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Abstract.
This doctoral dissertation presents a study of the glacial history of the North American Cordillera using
numerical ice sheet modelling calibrated against field evidence. This area, characterized by the steep
topography of several mountain ranges separated by large inter-montane depressions, was once covered
by a large-scale ice mass: the former Cordilleran ice sheet. Because of the irregular topography on which
the ice sheet formed, geological studies have often had only local or regional relevance, thus leaving the
Cordilleran ice sheet least understood among Pleistocene ice sheets in terms of its extent, volume, and
dynamics.

Here, I present numerical simulations that allow quantitative reconstructions of the former ice sheet
evolution based on approximated physics of glacier flow. These simulations show that the geometry of the
Last Glacial Maximum Cordilleran ice sheet was largely controlled by sharp contrasts in regional temper-
ature, precipitation, and daily temperature variability associated with the presence of mountain ranges.
However, this maximum stage appears short-lived and out of balance with contemporaneous climate.
During most of the simulated last glacial cycle, the North American Cordillera is characterized by an in-
termediate state of glaciation including isolated glaciers and ice caps covering major mountain ranges,
the largest of which is located over the Skeena Mountains. The numerically modelled Cordilleran ice
sheet appears in constant imbalance with evolving climate conditions, while the complexity of this tran-
sient response transcends that encapsulated in two-dimensional, conceptual models of ice sheet growth
and decay.

This thesis demonstrates the potential of numerical ice sheet modelling to inform on ice sheet history
and former climate conditions over a glacial cycle, given that ice sheet models can be calibrated against
field constraints.

Sammanfattning.
I min avhandling presenterar jag den glaciala historien för de Nordamerikanska Kordillerabergen baserad
på numerisk ismodellering kalibrerad mot fältdata. Området, som karaktäriseras av branta bergskedjor
och mellanliggande lägre platåer, täcktes tidigare av en inlandsis, Kordilleraisen. Den oregelbundna to-
pografin över vilken inlandsisen bildades har bidragit till att tidigare fältstudier främst har haft ett lokalt
eller regionalt fokus och bland de Pleistocena istäckena hör därför Kordilleraisen till de sämst utredda
när det gäller inlandsisens utbredning, volym och dynamik.

Jag presenterar numeriska simuleringar som är baserade på approximationer av isflödesfysik och
som möjliggör kvantitativa rekonstruktioner av istäckets utveckling. Simuleringarna visar att Ko-
rdilleraisen under dess senaste glaciala maxima till stor del styrdes av markanta regionala kontraster
i temperatur- och nederbördsförhållanden samt dygnsmässiga temperaturvariationer. Inlandsisens största
utbredning under den sista glaciala cykeln var kortlivad. Under största delen av den simulerade glaciala
cykeln karaktäriserades nedisningsområdet av isfält och platåisar samt isolerade glaciärer i bergsked-
jorna, och störst isvolym fanns över Skeenafjället. Den modellerade Kordilleraisen verkar ha varit i kon-
stant obalans med det ständigt förändrande klimatet. Inlandsisens respons på dessa klimatförändringar
var därför vidare mer komplext än vad som har presenterats i tvådimensionella konceptuella modeller av
hur inlandsisen växte till och smälte bort.

I min avhandling demonstrerar jag den potential som numerisk ismodellering har för att kunna dra
meningsfulla slutsatser om nedisningshistoriken och forna klimatförhållanden över glaciala cykler, under
förutsättning att modelleringen kan kalibreras mot fältdata.



Numerical modelling of the Cordilleran ice sheet

Julien Seguinot

List of papers
This doctoral dissertation consists of a cover summary and the following journal articles,
which are referred to by their Roman numerals in the text.

I Seguinot, J., Khroulev, C., Rogozhina, I., Stroeven, A. P., and Zhang, Q.: The ef-
fect of climate forcing on numerical simulations of the Cordilleran ice sheet at
the Last Glacial Maximum, The Cryosphere, 8, 1087–1103, doi:10.5194/tc-8-
1087-2014, 2014.

II Seguinot, J.: Spatial and seasonal effects of temperature variability in a positive
degree-day glacier surface mass-balance model, J. Glaciol., 59, 1202–1204,
doi:10.3189/2013JoG13J081, 2013.

III Seguinot, J. and Rogozhina, I.: Daily temperature variability predetermined
by thermal conditions over ice-sheet surfaces, J. Glaciol., 60, 603–605,
doi:10.3189/2014jog14j036, 2014.

IV Seguinot, J., Rogozhina, I., Stroeven, A. P., Margold, M., and Kleman, J.: Numer-
ical simulations of the Cordilleran ice sheet through the last glacial cycle,
manuscript.

Author contributions

I A. P. Stroeven initiated the Cordilleran ice sheet modelling project; J. Seguinot set-up the ice sheet model
(PISM) and supercomputing workflow, ran simulations and wrote the first draft; C. Khroulev im-
plemented necessary code changes in the model; I. Rogozhina contributed to experiment design;
A. P. Stroeven helped with interpretation of the results; and Q. Zhang prepared some of the forcing
data. All co-authors contributed to improve the text.

II J. Seguinot analysed the weather data, wrote the positive degree day model (PyPDD), ran computations
and wrote the manuscript. A. P. Stroeven contributed with editorial comments at the pre-submission
stage and I. Rogozhina helped to assess the reviews.

III I. Rogozhina provided the original idea; J. Seguinot analysed the weather data and developed a new
parameterization of daily temperature standard deviation. I. Rogozhina and J. Seguinot wrote the
manuscript. A. P. Stroeven contributed with editorial comments at the pre-submission stage.

IV J. Seguinot integrated the new parameterization of standard deviation into PISM, ran the simulations
and wrote the first draft; I. Rogozhina guided experiment design; A. P. Stroeven, M. Margold
and J. Kleman took part in the interpretation and comparison of model results against geological
evidence. All co-authors contributed to improve the text.

http://dx.doi.org/10.5194/tc-8-1087-2014
http://dx.doi.org/10.5194/tc-8-1087-2014
http://dx.doi.org/10.3189/2013JoG13J081
http://dx.doi.org/10.3189/2014jog14j036


Cover summary

Contents

1. Introduction 2

2. North American Cordillera 4
2.1. Topographic setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2. Climatic setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3. Glacial history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3. Numerical ice sheet model 8
3.1. Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2. Field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3. Shallow approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.4. Basal sliding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.5. Bedrock response . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.6. Surface mass balance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.7. Atmospheric forcing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.8. Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4. Results summary 15
4.1. Simulations of the Last Glacial Maximum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.2. Role of daily temperature variability on melt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.3. Simulations of the last glacial cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5. Sources of error 19
5.1. Interaction with the Laurentide ice sheet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.2. Past changes in precipitation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.3. Geothermal heat flux patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

6. Conclusions 20

1



NUMERICAL MODELLING OF THE CORDILLERAN ICE SHEET

1. Introduction

In our daily life, we most commonly experience ice
as small, solid cubes that crackle on contact with re-
freshing liquids. Yet, on geological time scales, and un-
der high pressure, ice behaves quite differently. In the
cold and mountainous regions of the globe, ice accumu-
lates through cumulative snowfall until it reaches a crit-
ical thickness. Beyond this threshold, usually of several
tens of metres, but dependent on temperature, ice de-
forms under its own weight to flow downhill (Fig. 1).
Glaciers, these bodies of moving ice, flow by a combi-
nation of meltwater-induced sliding at the base (de Saus-
sure, 1786, §532), and viscous deformation within the ice
body (Forbes, 1846).

As glaciers flow and slide across their bed, they trans-
port rock debris and erode the landscape, thereby leav-
ing geomorphological traces of their former presence

(Fig. 2). In several parts of the world, montane people and
early explorers learned since long to read these traces,
and to understand that glaciers had once been more ex-
tensive than today (e.g., Windham and Martel, 1744,
p. 21). With the emergence of the glacial theory came
the idea that, under colder temperatures than today, ex-
pansive ice sheets had once covered much of Europe and
North America (Agassiz, 1840).

However, the glacial theory did not gain general
acceptance until the discovery and exploration of the
two present-day ice sheets on Earth, the Greenland and
Antarctic ice sheets, provided a modern analogue for the
proposed European and North American ice sheets. The
first traverse of Greenland was performed by Nansen in
1888, while Amundsen reached the south pole in 1911.
Meanwhile, in the European Alps, it was then discov-
ered from observations of the glacial landscape, that there
had not been only one, but at least four, glacial periods
(Penck and Brückner, 1909).

(a) (b) (c)

Figure 1. Illustration of various glacier ice behaviours: (a) surface crevasses formed by ice flow over a hidden bedrock knob, Glacier
Blanc, French Alps, 2004; (b) medial moraines illustrating downhill ice flow on Susitna Glacier, Alaska Range, photograph by Austin
Post, 1970 (NSIDC, 2009); and (c) mountain glacier calving into a small lake, revealing a folded structure formed by deformed debris
layers in the ice, Glacier d’Arsine, French Alps, 2004.

(a) (b) (c)

Figure 2. Different indicators of past glaciation: (a) glacial valley, exhibiting a broad, U-shaped profile characteristic of erosion by
glaciers, Cirque du Fer-à-Cheval, French Alps, 2013; (b) erratic boulders, deposited in an improbable configuration as the glacier
melted underneath, Finse area, Norwegian Scandes, 2011; and (c) lateral meltwater channels, formed on a gentle slope as the lateral ice
margin retreated towards the valley bottom, Tuya Lake area, Canadian Cordillera, 2012.
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Figure 3. Palaeo-climate records of the last 800 ka. (a) Benthic
oxygen isotope (δ18O) record from a compilation of globally-
distributed deep sea sediment cores (Lisiecki and Raymo,
2005). Higher δ18O values correspond to periods of lower tem-
peratures (Emiliani, 1955) or lower global sea level, and thus
higher ice volume stored in glaciers and ice sheets on land
(Shackleton, 1967). (b) Temperature anomalies (∆T ) recon-
structed from a central Antarctic ice core (EPICA Dome C,
Jouzel et al., 2007). The grey bands indicate the approximate
time span of the last glacial period of 110 to 10 ka.

More recently, palaeoclimate records extracted from
deep sea sediments and ice cores have provided a much
more detailed picture of the Earth environmental his-
tory (e.g., Emiliani, 1955; Shackleton and Opdyke, 1973;
Dansgaard et al., 1993; Augustin et al., 2004), indicat-
ing neither one, nor four, but rather tens of glacial cycles.
During the last 800000 years (800 ka), glacial and inter-
glacial periods have succeeded each other with a 100 ka
periodicity (Fig. 3; Hays et al., 1976; Augustin et al.,
2004). However, much of the traces left by glaciers on
the landscape date from the most recent of these cycles,
the last glacial cycle.

Together, the Greenland and Antarctic ice sheets cur-
rently host almost all glacial ice on the planet, corre-
sponding to 65.6 m of potential sea level rise, were these
ice sheets to melt away entirely (Bamber et al., 2013;
Fretwell et al., 2013). At the apogee of the last glacial
period, global sea level was 120 to 135 m lower than
today (Clark and Mix, 2002), implying an additional,
double amount of ice stored in ice sheets and glaciers
on land. Systematic mapping and compilation of glacial
landforms from all continents (e.g., Prest et al., 1968;
Boulton and Clark, 1990; Kleman et al., 1997; Hättes-
trand, 1998) permitted reconstructions of these former ice
covers (Ehlers and Gibbard, 2007), indicating that the ex-
cess ice volume was repartitioned between more exten-

(a)

(b)

Figure 4. Spatial extent of ice sheet and glacier cover in the
northern hemisphere (a) at present (Patterson and Kelso, 2014),
and (b) during the last glacial maximum (Ehlers and Gibbard,
2007).

sive Greenland and Antarctic ice sheets, the Fennoscan-
dian and Barents-Kara ice sheets in the Eurasian Arctic,
and the Innuitian, Laurentide, and Cordilleran ice sheets
over North America (Fig. 4).

Nevertheless, the landform record is sparse in time
and, most often, spatially incomplete. Palaeo-ice sheets
did not leave a continuous imprint on the lanscape, and
much of this evidence has been overprinted by subse-
quent glacier re-advances and other geomorphological
processes (Kleman, 1994; Kleman et al., 2006, 2010).
Therefore, geomorphological reconstructions of former
glacier extent require a substantial amount of interpreta-
tion. This is where numerical ice sheet models, incorpo-
rating the processes of glacier sliding (e.g., Weertman,
1957) and deformation (e.g., Nye, 1953) observed on
modern glaciers, can help. Although these models alone
contain too many uncertainties to reproduce accurate ice
sheet reconstructions during former glacial cycles (e.g.,
Hebeler et al., 2008), they can be calibrated against ge-
ological data where they exist (Napieralski et al., 2007),
while allowing quantitative reconstructions of ice sheet
sectors where they do not, based on approximated physics
of glacier flow (e.g., Marshall et al., 2002; Tarasov and
Peltier, 2004).

In addition, numerical ice sheet models provide quan-
titative insights on the four-dimensional distribution of
stresses and deformations in palaeo-ice sheets and allow

3
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Figure 5. Relief map of northern North America showing a reconstruction of the areas covered by the Cordilleran (CIS), Laurentide
(LIS), Innuitian (IIS) and Greenland (GIS) ice sheets during the last glacial maximum (21.4 to 16.8 cal 14C kyr BP, Dyke, 2004). The
rectangular box delimits the model domain used in all simulations and most figures of this thesis. The background map consists of
ETOPO1 (Amante and Eakins, 2009) and Natural Earth Data (Patterson and Kelso, 2014).

for reconstructions of their past thickness and volume
evolution, which are difficult to infer from geological ev-
idence.

In this thesis, I focus on numerical modelling of the
last Cordilleran ice sheet, which once covered much of
the mountainous terrain of western North America (Daw-
son, 1888), a region where topographic complexity has
presented a particular challenge to reconstructing glacial
history based on the geomorphological record (e.g., Kle-
man et al., 2010) or numerical ice sheet modelling (e.g.,
Robert, 1991).

2. North American Cordillera

During the last glacial cycle, much of North America has
been covered by ice (Fig. 5). During the Last Glacial
Maximum (LGM), peak of glaciation, three major ice
sheets had collided to form a continuous blanket of ice
that spanned from southern Alaska to Newfoundland,
connecting with the Greenland ice sheet in the Cana-
dian Arctic, and extending as far south as Chicago. The
Laurentide ice sheet, largest of the three, was centred on

the Hudson Bay, and fully covered the Canadian Prairies,
Eastern Canada, and the Great Lakes Basin. The Innuitian
ice sheet, much smaller, covered the northernmost Cana-
dian archipelago. Finally, the Cordilleran ice sheet, inter-
mediate in size, capped the mountain ranges of the West-
ern Cordillera.

2.1. Topographic setting

The North American Cordillera forms an elongated but
broad mountain system with an average east-west width
of about 1000 km (Fig. 6). Its topography is a com-
plex jigsaw of mountain ranges and interior basins. It
was formed during multiple accretion phases associated
with the closure of several back-arc oceanic trenches,
over a 200 million year (200 Ma)-long geological history
(Sigloch and Mihalynuk, 2013).

The dominant reliefs occur along two major ribbons
that run parallel to each other along the general orienta-
tion of the North American Cordillera. The western rib-
bon is formed by the Pacific Coast orogenic belt and in-
cludes, from north to south, the Alaska Range (Fig. 7), the
Wrangell and Saint-Elias Mountains, the Coast Moun-
tains and the North Cascades. The eastern ribbon con-

4
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Figure 6. Topographic map of the northern American Cordillera, oriented north. Cumulative last glacial maximum ice cover (Dyke,
2004) is marked in red, and the model domain in black. The background map consists of ETOPO1 (Amante and Eakins, 2009) and
Natural Earth Data (Patterson and Kelso, 2014).

Figure 7. The Alaska Range hosts several of the highest peaks in the North American Cordillera. Despite this fact and its northerly
location, its north slope hosts relatively small glaciers only, which had not been much more extensive during the Last Glacial Maximum
(Kaufman and Manley, 2004), indicating dry climatic conditions. The Alaska Range is tectonically active and rapidly eroding, as shown
by landslide-covered valley sides on this photograph.
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(a) (b)

Figure 8. Contrasted climates of the North American Cordillera: (a) Pacific Coast at Vancouver Island, western British Columbia,
photograph by Martin Margold, 2010. (b) Fraser Valley, south-central British Columbia, 2010.

sists of the Nevadan and Laramide belts, which are sepa-
rated by the deep and strikingly linear Rocky Mountain /
Tintina Trench depression, and includes the Selwyn and
MacKenzie Mountains in the north, and the Rocky moun-
tains in the south. The Brooks Range of northern Alaska
has been covered by ice, but its glaciers remained disjunct
from the main body of the Cordilleran ice sheet (Kaufman
and Manley, 2004).

The North American Cordillera hosts several inter-
montane basins, the presence of which influenced former
patterns of Cordilleran ice sheet flow. The two major de-
pressions are the Interior Plateau in south-central British
Columbia, and the Liard Lowland in northern British
Columbia (Fig. 6). These two basins are separated by the
Skeena Mountains, a mildly elevated, but extensive and
deeply incised mountain group. This is the most dom-
inant upland area in-between the dominant topographic
ribbons that form the North American Cordillera.

The ubiquitously mountainous topography of the re-
gion presents a serious obstacle to reconstructing the
palaeoglaciology of the Cordilleran ice sheet. Because
of the irregular arrangement of valleys and ridges that
formed the ice sheet’s subglacial landscape, ice moved
along tortuous and intertwined pathways, sometimes fol-
lowing the major topographical troughs, and sometimes
flowing across them (Davis and Mathews, 1944; Kleman
et al., 2010). In terms of numerical ice sheet modelling,
the presence of steep and irregular subglacial topogra-
phy yields complex flow patterns and stress distributions
within the ice sheet and requires high-resolution and thus,
large computational grids.

2.2. Climatic setting

The topographic complexity of the North American
Cordillera is associated with distinctive patterns of tem-
perature and precipitation, whose effects on vegetation

are clearly expressed in the landscape (Fig. 8). Due to the
large latitudinal extent of the region, mean annual tem-
peratures vary significantly from north to south (Fig. 9a).
About half of the model domain has mean annual temper-
atures below freezing. However, temperature seasonality,
here computed as the difference between the warmest and
the coldest months, varies between around 10 ◦C along
most of the Pacific Coast to above 40 ◦C for the continen-
tal Arctic sectors (Fig. 9b). There exists a partial correla-
tion between cold regions and those that have a large sea-
sonality, so that many regions where mean annual tem-
peratures are well below freezing point experience warm
summers.

Annual precipitation rates are highest on the west-
ern slopes of the Pacific Coast ranges and decline quickly
on the eastern side of the mountains (Figs. 8 and 9c). In
terms of ice sheet mass balance, this contrast is even re-
inforced through the differences in timing of maximum
precipitation through the year (Fig. 9d). Coastal regions
receive most precipitation during fall and winter, which
is therefore largely delivered as snow. In contrast, many
inland regions experience dry winters, and most of the an-
nual precipitation consequently falls there as rain during
summer, further enhancing ice melt.

These topographically-induced, spatial variations in
temperature and precipitations tightly constrain the lo-
cation of potential ice sheet nucleation centres that lead
to the formation of a Cordilleran ice sheet. The numer-
ical ice sheet model is therefore highly sensitive to the
choice of input topography and climate used (Sect. 3.7.).
This forms the motivation for the study presented in Pa-
per I, where the climatic setting of the North American
Cordillera is also described in further detail.

6



NUMERICAL MODELLING OF THE CORDILLERAN ICE SHEET

(a) (b) (c) (d)

12 6 0 6 12

Mean annual temperature (°C)

0 10 20 30 40

Temperature seasonality (°C)

0.1 1.0 10.0

Annual precipitation (m)

DJF MAM JJA SON

Precipitation peak season

Figure 9. Some characteristics of the Cordilleran climate according to the North American Regional Reanalysis (NARR, Mesinger
et al., 2006).

2.3. Glacial history

Evidence from glaciofluvial deposits dated using cos-
mogenic nuclides at 2.64+0.20

−0.18 Ma (uncertainty range
from 2.46 to 2.84 Ma) indicates the first presence of an
ice sheet on the Cordilleran mountains during the late
Pliocene (Hidy et al., 2013). This indicates that the North
American Cordillera has been glaciated many times since
the late Pliocene, with the first of these glaciations oc-
curring even before the mid-Pleistocene onset of 100 ka
glacial cycles (Fig. 3). However, only fragments of the
last few glaciations can be reconstructed from the geo-
logic record, implying that much of the older evidence
has been erased by subsequent glacial re-advances and
perhaps even by other, non-glacial geomorphological
processes.

In the northern sector of the Cordilleran ice sheet do-
main, at least four glaciations have been identified (Duk-
Rodkin, 1999; Ward et al., 2007, 2008; Briner and Kauf-
man, 2008; Demuro et al., 2012; Stroeven et al., 2010,
2014). The two older ones, often collectively referred to
as the Reid and pre-Reid glaciations, pre-date the last
glacial cycle, and are therefore beyond the scope of this
study. The two younger glaciations, however, occurred
both during the last glacial cycle. First, the older one

of the two, the Gladstone Glaciation, reached its maxi-
mum extent between 50.4 ± 3.0 and 54.3 ± 2.0 10Be ka
(Ward et al., 2007), during Marine Oxygen Isotope Stage
(MIS) 4, a period of relatively large global ice volume.
However, evidence from the Gladstone Glaciation has
not been documented along the southern ice sheet mar-
gin, making it difficult to seize its spacial extent. The
younger one of the two last glacial cycle glaciations, the
McConnell Glaciation, is associated with end moraines
of oldest minimum apparent exposure ages of 15.7± 1.5
and 17.7± 1.6 10Be ka (Stroeven et al., 2014), which ap-
pears to correspond to the last global ice volume max-
imum (MIS 2). In contrast to the Gladstone Glaciation,
the McConnell Glaciation appears contemporaneous with
glacial advance of the southern ice sheet margin during
the Fraser glaciation, with a maximum extent attained
between 17.4 and 16.4 14C cal ka (Porter and Swanson,
1998). Within errors inherent to the cosmogenic nuclide
exposure dating methods (Heyman et al., 2011), the Mc-
Connell and Fraser glaciations correspond to the same
glacial episode, which resulted in the LGM extent of the
Cordilleran ice sheet.

Apart from geological evidence of the final demise of
the Cordilleran ice sheet, most field evidence relates to
its LGM extent. It indicates that ice covered most of the

7
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Canadian Cordillera, and some of the adjacent regions
in north-western contiguous USA and Alaska (Fig. 6).
The LGM Cordilleran ice sheet originated from the co-
alescence of several mountain-centred ice caps (Davis
and Mathews, 1944). It is generally thought that the ice
sheet configuration was short-lived (Clague et al., 1980;
Clague, 1985; Cosma et al., 2008), a hypothesis which
can be studied through numerical modelling.

The southern margin of the ice sheet has been stud-
ied extensively, and is in several respects better under-
stood than its northern counterpart (Booth et al., 2003).
It consists of coalescent piedmont lobes, each of which
formed at the outlet of the main valleys. The Puget Lobe
(Thorson, 1980; Porter and Swanson, 1998) was the west-
ernmost and largest one. It covered the Puget Lowland, a
region that comprises the cities of Vancouver and Seat-
tle. Further east, beyond the Cascade Range, the Okana-
gan and Purcell lobes formed the southern Cordilleran
ice sheet margin. The latter dammed the Clark Fork
River, inhibiting runoff and forming Glacial Lake Mis-
soula (Pardee, 1910). As the ice sheet margin retreated,
the lake repeatedly and catastrophically drained to the Pa-
cific Ocean (Bretz, 1923; Waitt, 1980). These floods con-
tributed to shape a distinctive landscape, known as the
Channeled Scabland.

The western margin of the Cordilleran ice sheet cov-
ered part of the Pacific continental shelf. An indepen-
dent ice cap covering Vancouver Island diverted flow
from the main body of ice to drain into the Strait of
Georgia and then between Vancouver Island and the
Olympic Peninsula, where it formed the Juan de Fuca
marine ice lobe, calving into the Pacific Ocean (Herzer
and Bornhold, 1982). Further to the North, the ice mar-
gin encroached the Queen Charlotte Islands (Blaise et al.,
1990). However, the archipelago may not have been fully
ice-covered, even during the maximum of glaciation.
Submarine troughs traversing several portions of the con-
tinental shelf (Fig. 6) indicate the erosional action of
additional ice streams, yet it is not clear whether they
have formed during the last glacial cycle or during ear-
lier glaciations.

Finally, the conditions at the eastern margin of the
Cordilleran ice sheet are the least understood. Although
it is known that the Cordilleran ice sheet collided with the
Laurentide ice sheet at times during the last glacial cycle
(e.g. Margold et al., 2013a,b), the nature of the interac-
tion between the two ice sheets and the precise location of
this junction remains unclear (Gowan, 2013), while lim-
ited information exists on its timing (e.g., Jackson et al.,
1997; Bednarski and Smith, 2007). Because the present
thesis focuses specifically on the Cordilleran ice sheet, I,
therefore, neglect buttressing effects of the Laurentide ice
sheet.

The retreat of the ice sheet during the last deglacia-
tion was likely rapid. Most of the evidence for the style
and pace of deglaciation comes from the Interior Plateau
of British Columbia. Studies there have indicated that
some of the highest uplands emerged from the ice sheet
prior to the surrounding lowlands, possibly resulting in
thin, stagnant ice remnants covering parts of the plateau
(Fulton, 1967, 1991; Margold et al., 2011, 2013b). Less
is known about the deglaciation of the northern sector
of the Cordilleran ice sheet, but abundant glacial land-
forms from the Liard Lowland indicate a different mode
of deglaciation, with active retreat of the ice margin to-
wards the surrounding mountain ranges (Margold et al.,
2013a). Patterns of deglaciation, as well as the possibil-
ity for a late-glacial re-advance, are discussed in further
detail and compared with modelling results in Paper IV.

3. Numerical ice sheet model

3.1. Overview

The simulations presented in this thesis employ the Par-
allel Ice Sheet Model (PISM), an open-source, finite-
difference, shallow ice sheet model (the PISM authors,
2014). The model requires bedrock topography, sea level,
geothermal heat flux and climate forcing as inputs, and
computes the thermal and dynamic states of the ice sheet,
and the associated thermal and deformational responses
of an idealised lithosphere. However, the atmosphere and
ocean are not part of the model. Instead, PISM includes
boundary models that provide simple parametrisations of
their interaction with the ice sheet across interfaces that
are assumed to be well defined (Fig. 10).

This section does not attempt to provide an extensive
description of PISM, which can be found in an on-line
documentation (http://www.pism-docs.org, the PISM au-
thors, 2014). Instead, it aims to highlight the modelling
choices that I have made in this thesis, and to present an
overview of the physics involved in these choices.

Vectors are identified by bold arrow symbols (~v) and
second-order tensors by bold symbols (σ), while scalars
use a normal font (s). The divergence of a vector field is
written div ~v, and ~grad s denotes the gradient of a scalar
field. The divergence of a tensor field is characterised by
~divσ and the gradient of a vector field by grad ~v. The

race of a tensor σ is written tr(σ). Parameter values are
summarised in Table 1, page 12.

3.2. Field equations

The thermodynamic core of the ice sheet model relies on
four elementary field equations: the equation of incom-
pressibility, the balance of stresses, the constitutive law
for ice, and the conservation of energy. Firstly, ice flow

8
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atmosphere

ice sheet

ocean

bedrock
PISM

Figure 10. PISM is a numerical model for ice and bedrock
physics. Processes occurring at the interface with the atmo-
sphere and the ocean, that are progressive transitions in nature,
are parametrised along well-defined boundaries in the model.
After the PISM authors (2014).

x

z

s

b

~v
~g

σzz
τxz

τxz
σxx

h

Figure 11. Sketch of notations used for the main variables of
the ice sheet model. An infinitesimal ice parcel is moving at
velocity ~v, under the balance of stresses σ and gravity ~g.

is assumed incompressible. Hence, ice density, ρ, is con-
stant, and conservation of mass therefore implies a con-
servation of volume, which can be expressed in terms of
the ice velocity vector, ~v (Fig. 11), by

div ~v = 0 . (1)

Secondly, the balance of stresses is expressed by the
Stokes equation, thus assuming creeping flow. In other
words, ice is considered as a slow-moving fluid whose de-
formation is entirely controlled by internal friction, here
expressed by the Cauchy stress tensor, σ, and the gravity
vector, ~g:

~divσ + ρ ~g = ~0 . (2)

Thirdly, after defining the strain-rate tensor
ε̇ = 1

2 (grad ~v + grad ~vT), and the deviatoric stress
tensor, τ = σ + p δ, where p = − 1

3 tr(σ) is the hydro-
static pressure and δ is the identity tensor, a constitutive

law for ice (Nye, 1953) based on laboratory experiments
(Glen, 1952) is used to relate these two quantities. It
reads:

ε̇ = Aτn−1e τ . (3)

The equivalent stress, τe, is defined by τe2 = −IIτ =
1
2 tr
(
τ 2
)
, where IIτ is the second invariant of the stress

tensor. The ice softness coefficient, A, depends on ice
temperature, T , pressure, p, and water content, ω, through
an Arrhenius-type law (Paterson and Budd, 1982; As-
chwanden et al., 2012, Eqs. 63–65),

A =

{
Ac(1 + fω) e

−Qc
RTpa if T < Tc ,

Aw(1 + fω) e
−Qw
RTpa if T ≥ Tc ,

(4)

where Tpa is the pressure-adjusted temperature calcu-
lated using the Clapeyron relation, Tpa = T − βp. R is
the ideal gas constant, and Ac, Aw, Qc and Qw, are con-
stant parameters corresponding to values measured below
and above a critical temperature threshold Tc = −10 ◦C
(Table 1; Paterson and Budd, 1982). The water fraction,
ω, is capped at a maximum value of 0.01, above which no
measurements are available (Lliboutry and Duval, 1985;
Greve, 1997, Eq. 5.7).

For a convenient derivation of the shallow shelf ap-
proximation, developed in the next section (Sect. 3.3.),
the constitutive law can be rewritten using an inverted
formulation. Assuming ε̇2e = 1

2 tr
(
ε̇2
)

and B = A−1/n,
Eq. (3) becomes

τ = B ε̇(1/n)−1e ε̇ . (5)

By analogy to Newtonian flow, an apparent viscosity,
ν, can then be defined by τ = 2νε̇, thus yielding

ν =
B

2
ε̇(1/n)−1e . (6)

Finally, the evolution of temperature within the ice
is governed by the conservation of energy. In PISM, the
conservation of energy uses an enthalpy formulation in
order to account for thermodynamic effects associated
with internal phase changes in the glacier (Aschwanden
et al., 2012, Eqs. 20–21). This enthalpy (H) formulation
reads

ρ

(
∂H

∂t
+ ~v · ~grad H

)
= −div ~q +

νε̇2e
4
, (7)

where ~q represents the heat flow and νε̇e
2/4 = tr(τ ε̇)

is a source term corresponding to strain heat release. In
the case where ice temperature, T , is below the pressure-
melting point, the heat flow is modelled by Fourier’s law,
~q = k ~gradT , where k is the thermal conductivity of
ice, while enthalpy can be expressed as H = c T , where

9
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c denotes the ice specific heat capacity (Table 1). Conse-
quently, the enthalpy equation (7) can be rewritten using
a perhaps more familiar, cold-ice, temperature formula-
tion,

∂T

∂t
+ ~v · ~grad T =

k

ρc
∆T +

νε̇2e
4ρc

. (8)

Note that, here, the term “enthalpy” is actually an abuse
of language, commonly used in glaciology as a synonym
of “interval energy” (Aschwanden et al., 2012).

Eqs. (1), (2), (3) and (7) constitute the thermody-
namic basis of the model. However, their resolution in
full form implies a computational demand too high for
multi-millennial, continental-scale applications, such as
the numerical modelling of the Cordilleran ice sheet
through the last 100 ka glacial cycle, thus requiring shal-
low approximations.

3.3. Shallow approximations

PISM employs two well-documented approximations of
the ice flow equations: the shallow ice approximation
(SIA) and the the shallow shelf approximation (SSA). Al-
though both approximations can be derived from a rigor-
ous scaling approach (Morland and Johnson, 1980; Hut-
ter, 1983; Morland, 1987; Weis et al., 1999), I won’t ex-
pand these lengthy derivations here, assuming instead the
simplifications and focusing on their effect.

Distinguishing the hydrostatic and deviatoric compo-
nents of the stress tensor, the balance of stresses (2) can
be expanded into

~div τ − ~grad p+ ρ ~g = ~0 . (9)

Projecting along the three Cartesian axes, this reads

∂τxx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

=
∂p

∂x
, (10a)

∂τyx
∂x

+
∂τyy
∂y

+
∂τyz
∂z

=
∂p

∂y
, (10b)

∂τzx
∂x

+
∂τzy
∂y

+
∂τzz
∂z

=
∂p

∂z
− ρg . (10c)

The shallow ice approximation (SIA) assumes that
basal friction is high enough for the vertical shear stresses
{τxz, τyz} to predominate over all other components of
the deviatoric stress tensor. In this framework, the pro-
jected stress-balance can be simplified to

∂τxz
∂z

=
∂p

∂x
, (11a)

∂τyz
∂z

=
∂p

∂y
, (11b)

0 =
∂p

∂z
− ρg . (11c)

Neglecting atmospheric pressure, Eq. (11c) yields the
pressure,

p = ρg(s− z) , (12)

varying from zero at the ice surface, s, to ρgh at the base,
b = s− h (Fig. 11). This expression can be re-introduced
into Eqs. (11a) and (11b), thus yielding the expression
of the horizontal shear stresses, sometimes referred to as
driving stresses,

τxz = −ρg(s− z) ∂s
∂x

, (13a)

τyz = −ρg(s− z)∂s
∂y

. (13b)

Using the constitutive law (3), vertical derivatives of
horizontal velocities can be related to the horizontal shear
stresses:

∂vx
∂z

= 2A(τ2xz + τ2yz)n−1τxz , (14a)

∂vy
∂z

= 2A(τ2xz + τ2yz)n−1τyz . (14b)

Thus, within the framework of the SIA, horizontal ve-
locities ~vSIA can be directly expressed as a function of
the slope gradient,

∂vx
∂z

= −2A(ρg)n(s− z)n
(
∂s

∂x
+
∂s

∂y

)n−1
∂s

∂x
,

(15a)

∂vy
∂z

= −2A(ρg)n(s− z)n
(
∂s

∂x
+
∂s

∂y

)n−1
∂s

∂y
,

(15b)

which yields, in vectorial notation,

∂~vSIA
∂z

= −2A (ρg)n (s− z)n | ~grad s|n−1 ~grad s .

(16)
From Eq. (16) it can be seen that shallow ice veloci-

ties, ~vSIA, can be directly computed from the geometry of
the ice sheet surface, s, after a single vertical integration
over the ice thickness, in order to account for variations
of ice rheology, A, with depth.

The shallow shelf approximation (SSA), in contrast
to SIA, assumes that basal friction is low enough for
ice to deform uniformly within the entire ice column. In
this context, the stress-balance can be simplified to (Weis
et al., 1999, Eqs. 4.10–4.12)

∂τxx
∂x

+
∂τxy
∂y

+
∂τxz
∂z

=
∂p

∂x
, (17a)

∂τyx
∂x

+
∂τyy
∂y

+
∂τyz
∂z

=
∂p

∂y
, (17b)

∂τzz
∂z

=
∂p

∂z
− ρg , (17c)
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and horizontal velocities can be assumed independent of
depth (Weis et al., 1999, Eq. 4.22), so that

∂vx
∂z

= 0 , (18)

∂vy
∂z

= 0 . (19)

Once again neglecting atmospheric pressure, and re-
membering that tr(τ ) = 0, Eq. (17c) yields the pressure

p = ρg(s− z) + τzz , (20)
= ρg(s− z)− τxx − τyy , (21)

which can be re-introduced into Eqs. (17a) and (17b):

2
∂τxx
∂x

+
∂τyy
∂x

+
∂τxy
∂y

+
∂τxz
∂z

= ρg
∂s

∂x
, (22a)

∂τyx
∂x

+ 2
∂τyy
∂y

+
∂τxx
∂y

+
∂τyz
∂z

= ρg
∂s

∂y
. (22b)

Using the inverse formulation of the constitutive law
(5), components of the deviatoric stress tensor can be re-
placed by corresponding velocity components, yielding

∂

∂x

[
2ν̄

(
2
∂vx
∂x

+
∂vy
∂y

)]
+

∂

∂y

[
ν̄

(
∂vx
∂y

+
∂vy
∂x

)]
+
∂τxz
∂z

= ρg
∂s

∂x
,

(23a)
∂

∂x

[
ν̄

(
∂vx
∂y

+
∂vy
∂x

)]
+

∂

∂y

[
2ν̄

(
∂vx
∂x

+ 2
∂vy
∂y

)]
+
∂τyz
∂z

= ρg
∂s

∂y
,

(23b)

where ν̄ is the depth-integrated apparent viscosity defined
by

ν̄ =
1

H

∫ s

b

ν . (24)

A final integration over the entire ice column yields
(Weis et al., 1999, Eqs. 7.7–7.8)

∂

∂x

[
2ν̄h

(
2
∂vx
∂x

+
∂vy
∂y

)]
+

∂

∂y

[
ν̄h

(
∂vx
∂y

+
∂vy
∂x

)]
+ τbx = ρgh

∂s

∂x
,

(25a)
∂

∂x

[
ν̄H

(
∂vx
∂y

+
∂vy
∂x

)]
+

∂

∂y

[
2ν̄h

(
∂vx
∂x

+ 2
∂vy
∂y

)]
+ τby = ρgh

∂s

∂y
,

(25b)

where τbx and τby correspond to x and y-components of
the basal traction, and will be determined by a sliding law.

~vSIA

~vSSA ~vSIA

~vSSA

ice sheet ice stream ice shelf

~vSIA � ~vSSA ~vSIA ∼ ~vSSA ~vSIA � ~vSSA

Figure 12. Combination of Shallow Ice Approximation (SIA)
and Shallow Shelf Approximation (SSA) velocities in PISM,
assuring a smooth transition between shear-dominant and lon-
gitudinal stress regimes. After Winkelmann et al. (2011, Fig. 1).
Not to scale.

In contrary to the the SIA velocities, ~vSIA, the SSA
velocities, ~vSSA, can not be computed in a direct manner.
Instead, Eq. (25) must be resolved numerically using an
iteration method, in order to obtain approximated values
for ~vSSA.

In PISM, the SIA and SSA velocities are eventually
added (Fig. 12; Winkelmann et al., 2011, Eq. 15):

~v = ~vSIA + ~vSSA . (26)

Because ~vSIA is small where ~vSSA is large, and recipro-
cally, we can expect the model to perform well in regions
where conditions for applicability of either the SIA or the
SSA are met (Fig. 12). However, Eq. (26) is a heuristic,
and its validity in the zone of transition between shear
flow (SIA) and longitudinal flow (SSA) has not been
mathematically proven.

3.4. Basal sliding

Although the SIA is valid only under non-sliding condi-
tions, the SSA requires a sliding law as basal boundary
condition, which in fact constitutes the main control on
SSA velocities and, in turn, the locations of ice streams
in the model.

The simulations presented here use a pseudo-plastic
sliding law,

~τb = −τc
~vb

vthq |~vb|1−q
, (27)

where ~τb is the basal traction force, ~vb is the basal veloc-
ity, and vth is an arbitrary velocity threshold (Table 1).
Note that, in the case of q = 0, Eq. (27) corresponds to a
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Table 1. Constant parameters of the ice sheet model.
Not. Name Value Unit Source

Ice material properties
ρ Ice density 910 kgm−3 Aschwanden et al. (2012)
g Standard gravity 9.81 ms−2 Aschwanden et al. (2012)
n Glen exponent 3 - -
Ac Ice hardness coefficient cold 3.61×10−13 Pa−3 s−1 Paterson and Budd (1982)
Aw Ice hardness coefficient warm 1.73×103 Pa−3 s−1 Paterson and Budd (1982)
Qc Flow law activation energy cold 6.0×104 Jmol−1 Paterson and Budd (1982)
Qw Flow law activation energy warm 13.9×104 Jmol−1 Paterson and Budd (1982)
R Ideal gas constant 8.31441 Jmol−1 K−1 -
Tc Flow law critical temperature 263.15 K Paterson and Budd (1982)
f Flow law water fraction coeff. 181.25 - Lliboutry and Duval (1985)
β Clapeyron constant 7.9×10−8 KPa−1 Lüthi et al. (2002)
ci Ice specific heat capacity 2009 J kg−1 K−1 Aschwanden et al. (2012)
cw Water specific heat capacity 4170 J kg−1 K−1 Aschwanden et al. (2012)
k Ice thermal conductivity 2.10 Jm−1 K−1 s−1 Aschwanden et al. (2012)
L Water latent heat of fusion 3.34×105 J kg−1 K−1 Aschwanden et al. (2012)

Basal sliding
q Pseudo-plastic sliding exponent 0.25 - Aschwanden et al. (2013)
vth Pseudo-plastic threshold velocity 100.0 myr−1 Aschwanden et al. (2013)
c0 Till cohesion 0.0 Pa Aschwanden et al. (2013)
α Effective pressure coefficient (Paper I) 0.95 - Aschwanden et al. (2013)
δ Effective pressure coefficient (Paper IV) 0.02 - Bueler and van Pelt (2014)
e0 Till reference void ratio 0.69 - Tulaczyk et al. (2000)
Cc Till compressibility coefficient 0.12 - Tulaczyk et al. (2000)
Wmax Maximal till water thickness 2.0 m Aschwanden et al. (2013)
b0 Altitude of max. friction angle 0 m -
b1 Altitude of min. friction angle 200 m -
φ0 Minimum friction angle 10/15 ◦ -
φ1 Maximum friction angle 30/45 ◦ -

Bedrock and lithosphere
ρb Bedrock density 3300 kgm−3 -
cb Bedrock specific heat capacity 1000 J kg−1 K−1 -
kb Bedrock thermal conductivity 3.0 Wm−1 K−1 -
qG Geothermal heat flux 70.0 mWm−2 -
νm Mantle viscosity 1×1021 Pa s Lingle and Clark (1985)
ρl Lithosphere density 3300 kgm−3 Lingle and Clark (1985)
D Lithosphere flexural rigidity 5.0×1024 N Lingle and Clark (1985)

Surface and atmosphere
T0 Temperature of snow precipitation 0.0 ◦C -
T1 Temperature of rain precipitation 2.0 ◦C -
Fs Degree-day factor for snow 3.04×10−3 mK−1 day−1 Shea et al. (2009)
Fi Degree-day factor for ice 4.59×10−3 mK−1 day−1 Shea et al. (2009)
γ Air temperature lapse rate 6×10−3 Km−1 -

purely plastic law (Winkelmann et al., 2011, Eq. 11),

~τb = −τc
~vb
|~vb|

. (28)

The yield stress τc is related to till properties by the
Mohr-Coulomb criterion,

τc = c0 +N tanφ . (29)

The till cohesion c0 is assumed to be zero. The ef-
fective pressure on the till, N , is determined by the mod-
elled amount of water at the bed. However, two different
parametrisations are used within this thesis. In Paper I,
using PISM 0.5, the effective pressure is linearly related

to water content by a simple parametrisation (Winkel-
mann et al., 2011, Eq. 13),

N = ρgh(1− α W

Wmax
) , (30)

where W is the amount of water at the bed, and varies
from zero to Wmax = 2 m, a threshold above which
further melt simply exits the system, thus assuming in-
stantaneous drainage. Although mass-conserving water
drainage is now implemented in PISM (Bueler and van
Pelt, 2014), it is not included in the simulations presented
here for the sake of simplicity.

In Paper IV, using PISM 0.6, the effective pressure
is determined by an empirical parametrisation based on
laboratory experiments on Antarctic till (Tulaczyk et al.,

12



NUMERICAL MODELLING OF THE CORDILLERAN ICE SHEET

2000; Bueler and van Pelt, 2014),

N = δρgh 10(e0/Cc)(1−(W/Wmax)) , (31)

where e0 is a measured reference void ratio, Cc a
measured compressibility coefficient, and δ is a non-
dimensional parameter chosen as 0.02 based on simple
sensitivity tests on the Greenland ice sheet (Table 1).

Finally, the till friction angle, φ (Eq. 29), is taken as
a function of modern bed elevation, with lowest values
occurring at low elevations, thus accounting for a weak-
ening of till associated with the presence of marine sedi-
ments (cf. Martin et al., 2011, Eq. 10),

φ(x, y) =


φ0 if b ≤ b0 ,
φ0 + (φ1 − φ0) b−b0

b1−b0 if b0 < b < b1 ,

φ1 if b1 ≤ b ,
(32)

where b0 = 0 m is modern sea-level and b1 = 200 m is a
rough average of highest observed palaeo-shoreline ele-
vations in the model domain (Table 1; Clague and James,
2002).

3.5. Bedrock response

The modelled ice sheet interacts with the underlying
bedrock in two ways. Firstly, bedrock temperatures are
computed to a given depth by appending the ice enthalpy
model (7) with an underlying bedrock thermal model.
The only process accounted for is vertical heat conduc-
tion, hence this model consists of a simple diffusion equa-
tion,

∂T

∂t
=

kb
ρbcb

∆T , (33)

where kb, ρb and cb are the thermal conductivity, den-
sity and specific heat capacity of the bedrock (Table 1).
Bedrock temperature is conditioned at depth by a fixed
upwards geothermal heat flux qG (Table 1). The bedrock
thermal model is necessary for modelling the Cordilleran
ice sheet on multi-millennial time-scales, because tem-
perature fluctuations caused by climate change and vary-
ing degrees of isolation from atmospheric temperatures
by ice sheet coverage penetrate several kilometres into
the rock, and eventually affect basal ice temperatures.

Secondly, bedrock elevation evolves in response to
the ice weight. The bedrock deformation model used in
this thesis describes the flexure of an elastic lithosphere
on top of an infinite half-space viscous mantle (Lingle
and Clark, 1985). It can be described by a single pseudo-
differential equation of the bed elevation, b,

2νm | ~grad | ∂b
∂t

+ ρlgb+D∆2b = σzzb , (34)

where νm is mantle viscosity, ρl is lithosphere density,
D is the lithosphere’s flexural rigidity (Table 1), and σzzb

corresponds to the ice load (Bueler et al., 2007). Here,
∆2 = (div ~grad )2 designs the biharmonic (Laplacian
square) operator of linear elastic theory, while | ~grad | is
a pseudo-differential operator defined through its Fourier
transform by Bueler et al. (2007, Eq. 6). On the left-hand
side of Eq. (34), the first term accounts for mantle relax-
ation, the second for local isostasy, and the third for elas-
tic flexure. Due to high mantle viscosity, νm, there exists
a time lag between the ice sheet growth and the isostatic
bedrock response.

3.6. Surface mass balance

At the interface between the ice sheet and the atmosphere
(Fig. 10), surface mass fluxes are computed from monthly
mean surface air temperature, Tm, and monthly precip-
itation, Pm, using a temperature-index model (Fig. 13;
cf. Hock, 2003). Snow accumulation, As, equals precip-
itation when temperature is below T0 = 0 ◦C, and de-
creases to zero linearly with temperature between T0 and
T1 = 2 ◦C,

As =


Pm if Tm ≤ T0 ,
Pm

T1−Tm

T1−T0
if T0 < Tm < T1 ,

0 if T1 ≤ Tm ,

(35)

Surface melt,M , is assumed proportional to the num-
ber of positive degree days (PDD), defined over an arbi-
trary time interval, [t1, t2], as the integral of positive Cel-
cius temperature θ = T − T0,

PDD =

∫ A

0

max(θ(t), 0) dt . (36)

For multimillenial simulations of palaeo-ice sheet
evolution such as presented in this thesis, daily or hourly
temperature data is not available, forcing the PDD com-
putation to rely on an idealised representation of the an-
nual temperature cycle, θac. Sub-annual temperature vari-
ability around the freezing point, however, significantly
affects surface melt on a multi-year scale (Arnold and
MacKay, 1964). It is then typically included in the mod-
els under an assumption of normal temperature distribu-
tion, using a standard deviation parameter σPDD in the
PDD computation (Braithwaite, 1984). PDDs can then
be computed using a double-integral formulation (Reeh,
1991),

PDD =
1

σPDD

√
2π

×
∫ t2

t1

dt

∫ ∞
0

dθ θ exp

(
− (θ − θac)2

2σ2
PDD

)
, (37)
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or more efficiently using an error function formulation
(Calov and Greve, 2005),

PDD =

∫ t2

t1

dt

[
σPDD√

2π
exp

(
− θ2ac

2σ2
PDD

)
+
θac
2

erfc

(
− θac√

2σPDD

)]
. (38)

In the simulations presented here, Eq. (38) is numer-
ically approximated using week-long sub-intervals. For
each sub-interval, PDDs, which serve as a proxy for the
available energy for melt, define the amount of snow
melt through a proportionality factor, Fs. If all snow is
melted, remaining PDDs are then used to melt ice, using
another proportionality factor, Fi (Fig. 13). The degree-
day factors for snow, Fs, and ice, Fi (Table 1), are de-
rived from mass-balance measurements on contemporary
glaciers in the Coast and Rocky mountains of British
Columbia (Shea et al., 2009). In Paper I, the tempera-
ture standard deviation, σPDD, is a constant model pa-
rameter. In Paper IV, it is computed from daily temper-
ature values from the North American Regional Reanal-
ysis (NARR, Mesinger et al., 2006), using a method ini-
tially developed in Paper II, and further improved upon in
Paper III. Although the PDD model is a crude parametri-
sation of processes happening at the surface of a glacier,
its applicability has been demonstrated (e.g. Hock, 2003),
while other, physically-based methods (e.g. Hock, 2005),
require a precise knowledge of the physical state of the
atmosphere, which typically is highly uncertain for past
periods such as the last glacial cycle.

3.7. Atmospheric forcing

Atmospheric forcing of the model consists of a present-
day monthly climatology, {Tm0, Pm0}, modified by
temperature-offset corrections, ∆TTS , and lapse-rate cor-
rections, ∆TLR,

Tm(t, x, y) = Tm0(x, y) + ∆TTS(t) + ∆TLR(t, x, y) ,

(39a)
Pm(t, x, y) = Pm0(x, y) . (39b)

The present-day monthly climatology is computed
from near-surface air temperature and precipitation rate
fields extracted from observational data and atmospheric
reanalyses (Table 2). The lapse-rate correction, ∆TLR, is
computed from the ice sheet surface elevation, s, in re-
lation to the climate input reference bedrock topography,
bref ,

∆TLR(t, x, y) = −γ [s(t, x, y)− bref (x, y)] (40)
= −γ [h(t, x, y) + b(t, x, y)

− bref (x, y)] , (41)

Compute snow accumulation, As

Compute PDDs

Update snow depth
S ← S + As

Compute potential snow melt
Ms,p := PDD × Fs

Ms,p > Hs?

Melt some snow
Ms := Ms,p

Melt no ice
Mi := 0

Melt all snow
Ms := Hs

Melt some ice
Mi := (PDD−Ms

Fs
)×Fi

Compute surf. mass balance
SMB := As − Ms − Mi

Update snow depth
S ← S − Ms

No Yes

Figure 13. Positive degree-day algorithm used to compute ac-
cumulation and melt at the ice sheet surface. Adapted from the
PISM authors (2014).

thus accounting for the evolution of ice thickness,
h = s− b, on the one hand, and for differences between
the the ice flow model basal topography, b, and the cli-
mate input topography, bref , on the other hand. All sim-
ulations use an annual temperature lapse rate of γ =
6 K km−1 (Table 1).

In Paper I, we test the sensitivity of the ice sheet
model to five different input present-day climatologies,
{Tm0, Pm0} (Table 2), while adopting a range of constant
temperature-offset corrections, ∆TTS , between -10 and
0 K. In Paper IV, on the contrary, we test ice sheet model
sensitivity to time dependent temperature-offset correc-
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Table 2. Sources of forcing data used to inform the ice sheet model.
Name Type Original reference Employed in

ETOPO1 Bedrock topography Amante and Eakins (2009) Paper I, Paper IV
WorldClim Gridded observations Hijmans et al. (2005) Paper I
NCEP/NCAR Atmospheric reanalysis Kalnay et al. (1996) Paper I
ERA-40 ” Uppala et al. (2005) Paper III
ERA-Interim ” Dee et al. (2011) Paper I, Paper II
CFSR ” Saha et al. (2010) Paper I
NARR ” Mesinger et al. (2006) Paper I, Paper IV
GRIP Ice-core δ18O record Dansgaard et al. (1993) Paper IV
NGRIP ” Andersen et al. (2004) Paper IV
EPICA ” Jouzel et al. (2007) Paper IV
Vostok ” Petit et al. (1999) Paper IV
ODP 1012 Sea-floor UK′

37 record Herbert et al. (2001) Paper IV
ODP 1020 ” Herbert et al. (2001) Paper IV

Table 3. Properties of the Canadian Atlas Lambert conformal
conic projection (EPSG code 3978) and the GRS 1980 ellip-
soid, and corresponding PROJ.4 parameter names, as used in
all model runs, ice volume and area calculations, and most fig-
ures.
Parameter Name Value

Projection name +proj lcc
Central meridian +lon_0 95◦W
Latitude of origin +lat_0 49◦N
First secant parallel +lat_1 49◦N
Second secant parallel +lat_2 77◦N
Semimajor radius +a 6378137 m
Reciprocal flattening +rf 298.257222101

tions derived from six different palaeo-temperature proxy
records (Table 2).

3.8. Numerical implementation

In PISM, the SIA and the SSA are resolved numerically
using centred, explicit finite difference methods. Ice ve-
locities, ~vSIA and ~vSSA, are computed on a staggered
grid, i.e., a grid offset by half a grid cell in both di-
rections of the x- and y-axes (Bueler and Brown, 2009;
Winkelmann et al., 2011). The computation of SSA ve-
locities involves the numerical resolution of Eq. (25).
After discretization, this can be thought of as the in-
version of a large but sparse linear system of the form
A~vSSA = ~b. This sparse linear problem is resolved in
parallel by numerical iteration methods implemented in
PETSc (Balay et al., 2014). The simulations presented
here use the generalized minimal residual method (GM-
RES, Saad, 2003). The vertically-averaged mass continu-
ity equation is then treated as a diffusion-advection equa-
tion, where SIA velocities are diffusive and SSA veloc-
ities advective (Bueler and Brown, 2009; Winkelmann
et al., 2011). The horizontal grid uses the Canadian At-
las Lambert conformal conic projection (Table 3). Time-
stepping is adaptive.

4. Results summary

4.1. Simulations of the Last Glacial Maximum

Paper I — Seguinot, J., Khroulev, C., Rogozhina, I.,
Stroeven, A. P., and Zhang, Q.: The effect of climate forc-
ing on numerical simulations of the Cordilleran ice sheet
at the Last Glacial Maximum, The Cryosphere, 8, 1087–
1103, doi:10.5194/tc-8-1087-2014, 2014.

As a first step towards a simulations of the Cordilleran
ice sheet through the last glacial cycle, I have opted to run
the ice sheet model under a range of constant temperature
depressions, targeting the LGM as the period for which
ice sheet limits are best known. These simulations, per-
formed on a 10 km grid, use constant temperature depres-
sions from the present climate state, which is represented
using five different input climatologies. All model runs
start from ice free conditions and run for 10 ka, a period
chosen as representative of Cordilleran ice sheet build-
up from assumed, negligible ice cover. Although this as-
sumption appears unjustified from results in Paper IV, the
simplistic set-up used in Paper I allowed an assessment
of model sensitivity to the choice of input climatologies,
without involving too many additional parameters.

Discrepancies between the five input data sets used
(Table 2) caused considerable variability in modelled ice
sheet geometries (Paper I, Figs. 5–7). In particular, ice
growth in continental sectors of the modelling domain is
strongly dependent on input precipitation patterns, which
are often poorly resolved by atmospheric reanalysis fields
(Paper I, Figs. 10–14). The closest match between mod-
elled ice sheet extent and the reconstructed LGM ice mar-
gin (Dyke, 2004) was obtained using the North American
Regional Reanalysis (NARR, Mesinger et al., 2006) cli-
matologies and a temperature depression of 7 K (Paper I,
Fig. 15). The relevant simulation is reproduced here, us-
ing a higher horizontal resolution of 3 km (Fig. 14). Fol-
lowing this sensitivity study, I have retained the NARR
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Figure 14. Constant-climate simu-
lation of the LGM Cordilleran ice
sheet using an horizontal resolution
of 3 km. The map depicts modelled
basal topography, cold-based areas
(hatches), surface topography (100 m
contours) and surface velocities, and
a reconstruction of the approximate
ice sheet margin at 16.8 cal ka from
compiled geomorphological evidence
(red contour; Dyke, 2004). The simu-
lation is forced by atmospheric fields
from the NARR (Mesinger et al.,
2006) and a temperature depression
of 7 ◦C, using the set-up described in
Paper I. There are several issues with
this run. First, all east-facing mar-
gins are too extensive as compared
to available reconstructions. Second,
marine advance on the Pacific Shelf
is too restrictive, most notably in the
south-western corner where the Puget
and Juan de Fuca lobes are miss-
ing. Third, en-glacial temperatures
are anomalously low due to brutal ap-
plication of cold climate conditions to
ice-free bedrock at the inception of
the run.
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climatology as input to simulations of the Cordilleran ice
sheet through the last glacial cycle (Sect. 4.3.; Paper IV).

4.2. Role of daily temperature variability on melt

Paper II — Seguinot, J.: Spatial and seasonal effects of
temperature variability in a positive degree-day glacier
surface mass-balance model, J. Glaciol., 59, 1202–1204,
doi:10.3189/2013JoG13J081, 2013.

Paper III — Seguinot, J. and Rogozhina, I.: Daily
temperature variability predetermined by thermal condi-
tions over ice-sheet surfaces, J. Glaciol., 60, 603–605,
doi:10.3189/2014jog14j036, 2014.

Next to the atmospheric forcing, another critical
source of uncertainty in palaeo-ice sheet modelling is the
choice of parameters used by the surface mass balance
model (e.g., Hebeler et al., 2008). In our case, these pa-
rameters are the degree-day factors for snow, Fs, and ice,
Fi (Fig. 13 and Table 1), and the standard deviation of
near-surface air temperature, σPDD (Eq. 38 and Table 1).
Although the first two can only be deduced from sur-
face mass-balance measurements on present-day glaciers
(e.g., Shea et al., 2009) and assumptions that these values
are also valid for palaeo-simulations, σPDD can be esti-
mated from temperature time series (e.g., Fausto et al.,
2011).

In Paper II, I used near-surface air temperatures from
the ERA-Interim reanalysis (Dee et al., 2011) to com-
pute a global, monthly distribution of σPDD. The result-
ing grids show that, although often assumed constant in
ice sheet modelling, σPDD exhibits significant spacial and
temporal variation, most particularly in the polar regions
(Fig. 15; Paper II, Fig. 1). Using a simplified surface
mass balance model, I then demonstrated the effect of this
variation on the computation of positive degree-days (Pa-
per II, Fig. 2), and surface mass-balance (Paper II, Fig. 3).
Neglecting this variability in ice sheet modelling intro-
duces significant errors in modelled PDD and surface
mass balance calculations. Therefore, the Cordilleran ice
sheet simulations presented in Paper IV now include this
effect.

The analysis is extended in Paper III, using re-
analysed air temperatures from ERA-40 (Uppala et al.,
2005). Although of coarser spatial resolution than the
ERA-Interim reanalysis used in Paper II, the ERA-40
time series span over longer time, which is necessary to
compute standard deviation values that are representative
of the long-term daily variability (Rogozhina and Rau,
2014). In Paper III, we demonstrated an inverse correla-
tion between σPDD and monthly mean temperatures, Tm,
over the Greenland ice sheet (Paper III, Fig. 1). This cor-
relation could potentially be used as a parametrisation,
and can be expressed as (Paper III, Eq. 3)

0 1 2 3 4 5 5.3

July PDD standard deviation (K)

Figure 15. July, daily temperature variability in the Arctic,
as shown by monthly standard deviation of near-surface daily
mean air temperature computed from ERA-40 reanalysis (Up-
pala et al., 2005). Note the strong differences between continen-
tal and maritime regions, notably within the modelling domain
(black rectangle). Although daily variability is lowest in sum-
mer, this is when it most importantly contributes to surface melt
and, therefore, net mass balance.

σPDD = −0.15 · Tm + 1.66 . (42)

The effect of the PDD standard deviation, σPDD, on
simulations of the Cordilleran ice sheet is not shown in
any of the papers. However, following these two stud-
ies, a natural step forward was to implement, in PISM,
spatially and seasonally variable σPDD input (PISM is-
sue #179), and the parameterisation expressed by Eq. (42)
over ice-filled grid cells (PISM issue #265). Their effect
on modelled Cordilleran ice sheet surface elevations is
demonstrated here using a constant climate set-up sim-
ilar to the one used in Paper I (Fig. 16). These simula-
tions show that the effect of daily variability is strongest
in continental regions, where the σPDD values are high-
est (cf. Fig. 15). When the results are compared to the
mapped LGM ice limits (Fig. 6), which show a restricted
ice extent in continental areas despite low temperatures
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(a) (b)

elevation difference (m)

(c) (d)

1000 500 0 500 1000 100 50 0 50 100 1000 500 0 500 1000

Figure 16. Effect of temperature variability on Cordilleran ice sheet simulations. Modelled basal topography and surface topography
(250 m contours). The simulations use atmospheric forcing from the NARR (Mesinger et al., 2006), a temperature depression of 7 ◦C,
and different treatments of temperature variability including (a) no daily variability, σPDD = 0; (b) a constant, mean summer (JJA),
model domain-averaged standard deviation value, σPDD = 3.09 K; (c) monthly standard deviation grids derived from the NARR and
(d) monthly grids for ice-free terrain and the Greenland ice sheet, ERA-40-based (Uppala et al., 2005) parametrisation in Paper III,
σPDD = −0.15 · Tm + 1.66. Differences in surface elevation are displayed relative to case (c). Note the different colour scales.

at present (Fig. 9), it appears that including daily temper-
ature variability in the ice sheet model results in a closer
agreement with these limits (Fig. 16b and c). However,
applying the parametrisation derived for the Greenland
ice sheet (Eq. (42)) over ice-filled grid cells partly reverts
this effect (Fig. 16d), indicating that this parametrization
may not be applicable to the former Cordilleran ice sheet.

4.3. Simulations of the last glacial cycle

Paper IV — Seguinot, J., Rogozhina, I., Stroeven, A. P.,
Margold, M., and Kleman, J.: Numerical simulations of
the Cordilleran ice sheet through the last glacial cycle,
manuscript.

The primary goal of my doctoral project has been
to perform numerical reconstructions of Cordilleran ice
sheet history through the last glacial cycle, which forms
the topic of Paper IV. Here, monthly air temperature,
precipitation, and PDD standard deviation climatologies
from the NARR are combined with palaeo-temperature
time-series from six proxy records to produce a time-
dependent climate forcing spanning over the last glacial

cycle (Paper IV, Figs. 2–3). The resulting simulations, us-
ing horizontal resolutions of 6 and 10 km, all produced
two major glaciations during the last glacial cycle, at
MIS 4 and MIS 2. However, the differences in timing
and magnitude of these glaciations are considerable (Pa-
per IV, Figs. 3–4).

Geological evidence for the timing and extent of max-
imum glaciation during the LGM allowed me to select
two simulations, driven by the GRIP (Dansgaard et al.,
1993) and EPICA (Jouzel et al., 2007) ice core records
(Paper IV, Figs. 5–6), as producing the most realistic re-
constructions of the last glacial cycle. Using aggregated
model output from these two runs, I analysed the loca-
tion of transient ice caps before and after the LGM, the
longevity of major ice-dispersal centres, and the rates and
patterns of deglaciation (Paper IV, Figs. 6–15), in rela-
tion to available geological evidence. Modelled ice vol-
ume evolution, expressed as metres of sea level equiv-
alent, and snapshots of ice extent and flow patterns from
the GRIP simulation (Fig. 17) show the growth and decay
of the Cordilleran ice sheet over its last expansion cycle.
An ice cap located over the Skeena Mountains acts as the
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Figure 17. (a) Modelled growth and decay of the last Cordilleran ice sheet. Basal topography, surface topography (1 km contours) and
surface velocity (m/a) are model results. (b) Evolution of total ice volume during the last glacial cycle, expressed as metres of sea-level
equivalent (m s.l.e.). The simulation is performed on a 6 km horizontal grid and adopts atmospheric fields from the NARR (Mesinger
et al., 2006) and temperature offset time-series derived from the GRIP ice-core record (Dansgaard et al., 1993) as described in Paper IV.
Note that, for this run, the Cordilleran ice sheet was almost as voluminous during MIS 4 as it was during the LGM.

primary nucleation centre for the Cordilleran ice sheet.
After the LGM, the ice sheet shrinks rapidly such that its
last remnants reside once again in the Skeena Mountains
towards the end of the deglaciation in the early Holocene.

5. Sources of error

Through sensitivity studies presented in my thesis, I have
identified some of the predominant sources of uncertainty
involved in numerical modelling of the Cordilleran ice
sheet, including the choice of present-day atmospheric
forcing fields, the effects of daily temperature variability,
and the choice of palaeoclimate time series used to sim-
ulate ice sheet growth and decay over glacial cycle time
scales. The resulting simulations, combined with avail-
able geological evidence, yielded estimates of the LGM
Cordilleran ice sheet extent and volume, identification of
the main ice-dispersal centres througout the last glacial
cycle, and understanding of final deglaciation patterns.
However, there remains considerable room for model im-
provements beyond the ones achieved in this thesis. The
foremost sources of error that remain unassessed in this
thesis include potential buttressing effects of the Lauren-
tide ice sheet, changing precipitation patterns with evolv-
ing topography, and regional variability of the geothermal
heat flux.

5.1. Interaction with the Laurentide ice sheet

Certainly the most important assumption made in this
thesis is that of a Cordilleran ice sheet evolution en-
tirely disconnected from its much larger neighbour, the
Laurentide ice sheet. Geomorphological evidence from
the suture zone indicates that, during the LGM, both
Cordilleran and Laurentide ice flow were deflected (Kle-
man et al., 2010; Margold et al., 2013a,b), although it
remains unclear for how long this suture condition has
lasted (Jackson et al., 1997; Bednarski and Smith, 2007;
Gowan, 2013).

Nevertheless, during most of the last glacial cycle, the
two ice sheets have been disconnected (Kleman et al.,
2010). Thus, this assumption only affects numerical re-
constructions of the Cordilleran ice sheet during the LGM
and subsequent deglacation. Numerical odelling results
by Gregoire et al. (2012) indicate that the Laurentide ice
sheet buttress resulted in a thicker Cordilleran ice sheet.
However, numerical modelling alone will neither eluci-
date the nature nor the duration of the interaction between
of the Cordilleran and Laurentide ice sheets. For this, ad-
ditional field constraints will be required.

5.2. Past changes in precipitation

Another important source of error is the treatment of
precipitation, to which the numerical ice sheet model
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is highly sensitive (Paper I). In all sensitivity studies,
we base precipitation patterns on current fields derived
from atmospheric reanalyses. Although the distribution
of precipitation has undoubtedly been affected by past
changes in global climate and the intermittent presence
of ice sheets and ice caps in the Northern Hemisphere,
such changes are difficult to assess. In the North Ameri-
can Cordillera, much of the continental interior was pre-
sumed dryer than today due to the presence of ice caps
on the Pacific Coast ranges, reinforcing the current to-
pographic barrier to eastward moisture transport. How-
ever, some regions were probably wetter as a side effect
of modified atmospheric circulation patterns.

These effects are typically analysed using atmo-
spheric circulation models. However, I have shown that
different atmospheric reanalyses — circulation models
using data assimilation techniques — fail to agree re-
garding the present-day pattern of precipitation over the
modelling domain. These discrepancies, which arise as
a consequence of the highly mountainous terrain, have
dramatic effects on the ice sheet model response. Con-
sidering the lack of observational data for modelling past
climates, the increased computational demand, and a de-
creased familiarity to processes at play, we must expect
that, for ice sheet simulations forced by different palaeo-
climate records, the uncertainty associated to the choice
of atmospheric forcing will be even higher. Alternative
methods of coupling between ice sheet evolution and pre-
cipitation changes need to be developed.

5.3. Geothermal heat flux patterns

Geothermal heat flux forcing, a major contributor to the
modelled distribution of englacial temperatures, and the
location of basal melt areas, was assumed constant over
the modelling domain. However, the geology of the study
area consists of an amalgamation of former subduction
zones, resulting in complex geothermal patterns (Black-
well and Richards, 2004). I am now at the stage to start in-
cluding this variability as a driver to the ice sheet model,
which will offer new opportunities to study its output in
terms of ice flow patterns, consistent basal freezing and
basal melting patterns, regions prone for glacial erosion,
and regions characterised by glacial deposition.

I expect that inclusion of geothermal heat patterns
will allow modelled basal flow directions and distances
to be compared with glacial lineations, which is one of
the main sources of geomorphological evidence used to
reconstruct former ice sheets (Boulton and Clark, 1990;
Kleman et al., 1997, 2010). For instance, in our sim-
ulations, large portions of the Cordilleran ice sheet re-
main cold-based throughout the deglaciation (Paper IV,
Fig. 15). As cold-based glaciers typically do not impact
their beds significantly, this could indicate that some of

the lineation patterns we observe within these zones of
consistent cold-based deglaciation could be older fea-
tures, formed during an earlier phase of advance or re-
treat of the ice sheet. However, without a better control
on the geothermal heat flux, such analyses are perhaps
too premature.

6. Conclusions

In this thesis, I present numerical reconstructions of the
former Cordilleran ice sheet to a level of detail that has, to
my knowledge, not been attained before. Although math-
ematically uncertain, the coupled SIA-SSA approxima-
tion, combined with massively parallel computing, al-
lowed for ice sheet modelling at large spatial scales, high
spatial resolution, and long time scales characteristic of
ice sheet growth and decay.

From the outcome of sensitivity studies and the com-
parison of model output to field constraints, I conclude
the following:

1. Although spatial patterns of glaciation in the North
American Cordillera are sometimes poorly under-
stood, they can be largely explained by the present-
day distributions of temperature and precipitation,
provided an accurate treatment of seasonality, oro-
graphic precipitation, and daily temperature vari-
ability in the model, and a simple temperature-index
accumulation and melt model (PDD).

2. The LGM Cordilleran ice sheet was a transient fea-
ture, out of balance with contemporaneous atmo-
spheric temperatures. Its maximum extent is the re-
sult of a 50 ka-long evolution. Peak glacial tem-
peratures were lower than those needed to sustain
a constant ice sheet geometry because ice sheet
growth was finally inhibited by the deglacial tran-
sition to warmer temperatures. Therefore, this max-
imum stage is not representative of average condi-
tions, as shown in the modelling by persistent ice
caps throughout most of the last glacial cycle.

3. Patterns of growth and decay of the Cordilleran
ice sheet vary spatially and temporally. Two-
dimensional, conceptual models of growth and de-
cay (e.g. Fulton, 1991; Margold et al., 2013b) do
not encompass such diversity. In order to deci-
pher the complexity of geological evidence, the
Cordilleran ice sheet needs to be thought of as a
three-dimensional body of moving ice in perpetual
transformation towards evolving climate conditions.
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