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Abstract

Combinatorial optimization problems include such common tasks as
finding the quickest route to work, scheduling a maximum number of jobs
to specialists, and placing bus stops so as to minimize commuter times.
We restrict our attention to problems in which one is given a collection of
constraints on variables with the objective of finding an assignment satisfy-
ing as many constraints as possible, also known as Constraint Satisfaction
Problems (CSPs). With only a few exceptions, most CSPs are NP-hard to
solve optimally and we instead consider multiplicative-factor approxima-
tions. In particular, a solution is a factor-c approximation if the number of
constraints satisfied by the solution is at least c times the optimal number.
The contributions of this thesis consist of new results demonstrating the
approximation limits of CSPs in various settings.

The first paper studies the hardness of ordering CSPs. In these prob-
lems, one is given constraints on how items should be ordered relative to
one another with the objective of ordering the given items from first to
last so as to satisfy as many constraints as possible. We give improved
approximation hardness results for two classical ordering problems: it is
NP-hard to approximate Maximum Acyclic Subgraph with a factor bet-
ter than 14

15 and Maximum Betweenness with a factor better than 1
2 . We

show that there are ordering problems which are NP-hard to approximate
with any factor that is better than the expected value of random assign-
ments, and that there are ordering problems which are arbitrarily hard to
approximate.

The second paper investigates when collections of simultaneously-sat-
isfiable constraints are hard to approximate. It is known that Gaussian
elimination can efficiently find exact solutions for satisfiable collections of
so-called parity constraints. We show that whenever constraints accept at
least one assignment in addition to parities, then the problem is instead NP-
hard to approximate noticeably better than picking random assignments.
This result is an unconditional analogue of previous work relying on the d-
to-1 Conjecture and we largely follow the conditional proofs with general
modifications so as to eliminate parameter dependencies and ultimately
the need for the conjecture. In contrast to the conditional results however,
we are only able to establish the result for constraints acting on at least
four variables each.

The third paper considers the strong hardness property called use-
lessness. This property states that if given a collection where almost all
constraints are simultaneously satisfiable and one is furthermore permitted
to relax the constraints to accept or reject additional assignments, then it
is still NP-hard to find a solution with value significantly better than what
is expected from assigning the variables randomly. Uselessness has been
characterized assuming the Unique Games Conjecture while the story is
less clear without it. We consider the setting where all variables appear
unnegated in constraints and provide the first examples of non-trivially
useless predicates assuming only P 6= NP.



iv

Sammanfattning

Kombinatoriska optimeringsproblem inkluderar naturliga uppgifter så-
som att hitta den snabbaste vägen till sitt arbetet, att schemalägga ett
maximalt antal jobb bland specialister, eller att placera nya hållplatser
för att minimera resenärers restid. I denna avhandling begränsar vi oss
till de problem i vilket man ges en samling vilkor på variabler med målet
att hitta en tilldelning av variablerna uppfyllandes så många som möjligt
av vilkoren; dessa problem kallas Vilkorsuppfyllningsproblem (eng:
Constraint Satisfaction Problems, CSPs). De flesta CSPs är NP-
svåra att lösa optimalt och vi beaktar istället approximationer. Specifikt
kallas, för 0 ≤ c ≤ 1, en lösning för en faktor-c approximation om an-
talet vilkor uppfyllda av lösningen är minst c gånger det största antalet
uppfyllda av någon lösning. Denna avhandling består av tre artiklar som
presenterar nya resultat begränsande hurpass väl man kan approximera
CSPs i diverse situationer.

Den första artikeln studerar svårigheten av att approximera diverse
ordningsvilkorsproblem. I dessa problem ges man en samling ordningsvil-
kor som anger hur objekt skall ordnas i relation till varandra, och har
som mål att ordna objekten för att uppfylla så många av ordningsvilkoren
som möjligt. Vi ger förbättrade svårighetsresultat för de två mest välkända
ordningsproblem – det är NP-svårt att approximera Maximum Acyklisk
Delgraf (eng: Maximum Acyclic Subgraph) till en faktor bättre än 14

15
och Maximum Mellanliggande (eng: Maximum Betweenness) bätt-
re än 1

2 . Vidare introducerar vi ett ordningsproblem som är NP-svårt att
approximera till en faktor bättre än det förväntade värdet av en slump-
mässig tilldelning. Slutligen bevisas det att för varje c > 0 så finns det
ordningsproblem som är NP-svåra att approximera till faktor c.

Artikel Två analyserar appproximerbarheten av konsistenta vilkors-
mängder. För konsistenta så kallade paritetsvilkor kan man genom Gausse-
limination effektivt hitta fullständiga lösningar. Vi visar att så snart vilko-
ren uppfylls av åtminstonde en tilldelning utöver en paritet så är det istället
NP-svårt att approximera inom en faktor märkbart bättre än slumpmässiga
tilldelningar. Detta resultat var tidigare känt betingat på d-till-1 Hypote-
sen och vi följer i stort det betingade beviset med allmäna modifikationer
för att eliminera parameterberoende och slutligen behovet av hypotesen.
Till skillnad från de betingade resultaten gäller dock vårat bevis blott för
vilkor som agerar på minst fyra variabler vardera.

I den tredje artikeln betraktar vi en stark svårighetsegenskap av vilkor
som kallas oanvändbarhet. Denna egenskap säger att om man ges vilkor
där nästan samtliga är gemensamt uppfyllbara och man tillåts förenkla
vilkoren genom att gemensamt för vilkoren lägga till eller ta bort uppfyl-
lande tilldelningar, så är det fortfarande NP-svårt att hitta en tilldelning
med värde något bättre än slumpmässiga tilldelningar. Vi fokuserar på fal-
let där variabler endast förekommer onnegerade i vilkor. Oanvändbarhet
utan negationer har karakteriserats med hänsyn till Unikaspelshypotesen
(eng: Unique Games Conjecture) medans i princip ingenting är känt utan
hypotesen. Givet endast P 6= NP ger vi de första exemplen på vilkor som
är icke-triviallt oanvändbara utan negationer.
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Foreword

This compilation thesis consists of two logical parts where the first part is a
primer to and synopsis of the three publications comprising the second part. The
former adds no new technical content beyond the publications and is not geared
towards the seasoned researcher. Rather, the aim is to offer a gentle introduction
to the field of approximation hardness, the mathematical tools involved in its
study, and reasonable summaries of our contributions.

Specifically, the first chapter motivates the research field and should be ac-
cessible to a general audience; Chapter 2 elaborates on approximability and
introduces core concepts for proving results within the field; Chapter 3 provides
a flavor of the results in the form of a full proof of a classical approximation-
hardness result but using modern techniques; Chapters 4–6 summarize the con-
tributions of the included publications; and in closing, we reflect briefly on the
results in Chapter 7.

Articles Included
The thesis comprises the following three publications on the approximability of
NP-hard optimization problems. We warn the reader that the definitions of Max
CSP resp. Max CSP+ are switched between Paper II and Paper III.

I On the NP-Hardness of Ordering Constraint Satisfaction Problems
by Per Austrin, Rajsekar Manokaran, and Cenny Wenner;
appeared in the conference APPROX-RANDOM 2013 [6] as well as the
journal Theory of Computing.

II Circumventing d-to-1 for Approximation Resistance of Satisfiable Predi-
cates Strictly Containing Parity of Width (at Least) Four
as sole author;
appeared in the conference APPROX-RANDOM 2012 [54] and extended
in the journal Theory of Computing [55].

III Parity is Positively Useless
as sole author;
presented in part at the conference APPROX-RANDOM 2014 [56] and
included in full in this thesis.
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Chapter 1

Introduction

In this chapter, we introduce the field of Computer Science for a general audience.
Those familiar with the subject may wish to skip to the following chapters.

1.1 What is Computer Science?

Suppose that you were asked, “what is 3410 plus 8491?”d In early school years,
you were taught at least one addition method and you are likely confident that
you can not only find the sum of these two numbers but, given a sufficient life
span and paper to write on, the sum of any two whole numbers that I give you,
no matter how large they are.

Such a method for adding two numbers is an example of an algorithm – a set
of instructions achieving a certain task. Other real-life examples of algorithms
include baking recipes and directions to a location. In fact, modern society is
virtually infested with algorithms – found anywhere from the control of traffic
lights, retrieval of webpages, and the matching of potential interns to positions.

With the advent of computing machinery, interest in understanding the
prospects of algorithms surged and the various fields of computing sciences were
born. In this thesis, we restrict our attention to the field of (Computational)
Complexity Theory, where algorithms are mathematically well-defined proce-
dures solving well-defined problems, and where, among other, we seek to classify
problems by how easy or hard they are too solve.

1.2 What Makes Problems Easy or Hard?

The standard algorithm for the Addition Problem is efficient. If you are
asked to find the sum of 67245135 and 47735871, you expect it to take about
twice as long as to find the sum of 3410 and 8491. If we again double the size
of the numbers, you expect it to take yet about twice as long. In other words,
the time complexity of the standard addition algorithm is linear in the size of
the two summands. More generally, we say that an algorithm has a polynomial

3
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time complexity if there is some fixed x such that whenever we double the size
of the data, the algorithm takes at most some x times longer to find a solution.
Colloquially, we refer to polynomial-time algorithms as efficient algorithms.

Perhaps surprisingly, there are problems with no efficient algorithms, prob-
lems for which we do not know whether they have efficient algorithms or not,
and in fact well-defined problems which we know cannot solve be solved by any
algorithm. A computational-complexity class, or a class for short, is merely the
set of all problems satisfying some computational property. Notably, we are
interested in the classes named P, NP, NP-hard, and NP-complete. The first
class is easy to define – a problem belongs to P if there exists a polynomial-time
algorithm for solving the problem. Hence, the Addition Problem is in P. Let
us introduce the classes NP and NP-hard with another example problem.

Suppose that we had a group of individuals which we would like to divide
into two teams so as to split up as many friends as possible. More specifically,
given a list of pairs of friends, can we efficiently find a division into two teams
such that as many as possible of the friend pairs are in different teams? In Figure
1.1, each node represents a person and each edge between two nodes represents
that they would like to be in different teams. Can you find a partition of the
nodes into two teams such that all edges except two go between the two teams?

Hans
Leif

Ulla

Nils

Anna

Olof

Elin Sara

John

Figure 1.1: A Max Cut instance of value 13/15.

Finding solutions to the team division problem, which is formally known as
the Max Cut problem, is not easy in general. However, if I claim to have
found a solution for a specific problem case and value, then it is easy for you to
check whether my claimed solution fulfills these conditions – you could simply go
through the list of friend pairs (edges), count how many of the pairs (edges) are
in distinct teams (vertex sets), and compare the resulting number to the claimed
number of split pairs (edges).

This leads us to the definition of the class NP. It is a common misconception
that this acronym stands for “not polynomial”. Rather, it is an acronym of “non-
deterministic polynomial time”. Rather, NP consists of those problems for which
we can “guess” a solution (hence the non-determinism) and then efficiently verify
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whether the guess is a solution or not. The Max Cut problem consequently
belongs to this class since, as described above, we can easily check whether a given
solution satisfies the desired criteria. Typical example problems belonging to this
class are conventional puzzles such as difficult cases of crosswords, nonograms,
and generalizations of Sudoku. Indeed, while it might be hard to find a solution
for these problems, it is easy to check whether a claimed solution to a given
problem case is correct or not.

Informally, any problem which can be solved by an efficient algorithm can
also be solved when we permit guessing and efficient verification of the solution.
In other words, problems such as the Addition Problem which belongs to P
also belongs to NP; the latter class merely adds more capabilities to the former.
However, these two classes to some extent only capture which problems are easy
for two different definitions of “easy”. To study the hardness of problems, we
turn to the concept of reductions. We say that a problem A is at least as hard
as a problem B if A can be efficiently reformulated as B. Naturally, if we can
rewrite A as B, solve B, and then efficiently translate the result to a solution of
A, then solving B in general has to be at least as hard as it is to solve A.

Next, a problem B is defined to be NP-hard if every problem in NP can be
reduced to B, i.e., B is at least as hard as every other problem in NP. Finally,
the class NP-complete is defined as the intersection of NP and NP-hard. In a
sense, these are the hardest problems in NP. We have already seen one example
of an NP-complete problem: Max Cut.

The nature of reductions imply that the NP-complete problems are in some
sense equivalent. Specifically, if any one NP-complete problem has an efficient
algorithm, then all NP-complete problems have efficient algorithms; conversely,
if any one NP-complete problem does not have an efficient algorithm, then none
does. In fact, there are admittedly thousands of NP-complete problems [48] and
whether these problems can be efficiently solved or not is unknown. Settling this
discrepancy is a notorious open question known as the P vs NP problem and
appears on Smale’s list of unsolved problems [50] and among the million-dollar
Millenium Prize Problems1. Regardless of whether the answer is that P = NP
or that P 6= NP, the solution should have far-reaching consequences both in and
outside the field.

It is worth noting that the expert community widely believes that P 6= NP
and that NP-hard problems hence do not have efficient algorithms. One of the
primary arguments for this position is that P = NP does not seem consistent
with our own intuition about which problems have or do not have “mechanical
rules” for resolving them. As an example, if P = NP, then there is also an
efficient algorithm, an efficient set of instructions, for finding proofs of theorems
in fairly natural formal systems.

1Described at http://www.claymath.org/millennium-problems/millennium-prize-problems
.
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P

NP

NP-hard
NP-complete

Figure 1.2: The relationship between the complexity classes P, NP, NP-hard, and
NP-complete, which is the intersection of NP with NP-hard.

1.3 Solving Problems too Hard to Solve

In the light of the preceding discussion, there might be hundreds of problems of
practical relevance which do not have efficient algorithms. Even though we might
not be able to solve every problem case efficiently, perhaps we can compromise
by relaxing the problem that we would like to solve or the demands that we place
on solving algorithms. The following are the most well-studied relaxations.

• Approximations. Instead of finding the best solution, let us efficiently
find as good of a solution as possible.

• Average-Case, Distributional, and Smoothed Analyses. Instead of
solving a problem for every choice of data in reasonable time, we could
perhaps solve it in reasonable time for most choices, or in reasonable time
on average.

• Parameterization and Instance Restrictions. Perhaps a mathemati-
cal formulation of a problem is hard because it includes cases which we do
not expect to find in practice – we might still be able to design efficient
algorithms for restricted variants of a hard problem.

• Exact, Distributed, and Parallel Algorithms. Even though we might
never find an algorithm which runs in polynomial time, we could look for
one which is as fast as possible, so that with sufficiently smart insights and
powerful hardware, we might be able to solve reasonably large cases of a
problem; possibly exploiting that we have access to many, fairly indepen-
dent, computing machines.

• Heuristics. Finally, heuristics are algorithms, possibly also belonging to
one of the above categories, which seem to work well in practice, but which
do not have known proven guarantees.
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Our Approach: Approximations. In this treatise, we are interested in the
possibilities and limitations of the first relaxation: approximations. Specifically
we consider multiplicative-factor approximations. What does this mean? Let us
return to the Max Cut problem and note that there are cases where we cannot
split all friends with just two teams, such as when we have three persons who
mutually know each other. Therefore, let OPT for a problem case denote the
optimal number of split friend pairs among all solutions. For the case of three
mutual friends, OPT is two, even though there are three pairs of friends. We
say that an algorithm is a factor- 1

2 approximation algorithm if, for every choice
of data for the problem, the algorithm efficiently finds a solution where at least
1
2 ·OPT of the friend pairs are split, i.e., the algorithm is within 50% in “value”
of optima. For the case of three mutual friends, this means that the algorithm
guarantees to produce a solution splitting at least 50% · 2 = 0.5 · 2 = 1 friend
pairs. Naturally, this definition generalizes to other factors besides 1

2 .
For Max Cut, it turns out that there is a factor-87.8..% approximation algo-

rithm and a natural question is whether one can do better. In the field of Hard-
ness of Approximation, one explores the limits of approximability and in partic-
ular show that it is also hard to find “too good” approximations. For example,
approximating Max Cut better than to within 94.1..% of optima is NP-hard;
if one could approximate the problem to within, say, 94.2%, then one could also
efficiently find optimal solutions. Assuming the unproven Unique Games Conjec-
ture (UGC) and that P 6= NP, we in fact know that no approximation algorithm
can get a better multiplicative constant than the factor-87.8..% approximation.
The UGC is known to unexpectedly imply a host of tight approximation-hardness
results and we discuss this conjecture in more detail in Section 2.3.

1.4 Constraint Satisfaction Problems

Theoreticians seek understanding which goes beyond isolated hardness results
– there should be governing principles explaining why some problems can be
efficiently solved and others can not. For this reason, they study problems which
seem to capture fundamental properties shared by many problems, and aim for
general results implying hardness of a host of problems in one sweep.

In this thesis, we are particularly interested in a framework which can express
a rich class of problems and is known as Constraint Satisfaction Problems (CSPs).
In this class, a problem consists of a collection of variables which take values from
some domain; a collection of constraints which for a set of variables specifies the
acceptable combinations of values on the variables; and the goal is to find an
assignment of the variables satisfying as many of the constraints as possible.

As an example, Max Cut is a CSP. Each person has an associated variable
which can take on one of two values: “Team 1” or “Team 2”. The friend pairs
are constraints which state that two variables should take on different values. In
other words, the constraints in Max Cut state for pairs of variables that accept-
able assignments of a friend pair are (Team 1,Team 2) and (Team 2,Team 1).
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Again, the goal is to find an assignment of the variables – which we interpret as a
division into teams satisfying as many of the constraints as possible, i.e., placing
as many friend pairs as possible in separate teams. More commonly, Max Cut
as a CSP is expressed as having some variables x1, . . . , xn of domain {0, 1} and
the constraints are inequalities on the variables, e.g., x1 6= x2. Note that this
formulation is merely a renaming of values and as a problem is equivalent to the
ones given earlier in this chapter.

Let us introduce another example CSP which is known as 3SAT and is the
restriction of the Satisfiability problem to only have constraints involving
triples of variables. This problem involves constraints such as “x or not y or z”,
mathematically expressed as “x ∨ ¬y ∨ z”. That is, in 3SAT, we are given a
number of boolean variables, meaning each variable takes on the value true or
the value false. We say that a literal is either one of these variables or its logical
negation – turning true to false and vice versa. We are also given a collection
of constraints where each constraint is “an or” of three literals. As usual in CSPs,
the task is to find an assignment maximizing the fraction of satisfied constraints.

We have been somewhat lax in specifying the considered CSPs. To be more
precise, a CSP is defined by stating the set of forms of constraints, often referred
to as predicates, which can be applied to variables. A collection Γ of permitted
predicates is called the constraint language of the CSP and the corresponding
problem is denoted Max CSP(Γ). For Max Cut, the language only consists
of one constraint: “(x = Team 1 and y = Team 2) or (x = Team 2 andy =
Team 1)”. For 3SAT, the constraint language consists of the form “x ∨ y ∨ z”
plus the seven ways to negate one or more of the variables.

As noted, different choices of constraint languages can have different ap-
proximation factors. For example, Max Cut can be approximated to within
87.% while it is NP-hard to approximate 3SAT within a constant better than
7
8 = 87.5%. This actually makes 3SAT fairly hard because by simply picking a
random assignment, one satisfies 7

8 of 3SAT constraints in expectation.
When it is NP-hard to beat approximation algorithms which do not even look

at the constraints, such as choosing a random assignment, then we say that a
problem is approximation resistant. Characterizing which CSPs are approxima-
tion resistant or not is a contemporary research trend and a common goal among
the publications included in this thesis.



Chapter 2

Background

In the following chapters, we assume that the reader has at least a modest
schooling in Computer Science and is familiar with basic concepts in, e.g., Graph
Theory. We do not presume a background in Hardness in Approximation, and
the first sections should be fairly accessible also to a general audience. In this
chapter, we present the background and common techniques in preparation for
the example reduction in the following chapter, and the technical aspects of the
three chapters summarizing the included publications.

2.1 How to Prove Approximation Hardness

In the preceding chapter, we demonstrated one way for proving that a problem
is difficult to solve. Namely, to show NP-hardness and hence that the problem
has no efficient algorithm unless P = NP. Since the scientific consensus is that
P 6= NP, the NP-hardness of a problem is a strong indication there exists no
efficient algorithm.

The first problem to be shown NP-hard was the (circuit) Satisfiability
(SAT) problem by Cook in 1971 [13]. Cook proved that any non-deterministic
efficient “machine” which solves an NP-hard problem given a specific problem
case, which is called an instance, can be formulated as a polynomially-sized SAT
formula such that the formula has a solution if and only if the machine has a
guess which makes it accept the formula. In effect, if one can efficiently determine
whether a SAT formula has a solution, one can solve any problem in NP.

The inception of NP-hardness considerably simplified the task for showing
problems to be hard – we merely have to take SAT or any other hard problem
and reformulate it as the target problem. Within a year, over thirty NP-hard
problems were known and today we admittedly know several thousands [48].

This brings us to the question – how well can one approximate hard problems?
In particular, can one show that sufficiently good approximations are also hard
to find? At first glance, it is not clear that approximate solutions necessarily
should be hard. For example, one can “prove” any mathematical statement by

9
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a b

d

ef

Figure 2.1: A graph with no Hamiltonian cycle.

a b

d

ef

5c

1
5c1
1

15c

11
5c

Figure 2.2: TSP instance created from Section 2.1 (FIX) where the cheapest tour is
4 + 5c > 5c.

including any one incorrect step and in this sense, theorem proving is easy to
approximate.

Let us introduce two problems in order to present a canonical approximation-
hardness result. In the Hamiltonian Cycle problem, we are given a graph
G = (V,E) of vertices V and edges E where the vertices could be thought of
as locations and the edges as paths between locations. The task is to decide
whether there is a spanning cycle in the graph – a walk which starts and ends
in a specified location, and passes through every other location without visiting
any more than once. This problem is known to be NP-hard [18]. In particular,
there is an efficient way to reformulate SAT instances to Hamiltonian Cycle
instances such that there is such a cycle if and only if the reduced-from SAT
instance has a satisfying solution.

A variant of the problem is the Traveling Salesperson Problem (TSP).
In this problem, we are again given a graph where vertices are seen as locations.
However, we now assume that there is a direct path between any two locations
but with some associated cost. A spanning cycle in the graph then necessarily
exists and we are instead wish to find a cycle with smallest total cost.

From the fact that Hamiltonian Cycle is NP-hard, we can in fact also
prove that TSP is NP-hard to approximate to within any constant factor c. The
reduction is as follows – suppose for the sake of contradiction that we had a
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factor-c approximation algorithm for TSP for some constant c. Given any in-
stance of Hamiltonian Cycle, we construct a TSP instance such that the
approximate solution to the TSP instance give us a solution to the Hamilto-
nian Cycle instance and hence solve the NP-hard problem. This shows that
even finding c-approximate solutions to TSP must be NP-hard. An instance of
Hamiltonian Cycle is merely a graph G = (V,E) while an instance of the
TSP is a complete weighted graph G′ = (V,w). We let the locations be un-
changed and set the weights as follows. If an edge e ∈

(
V
2
)
is in G, then we

give it the weight 1 in G′. If the edge is not, then we give it the weight c · n.
If the original Hamiltonian Cycle instance had a solution, i.e., a spanning
cycle, then there exists a cycle in the TSP instance only using cost-1 edges for
a total cost of n · 1 = n. Any solution to the TSP instance which does not use
only cost-1 edges must use a cost-cn edge and hence the total cost is at least
cn + n − 1. However, a c-approximation algorithm produces solutions of cost
at most c · OPT = c · n < cn + n − 1. Consequently, the approximation can
only produce solutions using cost-1 edges which translates to using a spanning
cycle in, and solving, the original Hamiltonian Cycle instance. In fact this
proof generalizes to not only show the approximation hardness of every constant
c but of every function of the number of vertices of the graph. For example, the
above argument can be modified to show the NP-hardness of finding factor-(2n)
approximations where n is the number of vertices in the graph.

2.2 The Label Cover Problem

Following the advent of optimal approximation-hardness results for certain CSPs
around 2001, the general method employed in these results become so common-
place that the reduced-from primitive became known as an abstracted problem
of its own called Label Cover. In this section, we introduce the problem, cover
some of the modern terminology, and as an example of the proof methods, in
the following chapter we reduce from this problem to prove optimal hardness of
a certain predicate.

The Label Cover problem is parametrized by two finite variable domains
L and R referred to as label sets. Each instance consists of two variable sets,
typically denoted U and V , where the former variables have domain L and the
latter R. Each constraint in the instance acts on exactly two variables – one
from U and one from V – and so it is natural to think of the instance as a
bipartite graph (U + V,E) where E is the multiset edges of constraints. Each
constraint between two labels u, v is associated with a function πu,v : R → L,
called a projection, and the constraint merely states that the variables should
satisfy this function. That is, for assignments λ(u) ∈ L and λ(v) ∈ R of vertices
u and v, the constraint is satisfied if λ(u) = πu,v(λ(v)).

An example instance of the problem is given in Fig. 2.3. where we depict
the vertices as ellipses, the respective possible labels of the vertices as contained
circles, and the edges denote the projections. In other words, the goal is to
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Figure 2.3: Example Label Cover instance – is it possible to select exactly one
circle from each ellipse such that when following any line from a selected circle on the
bottom, the line ends in another selected circle?

choose one circle from each ellipse such that for each selected circle, if one follows
a connected line from bottom to top then the lines should always end in another
selected circle.

Label Cover is a useful starting problem for strong hardness results in part
because the constraints are in a sense particularly simple, and in part because of
the strong inapproximability gap of the problem – it is NP-hard to distinguish
between instances where all constraints can be satisfied and instances where an
arbitrarily small fraction of constraints can be simultaneously satisfied. Formally,
the following holds.

Theorem 2.1. For every εLC > 0, there exists finite L and R such that for
Label Cover instances on label sets L and R, it is NP-hard to distinguish
instances of value 1 from instances of value at most εLC.

2.3 Unique Games and d-to-1 Games

Subhash Khot observed that if one takes as hypothesis that a strong approxi-
mation gap for Label Cover remains NP-hard when we place certain restric-
tions on the constraints of the problem, then one can prove various interesting,
and otherwise unknown, approximation-hardness results [30]. Most astounding
perhaps is that one of these hypotheses implies that a certain meta-algorithm
achieves the best efficient approximation constant for every CSP with a finite lan-
guage [46]. These two hypotheses are respectively known as the Unique Games
Conjecture (UGC) and the d-to-1 Conjecture.

We say that the projection degree of an edge (u, v) ∈ U × V and label i ∈ L
is the number of labels j ∈ R for which πu,v(j) = i. If this value is some
constant d for every edge and label in a Label Cover instance, then we simply
say that the projection degree of the instance is d. Label Cover restricted to
projection degree d is also called d-to-1 Games. Known NP-hard Label Cover
constructions can be adapted so that this degree is identical for every edge and
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label, but for NP-hardness of distinguishing value 1 from value at most εLC > 0,
the projection degree d grows as εLC approaches 0. The d-to-1 Conjecture, which
is actually a separate hypothesis for every choice of d, is simply the assumption
that for every εLC > 0, it is NP-hard to distinguish value 1 from value at most
εLC of d-to-1 Games instances for fixed d independent of εLC. As an example
of such instances, the removal of the upper-left vertex and its incident edges from
Fig. 2.3 results in a 2-to-1 instance: each circle (label) on the top is connected
to precisely two circles (labels) per ellipse (vertex) on the bottom.

For d = 1, the constraints reduce to one-to-one maps, i.e., every constraint is a
bijection between L and R. This restriction of Label Cover is more specifically
known as Unique Games. However, if all constraints can be satisfied, then
Unique Games instances are easy – we simply consider each graph component
independently, pick an arbitrary vertex and test all |L| = |R| labels that it can be
assigned. Since every constraint is one-to-one, the labeling of one vertex implies a
labeling for the entire component containing the vertex, provided that we do not
find inconsistencies in the assignment, in which case we know that the label choice
was wrong and try the next one. If there is a labeling satisfying all constraints,
it can be efficiently found via this process. With this in mind, the smallest d
of interest in the d-to-1 Conjecture is d = 2. The Unique Games Conjecture is
the hypothesis of the NP-hardness of distinguishing Unique Games instances
which have value almost 1 from instances of value almost 0; i.e., value at least
1− ε from value at most ε for every ε > 0.

Following the inception of th conjectures, they have been shown to imply a
host of strong and often, for constants, optimal approximation-hardness results.
To wit, Goemans and Williamson [19] showed in 1995 that there is an approx-
imation algorithm for Max Cut based on Semidefinite Programming (SDP)
achieving an approximation ratio of 2

π min0<θ<π
θ

1−cos θ ≈ 0.878 while Håstad
showed in 1997 [24], together with Trevisan and others [53], that the problem
is NP-hard to approximate within 16

17 + ε ≈ 0.941. In the almost two decennia
which have passed since these results were published, there has been no uncon-
ditional progress for either the algorithms or hardness side. In 2005, Khot et al.
[32] showed that the UGC in fact implies an approximation-hardness constant
matching the approximability of the Goemans-Williamson algorithm1.

The stunning tight hardness result for Max Cut is not an isolated case – the
UGC is known to imply a whole host of optimal hardness results, including Max
2-SAT [3], Vertex Cover [33], Max Acyclic Subgraph [22], Multiway
Cut [38], and 1|prec|

∑
wjCj – scheduling weighted jobs on one machine with

precedence constraints2. We refer the reader to Khot’s survey [31] for a summary
of these and other results implied by the conjecture.

We recall that a predicate is called approximation resistant if it is NP-hard
to approximate it to within a constant better than what a random assignment

1Matching constants in the sense that it is NP hard to approximate Max Cut to within
any constant better than what the approximation algorithm achieves.

2Assuming a slightly stronger variant of UGC with vertex expansion.
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achieves. The UGC is also known to imply impressive general results. Notably,
Austrin and Mossel [7] showed that the conjecture implies the approximation
resistance of every predicate P for which the accepting tuples of P support a
pairwise-balanced distribution. Meaning, a distribution over accepting assign-
ments such that every pair of coordinates in the assignment has a uniform dis-
tribution. This property turns out to hold for a fraction 1 of predicates of width
k as k grows [4] and hence, assuming the UGC, almost all predicates are in fact
approximation resistant.

The most outstanding contemporary consequence of the UGC might be the
meta-algorithm by Raghavendra [46]. For every predicate, this meta algorithm
provides a way to construct an SDP-based efficient algorithm which achieves the
best approximation constant for the predicate unless the UGC is false or P = NP.
Curiously, it is not known that this result provides a way to compute what these
optimal approximation constants are for specific predicates; merely that the
approximation algorithms come arbitrarily close to the constants, whatever they
might be.

It holds for all of the included publications that the approximation-hardness
results were already known assuming the conjectures. We are of the opinion
that there is nevertheless value in showing unconditional results. First off, the
conjectures are naturally not guaranteed to hold and presently there does not
seem to be a strong consensus about the truth of the conjectures within the
research community. Second, results which have been shown with the conjec-
ture have subsequently inspired unconditional results [9, 25, 27, 16], lead to the
development of techniques within the area, or even found applications outside it
[23]. Even if the conjectures are true, such technical progress and understanding
may be necessary before we discover proofs of the same. The conjectures have
withstood all attempts hithertho and in the words of Polya, the author of How
to Solve it [45],

If there is a problem you can’t solve, then there is an easier problem
you can solve: find it (such that it offers insight into the original
problem).

Should one Believe the Conjectures? Given the outstanding implications
of the UGC, one should rightfully ask whether theoreticians should invest time
on developing unconditional analogues of conditional results rather than whole-
heartedly to pursuing proofs or disproofs of the conjectures.

The primary contemporary arguments for (+) and against (-) the UGC are
as follows.

+ The UGC implies many optimal approximation results and there has been
no case of the conjecture implying a “too strong” result and thereby dis-
proving itself [31].

+ Several strong results which were originally only shown subject to the con-
jecture have subsequently been proven unconditionally. This even includes
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general results such as a close analogue of Austrin and Mossel [7] which
was recently shown but restricted to predicates containing a subgroup with
said properties [9].

+ The UGC is implied by the potentially more natural Small-Set Ex-
pansion Conjecture [47] – stating that for every ε > 0, there exists
d ∈ N; δ > 0 such that it is NP-hard to distinguish between d-regular
graphs with δ-sized expansion of at least 1 − ε from expansion at most ε.
By δ-sized r-expansion, we mean that among vertex sets S of size δn, the
minimum fraction of edges cut by S versus having an endpoint in S is r.

+ The hardness gap of UGC holds at other completeness values. In particular,
Feige [17] showed that for every ρ > 1, there exists ε > 0 such that it is
NP-hard to distinguish Unique Games instances of value at least ρ · ε
from value at most ε.

+ The natural SDP relaxation of Unique Games has the desired integrality
gap, 1− ε vs ε, and the integrality gap of Unique Games can be used to
construct integrality gaps for other CSPs with matching approximation-
hardness ratios [34].

- There are no candidate families of graphs for which Unique Games might
be hard for, and all suspects hitherto have been ruled out by algorithms,
e.g., too expanding graphs [47], not sufficiently expanding graphs [35, 2],
or when instances are produced by starting with 1-valued instances and
changing an ε fraction of constraints, and one of four steps is done ran-
domly: the selection of the original constraint graph, the selection of the
original constraints on the edges, the selection of the edges to corrupt, or
the corruption of those edges [36].

- It is commonplace to mention as a concern the exact algorithm by Arora et al. [2]
for Unique Games instances; often referred to as a “subexponential-time”
algorithm for having a running time of 2O(nc) for some constant 0 < c < 1
depending on other parameters. The algorithm is not subexponential in
the sense that if the UGC is true, then other NP-hard problems can also be
solved in subexponential time on account of polynomial-time reductions;
nor would it necessarily rule out the Exponential-Time Hypothesis [28]. As
the inventors point out, the algorithm is noteworthy in that there are few
examples of problems which are believed to have a time complexity strictly
between polynomial time and full exponential time, 2θ(n); the inventors
mentioning only two well-known examples – Factoring and Graph Iso-
morphism. The author does not find this entirely surprising however.
There are fairly few problems which we have studied outside P where we
consider almost-satisfiable instances and where an assignment to a small
set of variables dictate the values of a large portion of other variables, as
in Unique Games. It does not seem unthinkable that almost-satisfiable
Unique Games instances on n variables might have something akin to a
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variable-space “effective dimension” which is sublinear in n. Notably how-
ever, the algorithm does rule out certain approaches to proving the UGC,
such as Label Cover reductions contemporarily used to show strong
approximation-hardness results.

As noted by Khot [31], it could be that the UGC merely captures the limits
of techniques such as SDPs and that Unique Games might be harder than
polynomial-time but not in fact NP-hard. Such a result might nevertheless
capture the intention of the conjecture – to investigate the limits of efficient
approximations.

By contrast, the d-to-1 Conjecture has not been quite as outstanding as a
primitive for reductions and has therefore also not received the same attention
as the UGC. The points listed for and against the UGC may therefore not be
relevant for the d-to-1 Conjecture. There is however similarly a “subexponential
algorithm” [51], and strong SDP gaps [21]. On the positive side, the conjecture
does imply a few approximation-hardness results which are tight [43, 52] and
some of which have subsequently been proven unconditionally [25].

2.4 Our Contributions

We briefly describe the results of the three publications included in this thesis.
Two of the three publications have been accepted the journal Theory of Comput-
ing while all three have had a preliminary version accepted to the proceedings
of the International Workshops on Approximation Algorithms for Combinatorial
Optimization Problems (APPROX). Paper I is coauthored with Per Austrin and
Rajsekar Manokaran, while Paper II and Paper III are single author.

Paper I. Ordering Constraint-Satisfaction Problems
In the first paper, we study Ordering Constraint Satisfaction Problems. In con-
trast to other CSPs, we here given a collection of items to order and constraints
on how these items may be ordered. For instance, in the Maximum Between-
ness Problem (Max BTW), we are given a number of constraints of the form
“x should be ordered between y and z”. These are non-trivial constraints since
we could either choose to place y before x before z, or to place z before x before
y. We show significantly improved approximation-hardness constants for two
classical OCSPs – Max BTW and Maximum Acyclic Subgraph (MAS). Addi-
tionally, we introduce a new natural OCSP – Maximum Non-Betweenness –
which we show is approximation resistant. Finally, we show that as the width
k of predicates grow, there are ordering predicates arbitrarily hard to approx-
imate. In particular, the Maximum k-OCSP is hard to approximate within a
factor better than 1

bk/2c! . On the technical side, we note that these are the first
examples of OCSPs shown NP-hard via direct protocols; all precedent results
either being so-called gadget reductions or assuming the Unique Games Con-
jecture. Our reduction involves introducing a new “bucketing” analysis which
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reduced the analysis to arbitrarily well-approximating classical CSPs. Precisely
how original this bucketing is can however be debated since similar methods
have been used in all UGC-based hardness results for orderings. However, we
crucially had to adapt bucketing so that it also works when comparing values
between values and for the analysis to work for functions which are not neces-
sarily so-called pseudorandom3 functions and instead employ an argument based
on reverse hypercontractivity.

Paper II. Approximation Resistance of Satisfiable Instances

In the second paper, we deviate from other CSP questions in that we wish to
argue for the approximation hardness of instances even when we know that all
constraints can be simultaneously satisfied. In most settings, we are satisfied with
proving hardness results for instances which are merely, e.g., 99% satisfiable, but
for many problems, such as Satisfiability, it is really the hardness of satisfiable
cases which we are interested in studying. For parity predicates, it is known that
the problem is equivalent to systems of linear equations and so if all constraints
are simultaneously satisfiable, then Gaussian elimination can find a solution in
polynomial time.

We show a threshold phenomenon whereby any predicate which is satisfied
by at least one more assignment besides parity assignments, is approximation
resistant also for satisfiable instances. This result was previously known assuming
the d-to-1 Conjecture (for any d) and we introduce general methods for making
the steps of the proofs work out without deleterious parameter dependencies.
However, we note that a shortcoming with our techniques is that we are only
able to prove the result for predicates of width four and greater, missing the
most interesting width-three case.

In particular, we show that if one has a predicate on which one can define
a distribution where every coordinate has correlation bounded away from one,
then if one reduces from a so-called smooth Label Cover instance in a fairly
standard way, then the value of the protocol essentially behaves as though one
also had noise. In particular, in contrast to previous lemmas, the noise does not
depend on projection degrees in the reduced-from Label Cover instances.

We also introduce a general “decoupling lemma”, which can also be seen
as the well-known Invariance Principle [40] for the special case when the value
essentially corresponds to some arguments being drawn entirely independently.
However, if one attempts to use the classical theorem for Label Cover reduc-
tions, one unfortunately finds that there is an implicit parameter dependency
in projection degrees. Our lemma avoids this dependency but is unfortunately
not as general as the invariance theorem; it does however match very well the
situations one faces when proving approximation resistance and in fact all three
included publications can make use of this lemma in their analyses.

3For the curious reader, pseudorandom functions are defined in the following preliminaries
section.
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Notably, there exist independent invariance-style theorems without this de-
pendency; e.g. in O’Donnell and Wright [42] and Chan [9].

Paper III. The Positive Uselessness of Parities

In this third paper, we consider a stronger property than approximation resis-
tance known as uselessness. A width-k predicate P is said to be useless for a
width-k predicate Q if, given a CSP instance which is almost satisfiable when
evaluated for P , it is NP-hard to find an assignment when evaluated for Q which
has a constant value better than a random assignment. This can be seen as a
kind of bicriteria optimization: we are given an instance which has a high value
with respect to some predicate, say parity of three bits, and we only have to
find a solution with respect to some, possibly easier, predicate. In the case of
parity on three bits, an easier predicate might be the or on three bits. More
generally, we permit Q to be an arbitrary function over the reals and say that
P is useless if it useless for every Q. It might not be immediate apparent but
there are in fact many predicates which are useless. Parity predicates would
be an example which are even adaptively useless – even if you are permitted to
choose which constraint function Q to optimize instead of P , is still NP-hard to
do essentially better than random assignments.

Similarly, one can study the case when we do not take for granted that
constraints may involve negations of variables. For problems such as Satisfi-
ability, the natural formulation is that negations are permitted, but it might
not be as natural for predicates such as Set-Splitting, which would reduce to
Not-All-Equal with negations; or for Max Cut, which would reduce to Max
2-Lin-2 with negations. When studying CSPs without free negations, we use
adjectives such as “monotone”, as in monotone CSP, or “positive”, as in posi-
tively approximation resistant. Although Austrin and Håstad, who introduced
the concepts of uselessness and positive uselessness, also gave a complete char-
acterization of these properties assuming the UGC, they did not provide any
example of non-trivially positively useless predicates subject only to P 6= NP.
Such a discrepancy between conditional and unconditional results seems rather
unsettling and our contribution is to characterize the positive uselessness of all
parities and in particular show that all “odd parities” of even width at least four
are in fact non-trivially positively useless.

The protocols which we develop in proving our results may be of independent
interest and offer insights for other questions concerning monotone CSPs.

2.5 Technical Preliminaries

In this section, we introduce technical concepts needed for Chapter 3 as well as
the sections on technical contributions in the respective publication summaries.
The reader may safely skip this section for other parts of the thesis, i.e., the
introductory sections of the publication summaries.
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Let [n] be the set containing the elements 1, . . . , n. We refer to a finite
domain Ω along with a distribution µ as a probability space. Given a proba-
bility space (Ω, µ), the nth tensor power is (Ωn, µ⊗n) where µ⊗n(ω1, . . . , ωn) =
µ(ω1) · · ·µ(ωn). For simplicity, for a finite outcome space Ω, we denote with
x ∼ Ω that x is drawn uniformly at random from Ω. The `p norm of f : Ω→ R
w.r.t. µ is denoted by ||f ||µ,p and is defined as Ex∼µ [|f(x)|p]1/p for real p ≥ 1
and maxx∈supp(µ) f(x) for p = ∞. When clear from the context, we omit the
distribution µ.

Our proofs make use of Efron-Stein decompositions which decomposes a func-
tion taking a vector argument, f : Ωn → R, into a sum f =

∑
S:S⊆[n] fS where

fS in a sense is supposed to be the part of the function which depends on the
coordinates indexed by S but is not accounted for by any subset of these vari-
ables. For domains of cardinality two, these decompositions are closely related
to Fourier expansions.

Definition 2.2. Let f : Ω(1) × · · · ×Ω(n) → R and µ a measure on
∏

Ω(t). The
Efron-Stein decomposition of f with respect to µ is defined as {fS}S⊆[n] where

fS(~x) def=
∑
T⊆S

(−1)|S\T |E [f(~x′) |~x′T = ~xT ] .

Lemma 2.3 (Efron and Stein [15], and Mossel [39]). Assuming {Ω(t)}t are
independent, the Efron-Stein decomposition {fS}S of f :

∏
Ω(t) → R satisfies:

• fS(~x) depends only on ~xS,

• for any S, T ⊆ [m], and ~xT ∈
∏
t∈T Ω(t) such that S \ T 6= ∅,

E [fS(~x′) |~x′T = ~xT ] = 0.

The following noise operator and its properties play a pivotal role in modern
hardness-of-approximation proofs.

Definition 2.4. Let (Ω, µ) be a probability space and f : Ωn → R be a function
on the nth tensor power. For a parameter ρ ∈ [0, 1], the noise operator Tρ takes
f to Tρf → R defined by

Tρf(~x) def= E [f(~y)|~x] ,

where independently for each i, with probability ρ, yi = xi and otherwise a
uniformly-at-random sample.

The noise operator preserves the mass E [f ] of a function while spreading
it in the space. The function has a particularly nice representation in terms of
Efron-Stein decompositions: for any function f : Ωn → R with decomposition
{fS}S⊆[n], the noised function f ′ = Tρf has the decomposition {f ′S = ρ|S|fS}S .

We use the standard notion of influence and noisy influence used in the area.
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Definition 2.5. Let f : Ωn → R be a function on a probability space. The
influence of the 1 ≤ ith ≤ n coordinate is

Infi (f) def= E
{Ωj}j 6=i

[VarΩi
(f)] .

Additionally, given a noise parameter γ, the noisy influence of coordinate i is

Inf(1−γ)
i (f) def= E

{Ωj}j 6=i

[VarΩi
(T1−γf)] .

Influences have simple expressions in terms of Efron-Stein decompositions:

Infi (f) =
∑
S3i

E
[
f2
S

]
resp. Inf(1−γ)

i (f) =
∑
S3i

(1− γ)2|S|E
[
f2
S

]
.

The following well-known bounds on noisy influences are handy in the analysis.

Lemma 2.6. For every γ > 0, natural numbers i and n such that 1 ≤ i ≤ n,
and every f : Ωn → R,

Inf(1−γ)
i (f) ≤ Var(f) and

∑
i

Inf(1−γ)
i (f) ≤ Var(f)

γ
.

Proof. The former inequality is immediate from the influences in terms of Efron-
Stein decompositions and using Parseval’s Identity:

∑
S E

[
f2
S

]
= Var(f). Ex-

panding the LHS of the second inequality,∑
i

Inf(1−γ)
i (f) =

∑
k≥1

k(1− γ)2k
∑

S : |S|=k

E
[
F 2
S

]
≤ Var(f) max

k≥1
k(1− γ)2k

≤ Var(f)
∑
k≥1

(1− γ)2k ≤ Var(f) 1
(1− γ)2 ≤

Var(f)
γ

. �

Let the total (noisy) influence of a function f : Ωn → R be defined as

TotInf (f) def=
∑
i∈[n]

Infi (f) (resp.) TotInf(1−γ) (f) def=
∑
i∈[n]

Inf(1−γ)
i (f).

Functions f for which Inf(1−γ)
i (f) ≤ η′ for every coordinate i, are also called

(γ, η′)-pseudorandom. Often these parameters are made implicit and the func-
tion is simply called pseudorandom. In particular, this property implies that the
function cannot depend “too much” on any one coordinate.

Finally, we introduce the notion of cross influence between functions subject
to a projection. Given finite sets Ω, L,R; a function π : R → L; and functions
f : ΩL → R; g : ΩR → R; define

CrInf(1−γ)
π (f, g) def=

∑
(i,j)∈π

Inf(1−γ)
i (f)Inf(1−γ)

j (g),
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for γ ∈ [0, 1] where in particular the superscripts are omitted when γ = 0.
One can express cross influences in terms of Efron-Stein decompositions,

CrInf(1−γ)
π (f, g) =

∑
(i,j)∈π

Infi (f)Infj (g) =
∑

(i,j)∈π

∑
S3i

E
[
f2
S

]∑
T3j

E
[
g2
T

]
=

∑
S⊆L;T⊆R

#{(i, j) ∈ π : i ∈ S, j ∈ T}E
[
f2
S

]
E
[
g2
T

]
. (2.1)

For noisy cross influence, we get the analogous expression for noised functions.





Chapter 3

Approximation Resistance of
3-Parity: an Example Reduction

To give an idea of how the included publications establish their results, we re-
prove in this chapter the seminal result by Håstad [24] that the 3-Parity pred-
icate is approximation resistant. Our proof is somewhat longer and more in-
volved than Håstad’s but we note that this method appears to generalize more
easily to other predicates. For notational simplicity, we work over the vari-
able domain {−1, 1} instead of, e.g., bits {0, 1}, and note that the results and
analysis methods are equivalent. As indicated by its name, the 3-Parity pred-
icate acts on three variables, x, y, z ∈ {−1, 1}, and rewards those assignments
which satisfy x · y · z = 1, i.e., the three variables is of even parity. So, for
instance 3-Parity(1,−1, 1) = 0 while 3-Parity(1,−1,−1) = 1. Formally, we can
express the predicate as 3-Parity(x, y, z) = 1+xyz

2 . We can immediately see that
a random assignment satisfies the predicate half of the time and so to show
approximation resistance, we want to argue that it is NP-hard to distinguish
CSP(3-Parity) instances of value almost 1 from instances of value almost 1/2.
To this end, we present a reduction from the Label Cover problem such that
for Label Cover instances of value 1, the produced CSP instances has a value
close to 1, while for Label Cover instances of value almost 0, the produced
CSP instances have value close to 1/2.

Typically for these reductions, rather than specifying precisely which con-
straints are in the produced CSP instance, one instead defines a probabilistic
“protocol” which outputs a single constraint. The implicit instance is then sim-
ply the collection of all constraints that this procedure might output1 and where
each constraint has a weight corresponding to the probability that the proce-
dure produces it. This way of defining the reduction more directly reflects the
analyzed values of the instances. We note that in the following, vector products
are taken point-wise, e.g., given two vectors ~x, ~y ∈ RA, the product ~z = ~x~y is a

1Technically, the number of possible constraints should also be polynomially bounded in
the size of the reduced-from instance. This is however typically obvious from the constructions.
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vector in RA where zi = xiyi for each i ∈ A.

Procedure 3.1 (Reduction from Label Cover to CSP(3-Parity).). For fi-
nite sets L,R and real γ > 0, we define the reduction R3Par,γ via the following
protocol.

1. Let (U, V, {πe}e) be a given Label Cover instance on label sets L and R.

2. Let the produced CSP instance consist of 2|L| domain-{−1, 1} variables
for each u ∈ U resp. 2|R| variables for each v ∈ V , seen as functions
fu : {−1, 1}L → {−1, 1} resp. gv : {−1, 1}R → {−1, 1}.

3. Sample a random constraint πu,v ∈ {πe}e.

4. Draw a string ~x ∼ {−1, 1}L resp. ~y ∼ {−1, 1}R.

5. Define ~z ∈ {−1, 1}R by letting for each j ∈ R, zj = xπu,v(j)yj.

6. Sample noise strings ~ζ(1) ∼ {−1, 1}L and ~ζ(2), ~ζ(3) ∼ {−1, 1}R where for
each t ∈ [3] and coordinate i ∈ L or i ∈ R, we draw ζ

(t)
i independently

from {−1, 1} with expectation 1− γ.

7. Sample folding bits a,b, c ∼ {−1, 1}.

8. Output the constraint 3-Parity
(

afu(a ~ζ(1)~x),bgv(b ~ζ(2)~y), cgv(c ~ζ(3)~z)
)
.

A note on negations in CSPs. In the hardness of approximation community,
it is commonplace to assume that we are allowed to have constraints not only
on the variables themselves, but also to negated variants of the variables. 3SAT
is an example where this assumption is the most natural – we merely need to
define the predicate x∨ y ∨ z which is 1 if either x is true, y is true, or z is true.
By permitting negations of variables, we have eight (or four up to symmetry)
variants of this predicate, such as x ∨ ¬y ∨ z, which is 1 if either x is true, y is
false, or z is true. In one of the included papers, we consider a situation where
it is not assumed that the arguments to constraints can be freely negated.

Analyzing the Reduction. We note that the procedure indeed outputs 3-Parity
constraints; though it may look complicated, an argument such as afu(a ~ζ(1)~x)
is merely an indexed variable – fu(a ~ζ(1)~x) – in the CSP instance, multiplied by
a, which does nothing if a = 1 and otherwise negates the variable.

The analysis of PCP reductions come in two parts – the completeness part
and the soundness part. The completeness part has to do with the high-valued
case: if the Label Cover instance had a high value, then we would also want the
produced CSP instance to have a high value. Almost exclusively, the complete-
ness part is straightforward but serves as a good sanity check and an indicator
of “what is expected” of the assignments to the functions. The soundness part
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serves the complementary purpose – if the reduced-from Label Cover instance
had a low value, then we would like to argue that the produced CSP instance
cannot be of too great value either. Since we want to show approximation resis-
tance, in particular the value should not be much greater than E [3-Parity] = 1/2.
Typically the soundness analysis is where the proofs become rather involved.

Arithmetizing the protocol. Let T be the test distribution as defined in
Procedure 3.1. That is, we draw a,b, c, ~ζ(1), ~ζ(2), ~ζ(3), ~x, ~y,~z from T according
to the protocol. The value of the produced CSP instance I for an assignment to
the functions {fu}u∈U , {gv}v∈V is then

val(I; {fu}u, {gv}v) = E
T

[
3-Parity

(
afu(a ~ζ(1)~x),bgv(b ~ζ(2)~y), cgv(c ~ζ(3)~z)

)]
.

(3.1)

Recalling the expression 3-Parity(x, y, z) = 1+xyz
2 ,

(3.1) = 1
2 + 1

2 E
T

[
abc · fu(a ~ζ(1)~x)gv(b ~ζ(2)~y)gv(c ~ζ(3)~z)

]
= 1

2 + 1
2 E
T

[abc · T1−γf
u(a~x)T1−γg

v(b~y)T1−γg
v(c~z)] , (3.2)

where we have used the definition of the noise operator T1−γ to eliminate the
vectors { ~ζ(t)}t.

For our example, we chose a predicate which has a particularly simple arith-
metization. Generally, when expressing the predicate as a polynomial of its
arguments as in Eq. (3.2), there will be considerably more terms to consider
than these two. In the following analysis, we will only concern ourselves with
bounding the expectation in Eq. (3.2). To show that the value of the CSP in-
stance is close to 1, we have to show that the expectation is close to 1; while to
show that the value is close to 1/2, we have to show that the expectation is close
to 0.

Completeness.

Suppose that the reduced-from Label Cover instance (U, V, {πe}e) had an
assignment λ : U → L;λ : V → R satisfying all of the constraints {πe}e.
Let I = R3Par,γ(U, V, {πe}e) be the CSP instance produced by the reduction.
We want to show that is an assignment of the CSP variables, {fu}u∈U and
{gv}v∈V , such that the reduction has value at least 1 − η for some η = η(γ)
which approaches 0 as γ does.

As indicated in the preceding paragraph, it suffices to argue that the expec-
tation in Eq. (3.2) is close to 1. Given the labeling, we assign the functions as
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fu(~x) = xλ(u) and gv(~y) = yλ(v). The expectation then becomes,

E
T

[abc · T1−γf
u(a~x) · T1−γg

v(b~y) · T1−γg
v(c~z)]

= E
T

[
abc · aζ(1)

λ(u)xλ(u) · bζ(2)
λ(v)yλ(v) · cζ(3)

λ(v)zλ(v)

]
. (3.3)

From the assumption that λ satisfies every constraint, we have that for every con-
straint, λ(u) = πu,v(λ(v)). Consequently, zλ(v) = xλ(u)yλ(v). Since all variables
have domain {−1, 1}, squares cancel and the expression reduces to

(3.3) = E
[
ζ(1)

λ(u)ζ
(2)

λ(v)ζ
(3)

λ(v)

]
. (3.4)

In other words, were it not for these three noise bits, the function assignments
would cause the protocol to accept with probability 1. With the noised bits, we
see that the expectation is (1−γ)3. Bringing this expression into the arithmetized
value of the protocol,

(3.2) = 1
2 + 1

2 · (3.3) = 1
2 + 1

2(1− γ)3 ≥ 1− 1.5γ.

As desired, we see that as γ approaches 0, the protocol approaches a 100%
acceptance probability for satisfiable Label Cover instances.

Soundness

Suppose that the reduced-from Label Cover instance (U, V, {πe}e) does not
have any assignment λ : U → L;λ : V → R satisfying more than a fraction
εLC > 0 of constraints. We want to argue that then the value of the produced
CSP instance I = R3Par,γ(U, V, {πe}e) is at most 1

2 + ε for some ε = ε(γ, εLC)
which approaches 0 with γ and εLC.

We assume that we are given an arbitrary assignment to the CSP variables
seen as functions, {fu}u∈U and {gv}v∈V . As indicated in the preceding para-
graphs, rather than showing that the value of the instance is close to 1/2, we
merely have to show that the expectation in Eq. (3.2) is close to 0. The proof
will proceed in two steps: first we upper-bound the expectation in terms of the
cross influences between two random functions fu and gv associated with a con-
straint πu,v; then we argue that the cross influences provide a way to label the
reduced-from Label Cover instance such that the expression cannot be large
if the Label Cover instance has a small value.

Step 1. Relating the CSP value to cross influences. Recall the expecta-
tion in Eq. (3.2),

E
T

[abc · T1−γf
u(a~x) · T1−γg

v(b~y) · T1−γg
v(c~z)] . (3.5)

The standard method for influence-based analyses is to for each coordinate i ∈ L
consider changing the test distribution such that some variables are resampled
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independently. The goal is in part to show that when all coordinates are re-
sampled in this way, the expectation is small; while the total difference in the
expectation for doing these distribution changes is bounded by some expression
of influences.

Without loss of generality, we identify the label set L with the integer interval
{1, . . . , |L|}. Let Rr for 0 ≤ r ≤ |L| be the modification of the test distribution
where one first draws all parameters from T and then independently resamples
every xi for i ≤ r, i.e., which draws {xi}i≤r independently and uniformly at
random. For a distribution D, let us define d(D) as the expression Eq. (3.5)
where we substitute the test distribution T with D, i.e.,

d(D) def= E
D

[abcT1−γf
u(a~x)T1−γg

v(b~y)T1−γg
v(c~z)] .

We also define the error ∆r, 1 ≤ r ≤ |L|, introduced by substituting the distri-
bution Rr−1 with Rr:

∆r
def= |d(Rr)− d(Rr−1)|.

From the definition, we see that R0 = T . Also note that the expression Eq. (3.5)
is 0 if we substitute T for R|L|:

d(R|L|) = E
R|L|

[abcT1−γf
u(a~x)T1−γg

v(b~y)T1−γg
v(c~z)]

= E
R|L|

[
bc E

a
[a] E

~x′
[T1−γf

u(~x′)] T1−γg
v(b~y)T1−γg

v(c~z)
]

= 0,

where we have used that ~x is drawn independently and hence a~x is drawn uni-
formly at random from {−1, 1}L independently of a; implying that a is drawn
independently uniformly at random with expectation 0.

We can bound Eq. (3.5) as follows,

(3.5) = d(T ) = d(R0) ≤ |d(R0)| ≤
|L|∑
r=1
|d(Rr)− d(Rr−1)|+ d(R|L|) =

|L|∑
r=1

∆r.

(3.6)

Express the functions in d(D) using their respective Efron-Stein decomposi-
tions {fuS}S⊆L and {gvT }T⊆R:

d(D) = E
D

abc
∑
S⊆L

T1−γf
u
S (a~x) ·

∑
T⊆R

T1−γg
v
T (b~y) ·

∑
T ′⊆R

T1−γg
v
T ′(c~z)


=

∑
S⊆L

T,T ′⊆R

E
D

[abcT1−γf
u
S (a~x) · T1−γg

v
T (b~y) · T1−γg

v
T ′(c~z)] . (3.7)
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We proceed to bound ∆r for arbitrary 1 ≤ r ≤ |L|. Using Eq. (3.7),

∆r = |d(Rr)− d(Rr−1)|

=

∣∣∣∣∣ ∑
S⊆L

T,T ′⊆R

E
Rr

[abcT1−γf
u
S (a~x) · T1−γg

v
T (b~y) · T1−γg

v
T ′(c~z)]

− E
Rr−1

[abcT1−γf
u
S (a~x) · T1−γg

v
T (b~y) · T1−γg

v
T ′(c~z)]

∣∣∣∣∣. (3.8)

Note that the difference between the distributions Rr and Rr−1 is that xr is
drawn independently for the former distribution but not the latter. Conse-
quently, for any terms indexed (S, T, T ′) for which r /∈ S, the difference is 0.

We recall that one of the properties of Efron-Stein decompositions is that
for any function fS(~x), if any of the coordinates i ∈ S is drawn uniformly at
random, then the function evaluates to 0 in expectation. Consequently, for the
distribution D = Rr, terms in Eq. (3.7) for which S contains an element i ≤ r,
also evaluate to 0. In particular, for terms where r ∈ S, the left-hand term in
Eq. (3.8) is 0.

What remains of Eq. (3.8) is thus,∣∣∣∣∣∣∣∣
∑

S⊆L:minS=r
T,T ′⊆R

E
Rr−1

[abcT1−γf
u
S (a~x) · T1−γg

v
T (b~y) · T1−γg

v
T ′(c~z)]

∣∣∣∣∣∣∣∣. (3.9)

Additionally, for terms where T 6= T ′, either yj or zj for some j ∈ T∆T ′ is
drawn independent of any other random variable in the term; since these terms
have uniform marginals, it implies that the term evaluates to 0 in expectation.
Similarly, unless there is some j ∈ T = T ′ for which πu,v(j) = i, xi is drawn
independently and again the term evaluates to 0. Hence,

(3.9) =

∣∣∣∣∣∣∣∣ E
u,v,Rr−1

abc
∑
S

minS=r

T1−γf
u
S (a~x)

∑
T

r∈πu,v(T )

T1−γg
v
T (b~y) · T1−γg

v
T (c~z)


∣∣∣∣∣∣∣∣.

(3.10)

For clarity, we reorder the factors as follows,

(3.10) =

∣∣∣∣∣ E
u,v

[ ∑
T

r∈πu,v(T )

E
Rr−1

[(
cT1−γg

v
T (c~z)

)

·

(
abT1−γg

v
T (b~y)

∑
S

minS=r

T1−γf
u
S (a~x)

)]]∣∣∣∣∣.
(3.11)
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Using the Cauchy-Schwarz Inequality, the expression is bounded as

(3.11) ≤

∣∣∣∣∣ E
u,v

 ∑
T :πu,v(T )3r

E
Rr−1

[
c2T1−γg

v
T (c~z)2] 1

2

·

 ∑
T :πu,v(T )3r

E
Rr−1

a2b2T1−γg
v
T (b~y)2

( ∑
S:minS=r

T1−γf
u
S (a~x)

)2
 1

2 ∣∣∣∣∣.
(3.12)

Being elements in {−1, 1}, a2 = b2 = c2 = 1. When only drawing (a~x,b~y) from
Rr−1, the two arguments are independent and uniform at random. Hence,

(3.12) ≤ E
u,v

[ ∑
T

r∈πu,v(T )

E
[
T1−γg

v
T (~y)2]


1
2

·

 ∑
T

r∈πu,v(T )

E
[
T1−γg

v
T (~y)2]


1
2 E


 ∑

S
minS=r

T1−γf
u
S (~x)


2


1
2 ]
.

(3.13)

Consider the first two factors for fixed u, v:

 ∑
T :πu,v(T )3r

E
[
T1−γg

v
T (~y)2] 1

2

·

 ∑
T :πu,v(T )3r

E
[
T1−γg

v
T (~y)2] 1

2

=
∑

T :πu,v(T )3r

E
[
T1−γg

v
T (~y)2] ≤ ∑

j:πu,v(j)=r

∑
T3j

E
[
T1−γg

v
T (~y)2]

≤
∑

j:πu,v(j)=r

Inf(1−γ)
j (gv).

Similarly, using the properties of the Efron-Stein decomposition, the last factor
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in Eq. (3.13) satisfies:E

( ∑
S:minS=r

T1−γf
u
S (~x)

)2
 1

2

=

 ∑
S,S′

minS=minS′=r

E [T1−γf
u
S (~x)T1−γf

u
S′(~x)]


1
2

=

 ∑
S

minS=r

E
[
T1−γf

u
S (~x)2]


1
2

≤

(∑
S3r

E
[
T1−γf

u
S (~x)2]) 1

2

=
√

Inf(1−γ)
r (fu).

Consequently,

(3.13) ≤ E
u,v

√Inf(1−γ)
r (fu)

∑
j:πu,v(j)=r

Inf(1−γ)
j (gv)

 .
Recall that our goal is to bound Eq. (3.6) =

∑
r ∆r. Using the above bound,

∑
r

∆r ≤
∑
r

E
u,v

√Inf(1−γ)
r (fu)

∑
j:πu,v(j)=r

Inf(1−γ)
j (gv)


= E

u,v

 ∑
i,j:πu,v(j)=i

(√
Inf(1−γ)

i (fu)
√

Inf(1−γ)
j (gv)

)(√
Inf(1−γ)

j (gv)
) ,

which by the Cauchy-Schwarz Inequality is at most

E
u,v


 ∑
i,j:πu,v(j)=i

Inf(1−γ)
i (fu)Inf(1−γ)

j (gv)

 1
2
 ∑
i,j:πu,v(j)=i

Inf(1−γ)
j (gv)

 1
2
 .

(3.14)

We identify the expression within the first parenthesis as the definition of noisy
cross influence between fu and gv; while from Lemma 2.6, we recognize that∑
j Inf(1−γ)

j (gv) is bounded by 1/γ. Hence,

(3.14) ≤ γ−1/2 E
u,v

[√
CrInf(1−γ)

πu,v (fu, gv)
]
. (3.15)

Step 2. Relating cross influences to Label Cover values. In the preced-
ing step of the proof, we showed that the value of any CSP instance produced
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by R3Par,γ is bounded by

1
2 + 1

2γ
−1/2 E

πu,v∈{πe}e

[√
CrInf(1−γ)

πu,v (fu, gv)
]
,

which by Jensen’s Inequality is at most

1
2 + 1

2γ
−1/2

√
E

πu,v∈{πe}e

[
CrInf(1−γ)

πu,v (fu, gv)
]

(3.16)

We now wish to bound the second term with respect to the reduced-from Label
Cover value and in particular argue that as the Label Cover value approaches
0, so does the second term. This part of the proof is fairly similar for most
influence-based analyses.

Consider the following labeling strategy given an assignment of the CSP
functions {fu}u∈U , {gv}v∈V . For each Label Cover variable u ∈ U resp.
v ∈ V , assign the variable the label i ∈ L resp. j ∈ R with probability γ ·
Inf(1−γ)

i (fu) resp. γ ·Inf(1−γ)
j (gv); with the remaining probability masses, assign

arbitrary labels. This indeed defines probability distributions since the total
noisy influences are bounded by γ−1. Let λ : U → L, λ : V → R be the resulting
probabilistic labeling. The fraction of constraints satisfied by this labeling is

E
πu,v∈{πe}e

[λ(u) = πu,v(λ(v))] = E
πu,v

 ∑
(i,j)∈πu,v

P {λ(u) = i}P {λ(v) = j}


≥ γ2 E

πu,v

 ∑
(i,j)∈πu,v

Inf(1−γ)
i (fu)Inf(1−γ)

j (gv)

 = γ2 E
πu,v

[
CrInf(1−γ)

πu,v (fu, gv)
]
.

Let εLC be an upper bound on the value of the the reduced-from Label
Cover instance and hence an upper bound on any labeling of the same. This
implies in particular,

E
πu,v

[
CrInf(1−γ)

πu,v (fu, gv)
]
≤ γ−2εLC. (3.17)

Combining, Eqs. (3.16) and (3.17),

(3.16) ≤ 1
2 + 1

2γ
−1/2

√
γ−2εLC ≤

1
2 + 1

2γ
−1.5ε

1/2
LC . (3.18)

In particular, for every ε > 0, we can choose γ, εLC > 0 such that the
produced CSP instances have value at most 1

2 + ε; such as by letting γ > 0 be
arbitrary and choosing εLC = 4γ3ε2.

Putting everything together. We have concluded that our reduction satis-
fies the following:
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1. When reducing from Label Cover instances of value 1, the produced
CSP instances have value at least 1− η for arbitrary small η > 0.

2. For every ε > 0, there is an εLC = εLC(ε, η) > 0 such that when reducing
from Label Cover instances of value at most εLC, the produced CSP
instances have value at most 1

2 + ε.

From Theorem 2.1, we know that for suitable label sets L and R, it is NP-hard to
distinguish Label Cover instances of value 1 from instances of value at most
εLC. We can thus conclude that it is NP-hard to distinguish Max CSP(3-Parity)
instances of value at least 1 − η from instances of value at most 1

2 + ε. In
particular, 3-Parity is approximation resistant and NP-hard to approximate to
within a constant factor 1/2+ε

1−η = 1
2 + ε′ for every ε′ > 0.

This example proof appears, in the form of a more general theorem, in all
of our included publications. However, a common theme is that there will be
fundamental obstacles to this general approach, of different kinds, in these pub-
lications. We discuss these obstacles and solutions to the same in the respective
technical sections of the publications.



Chapter 4

Paper I. On the NP-Hardness of
Ordering Constraint Satisfaction
Problems

In this chapter, we summarize the contributions of the paper “On the NP-
Hardness of Approximating Ordering Constraint Satisfaction Problems”. The
setting of this paper departs from classical Constraint Satisfaction Problems in
that instead of having fixed variable domains, the goal is to find a total ordering
of the variables satisfying as many constraints as possible acting on the relative
order of a tuple of variables.

4.1 The Simplest OCSP: Maximum Acyclic Subgraph

The simplest non-trivial OCSP consists of constraints of the form “variable vi
should be ordered before variable vj”. More concisely, we express the constraint
as “vi ≺ vj” and refer to this problem as OCSP(≺). Let us proceed with an
example instance of this problem.

Example 4.1. Given are variables v1, . . . , v4 and six constraints:

v1 ≺ v3 v2 ≺ v1 v2 ≺ v4 v3 ≺ v2 v4 ≺ v1 v3 ≺ v4;

find an ordering of the variables satisfying as many as possible of these con-
straints.

This example does not have a solution satisfying all of the six constraints –
taking the first constraint followed by the sixth followed by the fifth, we conclude
that the variables must inconsistently be ordered as v1 ≺ v3 ≺ v4 ≺ v1. The
example does however have a solution satisfying five constraints, namely v3 ≺
v2 ≺ v4 ≺ v1.

This simplest ordering problem, OCSP(≺), can equivalently be expressed as
a graph problem known as Maximum Acyclic Subgraph (MAS). The variables
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are seen as vertices and rather than having a constraint vi ≺ vj , we have an arc
vi ← vj , where the goal is to find a subset of the arcs which is acyclic and contains
as many of the arcs as possible. The above example can then be depicted as the
graph in Fig. 4.1.

v1

v2

v3

v4

Figure 4.1: Example 4.1 represented as a graph.

One of our contributions is to improve the approximation hardness constant
assuming only P 6= NP. In particular, we show that MAS is NP-hard to approx-
imate to within a constant better than 14

15 , improving from 65
66 .

4.2 The OCSP Framework

There is an infinite class of CSPs specified by the type of constraints that can be
used in the problem instances. In this thesis, we have so far only considered the
special cases where each variable has a domain of size 2, such as {−1, 1}, and
where every constraint is a function from k-tuples of this domain. In particular,
each CSP has been defined by specifying the predicate P to use and denoted by
CSP(P ).

The class of OCSPs is similar to CSPs. For each ordering predicate P , we
have a separate problem denoted OCSP(P ). However, in contrast to CSPs,
we have no particular domain for the variables, and the predicate P is only a
function from the relative ordering of the variables it is applied to. With respect
to a total ordering ≺ on some variables {vi}i, define σ≺(vi1 , . . . , vik ) ∈ Sk as
the induced permutation of (vi1 , . . . , vik ). As an example, if the total order is
v2 ≺ v4 ≺ v1 ≺ v3, then σ≺(v1, v4, v3) = (2, 1, 3) since v1 is the second last
among the three in the order, v4 is the first, and v3 the third. Then, an ordering
predicate of width k is a function from Sk to {0, 1}. For instance, the predicate
≺ in MAS is of width two and defined by ≺ (1, 2) = 1;≺ (2, 1) = 0.

In contrast to CSPs, there is a clear picture of the approximability of OCSPs
if one assumes the UGC – every OCSP is approximation resistant [20]. With
regard to unconditional NP-hardness, relatively little is however known and we
make significant progress towards establishing unconditional optimal results.

Our study establishes approximation hardness of four OCSPs – MAS, the
Maximum Betweenness (Max BTW) problem, the Maximum Non-Betweenness
(Max NBTW) problem, and the general Maximum k-OCSP (Max k-OCSP).
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Problem Approx. factor UG-inapprox. NP-inapprox. This work
MAS 1/2 + Ω(1/logn) [11] 1/2 + ε [22] 65/66 + ε [41] 14/15 + ε
Max BTW 1/3 1/3 + ε [10] 16/17 + ε1 [12] 1/2 + ε
Max NBTW 2/3 2/3 + ε [10] - 2/3 + ε
k-OCSP 1/k! 1/k! + ε [20] - 1/bk/2c! + ε

Table 4.1: Prior results and our contributions on the approximation hardness of
OCSPs.

Besides significantly improved hardness factors, we note that, to the best of
our knowledge, all preceding unconditional OCSP hardness results were gad-
get reductions from regular CSPs and we provide the first unconditional Label
Cover-based hardness constructions. We summarize our results in Table 4.1.

The Maximum Betweenness Problem

Besides MAS, the most well-studied OCSP is Max BTW. This problem involves
constraints of the form “y should be ordered between x and z”. Specifically,
define the betweenness predicate BTW as the function from permutations of
three elements taking on the value 1 for (1, 2, 3) and (3, 2, 1), and otherwise the
value 0; these permutations correspond to accepting (y, x, z) and (z, x, y). Then,
Max BTW equals OCSP({BTW}).

Opatrny studied the problem in 1979 and showed that finding a solution
satisfying all constraints is NP-hard [44]. A random assignment satisfies one third
of constraints in expectation and curiously, for instances where all constraints can
be simultaneously satisfied, there are approximation algorithms which perform
better, satisfying half of all constraints [12, 37]. However, for instances where
only almost all constraints can be satisfied, i.e. a fraction arbitrarily close to
1, there was at the time of writing no known approximation algorithm doing
better than random assignments. In fact, if such an algorithm existed, it would
disprove the UGC [10]. Chor and Sudan showed that for satisfiable instances, it
is NP-hard to approximate to within a constant better than 47

48 and noted that if
we do not restrict the value of the instances which we are trying to approximate,
then it is NP-hard to approximate to within better than 16

17 .

We are not able to prove optimal approximation hardness for the problem but
we are able to show that approximating the problem to within a constant better
than 1

2 is NP-hard for instances where almost all constraints can be satisfied.
It is curious that we achieve this constant and we hope that tight results for
satisfiable instances might see the day in the near future.
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The Maximum Non-Betweenness Problem
The non-betweenness predicate NBTW is the complement of BTW – it attains
the value 0 for the permutations (1, 2, 3) and (3, 2, 1), and otherwise 1. In par-
ticular, the predicate accepts a random ordering with probability 4/6 = 2/3.
This predicate supports a particularly nice test distribution which is why we are
able to show approximation resistance of the problem. In particular, for any
q, if x, y, x + y ∈ Zq are distinct, then NBTW(x, y, x + y) = 1. We note that
Max NBTW has not been studied previously and is merely a suitable problem
for our constructions and reductions. In particular, it is the natural analogue
to 3-Parity for ordering problems. We establish the approximation resistance of
this predicate, which is the first example of an approximation-resistant ordering
problem not assuming the Unique Games Conjecture. Furthermore, we reduce
from NBTW to MAS via gadgets such that the 2/3+ε approximation hardness
of NBTW implies a 14/15 + ε hardness for MAS. The gadget for this reduc-
tion is given in Fig. 4.2. For every constraints, say “NBTW(x, y, x)”, two new
(“auxiliary”) variables are introduced – a and b. If (x, y, z) satisfies the NBTW
constraint, then there is a way to order a and b such that 5 of the 6 MAS edges
are satisfied; and otherwise one can satisfy at most 4 of the 6. Hence the hard-
ness of distinguishing NBTW instances of value 1 − ε from 2/3 + ε implies a
hardness of distinguishing MAS instances of value 5

6 · (1−ε) + 4
6ε = 15

18 −ε
′ from

5
6 · (

2
3 + ε) + 4

6 · (
1
3 − ε) = 14

18 + ε′′, implying a 14
15 + ε′′′ approximation hardness

for every ε′′′ > 0.

x z y

a

b

Figure 4.2: The gadget reducing constraints NBTW(x, y, z) to MAS with value 5/6
resp. 4/6 for satisfying resp. non-satisfying assignments.

The Maximum k-Ordering-Constraint-Satisfaction Problem
A natural question to ask is – if we allow any kinds of ordering constraints which
acts on at most k variables each, how hard is the problem to approximate?
Equivalently, one can ask, which width-k ordering predicates are the hardest to
approximate?

Specifically, we define Max k-OCSP as the problem where all constraints
acting on at most k variables are permitted, and we wonder how hard this
problem is to approximate. This is problem analogue to the classical Max k-
CSP. For the CSP analogue, the problem is known to be NP-hard to approximate
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within a factor better than 2k
2k [9]. Assuming the UGC, Max k-OCSP is harder

still at a factor 1
k! + ε ∈ 2−Θ(k log k) [20] while without the conjecture, arguably

no explicit NP-hardness stronger than 14
15 + ε was known prior to this work [12].

We are not able to reach the UGC-based hardness of Max k-OCSP but we
are able to present a class of predicates for which the approximation hardness
approaches 0 as the width of the predicates grows. We call these predicates
2t-Same Order where the width is k = 2t. The predicate accepts precisely those
permutations where the relative order of the first t variables is identical to the
relative order of the last t. We show that this predicate is approximation resistant
and hence that it is NP-hard to approximate it, and Max k-OCSP to within a
constant better than 1

t! = 1
bk/2c! .

4.3 Technical Contributions

The improved approximation hardness of MAS is primarily due to reducing from
a problem more similar to MAS – previously, the hardness was shown using a
gadget reduction from the boolean-valued CSP(3-Parity), while we reduce from
its ordering analogue, OCSP(NBTW).

Our technical contribution primarily consists of a way of “bucketing”/“coalescing”
orderings so that orderings can be estimated with CSPs over finite-domains and
analyzed using contemporary techniques for such CSPs. This has also been the
approach of preceding UGC-based results [22, 20, 10] but we note that these anal-
yses crucially used that the reduced-from Label Cover instances had unique
constraints. In particular, for Unique Games, one can define certain averaged
functions and reduce the testing of constraints involving a number of points
from two functions such as fu, u ∈ U and gv, v ∈ V , to merely testing mul-
tiple points from the same function. In particular, one can show that these
introduced averaged functions must be pseudorandom on average when reducing
from low-valued Unique Games instances. When reducing from Label Cover
in general, we need to, on one hand, account for how the bucketing should be
handled between different functions, and on the other hand, that the analyzed
functions should be pseudorandom, provided that they do not have significant
cross influence. Notably, these are the first hardness results of ordering problems
via direct Label Cover reductions.

Our bucketing could be considered a natural extension of previous work.
However, we note that rather than having a bucketing which “rounds” all values
to {0, . . . , q − 1}, we instead see the queried functions as specifying the index
of buckets to randomly sample from. In this way, it does not matter how the
orderings of two tables are related to one another – for a sufficiently large constant
number of buckets, the random resampling is unlikely to change the relative order
of arguments to a constraint. On the other hand, the bucketing does permit us
to analyze modified predicates which operate over finite domains and are thereby
amicable to the powerful techniques which have been developed for the classical
CSP setting. These modified predicates are defined to only take bucket indices



38
CHAPTER 4. PAPER I. ORDERING CONSTRAINT-SATISFACTION

PROBLEMS

and to evaluate the original predicate for random samples from the respective
indices. In order to argue that our bucketing trick does not change the value of
instances by too much, rather than relying on having pseudorandom functions,
which might not be the case for our reduction, we instead provide a bound using
reverse hypercontractivity.



Chapter 5

Paper II. Circumventing the
d-to-1 Conjecture for
Approximation Resistance

In the paper “Circumventing d-to-1 for Approximation Resistance of Satisfiable
Predicates Strictly Containing Parity of Width at Least Four”, we consider the
approximation resistance for instances where all constrains can be satisfied. That
is, when it is NP-hard to distinguish between CSP(P ) instances of value 1 from
instances which have value at most E [P ] + ε for arbitrary ε > 0.

Note that the example reduction in Chapter 3 does not not have this prop-
erty – we merely showed that it is NP-hard to distinguish instances with value
arbitrarily close to 1, i.e., 1 − η for every η > 0, from instances of value at
most E [P ] + ε. We recall that E [P ] is the trivial value that a random as-
signment achieves. For clarity, we call this property approximation resistance
for almost-satisfiable instances, or simply approximation resistance (AR). The
stronger property where it is hard to distinguish value 1 from E [P ] + ε, we re-
fer to as approximation resistance for (perfectly-)satisfiable instances (sat.-AR).
The term perfect completeness is also used when studying the perfectly-satisfiable
case.

The reason that the example reduction in Chapter 3 only showed AR for
almost-satisfiable instances is not merely a weakness in our proof; CSP instances
of the 3-Parity predicate which are perfectly satisfiable are in fact equivalent to
systems of linear equations modulo 2 and can be solved efficiently via Gaussian
elimination. This realization generalizes to all parity predicates regardless of
their width.

There are various problems where one indeed wants to analyze the approxima-
bility of perfectly-satisfiable instances and where analyses for almost-satisfiable
instances is not adequate. The canonical example of this are the satisfiabil-
ity problems of fixed width. Håstad showed that 3SAT, and indeed k-SAT
for every k ≥ 3, is approximation resistant for perfectly-satisfiable instances
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[24]. He also showed that every predicate P implied by k-Parity is approxi-
mation resistant for almost-satisfiable instances, i.e., every predicate for which
P (x1, . . . , xk) ≥ k-Parity(x1, . . . , xk). This raises the following natural question:
are all predicates with this property sat.-A.R.?

When a predicate P accepts all assignments of a parity predicate and at
least one more assignment, then we say that P is strictly implied by parity.
The smallest such non-trivial predicate is known as NotTwo and is of width
three. As the name indicates, this predicate accepts those triples of variables
x, y, z ∈ {−1, 1} which do not contain exactly two −1’s. In fact, Håstad’s seminal
1997-paper [24] established precisely which width-3 predicates are AR for almost-
satisfiable instances, and left open the sat.-A.R., up to symmetry, precisely for
one predicate: NotTwo.

Assuming the d-to-1 Conjecture introduced in Section 2.3, O’Donnell and
Wu [43] showed sat.-A.R. of NotTwo. Subsequently, Huang [26] generalized
this result to all predicates strictly implied by parity, again assuming the d-to-1
Conjecture. However, these techniques faced two major obstacles for proving the
same result unconditionally. Our main contribution is to extend these techniques
and circumvent the need for the d-to-1 Conjecture. Unfortunately, our techniques
also face some difficulties and only manage to unconditionally prove sat.-A.R.
for predicates strictly implied by parity of width at least four. We are not
able to handle the, arguably most interesting, width-three case and thereby
prove O’Donnell and Wu’s result unconditionally. In a parallel work, Håstad
settled the unconditional sat.-A.R. of NotTwo using a mix of different and similar
techniques, although not clearly as general in nature [25].

Formally, we use the technical contributions to prove the following theorem.

Theorem 5.1. For any k ≥ 4 and predicate P : {−1, 1}k → {0, 1} strictly
implied by k-Parity, P is approximation resistant for satisfiable instances.

5.1 Technical Contributions

The Smooth Label Cover problem is a variant of Label Cover introduced
by Khot [29] for the analysis of hypergraph coloring. These Label Cover
instances (U, V, {πu,v}u,v) essentially have the property that whenever one looks
at an arbitrarily large, but constant-bounded, collection of labels S ⊆ R for any
variable v ∈ V , over a random constraint which v partakes in, the labels in S
are with probability almost 1 mapping to different labels in L. In other words,
unless we are considering a “too large” set of labels, the labels are likely to have
unique projections. In contrast to Unique Games and d-to-1 Games, this
variant is known to be NP-hard for value 1 versus ε for every ε > 0.
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Noise Introduction
When analyzing Label Cover “protocols”, we generally wish the arguments
to tables to be somewhat “noised”. For instance, in the analysis in Chapter 3,
we used noise to argue that the total influence of any function is bounded by a
constant. Without noise, the total influence of a function, such as a parity func-
tion, can be as large as linear in the number of coordinates. Such dependencies
are detrimental to the analysis. When showing hardness for almost-satisfiable
instances, one can afford to include noise already in the definition of the protocol
since sufficiently small noise changes the value by an arbitrarily small amount
for high-valued Label Cover instances. For showing the hardness of perfectly-
satisfiable instances, this approach is naturally not available. Instead, one argues
that arguments are not predictable in the following sense. Consider for the pred-
icate NotTwo which is satisfied for a triple of variables whenever not exactly
two variables equal −1. If you are told that the first two coordinates are both
−1, you know that the third variable must also be −1 in order to satisfy the
predicate, and so the third variable is predictable from the former two for this
particular assignment. Similarly, if the first two coordinates are distinct, then
you know that the third must be 1. Finally, if the first two coordinates are both
1, the third coordinate could be either 1 or −1. Though perhaps not immedi-
ately apparent, the uncertainty introduced by this last case is in fact sufficient
to argue that applying a small amount of noise to the variables does not change
the value by too much, when extended to a “standard protocol” [39]. However,
this noise introduction by Mossel unfortunately implies that the amount of noise
introduced also depends on the parameters of the reduced-from Label Cover in-
stance, which is generally undesirable and may prohibit connecting the CSP and
Label Cover values. Our contribution is to argue that when reducing from
Smooth Label Cover instances, one can eliminate this dependency and get
the ideal introduced noise under fairly weak conditions.

Argument Decoupling
The second contribution is what we call a “decoupling theorem”. One of the great
technical modern developments in the field is the Invariance Principle [40] which
has been used in numerous UGC-based results. Unfortunately, there are again
dependencies of parameters which prevents the principle from being directly
used when reducing from general Label Cover instances rather than from
Unique Games or d-to-1 Games. We introduce a special case of the principle
which does not have these dependencies and is particularly suitable for “standard
protocols” showing approximation resistance. For example, we use this theorem
in all three included publications. The proof of this theorem is however not as
deep as the Invariance Principle and is simply a generalization of the analysis
in Chapter 3 and, in turn, an analysis by O’Donnell and Wu [43]. We should
also point out that there have been two similar developments in extending the
Invariance Principle to deal with these degenerative dependencies [42, 9].





Chapter 6

Paper III. The Positive
Uselessness of Parities

In this paper, “Parity is Positively Useless”, the study departs from the usual
setting in two ways. First, we study a stronger property than approximation
resistance (AR) of a predicate, known as uselessness. Second, we do not assume
that the constraints of a CSP instance freely may involve negations of variables.

In this thesis, we have so far only discussed CSP instances where constraints
could contain both variables and the negations of variables. This is standard
practice in the Hardness of Approximation community, although not necessarily
in other research areas. To distinguish the two cases, we shall use the adjectives
monotone and positive to refer to CSP instances where constraints are only on
unnegated variables. Additionally, we shall denote the monotone analogue of
CSP(P ) with CSP+(P ). We also note that there are two kinds of parities of
each width – the one which accepts an even number of −1’s and the one accepting
an odd number. For CSPs with negations, the two can be used interchangeably
and we have simply denoted the predicates as k-Parity. In this chapter, we make
a distinction, referring to the former as k-Even and the latter as k-Odd.

Austrin and Håstad [5] observed that protocols establishing AR of predicates
were stronger than formally necessary. In particular, they introduced the concept
of uselessness, described below, and noted that most AR proofs in fact could be
extended to show uselessness of the same predicate. We introduce the concept
in the following. We know from preceding chapters that 3-SAT is approximation
resistant. For example, if you are given instances which have solutions satisfying
99% of the 3-SAT constraints, then it is NP-hard to find solutions satisfying more
than 7/8 = 87.5%. What if we placed additional requirements on the instances
which you are given? In particular, every assignment which satisfies 3-SAT also
satisfies 3-Odd. What if you were given instances which have solutions satisfying
99% of the constraints when evaluated for 3-Odd, but you only had to find a
good solution for the weaker predicate 3-SAT? If there indeed is an algorithm for
this setting beating the constant achieved by random assignments, then 3-Odd
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is said to be useful for 3-SAT. If 3-Odd is useful for some constraint function
Q : {−1, 1}3 → [0, 1], then 3-Odd is said to be useful and otherwise useless.1
The same questions can be asked when one does not assume that negations may
be freely used in CSP instances. In this setting, a predicate is instead said to be
positively useful or positively useless.

Assuming the UGC, Austrin and Håstad gave a complete characterization of
which predicates are useful or useless; and similarly, which predicate are posi-
tively useful or positively useless. We also know that some predicates are useless
even without the conjecture, such as parity predicates, and more recently, all
predicates satisfying a condition which comes close to the characterization and
in fact applies to a fraction 1 of predicates as the width grows [9]. For positive
uselessness, we however only know of trivially useless predicates. An example of a
trivially positively useless predicate is 3-Even, which can be satisfied with a con-
stant assignment, e.g., setting all variables to be 1 regardless of the constraints.
Prior to this work, there were in fact no examples of positively-useless predicates
subject only to P 6= NP, drawing a disconcerting contrast to the understanding
we have assuming the UGC.

Our main contribution is to characterize which parities are positively useful
or useless assuming only P 6= NP. In particular, all parities except one are
positively useless and the smallest non-trivially positively-useless parity is 4-
Odd. We summarize the results in Table 6.1.

predicate
k-Even k-Odd

k = 2 trivially pos. useless positively useful
width k 6= 2 even trivially pos. useless positively useless

k odd trivially pos. useless trivially pos. useless

Table 6.1: The positive usefulness of parities assuming P 6= NP.

6.1 Technical Contributions

First note that our formal goal involves to argue that some parity predicate P
of width k is positively useless. This means that for every constraint function
Q : {−1, 1}k → [0, 1], there should be instances which have value close to 1 when
the constraints are evaluated for P , but when evaluated for Q, it is NP-hard to
achieve a constant better than E+Q. The value E+Q here means the maximum
expected value of Q for k independent draws from a possibly biased distribution
over {−1, 1}. If the optimal choice was to pick 1 and −1 with equal probability,
then EQ = E+Q, but there are cases where these two quantities differ. For
example, if we let ExactlyOneOfThree be the predicate which accepts those

1Technically the definition calls for functions Q : {−1, 1}3 → R but a linear transformation
reduces the codomain to [0, 1] without loss of generality.



6.1. TECHNICAL CONTRIBUTIONS 45

triples of variables (x, y, z) ∈ {−1, 1}3 containing exactly one variable set to −1,
then an unbiased random assignment satisfies the predicate with probability 3

8 ,
while ideally we would let each variable take on the value −1 with probability
one third, yielding an expected value of 3 · 1

3 ·
2
3 ·

2
3 = 4

9 >
3
8 .

Our work arguably has two points of technical interest. For one, this result
is, to the best of our knowledge, the first case where uselessness, or any theorem
relating to hardness of approximation of a predicate, has not been shown using a
single protocol. Our proof introduces two rather different protocols which each
shows the uselessness of a predicate P for roughly half of all choices of Q.

Second, analyzing CSPs without negations seems to present a noteworthy
challenge in contrast to the classical setting, or the setting assuming the UGC
where the analysis can be reduced to considering queries to a single function.

To elaborate, consider the 3-Parity protocol from Chapter 3. The natural
modification if we do not permit negations is to let the negation arguments in the
protocol be fixed to a = b = c = 1. Let 3-Parity refer to either 3-Even or 3-Odd,
and let us negate ~z in the case of 3-Odd for the sake of completeness. Regardless
of which predicate we consider, and regardless of the value of the reduced-from
Label Cover instance, we can then trivially satisfy all constraints. In the
case of 3-Even, we merely let all functions {fu}u∈U take on the value 1, and all
functions {gv}v∈V take on the value −1; since each constraint that the protocol
introduces contains one point in a function fu and two points in a function gv,
the constraint will for the assignment be evaluated for the tuple (1,−1,−1) and
hence satisfy the 3-Even predicate, and vice versa (−1, 1, 1) for 3-Odd

On the other hand, all classical constructions will have to involve points from
multiple tables and where at least one table is involved twice. Consider the
smallest parity whose positive uselessness was unknown prior to our work, 4-
Odd. There are three classical protocols – we could have two points each from
fu and gv; one point from fu and three from gv; or we could have three layers
of variables – U, V,W – and have one point each from two functions and two
points from a third. It however turns out that there are constraint functions Q
for which one can do better than random on all three of these protocols merely
by having different distributions of values in the respective layers of functions.
Notably however, if the top Fourier coefficient,

Q̂4
def= 1

2 E
[
Q(x1, x2, x3, x4) :

∏
xi = 1

]
−1

2 E
[
Q(x1, x2, x3, x4) :

∏
xi = −1

]
,

is nonnegative, then it turns out that the protocol involving one point from fu

and three from gv does establish the positive uselessness of P for Q, with some
modifications. In particular, instead of having two layers U and V , we reduce
from Label Cover instances with many layers and choose layers to test using
a certain distribution adapted from O’Donnell and Wu [43].

For the other case, Q̂4 ≤ 0, we present a somewhat original protocol inspired
by Chan [9]. Chan’s protocol is essentially that we perform multiple tests in
parallel. Instead of, e.g., having a variable called fu(x), we have variables called
fu1,...,ut(x(1), . . . ,x(t)) which in the high-valued cases are supposed to equal the
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product of the respective tests: fu1(x(1)) · fu2(x(1)) · · · fut(x(t)), for some func-
tions. Directly applying this protocol to our setting does not work however – in
contrast to Chan’s analysis where negations are permitted, without negations we
cannot force the composite function to “depend” on all arguments – the func-
tions could potentially largely coordinate and cheat merely by looking at the
first test and ignoring the remaining. However, we note that hardness amplifica-
tion via parallel tests is not the goal of our construction. Instead, we randomize
the tested composite functions so that the Label Cover variables which they
depend on, in some sense, become independent. In particular, we can define the
protocol in such a way that each function can be seen as being independently
drawn from some distribution of functions. In effect, these functions have the
same balance of points of value −1 resp. 1, and this turns out to suffice for ar-
guing that P is positively useless for every Q such that Q̂4 ≥ 0, if we reduced
from low-valued Label Cover instances.

By combining these two protocols, we can show that 4-Odd is positively
useless assuming P 6= NP. The construction, with slight modification also gener-
alizes to 6-Odd, 8-Odd, and so on. Although it is interesting that we had to use
two distinct protocols to establish the result, it is also a shortcoming. Austrin
and Håstad makes a distinction between adaptive and non-adaptive uselessness.
In the former, one considers the choice of Q to optimize for after having seen
the instance. In the latter, one considers the Q first and designs hard instances
for them specifically. This distinction could matter when, e.g., defining gadget
reductions.



Chapter 7

Discussion

In this thesis, we establish a number of improved or optimal approximation-
hardness results. Notably, these results already known prior to work assuming
either the UGC or the d-to-1 Conjecture, and our contribution is to establish
the results unconditionally or with respect to P 6= NP. In particular, the hard-
ness results presented in Chapter 6 are shown by following the corresponding
conditional proofs step-by-step with modifications from general techniques so as
to avoid deleterious parameter dependencies which previously demanded one of
the conjectures.

All three of the studied topics initially seemed to present fundamental ob-
stacles for the standard techniques in the area and yet suitable extensions are
able to bypass these obstacles to prove the expected propositions. This is partic-
ularly satisfying when the results are implied by the unproven conjectures and
where we might be advancing towards a more general understanding of how to
circumvent them.

There are however numerous open problems with other apparent fundamental
obstacles which we have been unable to resolve despite efforts. In our opinion,
one of the more noteworthy is the approximation resistance of sparse predicates
when we do not assume free negations of variables. Some of the techniques found
in this thesis or in contemporary publications such as Chan [9], could be thought
of as bypassing the obstacles in part, although not in entirety.

Formally, we know that the predicate 4-Odd of density 1
2 is positively ap-

proximation resistant. Let 4-Odd⊗t be the width k = 4t predicate which attains
the value 1 exactly when each of t groups of four variables satisfy the 4-Odd
predicate, i.e.,

4-Odd⊗t(x1, . . . , x4t)
def=

t−1∏
i=0

4-Odd(x4i+1, x4i+2, x4i+3, x4i+4).

Since each group of four coordinates is evaluated independently, one can easily
adapt standard arguments to show that this predicate is also positively approx-
imation resistant and hence hard to approximate within a constant better than
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2t

24t +ε = 2k/4

2k +ε. To our knowledge, this is the strongest unconditional approx-
imation hardness known for monotone CSPs. This presents a rather significant
gap to classical CSPs where an almost-optimal approximation hardness of 2k

2k +ε
is known for every k ≥ 3 [9]. Assuming the UGC, all predicates supporting a
pairwise-balanced distribution, among others, are positively approximation resis-
tant [5, 7]; however it is not clear which predicates even are particularly hard to
approximate on account of biased assignments. In particular, the width-(2t− 1)
Samordnitsky-Trevisan predicates [49] are notoriously hard for classical CSPs
but can for monotone instances simply be satisfied with constant assignments.
For arguments {xS}∅6=S⊆[t], the predicate is defined as

STt(x{1}, x{2}, x{1,2}, . . . , x[t])
def=
∏
S 6=∅

1
{
xS =

∏
i∈S

x{i}

}

=
∏
S 6=∅

1 + xS
∏
i∈S x{i}

2 .

We suggest a modification which we believe results in non-trivial positively-
approximation-resistant predicates and which perhaps are of low asymptotic
value for biased assignments. For arguments {xS}S⊆[t], we define

ST’t(x∅, x{1}, x{2}, x{1,2}, . . . , x[t])
def=

∏
S:|S|≥2

1
{
xS = −x1+|S|

∅

∏
i∈S

x{i}

}
.

We note that this predicate is a coset to a group supporting a pairwise-balanced
distribution and hence is approximation resistant with negations via a small
modification of Chan [9]; as well as positively approximation resistant assuming
the UGC by a simple extension of Austrin and Mossel [7]. Establishing its
positive approximation resistance assuming only P 6= NP, and finding its value
for random biased assignments, remains open.
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