesis we will give a review of the physics of the p-wave superconduc-
tor and why one expects non-Abelian anyon excitations, although the ideas in
the accompanied paper are not derived from microscopics. The goal is rather
to find a topological field theory for a p-wave superconductor system to which
one can introduce terms capturing the non-universal behavior at shorter length
scales. “Topological theory” here refers to physics on length and time scales
larger than any of the scales in the system, thus containing information about,
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e.g., degeneracies and statistics of the quasi-particle excitations. To have such a
field theory can be very powerful. A good example is the Abelian Chern-Simons
theory proposed by Wen (see [11] for a review) to describe the quantum Hall
states with Abelian anyons. This theory has brought much understanding of
the quantum Hall physics and opened for many new questions which had not
been thought of in the context of more microscopic theories∗.

Fradkin et. al., constructed a topological field theory [13] which has the
expected non-Abelian statistics built in from the expected edge theory of the
Moore-Read state, using the edge-bulk correspondence [14]. It is however not
clear how the topological properties of superconductivity fit in to the picture, or
how to supply it with non-universal short-length physics. We therefore explore
another route opened in Ref. [15]. We start with the topological theory for
a type-two superconductor without gapless modes, the BF-theory [16; 17], and
then add the ingredient which makes the p-wave superconductor special, namely
the Majorino† modes. The Majorino modes are zero-dimensional, zero-energy
Majorana fermions that exist at vortices in a p-wave superconductor. As we
will see, the vortices in the p-wave superconductor couldn’t possibly be non-
Abelian anyons without them. As seen in the accompanying paper, we have
resolved many of the issues that were present in the first work in this direction
[15], and we believe we have taken a significant step towards understanding the
topological limit of the p-wave superconductor.

1.1 Outline
In the first chapters of this thesis we will derive the most essential known results
concerning the expected non-Abelian anyons in p-wave superconductors. The
purpose is to establish what is known from microscopics and which ingredients
we need in an effective theory. In Chapter 2 we will review the microscopic
description of a p-wave superconductor, using the BCS mean field approach.
For simplicity we will treat the two-dimensional spin-polarized version. This
is, however, only for pedagogical reasons, and to keep the notation simple. In
particular, we will study how the zero-energy Majorino modes appear in the
presence of vortices and discuss why they are expected to exist also in a more
general setting. In Chapter 3 we use the results from the previous chapter to
show that the vortices are non-Abelian anyons. We will see that, in the limit of
pinned vortices moving adiabatically slowly, one can establish the non-Abelian
statistics.
∗The quantum Hall states occur for very high magnetic fields, so the kinetic energy is

quantized in Landau levels. For many of the quantum Hall states, all electrons have the
lowest possible kinetic energy. Then the possible many-body states are so restricted that you
can start from the topological theory and actually get a rather accurate guess for the complete
many-body electron wave function (e.g. the paper [12] deals with this subject).
†They are usually refered to as Majorana modes but they are very different from the

Majornas that are discussed in high-energy physics. We will therefore stick the term Majorino,
which was coined by Wilczek [18]. The suffix “ino” is used to denote small, and has nothing
to do with supersymmetry.
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The accompanying paper is in most parts self-contained and we will not
include any of that material. The last chapter will instead provide additional
motivation for the ingredients contained in our effective theory, with the hope
that this will give a better understand of the starting point.

5



Chapter 2

BCS theory for p-wave
pairing of spin-polarized
electrons in 2D

There are more than a thousand materials which have been identified as super-
conductors, and it is believed that all of them can be described by condensation
of Cooper pairs, which are composite object consisting of two electrons. It is
this kind of superconductivity we are interested in, in particular p-wave super-
conductivity, i.e. when the relative angular momentum quantum number l of
the electrons equals 1. There is only one known material probably is of this
kind, namely Sr2RuO4. But as already mentioned, the Moore-Read quantum
Hall state can also be understood as a type of p-wave superconductor.

We will now explain how the Majorino modes appear in p-wave supercon-
ductors. To avoid unnecessary complications, we will discuss the physics within
the simplest relevant model, namely that of spin-less electrons with attractive
short-range interactions in two dimensions.

2.1 The ground state
As our starting point, we choose two-dimensional spin-less electrons. We assume
a parabolic dispersion relation for the electrons, i.e. the single-particle Hamil-

tonian is of the form H1 =
(
−i~∇− e ~A

)2

/2m, and an attractive short-range
interaction

V̂ =
λ

2

ˆ
d2xd2y

[
ψ†(y)ψ†(x)∇2δ2(x− y)ψ(x)ψ(y)

]
reg

where reg denotes that the potential only takes the form λ∇2δ2(x−y) for small
momentum transfers, close to the Fermi surface. The precise form of the poten-
tial is not needed for the discussion at hand. We are expecting a condensation of

6



Cooper pairs, so it is practical to introduce a Hubbard-Stratonovich boson ∆,
which mediates the interaction. More precisely, we add an action for ∆ so that
the classical solution is ∆ = λ(ψ∇ψ)reg, meaning that we can, at the mean field
level, replace the quartic interaction by a term ∆ ·ψ†∇ψ†+h.c. . To go further
we treat the bosons by a mean field approximation, ∆ ≡ ∆z̄ = λ〈ψ∂z̄ψ〉reg and
∆z = λ〈ψ∂zψ〉reg. For simplicity we will from now on drop the subscript reg,
but all momentum sums involving ∆ should be understood to have a cut-offs.
We make the ansatz ∆z̄ = 0, i.e., a solution with broken chiral symmetry, to
get the mean field Hamiltonian

H =

ˆ
d2x ψ† (H1 − µ)ψ + ψ†∆∂zψ

† + h.c. . (2.1)

We start by looking for a homogeneous solution ∆ = const. Fourier transforming
the field operator, ψ(r) =

∑
k e
−ik·rck/

√
V , we get

H =
1

2

∑
k

(
c†k c−k

)( ξk ∆(ky + ikx)
∆(ky − ikx) −ξk

)
︸ ︷︷ ︸

Hk

(
ck
c†−k

)
,

where ξk = k2/2m− µ. Using the symmetry

σxH
∗
kσx = −H−k , (2.2)

we conclude that all negative-energy solutions at −k can be written in terms of
positive-energy solutions Hk(Uk, Vk)T = Ek(Uk, Vk)T , at k. We get the positive
eigenvalues directly from diagonalizing Hk,

Ek =
√
ξk + |∆k|2 .

We can thus diagonalize the Hamiltonian with the positive-energy solutions
Γ†k = Ukc

†
k + Vkc−k,

H = E0 +
∑
k

EkΓ†kΓk .

Note that the normalization |Uk|2+|Vk|2 = 1 is set by the requirement
{

Γ†k,Γk′

}
=

δkk′ . The ground state (|BCS〉) is thus the state annihilated by all Γk, i.e.,
∝
∏

k Γk|0〉. To get the normalization right, we note that

ΓkΓ−k|0〉 = V ∗−k

(
U∗k + V ∗k c

†
−kc
†
k

)
|0〉 ,

and from the requirement |Uk|2 + |Vk|2 = 1, we realize that the correctly nor-
malized ground state is

|BCS〉 =

′∏
k

(
U∗k + V ∗k c

†
−kc
†
k

)
|0〉 ,
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where
∏′ indicates that the product is over half of the k values e.g., k ∈

{kx > 0 or kx = 0, ky ≥ 0}. We of course need to check that our ansatz ∆z = 0
and ∆z̄ = const. is consistent. We have

∆x±iy = λ〈ψ∂x±iyψ〉 =
∑
k

(ky ± ikx)UkV
∗
k =

∑
k

f(|k|,∆)(k2
x ± k2

y) , (2.3)

where f is a function determined by UkV
∗
k . In the last step we used (Uk, Vk) ∝

(f(|k|,∆)(ky + ikx), 1) which one gets from explicitly diagonalizing Hk. Since
the sum in (2.3) is symmetric in interchange of kx and ky we infer that ∆z = 0.
For ∆ we instead get an equation which determine the ground state value of ∆.

2.2 Vortices and the Majorino modes
In this section we will demonstrate how the Majorino modes appear. There
has been much work on this. In the original article [6] the modes were already
mentioned, but they had actually already been found earlier, in the almost
equivalent 3He context [19]. After these articles there has also been much work
[20; 21; 22] to show that the modes are robust and do not depend on the par-
ticular approximations made in the two works first mentioned.

A vortex is a solution where the phase of ∆ winds around some points (vortex
cores). Close to a vortex core r′ we have

∆(r′) = 0

∆(r) = |∆| ein arg(r−r′)+iλ n ∈ Z

where λ is some regular function. There are no analytical self-consistent solu-
tions to the vortex problem, so we will just assume that a solution exists, at
least for some values of the parameters. Since the boson ∆ carries charge 2e we
conclude that for a solution not to require an infinite amount of energy there
must be a magnetic flux close to the vortex with strength nhc/2e. We will now
show that in the presence of vortices with odd strength there are fermionic zero
modes. As we will see in the next paragraph, these zero modes are crucial for
the non-Abelian statistics. It is thus important to know whether these modes
are accidental to the specific choice of parameters and approximations we have
done, or if they are protected and in some sense robust. The fermionic mean
field Hamiltonian (2.1) is quadratic so it can be diagonalized by single-particle
operators

φ†u,v =

ˆ
d2x

(
ψ†(r) ψ(r)

)(u(r)
v(r)

)
, (2.4)

and the Heisenberg equation of motion [φ†u,v, H] = Eφ†u,v is equivalent to(
H1 − µ 1

2 {∆, ∂z}
− 1

2 {∆
∗, ∂z̄} −H∗1 + µ

)
︸ ︷︷ ︸

H

(
u(r)
v(r)

)
= E

(
u(r)
v(r)

)
. (2.5)
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The Hamiltonian H has a number of discrete modes and a continuum. Using
the symmetry

σxH∗σx = −H (2.6)

we notice that if we have an odd number of discrete modes we must have an odd
number of zero modes. Changing the parameters, modes can come down from
the continuum and become discrete and vice versa. But because of the symmetry
(2.6), they must always come in pairs. Therefore we can with certainty say that
as long as the symmetry is preserved we cannot change the parity of the number
of zero modes. If we have one zero mode we will continue to have (at least) one.
If by chance, there were two zero modes for some parameters we know that in
general a small perturbation would gap them out. For generic parameters we
therefore expect to have exactly one. It is important to note that (2.6) is not
a physical symmetry in the sense that it can be broken by adding any extra
term to the Hamiltonian. It follows from the second-quantized Hilbert space
structure, namely [ψ†, H]† = −[ψ,H]. The only way to remove the zero mode
is therefore to absorb it in the continuum, by closing the gap.

The above argument is only valid for a single vortex on the infinite plane.
For any finite system we will necessarily have a even number of discrete modes
and it seems like the argument fails. However, as long as the vortex modes are
exponentially localized, and the vortices are well separated compared to this
length scale, the vortices can still be treated as isolated up to small perturba-
tions. The perturbations would allow tunneling of one vortex zero mode into
another, which, unavoidably, would gap these into two non-localized non-zero
energy modes. But this splitting would be proportional to the tunneling rate,
and therefore exponentially small in λZ/L, where L is the distance between the
vortices, and λZ is the localization length of the vortex modes.

We are thus left with proving that the zero modes are exponentially localized,
and that there is only one (or an odd number) of zero modes, at each vortex.
We cannot solve the equation (2.5) in general, but we can find the zero modes
if we make some approximations. We begin by assuming that we have have an
isolated vortex and no disorder. We let (r, θ) denote polar coordinates centered
around the vortex core. With assumption the only θ dependence in (2.5) is in
the phase of ∆, and we can assume ∆ = f(r)eiΩ with Ω = inθ + iλ and λ a
constant. The ansatz(

u
v

)
= eilθ

(
ei(n−1)θ/2+iλ/2ul(r)
e−i(n−1)θ/2−iλ/2v−l(r)

)
, (2.7)

with (ul(r), v−l(r)) real, diagonalizes H in the θ variable so we are left with
a one-dimensional problem Hl(ul(r), v−l(r))T = E(ul(r), v−l(r))

T . Note that
if n is odd l must be an integer, and if n is even, l must be a half integer.
Completely analogous to (2.2) we have the symmetry σxH∗l σx = −H−l, so if we
have a zero energy solution (ul(r), v−l(r))

T we necessarily have dual solution,
(v−l(r), ul(r))

T . It therefore seems as if all zero modes come in pairs, and we
could not possibly get an odd number. However, when the vortex strength n is

9



odd, we can have solutions which are self-dual,

(u0(r), v0(r))T = (v0(r), u0(r))T ,

and thus have an odd number of zero modes. Let us examine the equation for
a self-dual mode. Since u0(r) = v0(r) we are left with a single one-dimensional
second-order equation. To bring it to a more familiar form we make the gauge
choice A = Aθ(r)θ̂ and make the transformation

u0(r) = χ(r) exp

(
−m

2

ˆ r

f(r′)dr′
)
.

Substituting this into (2.5) gives

−χ
′′(r)

2m
− χ′(r)

2mr
+

((n− 1)/2)2

2mr2
χ(r) +

(n− 1)eAθ(r)

2m
χ(r) +

mf2

8
χ(r) = µχ(r)

which we identify as a Schrödinger equation for a particle of mass m, with
angular momentum k = (n− 1)/2, moving in a potential mf2/8, and a radially
symmetric magentic field B = 1

rAθ + ∂rAθ. If we make the approximation that
the coherence length ξ (i.e. the radius of the region where |∆| differs from it’s
asymptotic value |∆0|) is much smaller than λZ , and the London length λL (i.e.
the radius of region with magnetic field) is much larger than the same length
scale, we can write down the solution,

u0(r) =

e
−m|∆0|r/2Jk

(
r
√

2µm− (m|∆0|)2/4
)

for µ > m|∆0|2/8

e−m|∆0|r/2Ik

(
r
√

(m|∆0|)2/4− 2µm
)

for 0 < µ < m|∆0|2/8 ,

which clearly is exponentially localized. The approximation we made was to
assume that we have an extreme type II superconductor. (For any relevant
choice of parameters we would in any case be in the type II regime.) Note that
we could consistently set ξ = 0, λL = ∞ and λZ non-singular, so the three
length scales are all independent and set by the parameters in the theory.

Now that we have found the zero modes let us describe them in a second-
quantized picture. As we have seen they only exist at odd vortex strength and
for simplicity, let us restrict ourselves to vorticies of strength n = 1. Putting in
the general form of the solution (2.7), with the self-dual condition, the operator
which related to creating a zero mode at a vortex located at Ri is

γi =

ˆ
d2xΨ†(r)

(
eiωiu0 (|r−Ri|)
e−iωiu0 (|r−Ri|)

)
= eiωic†i + e−iωici . (2.8)

Here c†i is the operator which creates the local mode
´
d2xψ†u0 and eiωi is a

square root of the phase eiΩ−i arg(r−Ri), at r = Ri, i.e.

e2iωi = eiΩ−i arg(r−Ri)
∣∣∣
r=Ri

. (2.9)
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We have γi = γ†i , so γi is a fermion which fulfills the Majorana condition. It
is thus a massless zero-dimensional Majorana fermion, a small Majorana – a
Majorino. Now assume that we have 2N well separated vorticies which we, as
in (2.8) label by their position {R0, . . . ,R2N−1}. With the 2N vorticies we
will have 2N linearly independent ground states. To see this we pair up the
operators γi to form complex fermions

αi =
1

2
(γi + iγ2N−i) .

One ground state, |0〉, is annihilated by all αi i.e.,

|0〉 = N

(∏
i

αi

)(∏
E

ΓE

)
|0〉 ≡ Ok|0〉 (2.10)

where ΓE are the operators that annihilate energy eigenstates of energy E > 0.
The other ground states {|k〉} can then be formed by acting with the different
α†i ,

|k〉 =
(
α†0

)k0
· · ·
(
α†N

)kN
|0〉 (2.11)

with ki = 0, 1. Note that one cannot distinguish the different states |k〉 locally,
since they are all equal superpositions of having the state created by c†i occupied
or not. To tell them apart one would have to make a joint measurement on
separated vortices.
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Chapter 3

Non-Abelian statistics

3.1 Anyons
One of the first things we learn when studying quantum mechanics is that
there are two distinct classes of indistinguishable particles, namely bosons and
fermions. As it turns out this statement is dimension dependent, and in two
dimensions we can have particle statistics that is neither fermionic nor bosonic
– it is anyonic. To see how this comes about, let us recall some facts about
quantum mechanics for point particles. We begin by considering the case of
a point particle moving in some subset M of Euclidean space. In the simplest
case the physical states are wave functions that can be considered to be complex
functions on M . To get the change of the wave function along a line we can
integrate the derivative

∂µψ (3.1)

along the line. If we want we can make a local redefinition of the phase of
the wave function (a gauge transformation), ψ → eiλψ, if we at the same time
change all operators according to O → eiλOe−iλ. We can note that to get the
same notion of the change of a wave function along a line, as in (3.1) we have
to replace (3.1) with

(∂µ + iAµ)ψ , (3.2)

where Aµ = ∂µλ are the components of a one-form A = Aµdx
µ, i.e., A = dλ.

In a more general setting, e.g., when we couple to electrodynamics, we have no
natural way of comparing the phase of the wave function at different points,
and we then have to define the change of the wave function according to (3.2),
with A not necessarily exact (i.e., there is no function λ, such that A = dλ).
The curvature dA is determined by the classical system we started with, e.g. it
can be proportional to the background magnetic field.

In a classical theory A is only defined up to a closed form that is a form
a with da = 0. In quantum mechanics a closed but non-exact form however
makes a physical difference. Let us see how this comes about. If M has a
trivial fundamental group (that is, all loops can continuously be contracted to
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a point) then there can be no closed non-exact forms, and the quantization of
the classical system is unique. Let us therefore take M to be a simple example
of a manifold with a non-trivial fundamental group, namely a two-dimensional
annulus, which is a plane where we removed a disc. If A is closed it can be
classified by the phase

eiθ = ei
´
γ
A , (3.3)

that is obtained when one integrates along a line γ encircling the hole in the
annulus. This cannot be removed by multiplying the wave function with a phase
eiλ, so each eiθ corresponds to a different quantization of the same classical
system. The different values of eiθ could for example correspond to different
magnetic flux through the hole in the annulus – a parameter that does not
affect the classical theory.

Since A is closed the integral over A, along some line, does not depend on
the precise path taken. We can therefore remove A by the gauge transformation

ψ(r)→ ψ(r)e
i
´ r
r0
A
, (3.4)

but then our wave functions are not single-valued. Stated differently: Instead of
having A 6= 0 and considering the wave functions to be functions on the annulus,
we can have A = 0, but consider them to be functions on a Archimedes screw
shaped manifold with the boundary condition that the wave functions only differ
by the phase (3.3) between each complete twist.

(a) (b)

(c) (d)

Figure 3.1: In three dimensions we can continuosly contract the path in a),
where one particle encircles another.

We now let M be some topologically trivial three-dimensional manifold and
look at N identical particles on M . Then the space the wave functions are
defined on are (MN − δ)/Sn. Here δ denotes the space of coincident points∗
and Sn is the permutation group. From figure 3.1 we realize that any closed
∗Removing the coincident points is not important but is done to avoid mathematical com-

plications, MN/Sn is a orbifold rather then a manifold. There exists generalizations of the
quantization procedure to orbifolds, but in this case it adds nothing new to consider then.
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loop formed by a single particle can be contracted to identity. So all non-trivial
loops must be built up by transpositions, i.e. exchange of two particles. From
figure 3.2 we see that two transpositions can be continuously transformed into
a loop where one particle encircle the other. There is thus only one element, in
the fundamental group of (MN − δ)/Sn, for each permutation of the particles.
We can therefore conclude that the fundamental group is Sn. Let us see what
the non-trivial closed forms a on this space are. The permutation group is
generated by transpositions, so it is enough to see what values we can get
when we integrate along a path γ that results in a transposition. Since two
transpositions equal identity we have ei

´
γ
a+i

´
γ
a = 1, and we can conclude

that there are two different possibilities: either we get a phase −1, or not,
when we integrate a along a curve with an odd number of transpositions. If
we let a be the closed part of A, in (3.2), these two possibilities correspond to
fermions and bosons respectively†. Analogously to (3.4) one usually includes a
factor ψ(r) → ψ(r)e

i
´ r
r0
a in the wave function for fermions, which means that

one considers wave functions not on (MN − δ)/Sn but on (MN − δ), with the
boundary condition that when two particles change place one get a minus sign.

(a) (b) (c) (d)

Figure 3.2: A loop corresponding to one particle encircling another can conti-
nously be transformed into a double exchange (in the same direction).

We now assume that our base manifoldM is a trivial two-dimensional mani-
fold. Then (MN−δ)/Sn would no longer have Sn as the fundamental group, but
instead a group which is called the braid group (BN ). From figure 3.2 we realize
that loops corresponding to particles encircling one another can be decomposed
into transpositions. We thus realize that the braid group of two particles B2

is just the free group generated by, e.g., counterclockwise, transpositions (T ).
With N particles we instead have N/2 generators ({Ti}) where Ti correspond to
a counterclockwise transposition of particle i and i+ 1, with no other particles
in-between. If |i− j| ≥ 2 it clearly cannot matter if we first exchange particle i
and i+ 1 and then particle j and j + 1, or the other way around. We thus have
the relation

TiTj = TjTi |i− j| ≥2 . (3.5)

†By this we mean that we write A = (A − a) + a, with da = 0, and
´
γ(A − a) → 0 if the

length of γ goes to zero.
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There is also a relation between the two adjacent transpositions, namely

TiTi+1Ti = Ti+1TiTi+1 (3.6)

which we realize by looking at figure 3.3. So the braid group is the group
generated by {Ti} with the relations (3.5) and (3.6).

The braid group is a much more complicated group than Sn and in two
dimensions we have an infinite number of possibilities for the statistics, rather
than just bosons or fermions. However we still cannot get any non-Abelian
representation of the braid group – since the wave functions only can acquire
phases, only U(1) representations are possible. To get a non-Abelian represen-
tation of the braid group we need multicomponent wave functions, in the sense
that the wave functions are specified by n complex numbers rather than one.
Then there would instead be a U(n) phase to compare at different points. For
a trivial manifold this would make no difference since the curvature of A would
still be specified and proportional to identity, but when the fundamental group
is non-trivial we could have more possibilities. With several identical particles
in 2D we could have the possibilities of non-Abelian anyons, i.e., a situation
where it matters in which order particles are braided.

(a) (b) (c)

Figure 3.3: Figure a) shows a loop corresponding to TiTi+1Ti (each vertical
cross section corresponds to a position of the particles on this loop). In b) we
continuously transform the loop such that the particle who starts out to the
right goes behind the other particles earlier. We then straighten up, to see that
we get a path corresponding to Ti+1TiTi+1

.
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3.2 Non-Abelian statistics in the adiabatic limit
In quantum mechanics physical states are rays in a Hilbert space. In other
words, two vectors that only differ by a phase represent the same physical state,
and thus the specific choice of global phase is arbitrary. When we do any cyclic
quantum evolution, that is a loop in the space of rays, the Hilbert space vector
we started with has changed by a phase. This phase has two contributions,
one which depend on the specific Hamiltonian in question, and one which is
called the geometric phase which only depends on the loop in the space of rays
[23]‡. If we assume that the normalized state |ψ(t)〉 is evolved cyclically by the
Schrödinger equation

H(t) |ψ(t)〉 = i~
d

dt
|ψ(t)〉 ,

such that |ψ(T )〉 = eiφ |ψ(0)〉, then the geometric phase is given by

φ+ ~−1

ˆ T

0

〈ψ(t)|H(t)|ψ(t)〉

[23]. The phase we discussed in the previous section, which could occur when
the wave functions are defined on a space with non-trivial topology, does not
depend precisely on the path given but only which element of the fundamental
group it represents. Since that phase has no reference to a Hamiltonian it would
thus, under a cyclic evolution, give a topological contribution to the geometric
phase, which is the characteristic of Abelian anyons. We also concluded, that
to have non-Abelian anyons our rays should not just be a phase, but needed
to have higher dimension. In the previous chapter we have seen how this can
occur in the context of p-wave superconductivity. As we concluded right at
the end of the chapter, there is no (local) measurement that one can do to
distinguish between the states {|k〉}, (2.11), so the physical states are examples
of the multicomponent rays which we have discussed.

We now proceed to determine whether the vortices in the previous section are
non-Abelian anyons. We only have a very limited understanding of the vortices,
since we only know of their properties when they are static. We cannot hope
to get a complete single-particle theory, but we can nevertheless calculate the
geometric phase related to an adiabatic braiding of vortices. That is we assume
that there is some potential, which move adiabatically slowly, that pins the
vortices. We then check whether we have some extra U

(
2N
)
-phase that occur

only when vortices have braided.
To have it as a reference we make a short review of the notion of geometric

phase in the adiabatic limit. In the general case we have a quantum system of
almost degenerate states with an energy gap to excitations. The adiabatic limit
refers to that we move slowly compared to the time scale set by the energy gap,
but fast compared to the splitting of the almost degenerate states. In that limit
‡This phase was first mentioned by Berry [24], but in the special case that the quantum

evolution occurs in the adiabatic limit.
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the time evolution operator, with the dynamic phase ei
´ t EGS(t′)dt′ removed, is

given by the Kato operator [25]

Kγ = Pe−i
´
γ
A

where γ is the path followed in parameter space, P denote path ordering, A =
[P, dP ], d is the exterior derivative in parameter space, and P is the projector
to the degenerate subspace. If γ is a closed curve then Kγ will be an analogy§
to a geometric phase when we have multi-dimensional rays [27].

In a specific basis {|α(p)〉}, that depends smoothly on the position p of the
parameters we vary, the representation of A is

Aαβ(p) = = 〈α(p)| d |β(p)〉 (3.7)

where = denotes the imaginary part, and d is the exterior derivative in parameter
space. If we have a parameter space with a non-trivial fundamental group we
can, in the same way as in (3.4), absorb some of the connection by having a
multivalued basis {|α(p)〉}. With “multivalued” we analogously to (3.4) mean
that if we start at some point in parameter space and follow a closed curve
γ there is a unique prescription of how the phase changes, but it does not
necessarily return to itself if γ is a non-trivial element of the fundamental group.
To make this less abstract we consider the simple example of two identical
fermions in three dimensions localized at R1 and R2. We let γ be a path
where we have interchanged these fermions and Kγ will thus pick up an extra
minus sign from the interchange. If we have smooth basis states |α(R1,R2)〉
we get this sign directly from (3.7). But if we have a state that is multivalued
e.g., |α(R1,R2)〉 = −|α(R2,R1)〉 then the basis dependent expression (3.7)
will pick up no minus sign, since we instead got the sign directly from the
multivaluedness of our basis. Note that this multivaluedness is just a choice,
and there is nothing that necessarily forces us to use a basis that changes sign
when two fermions change place. We could choose a basis with the property
|α(R1,R2)〉 = −|α(R2,R1)〉 also for bosons, but then the basis dependent
expression (3.7) would pick up a minus sign from the interchange and we would
in total get two canceling minus signs. The conclusion we should draw from
this discussion is that if we have a multivalued basis, in the sense that we just
discussed, we can use the basis dependent expression (3.7) but we need to add
the explicit phase we get from analytically continuing the basis. These two
basis dependent parts of the Kato operator, the explicit phase from analytic
continuation and the phase from (3.7), are respectively referred to as the Berry
phase and the monodromy of the basis.

3.2.1 The monodromy of the basis
With the above general discussion we are ready to calculate the monodromy
of the basis (2.11). This was first sketched by Ivanov [8] who, without proof,
§The Kato operator is only defined in the adiabatic limit, so it only generalizes the notion

of geometric phase when we have an adiabatic quantum evolution. The more general notion
of geometric phase for multidimensional rays is given by [26].
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stated, that up to an overall phase, there is no Berry phase from the interchange
of vortices. The basis of course depends on the gauge, i.e. on the phase of ∆,
which in general can vary as we move the vortices. To not have to correct for
this we make the same gauge choice for all positions of the vortices. The “same”
here means that when we make some cyclic move of the vortex configurations
we are back to the same gauge. For example we can choose

exp (iΩ (r, {Ri})) ≡ ∆/|∆| = ei
∑
i arg(r−Ri) .

To specify the basis {|k〉} (see (2.11)) we also have to specify the normalization
constant in the expression for |0〉. We here assume that we can make a choice
such that the multivaluedness of |k〉 originates only from the multivaluedness of
{γi}. If we start at a point in parameter space we have a unique prescription of
the operators d†i along any path, so {|k〉} is a well-defined multivalued basis. We
assume that we have 2N vortices and then our parameter space is the possible
configurations of these vortices. Our parameter space thus has the braid group
as it’s fundamental group. The braid group is generated by interchanges, Ti, of
vortex i and i + 1 with no other in between. The representation of the Kato
operator in our basis under the interchange Ti we will denote by τ(Ti), and the
representation of the monodromy part we will denote by τ̃(Ti).

The multivaluedness of the operators {γi} has two contributions when in-
terchanging vortices. For instance, when we interchange vortex 0 and 1 we first
see that operator c0 in equation (2.8) does not return to itself but goes to c1
and secondly we have a contribution from the phases eiω0/1 (see (2.9)). The
path where the vortices are interchanged can be parametrized by r = |R0−R1|
and θ = arg(R0 −R1)− arg(Rstart0 −Rstart1 ). For a counterclockwise exchange
r goes from rstart back to rstartand θ goes from 0 to π. We now lift the change
in eiΩ0/1 to Ω0/1. We can make the choice 0 ≤ Ωstart0/1 < 2π and we then have

Ω0 = θ + λ0(r, θ)

Ω1 = θ + λ1(r, θ) + π ,

where λi is the phase dependence from the other vortices. Since no other vor-
tices get encircled, we get no winding in λi, and it returns to it self after the
interchange, i.e., λ0/1 → λ1/0. In the definition of the basis {|k〉} we have a
freedom in choosing the sign of the Majorino operators, or put in another way,
when taking the square root of eiΩi to get eiωi we have two choices for each γi.
In terms of ω0/1 the choice amounts to either choosing

ωstart0 =
λ0

2

ωstart1 =
λ1 + π

2

, (3.8)

or adding a π to any of ωstart0/1 . With the above choice we see that when θ goes
from 0 to π then ω0 → ω1 and ω1 → ω0 + π. Combining this with c0/1 → c1/0
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we see that the total change of the basis when we interchange vortex 0 and 1,
in the counterclockwise direction, is

γ0 → γ1

γ1 → −γ0

. (3.9)

If we instead would have made the interchange in the clockwise direction then
γ0 → −γ1. One can note that adding π to any of ωstart0/1 would change which
fermion gets the sign under a clockwise interchange and which gets it under
a counterclockwise interchange. It thus have no physical meaning, and is just
an attribute of the basis choice (3.8). Using the anti-commutation relations
{γi, γj} = 2δij we see that the operator

U =
1√
2

(1 + γ1γ0)

is unitary, has the property

Uγ(1±1)/2U
† = ∓γ(1∓1)/2 ,

and it commutes with γi, when i 6= 0, 1, and with the operators in {γi}⊥. We
can thus conclude that

U |k〉=UOkU
†U |0〉

(recall the definition of Ok from (2.10)) is annihilated by the same operators as
the state we get when continue |k〉, defined with the basis choice (3.8), along a
path corresponding to T0. Since U is unitary we thus have

τ̃(T0) = eiφ0U =
eiφ0

√
2

(1 + γ1γ0) ,

where φ is some unspecified phase. In general, if we make the equivalent choice
as (3.8) for the other Majorino operators, we have

τ̃(Ti) =
eiφi√

2
(1 + γi+1γi) .

3.2.2 The Berry phase
We are now left with calculating the Berry phase. It was Stern et al. [9], who
noted that the earlier arguments by, e.g., Ivanov [8] was not complete, since there
was no guarantee that the Berry phase did not modify the monodromy. Stern
et al., gave an argument for why this does not happen, but their discussion was
unnecessarily involved. A simpler argument was given one year later by Stone
and Chung [28], and the following is an adaptation of their approach.

To calculate the Berry phase we note that the operators γi, see (2.8), depend
on to position of the vortices both through the wave function u0 and the phase
eiω. A general expansion is

dγi =
(
eiωic†i − e

−iωici

)
︸ ︷︷ ︸

γ̃i

idωi + γidk1 + γ⊥i dk2
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where dki is some one-form in parameter space, and γ⊥i denotes an operator
that anticommutes with γi. The two last terms originate from when the exterior
derivative act on u0. Since u0 is real we can conclude that dk1 is real, and since
u0 is exponentially localized at Ri we can conclude that γ⊥i does not only anti-
commute with γi, but with all the Majorino modes. By a direct calculation we
can also check that γ̃i (see the above equation) anti-commutes with all Majorino
modes, so

dα†i = d(γi − iγi+1) = α†idk2 + αidk3 + f
(
{γi}⊥

)
dk4 ,

where dk2 is real and f
(
{γi}⊥

)
is a function only of operators which anti-

commute with the Majorino operators. Using this result we get

=
〈

0

∣∣∣∣ (α0)
k′0 · · · (αN )

k′N d
(
α†0

)k0
· · ·
(
α†N

)kN ∣∣∣∣0〉 =

= =
∑
i

δk′i,0δki,1δk′0,k0 · · · δk′i−1,ki−1
δk′i+1,ki+1

· · · δk′N ,kN
〈
0
∣∣∣ dα†i ∣∣∣0〉

+ =
∑
i

δk′i+ki,2δk′0,k0 · · · δk′i−1,ki−1
δk′i+1,ki+1

· · · δk′N ,kN 〈0 | dk2 |0〉

+ =δkk′ 〈0 | d |0〉 .

The second term on the right-hand side in the above equation is zero, simply
because dk2 is real . The first term is also zero: Looking at the expression
(2.10) we see that even though |0〉 does not have a well defined fermion number
it has a well defined fermion parity: all the operators ΓE and αi are on the form
c† + const. × c, there are no operators of the form const. + c†. Therefore we
can conclude that

〈
0
∣∣∣ dα†i ∣∣∣0〉 = 0. The only term left is thus =δkk′ 〈0 | d |0〉,

which we see give a contribution proportional to identity (an overall phase), and
we finally get

τ(Ti) =
eiφ√

2
(1 + γi+1γi) . (3.10)

We have not determined the phase φ but we can conclude that it has to be
the same for all τ(Ti). The vortices are identical, and the algebraic property
τ(Ti)

q = 1 depends on φ = 2πp/q, and is basis independent. To see that we
have non-Abelian anyons we can now directly check that the operators τ(Ti) do
not commute,

[τ(Ti), τ(Ti+1)] = e2iφγiγi+2 .
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Chapter 4

Background to the
ψBF-theory

In the previous chapters we have summarized what is known about the non-
Abelian anyons in chiral p-wave superconductors from a microscopic perspec-
tive, using a BCS approach. With the ψBF theory we want to find a minimal
description where we can adjust the non-intrinsic details but keep the long range
properties of superconductor and the non-Abelian excitations. The accompa-
nying paper is in most part self-contained, so the we will not reproduce the
calculations again. This chapter is instead meant to give some background to
help the reader to understand the starting point of the ψBF -theory.

4.1 BF-theory and γBF-theory
The starting point of the ψBF theory is, as one might guess, the BF theory.
So we begin by a motivation, or heuristic derivation if you like, of how the
BF theory emerges for superconductors. The relevant variables to describe a
superconductor is the Cooper pair field ∆ and the “electrons” ψ, i.e., broken
Cooper pairs. In these variables the electron number is not conserved but the
electrons are still stable excitations since the parity of the number is conserved
(there is no global U(1) symmetry, but there is a Z2 symmetry). Two electrons
can form a Cooper pair, but a single one cannot. It is the Cooper pairs which
condense, so let us focus on them first. As we know, in the ground state ∆
has some finite modulus. We now look at a condensed solution with localized
fixed vortices. That is, |∆| is constant apart from small regions around the
center of the vortices where it goes to 0. We will thus ignore the variation in
the modulus, and consider only the variation of the phase eiφ of ∆. We then
get the Lagrangian (see e.g. chapter 6 of [29])

L = c1(ξt − 2eat)
2 + c2(ξ − 2ea)2 − jµq aµ + LEM
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where aµ is the electromagnetic gauge potential, ξµ = −ie−iφ∂µeiφ, and jq is
the external electrical current, and the contribution from the fermions. (We
here inherit the convention to denote the electromagnetic gauge potential by
lower-case a from the accompanying paper.) We see that we can get the same
equations of motion with the Lagrangian

L =
π

4e2c1
X2
t +

π

4e2c2
X2 +

Xµ

π

(
aµ −

ξµ
2e

)
+ LEM

where we introduce an auxiliary fieldXµ. The reason for writing ξµ = −ie−iφ∂µeiφ
instead of just ξµ = ∂µφ is because we consider vortices, i.e., points where |∆|
vanish and the phase eiφ winds. We can however still write ξµ = ∂µθ + ξ̃µ with
ξ̃µ being a background field determined by the vortex configuration. Solving for
θ we get ∂µXµ = 0 which is solved by Xµ = εµνσ∂νbσ and we have

L = β1E
2
b − β2B

2
b +

1

π
εµνσ∂νbσ

(
aµ −

ξ̃µ
2e

)
+ LEM , (4.1)

where β1/2 are constants, and Eb and Bb is the electric and magnetic field
associated with bµ, i.e., in Cartesian coordinates

Bb = εij∂ibj

Eb = ∂tb−∇bt .

From equation (4.1) we see that − 1
π ε

µνσ∂νbσ is part of the electromagnetic
current, namely the one associated with the Cooper pair condensate, in other
words the super current jµs ,

jµs = − 1

π
εµνσ∂νbσ .

We note that integrating 1
2π ε

µνσ∂ν ξ̃µ over any space-time surface give the num-
ber of vortices passing through that surface. So defining the vortex unit charge
as 1/e we see that 1

2πeε
µνσ∂ν ξ̃µis the vortex current which we will denote jµv .

By a partial integration we then have

L =
1

π
εµνσbµ∂νaσ − bµjµv − jµq aµ︸ ︷︷ ︸

LBF

+β1E
2
b − β2B

2
b + LEM .

Note that the Maxwell terms, for only the electromagnetic field or only the b
field, give rise to massless excitations (photons), but both of them coupled via
the BF is a massive theory. It is now instructive to write this in a coordinate
invariant form. For that we introduce the metric tensor

g = −β2

β1
dt⊗ dt+ δijdx

i ⊗ dxj
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and we then get

L =
1

π
b ∧ da+ Jv ∧ b+ Jq ∧ a−

√
β1β2

2π
db ∧ ?gdb+ LEM , (4.2)

where ?g is the hodge dual defined by g, i.e.,

(?db)µ = εµνσ

√
g

2
gνλgσδ(db)λδ .

Jq and Jv are the current forms, in Cartesian coordinates Jµν = εµνσj
σ, i.e.,

integrating J over any space-time surface give the charge on that surface∗. In
this form we see that all terms apart from LBF are proportional to the square
root of the metric, i.e., these terms will be proportional to the length-time scale
of the theory. So, if we consider at the topological limit, which extracts what is
left on length scales longer than all natural scales in the theory, we only have the
LBF term. The information that is left in this limit is the anyonic interchange
of a Jq charge and a vortex charge Jv and how the ground state degeneracy
depends on the topology of the manifold.

4.1.1 Maxwell-BF with charge screening
For generic parameters the charge screening length (λD) in the Maxwell-BF
theory is of the same order as the magnetic screening lengths. Since we above
ignored the variation of |∆|, i.e. set the coherence length (ξ) to zero, it is rather
unphysical to have a non-singular λD, which typically is on the atomic length
scale [30].

When deriving the Maxwell theory above we neglected any variation in the
modulus of ∆. This means that we are at a level of approximation where the
coherence length is zero, and adding terms of higher order than the Maxwell
ones, will reintroduce it. We want to work at this level of accuracy, but we also
want some of the physics from the terms of higher order, in particular charge
screening. Usually in a superconductor, charges are screened on a much shorter
length scale (basically on atomic length scale) than the magnetic field. From the
BF-Maxwell Lagrangian we would for generic parameters get a charge screening
on the same length scale as the magnetic screening. This is expected, since it is
the fluctuations in the modulus of ∆ that fill in the charge. Looking at the pure
topological BF part we realize that if we let the charge screening length scale
be zero there is a way to include it without involving the higher order terms. In
the BF-limit we see that the a field is closed, so perfect screening, that is adding
a bosonic ∆ cloud to the charges, will have the effect that they couple only to a
closed gauge field. We can thus include this screening by replacing the coupling
of the fermions, and external charges, to a, by coupling to the closed part of a,
∗To my liking this is actually the best way to describe a current. The notion of whether

there is charge in a region is independent of the metric i.e., you do not need to know the
volume, shape, etc. of a region to know how much charge there is in it. With the charge
vector you cannot know the charge in a region without also knowing the metric.
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which we will denote ω. This can be made precise by the Lagrangian,

L =
1

π
a ∧ db+

1

π
dω ∧ (b̃− b)− Jv ∧ b̃− J q ∧ ω −

√
β1β2

2π
db ∧ ?gdb+ LEM

(4.3)

where b̃ is a multiplier field that determines the singular potential ω in terms of
the vortex sources as

dω = πJv . (4.4)

Substituting (4.4) back into (4.3) we recover the usual source term Jv ∧ b. Note
that the original external charge is given by J q − db̃ and J q is now interpreted
as the external charges, or the fermions, together with an additional cloud of
Cooper pairs.

4.1.2 The γBF-theory
In the p-wave case LBF does not describe the topological limit. We have the
Majorino modes which are massless and are thus still there in the topological
limit. They are hiding in Jq which we so far have treated as only external. In
[15] the zero modes are explicitly put into the theory by introducing a dynamical
Majorana field γ. The proposed Lagrangian was

LγBF =

(
b+

i

4
γdγ

)
∧ da+ Jv ∧ b+ Jq ∧ a .

We look at N vortex sources that at time t has position x′(t),

Jv =

N∑
a=1

maδ
2(x− x′(t))d (x− x′(t)) ∧ d (y − y′(t)) ,

and solving for b we get the action

Smaj =
1

4

N∑
a=1

ma

ˆ
dt γai∂tγa

which is the action for N zero-dimensional massless Majorana fermions, i.e.
Majorinos.

4.2 The next step – ψBF-theory
Why should you read the accompanying paper? The γBF theory is not the end
of the story. The BF-theory contained all the topological information of the
s-wave superconductor, the γBF does not do the same thing for the p-wave:
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1. The theory lacks information; we know that it is only at odd-charged
vortices there should be a Majorino mode, for the γBF-theory the charge
is immaterial, and only comes in as a rescaling of the Majorino operator.

2. In the BF-theory you can add Maxwell terms (and of course also terms
of higher order) to introduce material specific dynamics. The γBF-theory
does not make sense if we, i.e., add the Maxwell terms.

We are therefore still searching for a way to expand the BF-theory. The problem
(2) above could be anticipated. There should only be zero-dimensional Majorana
fermions, but as soon as we introduce Maxwell terms, and introduce a width to
the magnetic field around the vortices, the Majoranas will no longer be zero-
dimensional. From this reasoning we conclude that we have to have a complex
fermion ψ and not only a Majorana. What we do is to resolve the lowest lying
fermionic states, the subgap fermions from J q. In general in a superconductor
[31], not only the p-wave paired ones, there are localized fermionic states at the
vortices with an excitation gap that is smaller than the bulk gap. We localize
them analogously as in LγBF not by a potential but letting the kinetic term
vanish away from the vortices.

4.2.1 The fermionic pairing term
To get a Majorino mode we cannot preserve fermion number and we therefore
have to add a pairing term. The question is how to introduce such a term and
still have gauge invariance, ψ → eiθψ, ω → ω + dθ. This turned out to be
the most time-consuming part of the work behind the accompanying paper and
required some ingenuity. All the details can of course be found in the article, so
here we will just try to explain the idea. We do not want to add the complication
of reintroducing any boson like ∆. The way to proceed is instead to couple the
Nambu spinor Ψ = (ψ,ψ†)T to a two-frame, i.e. two one-forms e1 and e2, with a
Pauli like term, s.t., under a rotation of the frame with a angle θ, Ψ transforms
as eiσ3θΨ. If at the same time ω transforms as ω → ω + dθ we have the desired
U(1) gauge invariance.

To accomplish this we have to parametrize ω in terms of the one-forms e1 and
e2. From (4.4) we see that the information ω holds is that you can determine the
vortex current through any closed loop by integrating ω around that loop. We
note that if we require e1 and e2 to never be linearly dependent they determine
a plane in the cotangent space, and the vortex current through any loop can be
parametrized by how many times e1 and e2 wind around the origin of that plane
as we traverse the loop. Parameterizing ω in terms of e1 and e2 then amounts
to specifying the local rotation of e1 and e2. The different definitions of the
local rotation would just change ω by an exact form since the global property,
that the integral of ω is given around any closed loop is given.
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4.2.2 ψBF -theory – accomplishments and ambitions
With the terms discussed above added, we have constructed an effective field
theory for the 2D spin-less p-wave paired superconductor that faithfully de-
scribes the topological properties of the bulk state, and also provides a model
for the subgap states. Most importantly it gives the Majorino modes, only
for vortices of odd strength, and we can use it to calculate the ground state
degeneracy on the torus. Assuming static, or constant velocity, odd charged
vortices, we can show that our topological field theory becomes the γBF -theory
in a well-defined scaling limit. In this limit we can calculate the non-Abelian
braiding statistics including the Abelian phase (the phase φ in (3.10) is zero).
We thus have an adiabatic derivation of the statistics although by an indirect
route. The thing we have not managed to do, but hopefully will in the fu-
ture, is to reformulate the theory in such a way that one can extract only the
topological part, as in (4.2). The main difficulty is the pairing term for which
we presently see no direct way of extracting a topological piece only. It would
require a parametrization of ω in terms of the two-frame without any reference
to a metric. Since the information in dω is captured topologically, one would
however think that this is possible.
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