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Abstract

In this thesis we study certain singular Sturm-Liouville differential expres-
sions from an operator theoretic point of view. In particular we are inter-
ested in expressions that involve strongly singular potentials as introduced
by Gesztesy and Zinchenko. On the ODE side, analyzing these expressions
involves the so-called m-functions, often generalized Nevanlinna functions,
who encapsulate spectral information of the underlying problem. The aim
of the two papers in this thesis is to further understanding on the operator
theory side.
In the first paper, we use a model for super singular perturbations to de-
scribe a family of induced self-adjoint realizations of a perturbed Schrödin-
ger operator, i.e., with a potential of the form c/x2+q where q is a perturba-
tion. Following the unperturbed example of Kurasov and Luger, we find that
the so-called Q-function appearing in this approach is in good agreement
with the above named m-function. Furthermore, we show that the operator
model can be chosen such that Q ≡ m.
In the second paper, we present a negative result in this area, namely that
the supersingular perturbations model cannot be used for all strongly sin-
gular potentials. For a potential with a stronger singularity at the origin,
namely 1/x4, we discuss the asymptotic behaviour of the Weyl solution at
zero. It turns out that this function cannot be regularized appropriately and
the operator model breaks down.





Sammanfattning

I den här texten undersöker vi vissa singulära Sturm-Liouville differential-
uttryck från en operatorteoretisk synvinkel. I synnerhet är vi intresserade av
uttryck som involverar starkt singulära potentialer som introducerades av
Gesztesy och Zinchenko. När vi analyserar dem inom ramverket av teorin
för ordinära differentialekvationer så involverar det de så kallade m-funk-
tionerna — oftast generaliserade Nevanlinna funktioner — som innehåller
spektralinformation om det underliggande problemet. Målet med dessa två
artiklar i denna avhandling är att främja förståelsen av dessa uttryck från
den operatorteoretiska sidan.
I den första artikeln så använder vi en modell för supersingulära störningar
för att beskriva en familj av självadjungerade realiseringar av en störd Schrö-
dinger operator, dvs med en potential som i väsentligen är c/x2 +q där q är
störningen. Likadant som i exemplet utan störning av Kurasov och Luger
så finner vi att Q-funktionen som uppstår i modellen stämmer bra överens
med m-funktionen som nämndes i början. Yttligare visar vi att parame-
trarna i operatormodellen kan anges så att Q ≡ m.
I andra artikeln presenterar vi ett negativt resultat i ämnet, nämligen att ope-
ratormodellen inte kan användas för alla starkt singulära potentialer. För en
potential med en starkare singularitet vid origo, nämligen 1/x4, så diskute-
rar vi hur Weyl-lösningen beter sig asymptotiskt vid noll. Det visar sig att
denna funktion inte kan bli regulariserad på ett lämpligt sätt och att mod-
ellen för supersingulära störningar bryter samman.
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General Introduction



In this chapter we want to give a short introduction into the topic and moti-
vate the questions investigated in the following two papers. Since a lot of the
concepts are well-known in functional analysis, we will refer to [1; 17; 20] as
general resources for the next sections. See also the treatment of the topic
in the very useful books [19; 21].

1 Sturm-Liouville Problems

Definition 1.1. Let (a,b) be a bounded or unbounded interval. Further-
more, let p, q,r be measurable complex-valued functions on (a,b). Suppose
that r and p vanish at most on a set of measure zero and that r is nonnega-
tive. Then the differential expression

τ := 1

r

(
− d

d x

(
p

d

d x

)
+q

)
is called a Sturm-Liouville differential expression (with coefficients p, q,r ).

Definition 1.2. Let τ be a Sturm-Liouville differential expression. An oper-
ator

L :

 L2(a,b) ⊇ dom(L) → L2(a,b)

f 7→ τ f

is called a realization of τ in the Hilbert space L2(a,b). It is called a symmet-
ric or self-adjoint realization if L has the respective property, i.e., if L ⊆ L∗ or
L = L∗.

This first definition is quite broad and for the purposes of this work more
extensive than necessary. Our main point of interest will lie in the coeffi-
cient q , hence, we let the other two functions be equal to one everywhere.
Moreover, we want to investigate these differential expressions in the set-
ting of self-adjoint operators acting in a Hilbert space. Thus, we want the
image of q to be real, which will make the differential expression formally
self-adjoint.
Hence, from now on we will only use the following

Definition 1.3. Let (a,b) be a bounded or unbounded interval. Further-
more, let q be a locally integrable real-valued function. Then by a Sturm-
Liouville differential expression we will always mean an expression of the
form

τ :=− d 2

d x2 +q(x). (1.1)

The coefficient q is called the potential of τ. Furthermore, a realization of τ
inside the Hilbert space L2(a,b) is also called a Schrödinger operator.
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Remark 1.4. We also note that under certain conditions the equation

−(p(x)u′(x))′+q(x)u(x) =λr (x)u(x),

together with some boundary conditions, can be transformed, by way of the
Liouville transform, to the so-called Liouville normal form

−y ′′(x)+ q̃(x)y(x) =λy(x),

where λ is a complex parameter. Hence, the expression (1.1) can be thought
of as related to a whole family of differential expressions. ¦
We also need the following endpoint classification.

Definition 1.5. If the left endpoint a is finite and if for some, and hence for
any, c ∈ (a,b) we have ∫ c

a
|q(x)|d x <∞

then τ is called regular at a. Similarly, we define regularity of τ at b. If the
expression is regular at both a and b it is called regular. If it is not regular at
an endpoint, it is called singular (at a, b).

There is an additional categorization of endpoints due to Weyl.

Definition 1.6. Consider the equation τu =λu for λ ∈C.

1. If for all λ ∈C all its solutions are square integrable near the endpoint
a then τ is said to be in the limit circle case at a.

2. If for allλ ∈C there is at least one solution that is not square integrable
at the endpoint a then τ is said to be in the limit point case.

Similarly, we define limit circle and limit point case at b.

It is clear from the definition that limit circle and limit point case exclude
each other. Moreover, we have

Theorem 1.7 (Weyl’s alternative). Let τ be a Sturm-Liouville differential ex-
pression. If there exists some λ0 ∈ C such that all solutions of τu = λ0u are
square integrable at an endpoint, then the same is true for any λ ∈C. Conse-
quently, τ is at any endpoint either in the limit circle or the limit point case.

We point out that the limit point case does not say that no solution is square
integrable at the respective endpoint. Instead, the following is true: a basis
of the two-dimensional solution space of τu = λu can be chosen such that
one vector is still square integrable at the endpoint whereas the other one
cannot fulfill this requirement.
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We note that a regular endpoint is automatically in the limit circle case.
Hence, it is the singular endpoints that receive an additional distinction
through this terminology.
In the following we will only deal with problems on the half-line, i.e., when
the interval is given by (0,∞). Thus, the right endpoint is always singular
and we assume it to be in the limit point case.
The potential q now determines how easy it is to deal with a Sturm-Liouville
problem. Historically, the analysis started with “nice” potentials that let
τ be regular at the left endpoint, think for instance of a test function q ∈
C∞

0 (0,∞). In the next section we will approach the classical case of a differ-
ential expression τ with only one singular endpoint.
However, for a potential that fails to be integrable at the origin we end up
with two singular endpoints. Depending on whether 0 will fall into the limit
circle or limit point case we will need to adapt the classical approaches to
some extent. In this situation one could consider the so-called Bessel po-
tential q(x) = q0+q1x

x2 as an example and continue from this starting point.
This more general setup will be the topic of the later sections in the intro-
duction.

2 The classical case

In this section we assume that q ∈ L1
l oc [0,∞). In particular, this means that

it is integrable at the left endpoint. Hence, the differential expression (1.1)
has one regular and one singular endpoint. Furthermore, we assume the
singular endpoint to be in the limit point case.

2.1. Titchmarsh-Weyl m-function First, one can look at the problem from
the viewpoint of ordinary differential equations. Thus, we take the equation

−u′′(x)+q(x)u(x) =λu(x) λ ∈C\R (2.1)

and add the two sets of initial conditions

u1(0,λ) = 0

u′
1(0,λ) = 1

and
u2(0,λ) = 1

u′
2(0,λ) = 0

(2.2)

corresponding to a Dirichlet and a Neumann condition. From the standard
theory we can thus find two solutions u1 and u2 to the respective second
order initial value problems. By the chosen initial conditions it is appar-
ent that they are linearly independent and, thus, they will span the space
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of solutions. Any two linearly independent solutions are called a funda-
mental system for the equation. In our case this fundamental system is al-
ready uniquely determined and its Wronskian is normalized due to the given
boundary conditions, i.e.,

Wx (u2,u1) :=W (u2,u1)(x) ≡W (u2,u1)(0) = u2(0)u′
1(0)−u′

2(0)u1(0) = 1

Note also that since both solutions are continuous up to the left endpoint,
they are clearly square integrable there. This reflects again the fact that the
left endpoint is in the limit circle case.
On the other hand, the right endpoint should by assumption fall into the
limit point case. This means that there exists a — unique up to a complex
factor — solutionψ to the above problem that will be square integrable near
infinity. But as we already have chosen a basis for our solution space, it must
be possible to express ψ in this basis, i.e.,

ψ(x,λ) = u2(x,λ)+m(λ)u1(x,λ) λ ∈C\R

for any fixedλ and it is now uniquely determined by this linear combination.
This solution ψ is called the Weyl solution.
We note that our Sturm-Liouville equation (2.1) depends analytically on the
spectral parameter λ, as do the intial conditions (2.2). Hence, its solutions
will display the same kind of dependence on λ. This implies that m is in fact
an analytic function on the upper and lower half plane, called the Titchmarsh-
Weyl function.

Definition 2.1. An analytic function q : C\R→ C satisfying q(z) = q(z) for
z ∈ C\R and such that Imz > 0 implies Imq(z) ≥ 0 is called a Nevanlinna
function.
A meromorphic function q̃ : C\R→ C that satisfies above symmetry condi-
tion and whose Nevanlinna kernel

Kq̃ (z, w) = q̃(z)− q̃(w)

z −w

has κ negative squares is called a generalized Nevanlinna function and we
write q̃ ∈Nκ.

Remark 2.2. We remind thatKq̃ (z, w) to have κ negative squares means that
for arbitrary N ∈N, z1, . . . , zN ∈C+ and x1, . . . , xN ∈C the Hermitian matrix(

Nq̃ (zi , z j )xi , x j )
)N

i , j=1

has at most κ negative eigenvalues and κ is minimal with this property.
Note also that the case κ= 0, i.e., the Nevanlinna kernel having no negative
squares, simplifies to the condition Imm(z)

Imz ≥ 0 and we simply revert back to
the notation N0 =N . ¦
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It is now easy to see that the Titchmarsh-Weyl function is in fact a Nevan-
linna function: ψ(x,λ) solves (2.1). So multiplying this equation by ψ(x,λ)
and integrating on (0,∞) gives∫ ∞

0
−ψ′′(x,λ)ψ(x,λ)d x +

∫ ∞

0
q(x)|ψ(x,λ)|2d x =λ

∫ ∞

0
|ψ(x,λ)|2d x

Using integration by parts on the leftmost integral gives

ψ′(0,λ)ψ(0,λ)+
∫ ∞

0
|ψ′x,λ)|2d x

as ψ vanishes at ∞. Since by definition of the Weyl solution ψ(0,λ) = 1 and
ψ′(0,λ) = m(λ), taking the imaginary part of the calculation yields

Imm(λ) = Imλ ·
(∫ ∞

0
|ψ(x,λ)|2d x

)
.

Regarding the symmetry condition, we note the fact that choosing the initial
values of u1 and u2 real implies ui (·,λ) = ui (·,λ) for i ∈ {1,2}. Furthermore, if

ψ(·,λ) = u2(·,λ)+m(λ)u2(·,λ) solves τv =λv , thenψ(·,λ) solves τv =λv , i.e.

it solves τu = λu. Hence, ψ(·,λ) must coincide with ψ(·,λ) and, thus, using
their expressions in the fundamental system

u2(·,λ)+m(λ)u1(·,λ) = u2(·,λ)+m(λ)u1(·,λ).

By uniqueness of the Titchmarsh-Weyl coefficient, the symmetry follows.
Finally, this m-function may have discontinuities on R. We will at the end of
the section see how the location and type of discontinuities is connected to
the spectrum of a certain self-adjoint realization.

Example (Part I). As an illustration let us consider q ≡ 0. Equation (2.1)
simplifies to −u′′(x) =λu(x). The initial conditions (2.2) allow us to find the
fundamental system

u1(x,λ) = sin(
p
λx)p
λ

and u2(x,λ) = cos(
p
λx),

where we choose (−∞,0] as the branch cut for the root. To obtain the Weyl
solution, we must find m(λ) such that for λ ∈C\R the function

ψ(x,λ) = cos(
p
λx)+m(λ)

sin(
p
λx)p
λ

18



is square integrable near infinity. We see that this is the case if we choose

m(λ) :=−
p
−λ=

 i
p
λ λ ∈C+

−i
p
λ λ ∈C−

and, thus, the Weyl solution is

ψ(x,λ) = e−
p−λx =

 e i
p
λx λ ∈C+

e−i
p
λx λ ∈C− .

Note that m(λ) is clearly analytic on the upper and lower halfplane, it maps
C+ into itself, and satisfies the symmetry condition since

m(λ) =−
√
−λ=−

p
λ= m(λ).

Hence, it is indeed a Nevanlinna function. ¦

2.2. Spectral transform and measure We start with a classical theorem, cf.
for example [1], Section 69.

Theorem 2.3. A function q is a Nevanlinna function if and only if there exists
a Borel measure µ satisfying

∫
R

1
1+t 2 dµ(t ) <∞ as well as real constants a and

b ≥ 0 such that the representation

q(z) = a +bz +
∫
R

(
1

t − z
− t

1+ t 2

)
dµ(t ) (2.3)

holds. In this case, we write q ∈N0.

We see that Nevanlinna functions give rise to certain measures.
In fact, to get the measure one can employ the Stieltjes inversion formula

1

2

(
µ((α,β))+µ([α,β])

)= lim
ε↘0

1

π

∫ β

α
Imm(t + iε)d t , (2.4)

where [α,β] ⊂ R. The formula arises from integrating clockwise around the
interval, where an appropriate contour is given by a rectangle, two sides par-
allel to the given interval, the other two extending symmetrically into the
upper and lower halfplane with total length 2ε. It turns out that the inte-
grals on the vertical edges vanish in the limit as ε → 0 and the remaining
terms sum to the right hand side in (2.4).
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R

iR

α β
ε

Starting with the Titchmarsh-Weyl m-function of a Sturm-Liouville differen-
tial expression τ, we can on the one hand consider the Dirichlet realization
L0 in the space L2(0,∞). On the other hand, we can define a new Hilbert
space L2(R,σ) and try to recapture the operator in this space. It turns out
that the multiplication operator in this new space and L0 in the original
Hilbert space are in fact unitarily equivalent by way of the transformation

U :

 L2(0,∞) → L2(R,µ)

f 7→ ∫ ∞
0 u1(x,λ) f (x)d x

with inverse

(U−1F )(x) =
∫
R

u1(x,λ)F (λ)dµ(λ).

Note that
∫ ∞

0 u1(λ, x) f (x)d x is not well-defined in an obvious way but

should be understood as the limit limN→∞
∫ N

0 u1(x,λ) f (x)d x in the space
L2(R,µ). The definition of the inverse involves a similar limit in L2(0,∞).
Hence, we can choose between working with a more difficult second deriva-
tive operator and the Lebesgue measure or with a simpler operator of mul-
tiplication by the independent variable at the cost of a more complicated
measure σ.

Example (Part II). We have already found the Titchmarsh-Weyl function
m(λ) = −p−λ. To find the associated measure on the real line, we employ
the Stieltjes inversion formula (2.4). Let [α,β] ⊂R, then

1

π

∫ β

α
Imm(t + iε)d t = 1

π

∫ β

α
Im−

p
−t − iεd t .

From the formula

√
x + i y =

√√
x2 + y2 +x

2
+ i sgn(y)

√√
x2 + y2 −x

2
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for the complex root we can easily infer that

Im−
√

−t + i (−ε) =−sgn(−ε)

√p
t 2 +ε2 + t

2
−→χ[0,∞)

p
t as ε→ 0.

Thus, it follows with dominated convergence that dµ = χ[0,∞)
p

t d t is the
spectral measure associated to m(λ). ¦

2.3. Realizations via extension theory It is also possible to analyze a
Sturm-Liouville differential expression τ via its self-adjoint realizations in
the Hilbert space L2(0,∞).
To this end we first look at the maximal operator Lmax defined on

dom(Lmax ) := { f ∈ L2(0,∞) | f , f ′ ∈ ACloc (0,∞),τ f ∈ L2(0,∞)},

i.e., its domain are all functions such that application of τ does not push us
out of the space, and the minimal operator Lmi n with

dom(Lmi n) := { f ∈ dom(Lmax ) | f (0) = f ′(0) = 0}.

The minimal operator appears after considering a realization of τ defined
on C∞

0 (0,∞), i.e., all smooth and compactly supported functions, and then
taking the closure in L2(0,∞).
Neither of these two operators is self-adjoint in the current situation of a τ
with only one singular endpoint. Clearly, from

(Lmi n f , g )− ( f ,Lmi n) =
∫ ∞

0
− f ′′g + f g ′′+ f (q −q)︸ ︷︷ ︸

≡ 0

g d x

=
[
− f ′g + f g ′

]∞
0

= 0 ∀ f , g ∈ dom(Lmi n)

it follows that Lmi n is symmetric, i.e., Lmi n ⊆ L∗
mi n : Furthermore, its adjoint

is given by Lmax and its deficiency index is (1,1), meaning that there are
two dimensions “missing” between dom(Lmi n) and dom(Lmax ). Thus, from
general operator theory we know that there exist self-adjoint extensions of
Lmi n , i.e., there exist L such that

Lmi n ⊆ L = L∗ ⊆ Lmax .

These self-adjoint realizations are by no means uniquely determined. In
fact, we have a whole family (Ls)s∈R∪{∞} of self-adjoint extensions of Lmi n

that can be described by the real parameter s. It turns out that the domain
can be characterized as

dom(Ls) := { f ∈ dom(Lmax )| f (0)− s f ′(0) = 0}.
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One immediately notes that the choice s = 0 corresponds to the boundary
condition f (0) = 0. Thus, it makes sense to call L0 the Dirichlet realization of
τ. In the following, L0 will then be our point of reference, that is we will com-
pare different self-adjoint extensions to this fixed one. The choice s =∞, on
the other hand, can be interpreted to mean that the respective boundary
condition — due to the equivalent formulation 1

s f (0)− f ′(0) = 0 — should
be f ′(0) = 0. Hence, L∞ is the Neumann realization of τ.
We see that changing the parameter s also changes the respective domains.
Hence, it seems unnatural to try and write a general Ls in the form L0 +B ,
where L0 is the fixed self-adjoint Dirichlet extension and B is some operator.
However, by going over to the resolvents, the picture looks different. We
fix λ ∈ C\R. In the following all functions depend as before on λ but let us
supress this for the moment to declutter the notation. Let us

0 and us∞ for
s ∈ R∪ {∞} be two solutions of τu = λu such that us

0 belongs to the domain
of Ls at zero, i.e., it is square integrable there, and such that us∞ does the
same at infinity. Then the resolvent of Ls at λ for a function f ∈ L2(0,∞) is
generally given by(

(Ls −λ)−1 f
)

(x) = 1

W (us∞,us
0)

(
us
∞(x)

∫ x

0
us

0 f d y +us
0(x)

∫ ∞

x
us
∞ f d y

)
(2.5)

Since by varying s the domains only change the boundary conditions at zero,
we can use the Weyl solution and set us∞ =ψ for any s. If we want to compare
a general resolvent with that of L0 then clearly we should choose u0

0 = u1, i.e.,
one of the solutions in the chosen fundamental system of τu =λu. For Ls we
know only that us

0(0)− s(us
0)′(0) = 0 and, since u1 and u2 are a fundamental

system, us
0(x) = c1u1(x)+ c2u2(x).

It is now easy to calculate

ψ(0) = 1, ψ′(0) = m(λ), us
0(0) = c2, (us

0)′(0) = c1, s = c2

c1

and, thus, W (ψ,us
0) = c2( 1

s −m(λ)). Now it is straightforward to get from (2.5)

(
(Ls −λ)−1 f

)
(x) = 1

c2
(1

s −m(λ)
) [
ψ(x)

∫ x

0

(
c1u1 + c2u2

)
f d y

+ (
c1u1(x)+ c2u2(x)

)∫ ∞

x
ψ f d y

]
= 1

1− sm(λ)

[
ψ(x)

∫ x

0
u1 f d y +u1(x)

∫ ∞

x
ψ f d y

]
+ s

1− sm(λ)

[
ψ(x)

∫ x

0
u2 f d y +u2(x)

∫ ∞

x
ψ f d y

]
= (

(L0 −λ)−1 f
)

(x)+ s

1− sm(λ)
ψ(x)

∫ ∞

0
ψ f d y
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= (
(L0 −λ)−1 f

)
(x)− 1

m(λ)− 1
s

( f ,ψ)ψ(x),

which is nothing else but

(Ls −λ)−1 = (L0 −λ)−1 − (·,ψ(·,λ))

m(λ)− 1
s

ψ(·,λ). (2.6)

Example (Part III). We use {u1,u2}, the already determined fundamental
system for −u′′ = λu as well as the respective m-function m(λ) = −p−λ.
Furthermore, the Weyl solution was shown to be ψ(x,λ) = exp(−p−λx).
Hence, the formula for the resolvent of Ls becomes

(Ls −λ)−1 = (L0 −λ)−1 + (·,e−
p

−λ·)p−λ+ 1
s

e−
p−λ·.

¦
Finally, we recall Krein’s formula, another classical result from extension
theory. We will make use of this in the next section in a perturbation the-
ory picture.
Let H be a Hilbert space. The defect spaces for a closed densely defined
symmetric operator S are defined as

Nλ :=
(
ran(S −λ)

)⊥ = ker(S∗−λ) λ ∈C\R.

The dimension of these is constant on the upper and lower halfplane and
gives the defect numbers, i.e.,

n± := dim(Nλ) λ ∈C±,

which are collected in the defect index (n+,n−). We know from classical ex-
tension theory that if the defect numbers of a symmetric operator are equal,
then there exist self-adjoint extensions of this operator in H.
Now given a closed, densely defined symmetric operator S ⊆ S∗ with defect
index (1,1), a fixed self-adjoint extension A0 = A∗

0 and a nonreal number λ0

we choose a bijective map γλ0 : C→ Nλ0 . This gives rise to the so-called
Gamma-field

γλ := (
I + (λ−λ0)(A−λ)−1)γλ0 :C→Nλ λ ∈C\R, (2.7)

which in turn lets us define the Q-function

Q(λ) :=Q∗
0 + (λ−λ0)γ∗λ0

γλ λ ∈C\R
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where Q0 satisfies

Q0 −Q∗
0

λ0 −λ0

= γ∗λ0
γλ0 .

This function Q turns out to be a Nevanlinna function.

Remark 2.4. We only mention that if the deficiency index is (n,n) with n > 1,
the above construction generalizes appropriately. For example, the space C
needs to be exchanged for an n-dimensional Hilbert space and the function
Q then turns out to be a so-called operator valued Nevanlinna function. ¦
As a last ingredient, let Ã = Ã∗ be another self-adjoint extension of S in H.
Then (Ã−λ)−1 is called a resolvent of S generated by Ã.

Theorem 2.5 (Krein’s formula). Let S ⊆ S∗ with deficiency index (1,1), a fixed
self-adjoint extension A0, a Gamma-field γλ and Q be given as above. Then

(Ã−λ)−1 = (A0 −λ)−1 −γλ
1

T +Q(λ)
γ∗
λ

establishes a one-to-one correspondence between all resolvents of S and all
T ∈R∪ {∞}.

Remark 2.6. Given a symmetric operator and one fixed self-adjoint exten-
sion then we can employ Krein’s formula to parametrise all self-adjoint ex-
tensions. Note also that the case T ≡∞ should be interpreted to mean that
the second summand in the formula on the right hand side vanishes. ¦

2.4. Realizations via perturbation theory We use some of the notation
that was introduced in the previous section.
We again consider the self-adjoint operator L0 that was given by the Dirich-
let boundary condition

dom(L0) = { f ∈ L2(0,∞)| f , f ′ ∈ ACloc (0,∞),τ f ∈ L2(0,∞), f (0) = 0}.

This time, however, we want to describe perturbations of L0 that are for-
mally given by

Lt  L0 + t (·,ϕ)ϕ t ∈R∪ {∞}.

If ϕ were an element of L2(0,∞) the scalar product and the operator sum
would be well-defined. Unfortunately, this is too much to ask in our situa-
tion. It turns out that the perturbation elementϕ should be defined with the
help of the Weyl solution ψ(·,λ). In fact, we want ϕ to be given by, in some
sense,

ϕ := (L0 −λ)ψ(·,λ).
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However, this definition is not immediately meaningful. Even though the
Weyl solution is square integrable it is not guaranteed to be in the domain
of L0, which means that after application of (L0 −λ) we might have left the
space. Nevertheless, it is possible to build up a scale of Hilbert spaces from
L0 that contain or are contained in L2(0,∞). The picture one should have in
mind thus looks like

· · · ⊃H−3 ⊃H−2 ⊃H−1 ⊃H0 = L2(0,∞) ⊃H1 ⊃H2 ⊃H3 ⊃ . . .

Informally, the higher the positive index is, the more often one can apply
L0 to functions in this space. The spaces with negative index measure how
often one would have to apply the resolvent (L0 −λ)−1 to an element from
that space in order to get back to L2(0,∞) In fact,

(L0 −λ) :Hn →Hn−2 and (L0 −λ)−1 :Hn →Hn+2

for n ∈Z.
A more rigorous treatment of these spaces will be given later when we will
talk about supersingular perturbations.
For now it suffices to know that the perturbation element ϕ can be found in
H−1 or H−2. This is then known, in contrast to ordinary perturbations with
perturbation elements from the Hilbert space itself, as a singular perturba-
tion.
By restricting the self-adjoint realization L0 to the orthogonal complement
of the subspace generated by ϕ one gets an operator S := L0|(spanϕ)⊥ that
turns out to be symmetric. Note that S is densely defined as ϕ ∉H with

dom(S) = { f ∈ dom(L0) | ( f ,ϕ) = 0},

where (., .) should be understood as a pairing between a function from H2

and the element ϕ ∈H−2. Moreover,

0 = ( f ,ϕ) = ( f , (L0 −λ)ψ(·,λ)) = ((L0 −λ) f ,ψ(·,λ))

=
∫ ∞

0
− f ′′(x)ψ(x,λ)+ f (x)(q(x)−λ)ψ(x,λ)d x

=
[
− f ′(x)ψ(x,λ)+ f (x)ψ′(x,λ)

]∞
0
+

∫ ∞

0
f (x)(τ−λ)ψ(x,λ)︸ ︷︷ ︸

≡ 0

d x

= f ′(0)ψ(0,λ)

shows that the condition ( f ,ϕ) = 0 is nothing but f ′(0) = 0. Hence, dom(S) =
dom(Lmi n) and the symmetry S is in fact the minimal operator Lmi n from
before. Furthermore, we also see that this symmetry has deficiency index
(1,1).
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We can choose the Gamma-field as γλ := (L0 −λ)−1ϕ. That way every λ ∈
C\R takes as an image an element in the respective defect space, namely
ψ(·,λ) ∈Nλ. Additionally, the relationship (2.7) is satisfied, since(

I + (λ−λ0)(A−λ)−1)γλ0 =
(
(L0 −λ0)(L0 −λ)−1) (L0 −λ0)−1ϕ

= (L0 −λ)−1ϕ= γλ

We can, moreover, define a Q-function as per the recipe outlined above.
Hence, Krein’s formula takes the form

(Lt −λ)−1 = (L0 −λ)−1 − (·, (L0 −λ)−1ϕ)

Q(λ)− 1
t

(L0 −λ)−1ϕ. (2.8)

Note that the constant T from Krein’s formula appears as 1/t . Since for t = 0
the left and right hand side of (2.8) should agree, choosing the constant that
way makes the second summand on the right hand side vanish as t → 0.
The singularities of the Q-function are again in a direct correspondence to
the spectrum of the underlying symmetry.

Example (Part IV). We calculate the defect spaces and, thereby, the defect
index of Lmi n . By definition, Nλ contains all square integrable solutions of
−u′′ =λu. Thus,

Nλ = span
{

e−
p−λx

}
,

i.e., the defect spaces are spanned by the Weyl solutions. This shows also
that the dimension of these spaces is constant and equal to 1 in the upper
and lower halfplane, that is the defect index is (1,1). ¦

2.5. Connections between the approaches We can start by comparing for-
mulae (2.6) and (2.8). Both describe the same family of self-adjoint exten-
sions of Lmi n . Furthermore, we defined the perturbation element ϕ in con-
nection with the Weyl solution, namely (L0 −λ)−1ϕ=ψ(·,λ). Thus, even the
numerators in the respective fractions must be equal, which implies that

Q(λ)−m(λ) ≡ const.

Secondly, we saw that L0 in L2(0,∞) was unitarily equivalent to the mul-
tiplication operator A f (t ) := t f (t ) in L2(R,µ). Since unitary equivalence
preserves the spectrum, σ(A) = σ(L0) holds. The spectrum of a multipli-
cation operator is, however, determined by the support of the measure in
the underlying Hilbert space. On the other hand, µ is also connected to the
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Titchmarsh-Weyl m-function via (2.3) and. Hence, singularities of µ trans-
late to those of m(λ).
Finally, this now implies that

σ(L0) = {singularities of m} = {singularities of Q}

and

σ(Ls) =
{

singularities of − 1

m − 1
s

}
s ∈ (R\{0})∪ {∞}.

3 Generalizations for two singular endpoints

In the previous section, the potential q was assumed to be locally integrable
up to the left endpoint. We will now drop this requirement and from now on
let

q ∈ L1
loc (0,∞)\L1

l oc [0,∞).

This means that we are now considering more singular potentials and dif-
ferential expressions with two singular endpoints. However, as by Weyl’s al-
ternative, we can divide this more general setup into yet another two cases.
One of them, namely when the left endpoint is in the limit circle case, is
easier to handle, as we see in the following

Remark 3.1. The treatment of τ is quite similar to before even when the left
endpoint is no longer regular but still in the limit circle case.

• There are still fundamental systems of the equation τu =λu such that
both basic solutions are square integrable at zero. It requires some
extra work to ensure analyticity in the spectral parameter. It is then
possible to define ψ and m as before and even see that m is a Nevan-
linna function.

• With this m-function one can again use the Stieltjes inversion formula
(2.4) and calculate a measure µ. With some additional work it can be
identified as the spectral measure of a self-adjoint realization of τ plus
allows to make a unitary transformation to a multiplication operator
in L2(R,µ).

• The operator Lmi n is still symmetric with deficiency index (1,1). From
standard extension theory we thus again get a family of self-adjoint
extensions (Ls)s∈R∪{∞} and also (2.5).
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• The approach via perturbation theory hinges on the perturbation el-
ement ϕ belonging to H−1 or H−2. This is easily seen to be true and
Krein’s formula (2.8) carries over without modifications.

We can thus draw the conclusion that the singular limit circle case at zero
does not pose any greater difficulties than the regular case. ¦
Assumption. We will from now on only consider differential expressions τ
that are in the limit point case at both endpoints.

It seems clear that any generalizations for the classical approaches should
in the end be somehow comparable. We remember that the lynchpin of the
work described above was that

m(λ)−Q(λ) ≡ const ,

i.e., both the m-function that was found in a differential equation picture
as well as the Q-function that stemmed from a perturbation problem and
Krein’s work contained all important information about the underlying τ.
Hence, we would like to see a similar connection even in the more singular
setting.
However, the setup looks fundamentally different in this case:

• Finding a “good” fundamental system of τu = λu via properties at 0
is problematic, not to mention the question of analyticity in λ. There
is then also no obvious way to read off the m-function nor a spectral
measure.

• One could think of splitting the problem in two, by which we mean
splitting the interval via (0,∞) = (0,c]∪ [c,∞). However, this leads to
two m-functions, one on each subinterval, which can then be com-
bined to one 2×2-matrix valued Titchmarsh-Weyl-function and cor-
responding matrix-valued spectral measure. For many potentials, a
scalar m-function and spectral measure should be enough, though.

• On the operator theoretic side, Lmi n = Lmax = L∗
mi n , i.e., there is only

one self-adjoint operator.

• The Weyl-solution is no longer square integrable at zero and, thus,ψ ∉
L2(0,∞). Hence, in the perturbation image, we cannot easily make
sense of ϕ.

It is thus necessary to use different techniques in the analysis of differential
expressions τ.
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3.1. The hydrogen atom example As an example for this case one can con-
sider the potential

q(x) = q0 +q1x

x2 q0 ≥ 3

4
,

where the requirement on q0 ensures the limit point case at the origin.

Remark 3.2. Note that the potential comes from describing a hydrogen atom
in three dimensions. After a separation into an angular and a radial part, the
latter gives the above q . The calculation is carried out in, for example, [19],
Sections 10.2-4. Confer also [4], Section 39. ¦
We want to shortly describe three different approaches to the analysis of the
respective differential expression τ.

ODE theory - Fulton [5]

In this example one can employ Frobenius theory to solve second order dif-
ferential equations of the form

a(x)y ′′(x)+b(x)y ′(x)+ c(x)y(x) =λy(x) x ∈ (0,∞), λ ∈C,

where the coefficient functions satisfy that a(x), xb(x), x2c(x) all have a limit
at the singular point zero, i.e., when x ↘ 0. Clearly this is the case in our
situation.
One can now make a generalized power series Ansatz. Eventually, one then
arrives at a fundamental system of solutions

y1(x,λ) = xr1 +
∞∑

k=1
ak (λ)xk+r1

y2(x,λ) = xr2 +
∞∑

k=1
bk (λ)xk+r2

(3.1)

Here, r1,r2 are the roots of the so-called indicial equation, satisfying r1 ≥ r2

and r1 + r2 = 1. Due to the limit point case at zero, r1 ≥ 3/2. It should be
noted that the second solution y2 might have additional logarithmic terms
if r1 − r2 ∈N but the argument runs generally the same course.
The important thing to take away here is that y1 is square integrable at the
origin (“regular” solution), whereas y2 is not (“singular” solution).
However, it turns out that both solutions and their derivatives are entire
in the spectral parameter λ and satisfy the symmetry condition yi (x,λ) =
yi (x,λ). Furthermore, the fundamental system can be normalized, i.e., the
Wronskian of the solutions is one.
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In a further step one can define a coefficient m(λ) by requiring that the lin-
ear combination

ψ(·,λ) := y2(·,λ)+m(λ)y1(·,λ)

gives the Weyl solution, i.e., the solution that is square integrable at infinity.
We note the following:

• m(λ) is called a generalized Titchmarsh-Weyl coefficient. It is not a
Nevanlinna function, but later turned out to be a generalized Nevan-
linna function, i.e., belonging to Nκ.

• Fulton could associate a scalar measure to the m-function, which
then leads to a spectral transform.

• The outlined approach even works for other potentials, e.g., one can
add an analytic perturbation to the potential in the hydrogen atom
example and Frobenius theory is still available, cf. also [6].

Operator theory - Dijksma & Shondin [3]

For the slightly more specialized potential where q1 = 0, i.e., the Bessel po-
tential q(x) = q0/x2, the authors gave a model for perturbations of the form

L0 + t (·,ϕ)ϕ

where ϕ is supersingular (cf the approach below). This model made use of
a Pontryagin space and in the description of the resolvents of the perturbed
operator a Q-function appeared.
In this example it then holds that Fulton’s m-function and the Q-function of
Dijksma and Shondin coincide.

Operator theory - Kurasov & Luger [15] For the full example of arbitrary
q1 ∈R, Kurasov and Luger also used a model for the supersingular perturba-
tion

L0 + t (·,ϕ)ϕ,

this time, however, in a Hilbert space. The perturbation element is defined
as ϕ = (L0 −λ)ψ(·,λ), where ψ is again the Weyl solution of the problem
τu = λu. We need the following two concepts to make sense of the formal
sum.

Remark 3.3. We follow the general outline given in [18]. Consider a semi-
bounded, possibly unbounded, self-adjoint operator A in a Hilbert space H
(naturally, we will think of L0 in L2(0,∞)). Then the so-called scale of Hilbert
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spaces Hn(A) generated by A can be defined as follows. Choose a number
µ ∈R such that A−µ> 0. For n ≥ 0 we set

Hn(A) := dom((A−µ)n/2).

This space together with the norm

‖y‖n := ‖(A−µ)n/2 y‖H

is then seen to be complete. Note that, H0 =H and H2 = dom(A), the latter
equipped with the graph norm.
Furthermore, for the case of negative indices we take H−n(A) as the dual of
Hn(A). Equivalently, one could also complete H with respect to the norm
‖.‖−n to obtain H−n(A).
This gives a scale of spaces such thatHn(A) ⊂Hm(A) for n > m. We will need
this construction only for n ∈Z so the picture one should have in mind looks
something like

· · · ⊃H−3 ⊃H−2 ⊃H−1 ⊃H0 =H⊃H1 ⊃H2 ⊃H3 ⊃ . . .

It is easy to see that (A−µ)−n/2 is an isometry from Hm(A) to Hm+n(A). Fur-
thermore, we use the notation (·, ·) to denote the action of the functional
f ∈H−n(A) on a function g ∈Hn(A). ¦
Furthermore, let us shortly go through the key points of the used model.
It gives meaning to supersingular perturbations, i.e., perturbations of self-
adjoint operators by elements ϕ ∈H−n for n > 2 and was developed in in a
series of papers [10–14], see also the references therein.

Remark 3.4. With the same notations as in the previous remark, consider
the symmetric restriction A|(spanϕ)⊥ — by which we mean

dom(A|(spanϕ)⊥) = {u ∈ dom(A)∩Hn(A) | ϕ[u] = (ϕ,u) = 0}

— for some ϕ ∈H−n(A) with n > 2. The domain of the restriction can be at
most Hn so that we can still interpret the requirement of (spanϕ)⊥. Consid-
ered as an operator in the original Hilbert space H, this restriction is essen-
tially self-adjoint. However, if we choose to work in the space Hn−2 one can
calculate a defect index (1,1).
The goal is now to describe the family of self-adjoint extensions. As we have
seen earlier, Krein’s formula parametrises the resolvents of such extensions.
If such a formula should be employed also in this setting, elements of the
form (A−λ)−1ϕwill invariably appear in this description. These singular el-
ements are not even in H — due to the perturbation being supersingular —

31



and, thus, have to be added to the space in which the self-adjoint extensions
are modelled. This leads to operators acting in

H=Cn−2 ⊕Hn−2.

It is possible to recoverH inside H−n+2. If g j := (A−µ j )1(A−µ j−1)−1 · · · (A−
µ1)−1ϕ for pairwise distinct µi , all real points to the left of σ(A), then the
natural embedding ρ sends an element U= (~u,U ) ∈H to

∑n−2
j=1 u j g j +U .

From this one can then calculate a family of model operators Aθ, defect el-
ements and the particular form of Krein’s formula, where a Q-function ap-
pears again. ¦
A priori it is only known that ϕ is not inside the space H−2(L0). However,
utilizing the fundamental system {y1, y2} that appeared in Fulton’s approach
above, it is possible to analyze the asymptotic behaviour of the Weyl solution
at the origin. Note that it is the behaviour of the “singular” solution y2 at the
origin that determines the asymptotic properties of ψ, i.e.,

ψ(x,λ) = o(xr2 ) x ↘ 0.

The key observation is now to notice that the coefficients of the lowest pow-
ers of x is independent of the spectral parameter λ in (3.1). Hence, if the
difference ψ(·,λ)−ψ(·,µ) is considered, the singularity at the origin will be-
come better, namely

ψ(x,λ)−ψ(x,µ) = o(xr2+2) x ↘ 0.

It follows from the recursive calculation of the coefficients ak (λ) and bk (λ)
in (3.1) that the coefficient of the lowest power in x in the above difference
of Weyl solutions only depends onλ−µ. Thus, by dividing out this factor, we
can work with two such differences and regularize the solution even more at
the origin, i.e.,(

ψ(x,λ)−ψ(x,µ)

λ−µ
)
−

(
ψ(x,µ)−ψ(x,ν)

µ−ν
)
= o(xr2+4) x ↘ 0.

This approach models applying the resolvent of L0 for different points in the
resolvent set. In fact, we take real numbers µi , pairwise distinct and to the
left of σ(L0). Then set

A(k)
i :=

k∏
j=1
j 6=i

(µi −µ j )−1 k ≥ 1,1 ≤ i ≤ k
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and define the higher-order differences of the Weyl solutions

gk (x) :=
k∑

i=1
A(k)

i ψ(x,µi ) k ≥ 1.

Straightforward formal manipulation leads to the formal chain

0
τ−µ1←− g1

τ−µ2←− g2
τ−µ3←− ·· ·

o(xr2 ) o(xr2+2)

Eventually, we find k such that r2 +2k > −1/2 and thus some gk ∈ L2(0,∞)
and gk+1 ∈ dom(L0). This now opens up the possibility to understand the
perturbation picture. By going back in the above chain, the perturbation
element ϕ := (L0 −µ0)ψ(·,µ0) can be interpreted as an element of H−n(L0)
for some n > 2. Furthermore, the elements gk in the chain of higher-order
differences lie in subsequently “better” spaces in the scale of Hilbert spaces.
The picture to have in mind is thus

ϕ
(L0−µ1)−1

−→ g1
(L0−µ2)−1

−→ g2
(L0−µ3)−1

−→ ·· ·
H−n H−n+2 H−n+4

One can thus employ the theory of supersingular perturbations above and
arrive at the Q-function of the problem.
In the end it turns out that this Q-function and Fulton’s m-function only
differ up to a polynomial of low degree. In fact, the degree of the polyno-
mial depends on the strength of the singularity of the potential at the origin,
which is regulated by the coefficient q0.
In conclusion, an agreement between the different approaches is achieved
for the Hydrogen atom example.

3.2. Strongly singular potentials Naturally, the question now arises how
general the potentials can be. From the start we should already exclude po-
tentials that lead to double spectrum, in which case e.g. a scalar m-function
will not do. The following two paragraphs describe some results on the
Titchmarsh-Weyl function side, which will be an important starting point
for the two papers at the back of this thesis.

Gesztesy & Zinchenko [7] In this work the authors introduce a class of
functions often referred to as strongly singular potentials. The important
assumption here is the existence of a certain “regular” solution of τu = λu.
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In essence, it is required that there exists a solution φ(x,λ), analytic in an
open neighbourhood O of R and square integrable at 0 for all λ ∈O.
With this solution one can build a fundamental system, i.e., also find a “sin-
gular” solution θ(x,λ), analytic in λ in some neighbourhood O′ ⊆O of the
real line for every x, and such that the system is normalized via its Wron-
skian.
It now follows that there is again a generalized Titchmarsh-Weyl coefficient
to uniquely express the Weyl solution ψ in this sysstem. In general, this m-
function is not a Nevanlinna function. However, one can still associate a
scalar measure ρ to this m-function. This gives rise to a spectral transfor-
mation akin to the classical case.
Finally, it should be noted that it is not a-priori clear whether a given poten-
tial indeed allows us to find a “regular” solution as above. The authors give
a list of sufficient conditions that ensure for this assumption to hold, cf. [7],
Examples 3.10 and 3.13. While this list is not optimized in the sense of giving
all potentials for which this approach works, it nevertheless includes those
examples that will play a role in the following, namely

l (l +1)

x2 + “less singular terms” and
1

x4 .

Kostenko, (Sakhnovich) & Teschl [8; 9] Within this framework of strongly
singular potentials, several improvements could be achieved.
For a start, Kostenko, Sakhnovich and Teschl in [8] gave two equivalent for-
mulations of the regularity condition posed for the “regular” solution φ.
First, one can ask for φ to be analytic for all λ ∈ C instead of just in an open
neighbourhood O of R and for it to belong to L2 at the left endpoint for all λ.
Secondly, one can also state it as L0|(0,c], for any c ∈ (0,∞), having discrete
spectrum.
Furthermore, they manage to describe all possible Titchmarsh-Weyl coeffi-
cients, give integral representations, and obtain the spectral types from the
boundary behaviour of the generalized Titchmarsh-Weyl function, amongst
other results. As an application inverse problems are treated.
Later, Kostenko and Teschl in [9] consider the case of the perturbed spheri-
cal Schrödinger operator

τ=− d 2

d x2 + l (l +1)

x2 +q(x) (3.2)

with xq(x) ∈ L1[0,1] (meaning that the determining singularity is in the x−2

term) and l ≥ 1/2 (to ensure the limit point case at 0) in more detail. In par-
ticular, they study the behaviour of the m-function in dependence of the
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choice of the fundamental system {φ,θ}. It is shown that the fundamen-
tal system can always be taken in such a way as to make the m-function a
generalized Nevanlinna function, i.e., m ∈ Nκ with κ given in terms of the
parameter l describing the strength of the potential at zero.

3.3. Further results In all the above treatment the singularity of the poten-
tials is firmly set at the left endpoint. This restriction of sorts has, however,
also been lifted in the literature. To exemplify this point, we draw attention
to the paper by Brown, Langer and Langer [2].
There, the authors consider a Bessel-type differential equation

−v ′′(x)+ α

2

(α
2
+1

) v(x)

(x −1)2 =λv(x) x ∈ [0, a].

If a > 1, the singularity will lie at the inner point x = 1 of the interval [0, a].
Rewriting the equation in the so-called impedence form

−
(

1

|x −1|α y ′(x)

)′
=λ 1

|x −1|α y(x) x ∈ [0, a] (3.3)

one notices that the equation is regular for α ∈ (−1,1) and the singularity at
x = 1 is in the limit circle case from both sides. This corresponds roughly to
the study of the classical case above.
However, for α ≥ 1 the above equations are in the limit point case at x = 1
from both sides. If the boundary conditions at the endpoints of the interval
are fixed, there is only one self-adjoint realization inside L2(0, a). In fact,
this operator is an orthogonal sum of the respective self-adjoint operators
on the left and right side of the singularity, where also the Hilbert space is
split accordingly as L2(0,1)⊕L2(1, a).
In the paper, the singular measure µα with density |x −1|−α on [0, a] is used
to build an — indeterminate with κ negative squares — inner product on
C k [0, a] (for appropriate k and κ). This space plus the inner product can
then be lifted to a Pontryagin space Πκ(µα). Amongst other results, the au-
thors then describe all self-adjoint relations or operators in Πκ(µα) that can
be associated to (3.3) via interface conditions while leaving the boundary
conditions at x = 0 and x = a fixed.

We finally also mention that there are yet other approaches to analyze sin-
gular potentials. In particular, by rewriting the differential equation in the
problem to a system of first order equations one arrives at canonical sys-
tems, which are of the form

Y ′(x) =λJ H(x)Y (x) x ∈ [0,L), where J =
0 −1

1 0

 ,
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Y is vector valued and H(x) is a real, locally integrable 2×2-matrix-valued
function on [0,L) (called the Hamiltonian of the system and playing roughly
the role of the potential). See for example [16] and the references therein.

3.4. Questions discussed in Papers I and II Both articles deal with the op-
erator theoretic side of analyzing differential expressions τ.
In paper I, we take the hydrogen atom example as a starting point. Just as
Fulton’s approach could be matched by the technique of Kurasov and Luger,
we want to investigate whether the same is true for perturbations of this
potential. In fact, the work of Kostenko and Teschl for the perturbed spher-
ical Schrödinger operator (3.2) amounts to exactly this generalization of the
example. So on the Titchmarsh-Weyl function front a “nice” fundamental
system is available and the m-function can be written down.
We therefore investigate if it is again possible to build a cascade of higher-
order differences of the Weyl solution of τu = λu. The question is thus if
we can then also conclude that the Q-function appearing in such a model is
close to the m-function, in the sense that

Q(λ)−m(λ) = polynomial of low degree?

It turns out that this is indeed the case if the “singular” solution in the fun-
damental system is chosen in a certain way. Furthermore, the degree of the
polynomial is then bounded by the number bl +1/2c. We can also conclude
that it is even possible to tweek the parameters of the operator model in
such a way that

Q ≡ m.

In paper II, we consider only one concrete potential, namely q = 1/x4. As
by the work of Gesztesy and Zinchenko, this potential falls into the class of
strongly singular potentials. Hence, if we want to find an operator model of
the above kind, we should first study the asymptotics of “singular” solutions
at the origin. This will then give an insight into the possibility of extend-
ing the operator model for singular potentials stronger than the 1/x2-kind.
However, for this particular case the fundamental system looks like{

e−1/x f (x,λ),e1/x f̃ (x,λ)
}

,

i.e., the singularity at the origin is accounted for in the exponential factors
exp(±1/x). This is unfortunately poison for the idea of forming a chain of
higher-order differences of Weyl solutions. Hence, the idea of supersingular
perturbation techniques is unable to interpret this potential in a meaningful
way. Thus, we get a negative answer to the question if these operator tech-
niques can simply be extended to the class of all strongly singular potentials.
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Abstract

In this paper the operator theoretic interpretation of the generalized Titch-
marsh-Weyl function is extended to the perturbed spherical Schrödinger op-
erator.

1 Introduction

The main interest of study in this paper are differential expressions of the
form

τ :=− d 2

d x2 + l (l +1)

x2 +q(x), x > 0. (1.1)

For q ≡ 0 this amounts to the very well studied Bessel case. Here the per-
turbation q is assumed to be regular at the origin (see (2.2) for the precise
assumptions).
The expression τ is considered on the half line (0,∞) and has hence two
singular endpoints, 0 and ∞. Let us shortly recall the regular situation of
one regular and only one singular end point (in limit point case), when the
classical Titchmarsh-Weyl theory applies and, in particular, the following
facts are well known.

A) Based on two special solutions to the equation τu = λu, where λ ∈
C\R, a so-called Titchmarsh-Weyl function is associated, which in this
case is an analytic function, mapping the upper half plane into itself,
i.e. it is a Nevanlinna function.

B) There is a Fourier transform, i.e. the associated self-adjoint operator
(with Dirichlet boundary condition at the regular endpoint) is unitar-
ily equivalent to the multiplication operator in a space L2

σ, where σ is
the measure from the integral representation of the TW-function from
A.

C) The minimal operator associated with the differential expression is
symmetric with defect (1,1) and all self-adjoint extensions can be de-
scribed by the following (equivalent) means:

– using boundary conditions

– perturbation theory

– extension theory.
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In particular, Krein’s formula can be applied, where the associated Q-
function appears.

D) The TW-function from A and the Q-function from C coincide up to a
constant and hence the corresponding approaches match.

It is also well known, that in general the above statements are not true in this
form if the differential expression has two singular endpoints. In particular,
the spectrum of the associated operator might fail to be simple and in this
case there cannot be a measure such that B holds.
Recently there has been a lot of interest in potentials with two singular end-
points and some of the above results have been generalized in particular
cases. Let us summarize what has been done so far (with special focus on
the questions we are interested in).
Concerning A and B the paper [6], where the particular potential a0+a1x

x2 is
studied, might be seen as a starting point. Then in [8] the larger class of
so-called strongly singular potentials was introduced, for which a certain
“good” fundamental system of solutions exists and based on this a general-
ized TW-function can be defined as in A, see also [9]. Examples show that in
general the TW-function will not be a Nevanlinna function, however, several
cases are discussed where it is a generalized Nevanlinna function, [7; 10; 14]
and also [5]. For strongly singular potentials it was shown in [8] that to
the generalized TW-function there can always be associated a measure such
that B holds.
However, the situation in C (and hence also D) looks quite different in the
case of strongly singular potentials. Then the minimal operator is already
essentially self-adjoint and hence extension theory can not be applied. Also
the perturbation approach does not work directly since the perturbation
would not lie in the space. In this situation one can think about applying
the theory of super singular perturbations. This has been done in [14] for the
particular case a0+a1x

x2 , and it was shown that correspondingly to D it holds
that the generalized TW-coefficient and the corresponding Q-function from
the super singular perturbation approach coincide up to a polynomial of
low degree in this case. The current paper extends this discussion to dif-
ferential expressions of the more general form (1.1). In particular, it deals
with the following question: “What is the relationship between the general-
ized Titchmarsh-Weyl function and the Q-function from the super singular
perturbation approach?”
In Section 2 we both recall results on the asymptotic behavior of certain so-
lutions of the differential equation τu = λu for λ ∈ C from [10] as well as
investigate the corresponding asymptotics for certain regularizations. Af-
ter these preparations the theory of super singular perturbations can be ap-
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plied, which is done in Section 3. We describe explicitly the whole family of
self-adjoint operators that is associated to the super singular perturbation.
These operators are acting basically as the differential expression τ. The
construction is done via some kind of boundary conditions in an extended
space of functions and with a Krein-type formula, that looks quite similar to
the one used in the regular case, where again a kind of Q-function appears.
The main results of this paper, Theorem 3.6 and Corollary 3.7, investigate
the connection between the Q-function from the operator approach, d(λ),
and the generalized TW-function, m∗(λ). In particular, using the above
named asymptotics it is shown that the difference

d(λ)−m∗(λ)

is a polynomial of low degree (in case of Frobenius solutions).
The current paper extends results from [14] to a much larger class of po-
tentials while also providing more transparent proofs of some of the results
therein. Note that also in [10] similar questions are discussed. However,
there a different function associated with the singular element is introduced
and the focus lies on the generalized Titchmarsh-Weyl function, asking
whether it belongs to the generalized Nevanlinna class Nκ.
One open question in [14] was whether the polynomial might vanish or be a
constant. Examples show now, that given the fundamental system it might
be impossible to choose the parameters in the model such that the polyno-
mial is a constant. However, conversely, if the operator model for the super
singular perturbation is fixed then the fundamental system can be chosen
such that the polynomial vanishes, see Theorem 3.9.
Finally we want to mention, that the class of strongly singular potentials (in
the sense of [8]) where A and B are valid, is larger than the one considered
in this text. However, it is an open question whether a further extension of
C might be possible or if the potentials treated in this paper are the largest
class for which the super singular perturbation approach can be used.

2 The Generalized Titchmarsh-Weyl Function

In this section we collect and extend some well known facts about the solu-
tions of the differential equation τu =λu, i.e.,

−u′′(x)+
(

l (l +1)

x2 +q(x)

)
u(x) =λu(x) (2.1)

for λ ∈C. The technical assumption for the potential is always

q(x) ∈ L1
loc (0,∞), xq(x) ∈ L1(0,1), q(x) ∈R ∀x (2.2)
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and that q is such that limit point case (in the terminology of Weyl [2; 18])
prevails at ∞. For the latter several sufficient conditions can be found in the
literature.

2.1. Choosing a fundamental system by properties at 0 Since we assume
the left endpoint to be in limit point case, any fundamental system can at
most have one solution that is square integrable near 0 or with the notation

domL0 := {u ∈ L2(0,∞) | u,u′ ∈ ACl oc (0,∞), τu ∈ L2(0,∞)}

L0u := τu
(2.3)

this means in other words, that this solution lies in the domain of the op-
erator L0 near 0, whereas the second solution has a singularity at the left
endpoint.

Notation. By Wx (u, v) = u(x)v ′(x)−u′(x)v(x) we denote the Wronskian of
two functions evaluated at the point x. We furthermore recall that W 1,1(0,1)
is the Sobolev space of absolutely continuous functions with integrable
derivative.

In the following theorem results from [10] are collected.

Theorem 2.1. Let τ be given by (1.1) and l ≥ 1/2. Suppose xq(x) ∈ L1(0,1)
for the real potential q ∈ L1

loc (0,∞) and assume that τ is also in limit point
case at ∞. Set nl := bl +1/2c, where b.c gives the integer part of its argument.
Finally, let λ0 be a complex number.

1. (cf. [10], Lemma 3.2) There exist two linearly independent solutions
φ(λ, x) and θ(λ, x) of τu =λu such that for x ∈ (0,∞)

φ(λ, x) = x l+1φ̃(λ, x), θ(λ, x) = x−l

2l +1
θ̃(λ, x),

with

φ̃(λ,0) = θ̃(λ,0) = 1 and φ̃(λ, ·), θ̃(λ, ·) ∈W 1,1(0,1).

Moreover, (cf. [10], Corollary 3.12), it holds for any λ,µ ∈C that

lim
x→0

Wx (θ(λ, ·),φ(µ, ·)) = 1,

lim
x→0

Wx (φ(λ, ·),φ(µ, ·)) = 0.

The functionsφ(λ, x) and θ(λ, x) can be chosen such that they are entire
in λ and φ̃, θ̃ are continuous in C× [0,1] and, furthermore, such that
φ(λ, x) =φ(λ, x) and θ(λ, x) = θ(λ, x).
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2. (cf. [10], Lemma 3.6) The “regular” solution φ(λ, x) admits the repre-
sentation

φ(λ, x) = x l+1
∞∑

k=0

x2k φ̃k (λ0, x)

k !
(λ−λ0)k (2.4)

and its derivative satisfies

φ′(λ, x) = x l
∞∑

k=0

x2k φ̂k (λ0, x)

k !
(λ−λ0)k , (2.5)

with φ̃k (λ0, ·), φ̂k (λ0, ·) ∈W 1,1(0,1) and φ̃k (λ0,0), φ̂k (λ0,0) ∈R.

3. (cf. [10], Lemma 3.8) The “singular” solution θ(λ, x) admits the repre-
sentation

θ(λ, x) = x−l

2l +1

∞∑
k=0

x2k θ̃k (λ0, x)

k !
(λ−λ0)k +H(λ)φ(λ, x) (2.6)

and

θ′(λ, x) = x−l−1

2l +1

∞∑
k=0

x2k θ̂k (λ0, x)

k !
(λ−λ0)k +H(λ)φ′(λ, x) (2.7)

for its derivative, where

θ̃k (λ0, ·), θ̂k (λ0, ·) ∈


W 1,1(0,1)

 l +1/2 ∉N, k ∈N
l +1/2 ∈N, k < nl

Cl ,k log(x)(1+o(1)) l +1/2 ∈N, k ≥ nl

and θ̃k (λ0,0), θ̂k (λ0,0) ∈ R in the upper two cases. Furthermore, H(λ)
is a real entire function.

Whereas the regular solution φ is uniquely determined by the asymptotic
behaviour and the requirement φ̃(λ,0) = 1, the singular solution θ lacks such
a uniqueness property. On the one hand, adding H(λ)φ(λ, ·) to a singular so-
lution gives a different singular solution with the same aymptotic properties
near 0. On the other hand, for a fixed solution θ(λ, ·)+ H(λ)φ(λ, ·) we have
different representations of the form (2.6) because any polynomial part of
degree less than or equal to nl of H(λ)φ(λ, ·) can be absorbed in the series.

Definition 2.2. (cf. [10], Definition 3.10 ) The solution θ(λ, x) is called a
Frobenius solution if

lim
x→0

x−(l+1) ∂
nl+1

∂λnl+1 θ(λ, x) = ∂nl+1

∂λnl+1 H(λ) = 0,

i.e., if the function H(λ) in (2.6) is a polynomial of degree at most nl .
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So for the following we fix a fundamental system {φ,θ∗} as above by requir-
ing θ∗ to be a Frobenius solution and that it is given by some representation

θ∗(λ, x) = x−l

2l +1

∞∑
k=0

x2k θ̃k (λ0, x)

k !
(λ−λ0)k . (2.8)

All other fundamental systems involving the regular solution φ can now be
parametrised by real entire functions H(λ) and appear as {φ,θH = θ∗+Hφ}.
In particular, θH≡0 = θ∗.

2.2. Asymptotics at ∞ We introduce the generalized Titchmarsh-Weyl
function as in [8; 9]. Due to limit point case at ∞, there can be only one,
up to constant factors, solution ψ(λ, x) of τu = λu that is square integrable
near ∞. We call this solution the Weyl solution. We express this ψ(λ, x) as a
linear combination of the fundamental system described in Subsection 2.1
and set for λ ∈C\R

ψ(λ, ·) = θ∗(λ, ·)+m∗(λ)φ(λ, ·). (2.9)

The function m∗(λ) defined in this way is called the generalized Titchmarsh-
Weyl function, or m-function, of τ. Its domain is initially the upper and lower
halfplanes of the complex plane, C+∪C−, but can be extended also to in-
clude real points that are not spectral points of the operator L0.

Remark 2.3. Since the function m∗(λ) is defined as a coefficient in the lin-
ear combination (2.9), it clearly depends on the fundamental system of so-
lutions one chooses at the beginning. In fact, changing {φ,θ∗} to the system
{φ,θH } results in m∗(λ) becoming mH (λ) = m∗(λ)−H(λ).

2.3. Regularization Locally at 0 the solutionψ(λ, x) behaves like the singu-

lar function θ∗(λ, x), i.e. ψ(λ, x) = o(x−l ). However, the leading term respon-
sible for this behaviour does not depend on the spectral parameter. Thus,
for distinct λ,µ ∈ C it holds that ψ(λ, x)−ψ(µ, x) = o(x−l+2), i.e. this differ-
ence is more regular at the origin. We generalise this idea and define higher
order differences as was previously done in [14] but streamline the presen-
tation and proofs given there.

Definition 2.4. For k ∈N and 1 ≤ i ≤ k we set

A(k)
i :=

k∏
j=1
j 6=i

(µi −µ j )−1, (2.10)

where the µi are pairwise distinct complex numbers and the empty product
is understood to be equal to 1.
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Remark 2.5. Later on we will choose the µi as real numbers.

We immediately get the following two basic properties from this definition.

Lemma 2.6. For every k ∈N and µ1, . . . ,µk pairwise different it holds that

k∑
i=1

A(k)
i µ

j
i =

 0 0 ≤ j ≤ k −2

1 j = k −1
.

Proof. We fix k ∈N. Let

V := ∏
1≤i< j≤k

(µ j −µi ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1

µ1 µ2 . . . µk

...
...

. . .
...

µk−1
1 µk−1

2 . . . µk−1
k

∣∣∣∣∣∣∣∣∣∣∣∣∣
be the Vandermonde determinant and let

Vi := ∏
1≤`< j≤k
`, j 6=i

(µ j −µ`) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1 1 . . . 1

µ1 . . . µi−1 µi+1 . . . µk

...
. . .

...
...

. . .
...

µk−2
1 . . . µk−2

i−1 µk−2
i+1 . . . µk−2

k

∣∣∣∣∣∣∣∣∣∣∣∣∣
be the part of V where we deleted all factors containing µi . Then we can
use the expression A(k)

i = (−1)k−i Vi /V and the Laplace formula for determi-
nants to get

k∑
i=1

A(k)
i µ

j
i =

1

V

k∑
i=1

(−1)k−iµ
j
i Vi = 1

V

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1

µ1 µ2 . . . µk

...
...

. . .
...

µk−2
1 µk−2

2 . . . µk−2
k

µ
j
1 µ

j
2 . . . µ

j
k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.11)

This immediately settles the claim for all j < k.

Remark 2.7. For completeness’ sake we note that for j ≥ k we have

k∑
i=1

A(k)
i µ

j
i =

∑
i1+···+ik=s
i1,...,ik≥0

µ
i1
1 · · ·µik

k , (2.12)
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i.e., the sum adds up to the complete homogeneous symmetric polynomial
of degree j −k +1 ≥ 1 in k variables. This follows because the ratio in (2.11)
defines a Schur polynomial S corresponding to the trivial partition of j −
n +1 =: s = s +0+ ·· ·+0 into k summands. It is then known that S can be
calculated using semistandard Young tableaux to give exactly the right hand
side of (2.12). We refer to [17] for further details.

Lemma 2.8. For some n ∈ N let the numbers µ1, . . . ,µn be pairwise distinct.
Furthermore, define bi (λ) := (λ−µ1) · · · (λ−µi ) for i > 0 and b0(λ) ≡ 1. Then

n∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i µ
j
i =λ j (2.13)

for 0 ≤ j ≤ n −1.

Proof. We fix the number j and let P (λ) denote the polynomial on the left
hand side of (2.13). Our aim is now to rewrite P (λ). Using Lemma 2.6 and
then changing the order of summation yields

P (λ) =
j+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i µ
j
i =

j+1∑
i=1

µ
j
i

(
j+1∑
k=i

bk−1(λ)A(k)
i

)
.

Next, the term in the bracket can be rewritten as

j+1∑
k=i

bk−1(λ)A(k)
i = bi−1(λ)A( j+1)

i

[ j+2∑
`=i+1

(`−2∏
s=i

(λ−µs)
j+1∏
r=`

(µi −µr )
)]

where we understand empty products to be equal to 1. If we write out the
sum in the square brackets and add the summands two at a time from left
to right, we see that it sums to b j+1(λ)/bi (λ). Thus,

j+1∑
k=i

bk−1(λ)A(k)
i = A( j+1)

i

j+1∏
s=1
s 6=i

(λ−µs)

and we consequently get

P (λ) =
j+1∑
i=1

µ
j
i A( j+1)

i

j+1∏
s=1
s 6=i

(λ−µs).

Here the right hand side clearly has degree at most j . Now consider two
things:
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• Expanding the product and sorting with respect to the powers ofλ, we
calculate the coefficient of the highest power, i.e., of λ j . Using Lemma
2.6 this coefficient is

j+1∑
i=1

A( j+1)
i µ

j
i = 1.

• Evaluating P (λ) at a point µi reduces the sum to one summand and

since A( j+1)
i

∏ j+1
s=1,s 6=i (µi −µs) = 1 by the definition of A( j+1)

i , we see that

P (µi ) =µ j
i .

Hence, we conclude that P (λ) and the polynomial λ j take the same value in
the j +1 points µ1, . . . ,µ j+1 and must therefore be equal.

Definition 2.9. For mutually distinct real points {µi }i∈N that all lie to the left
of the spectrum of L0, i.e., L0 −µi > 0 for every µi , and k ∈Nwe set

gk (x) :=
k∑

i=1
A(k)

i ψ(µi , x) (2.14)

to be higher order differences of the Weyl solution ψ(λ, x).

Remark 2.10. Clearly, we have (τ−µ1)g1 = (τ−µ1)ψ(µ1, x) = 0. From the
construction of the functions gk , one easily checks that (τ−µk )gk = gk−1 for
k ≥ 2. Furthermore, the gk (x) are real functions, since ψ(λ, x) =ψ(λ, x).

This construction indeed gives a sequence of functions with successively
less problematic singularities at the origin.

Lemma 2.11. Let l ≥ 1/2 and nl = bl + 1/2c. Let gk (x) be the higher order
differences of the Weyl solution. Then asymptotically as x tends to 0 we have

gk (x) = θ̃k−1(λ0, x)

(2l +1)(k −1)!
x−l+2(k−1) +o(x−l+2k ) 1 ≤ k ≤ nl

gnl+1(x) = θ̃nl (λ0, x)

(2l +1)nl !
x−l+2nl +o(x l+1)

with the notations from Theorem 2.1.

Proof. Using expansion (2.6), the Weyl solution has the asymptotic beha-
viour

ψ(λ, x) = x−l

2l +1

nl∑
j=0

x2 j θ̃ j (λ0, x)

j !
(λ−λ0) j +o(x l+1).
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This implies

gk (x) =
k∑

i=1
A(k)

i

x−l

2l +1

nl∑
j=0

x2 j θ̃ j (λ0, x)

j !
(µi −λ0) j +o(x l+1)

=
nl∑

j=0

x−l+2 j θ̃ j (λ0, x)

(2l +1) j !

( k∑
i=1

A(k)
i (µi −λ0) j

)
+o(x l+1).

By Lemma 2.6, the inner bracket vanishes for j ≤ k − 2 and is equal to 1 if
j = k −1. This shows the claim.

3 The Approach via Supersingular Perturbations

In this section we are going to apply the method of super singular perturba-
tions, and first recall what is needed for the construction.
We are interested in perturbations of the operator L0, which was defined as

domL0 := {u ∈ L2(0,∞) | u,u′ ∈ ACl oc (0,∞), τu ∈ L2(0,∞)}

L0u := τu

Due to the assumptions, in particular limit point case at both endpoints,
L0 is a self-adjoint semibounded linear operator acting in the Hilbert space
L2(0,∞).
Let (Hs(L0))s∈Z be the scale of Hilbert spaces associated with L0. To avoid
cluttered notation we will in the following just write Hs and remember that
these are the spaces

Hs :=
 dom(L0 −µ0)

s
2 s ≥ 0

(H−s)′ s < 0
,

equipped with norms

‖y‖s := ‖(L0 −µ0)
s
2 y‖L2(0,∞).

Note that that for negative s we could also obtain Hs as the completion of
L2(0,∞) with respect to the norm ‖.‖s . However, from the duality interpreta-
tion we can give meaning to 〈 f , g 〉H0 for f ∈Hs , g ∈H−s as a pairing between
the respective spaces. For more details see for example [1; 3; 20].
The perturbations we consider are formally given by

L0 + t〈·,ϕ〉ϕ t ∈R∪ {∞} (3.1)

with ϕ= (L0 −µ0)ψ(µ0, .), where ψ(µ0, x) is the Weyl solution from (2.9) and
µ0 is a real number such that L0 −µ0 > 0.
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If – as in the regular case – the functionψ(µ0, ·) belongs toH0 = L2(0,∞) then
the perturbation element ϕ would be from one of the spaces H−2 ⊃H−1 ⊃
H0. This would allow us to consider (non-trivial) self-adjoint extensions of
the symmetric restriction

L0|{v∈domL0|〈v,ϕ〉H0=0}

and parametrise them by means of Krein’s formula.
However, in our case ψ(µ0, x) is not square integrable in a neighbourhood
of 0. Consequently, the perturbation ϕ lies outside of H−2 and the sym-
metric restriction, once the definition of ϕ is made clear, is already essen-
tially self-adjoint and, thus, there is no family of self-adjoint extensions to
parametrise. However, it will turn out that in our case the perturbation is
still treatable, as it can be identified as an element of one of the spaces in the
scale of Hilbert spaces, and hence we are actually dealing with a so-called
super singular perturbation. For such perturbations operator models have
been developed in the literature.
To start with, the next result collects what we need to know about ϕ from
[10] and connects the operator L0 on the one side with the Weyl solution
ψ(λ, x) and its higher order differences gk (x) on the other side.

Theorem 3.1. Let ψ(λ, x) be given by (2.9) and gk (x) by (2.14). Then the dis-
tribution

ϕ := (L0 −µ0)ψ(µ0, ·) (3.2)

is independent of the chosen µ0 ∈R− with L0 −µ0 > 0 and

ϕ ∈H−nl−2\H−nl−1. (3.3)

Furthermore, it holds for all k ∈N that

gk = (L0 −µk )−1 · · · (L0 −µ1)−1ϕ (3.4)

with

gk ∈H−nl+2(k−1)\H−nl+2k−1. (3.5)

Proof. In [10], Lemma 4.4, the first part of the theorem is shown, i.e. that
the definition in (3.2) really gives a distribution — in particular, one that is
independent of the parameter µ0 — that satisfies (3.3).
Since (L0 −µi )−1 maps Hs into Hs+2, this will imply (3.5) once we have es-
tablished (3.4). To prove the latter we proceed by induction. Notice first
that we already have a handle on the distribution ϕ, so we can apply the
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resolvent, i.e. (L0 −µi )−1ϕ = ψ(µi , ·) and in particular (L0 −µ1)−1ϕ = g1(·).
Furthermore, we use (2.14) and the resolvent identity to see

(L0 −µk+1)−1gk (·) =
k∑

i=1
A(k)

i (L0 −µk+1)−1(L0 −µi )−1ϕ

=
k∑

i=1
A(k)

i

1

µk+1 −µi

[
(L0 −µk+1)−1ϕ− (L0 −µi )−1ϕ

]
=

k∑
i=1

−A(k)
i

µk+1 −µi
ψ(µi , ·)+ ( k∑

i=1

A(k)
i

µk+1 −µi

)
ψ(µk+1, ·)

By (2.10) we have A(k)
i (µk+1−µi )−1 =−A(k+1)

i . Moreover, Lemma 2.6 implies

−∑k
i=1 A(k+1)

i = A(k+1)
k+1 . Hence, the calculation above sums to gk+1(·) and the

rest follows by induction on k.

Through the connection established by Theorem 3.1 we can work with the
theory of supersingular perturbations.

3.1. Operator Model For super singular perturbations of the form (3.1)
with a singular element ϕ ∈ H−nl−2\H−nl−1 a family of model operators
has been constructed in the series of papers [11; 12; 15; 16] and modified
in [3; 13]. An alternative approach involving Pontryagin spaces was carried
out in [4; 19; 21].
We use the former model of operators acting in the restricted extended
space

H :=Cnl ⊕Hnl

ι
,→H−nl .

For mutually distinct regularization points µi , i.e. real points that all lie to
the left of the spectrum of L0 so that L0 −µi > 0, and the usual notation
gk = (L0 −µk )−1 · · · (L0 −µ1)−1ϕ the natural embedding ι of H into H−nl is
given by

ιU :=
nl∑

k=1
uk gk +U (3.6)

and a scalar product onH can be defined via

〈U,V〉H := 〈Γ~u,~v〉Cnl +〈bnl (L0)U ,V 〉H0

for elementsU= (~u,U ),V= (~v ,V ) ∈H, where ~u,~v ∈Cnl and U ,V ∈Hnl . Here
Γ= Γ∗ is a Gram matrix and bnl denotes the regularizing polynomial

bnl (λ) := (λ−µ1)(λ−µ2) · · · (λ−µnl ). (3.7)
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The norm given by the inner product 〈bnl (L0)U ,V 〉H0 is equivalent to the
standard norm in Hnl induced by 〈(L0 −µ0)nl U ,V 〉H0 .
Let

M :=



µ1 1 0 . . . 0 0

0 µ2 1 . . . 0 0

0 0 µ3 . . . 0 0
...

...
...

. . .
. . .

...

0 0 0 . . . µnl−1 1

0 0 0 . . . 0 µnl


∈Rnl×nl

and assume from now on that Γ is positive definite and satisfies

ΓM = M∗Γ, (3.8)

i.e., M is Hermitian with respect to the scalar product given by Γ. It is possi-
ble to find such a Γ iff mutually distinct regularization points µi are chosen,
as was shown in [3].
Under these assumptions we get a family of self-adjoint model operators.

Theorem 3.2 (cf. [3], Sections 3.1 and 3.2). Let ~enl := (0, . . . ,0,1) ∈ Cnl and
α ∈ [0,π). Suppose that Γ satisfies (3.8). Then the operator Lα, defined on the
domain

domLα :=
{
U= (~u,U ) ∈H |
U = unl+1gnl+1 +Ur , unl+1 ∈C, Ur ∈Hnl+2,

cosα unl+1 + sinα
[〈Ur ,ϕ〉H0 +〈Γ~u,~enl 〉Cnl

]= 0
}

and acting as

Lα

~u
U

 :=
 M~u +unl+1~enl

L0Ur +µnl+1unl+1gnl+1

 ,

is self-adjoint inH.

Remark 3.3. We point out two straight forward consequences of Theorem
3.2 that are easy to check.

• The operators Lα and the differential expression τ satisfy

τιU= ιLαU
for U ∈ domLα, i.e., up to the embedding ι the operators act as the
differential expression.
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• Let L0 be the operator corresponding to α= 0, that is L0 = M ⊕L0. As
defect element we get the vector

Φ(λ) :=
−(M −λ)−1~enl

(L0 −λ)−1gnl

 ∈H

and with the Q-function

Q(λ) :=(λ−µnl+1)〈Φ(λ),Φ(µnl+1)〉H
+〈Γ(M −µnl+1)−1~enl ,~enl 〉Cnl

(3.9)

one calculates that Krein’s formula takes the form

(Lα−λ)−1 = (L0 −λ)−1 − 〈·,Φ(λ)〉H
Q(λ)+cotα

Φ(λ).

As an element ofH the defect elementΦ(λ) can also be embedded intoH−nl .
One gets

ιΦ(λ) = 1

bnl (λ)
(L0 −λ)−1ϕ

and from this a restricted-embedded version of Krein’s formula can be de-
duced.

Theorem 3.4 (cf. [3], Section 3.3). Let the operators L0 and Lα as well as the
function Q(λ) be given as above. Furthermore, let ι :H→H−nl be the natural
embedding defined in (3.6) and bnl (λ) the regularization polynomial from
(3.7). Then it holds that

ι(Lα−λ)−1|Hnl
= (L0 −λ)−1 − 〈·, (L0 −λ)−1ϕ〉

bnl (λ)
(
Q(λ)+cotα

) (L0 −λ)−1ϕ.

Remark 3.5. As a Q-function for operators in a Hilbert space, the function
Q(λ) is a usual Nevanlinna function. Our particular choice of the regular-
ization polynomial, i.e., we have that L0 −µi > 0 for µ1, . . . ,µnl+1 and thus
bnl (λ) > 0 on the spectrum of L0, therefore makes

d(λ) := bnl (λ)
(
Q(λ)+cotα

)
(3.10)

a generalized Nevanlinna function.
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3.2. A Comparison of the Models via the Titchmarsh-Weyl Function and
the Q-function We can now formulate the main result of this text, namely
the connection between the generalized Titchmarsh-Weyl function m∗ from
the analytic approach of the previous section and the function d from the
above singular perturbation method.

Theorem 3.6. Let d(λ) be the generalized Nevanlinna function in (3.10). Let
m∗(λ) be the generalized Titchmarsh-Weyl function from (2.9) for the fun-
damental system {φ,θ∗} as described in Subsection 2.1, i.e. θ∗ is a Frobenius
solution and has the power series representation (2.8). Then

d(λ)−m∗(λ) = δ(λ),

where the right hand side is a polynomial of degree less than or equal to nl .
In particular, if the values γi , j are the respective entries of the Gram matrix Γ,
then

δ(λ) = bnl (λ)
[

cotα−
nl+1∑
i=1

A(nl+1)
i m∗(µi )

]
−

nl∑
k=1

bk−1(λ)
[
γnl ,k +

k∑
i=1

A(k)
i m∗(µi )

]
.

(3.11)

Proof. We prove this by rewriting the terms appearing in d(λ). By definition,
we have

d(λ) = bnl (λ)
(
Q(λ)+cotα

)=
= bnl (λ)(λ−µnl+1)

〈−(M −λ)−1~enl

(L0 −λ)−1gnl

 ,

−(M −µnl+1)−1~enl

(L0 −µnl+1)−1gnl

〉
H

+bnl (λ)〈Γ(M −µnl+1)−1~enl ,~enl 〉Cnl +bnl (λ)cot(α)

The last two summands here are polynomials of degree nl in λ. Before cal-
culating the term with 〈·, ·〉H we note that (M −λ)~b(λ) = −bnl (λ)~enl , where
~b(λ) = (

bi−1(λ)
)nl

i=1 with bk (λ) = (λ−µ1) · · · (λ−µk ) for k ≥ 1 and b0(λ) ≡ 1.
Then〈−(M −λ)−1~enl

(L0 −λ)−1gnl

 ,

−(M −µnl+1)−1~enl

(L0 −µnl+1)−1gnl

〉
H

=

= 〈−Γ(M −λ)−1~enl ,−(M −µnl+1)−1~enl 〉Cnl

+〈bnl (L0)(L0 −λ)−1gnl , (L0 −µnl+1)−1gnl 〉H0 .

54



For the second summand we use the connection gnl = (L0−µnl+1)−1 · · · (L0−
µ1)−1ϕ as established by Theorem 3.1. Consequently, the term 〈·, ·〉H is

1

bnl (λ)
r (λ)+〈(L0 −λ)−1ϕ, gnl+1〉H0 ,

where

r (λ) = 〈Γ~b(λ),−(M −µnl+1)−1~enl 〉Cnl (3.12)

is a polynomial of degree not larger than nl − 1. Plugging all this into the
expansion of d in the beginning of the proof yields

d(λ) = bnl+1(λ)〈(L0 −λ)−1ϕ, gnl+1〉H0 +p(λ),

where

p(λ) = bnl (λ)
( (λ−µnl+1)

bnl (λ)
r (λ)+〈Γ(M −µnl+1)−1~enl ,~enl 〉Cnl +cotα

)
(3.13)

is a polynomial of degree less than or equal to nl .
Next, we want to simplify bnl+1(λ)〈(L0−λ)−1ϕ, gnl+1〉H0 . Note that by Theo-
rem 3.1 (L0−λ)−1ϕ=ψ(λ, ·) and thatψ(λ, ·) is a solution of τu =λu, whence
(τ−λ)ψ(λ, ·) = 0. Furthermore, as mentioned in Remark 2.10 integration by
parts now shows that

(λ−µnl+1)〈ψ(λ, ·), gnl+1〉H0 =
= lim
ε→0

∫ ∞

ε
gnl+1(x)

[
τ−µnl+1 −τ+λ

]
ψ(λ, x) d x

= lim
ε→0

[
− gnl+1(x)ψ′(λ, x)+ g ′

nl+1(x)ψ(λ, x)
∣∣∣∞

x=ε

+
∫ ∞

ε
ψ(λ, x)(τ−µnl+1)gnl+1(x) d x

]
= lim
ε→0

Wε

(
gnl+1,ψ(λ, ·))+〈ψ(λ, ·), gnl 〉H0 .

We repeat this argument and in the last step we calculate∫ ∞

ε
ψ(λ, x)(τ−µ1)ψ(µ1, x) d x = 0

since ψ(µ1, ·) is a solution to τu = µ1u. Finally, using the definition of the
higher order differences of the Weyl-solution given in (2.14) yields

bnl+1(λ)〈(L0 −λ)−1ϕ, gnl+1〉H0 =

= lim
ε→0

Wε

(nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i ψ(µi , ·),ψ(λ, ·)
)
.
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We expand this expression by plugging in ψ(λ, x) = θ∗(λ, x)+m∗(λ)φ(λ, x)
and get

lim
ε→0

[
Wε

(nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i θ∗(µi , ·),θ∗(λ, ·)
)

(3.14)

+
nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i m∗(λ)Wε

(
θ∗(µi , ·),φ(λ, ·)) (3.15)

+
nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i m∗(µi )Wε

(
φ(µi , ·),θ∗(λ, ·)) (3.16)

+
nl+1∑
k=1

bk1(λ)
k∑

i=1
A(k)

i m∗(λ)m∗(µi )Wε

(
φ(µi , ·),φ(λ, ·))]. (3.17)

According to Theorem 2.1, the three Wronskians (3.15),(3.16) and (3.17) give
1, −1 and 0, respectively. Furthermore, (3.15) then sums to m∗(λ) by Lemma
2.8.
For the remaining Wronskian (3.14) we abbreviate

S[ f (∗)] :=
nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i f (µi )

and employ the symbol ∗ to remind ourselves of this special kind of depen-
dence on the regularization points. Thus, the question of calculating (3.14)
becomes

Wx

(
S[θ∗(∗, ·)],θ∗(λ, ·)

)
= S[θ∗(∗, x)]θ′∗(λ, x)−S[θ′∗(∗, x)]θ∗(λ, x),

where the prime is of course the derivative with respect to x. We employ the
power series expansions for θ and θ′ and get(

x−l

2l +1

∞∑
n=0

x2n θ̃n(λ0, x)

n!
S[(∗−λ0)n]

)(
x−l−1

2l +1

∞∑
m=0

x2m θ̂m(λ0, x)

m!
(λ−λ0)m

)

−
(

x−l−1

2l +1

∞∑
m=0

x2m θ̂m(λ0, x)

m!
S[(∗−λ0)m]

)(
x−l

2l +1

∞∑
n=0

x2n θ̃n(λ0, x)

n!
(λ−λ0)n

)

after a change in the order of summation.
This can be rewritten as

x−2l−1

(2l +1)2

∞∑
n,m=0

x2n+2m

n!m!
θ̃n(λ0, x)θ̂m(λ0, x)×

×
(
S[(∗−λ0)n](λ−λ0)m − (λ−λ0)nS[(∗−λ0)m]

)
=
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= 1

(2l +1)2

∞∑
p=0

x−2l−1+2p
p∑

r=0

θ̃r (λ0, x)θ̂p−r (λ0, x)

r !(p − r )!
×

×
(
S[(∗−λ0)r ](λ−λ0)p−r − (λ−λ0)r S[(∗−λ0)p−r ]

)
(3.18)

We can use Lemma 2.8 to see that

S[(∗−λ0)r ] = (λ−λ0)r

for 0 ≤ r ≤ nl . Hence, the terms in (3.18) vanish for p ≤ nl and the corre-
sponding sum starts at p = nl +1.
Now if l +1/2 ∉ N, Theorem 2.1 shows that θ̃k (λ0,0), θ̂k (λ0, x) ∈ R for any k
so the behaviour at zero of the sum is determined by the x−2l−1+2p , where
this exponent is now always positive.
In the case there l+1/2 ∈N, some of the θ̃k , θ̂k display logarithmic behaviour
at the origin. However, we then also have −2l − 1+ 2p = 2i for i = 1,2, . . . ,
which takes care of the logarithms at zero.
Altogether, there are no singular terms in the Wronskian and, thus,

lim
ε→0

Wε

(nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i θ∗(µi ),θ∗(λ)
)
= 0.

Collecting all terms gives

d(λ) = m∗(λ)+p(λ)−
nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i m∗(µi ) (3.19)

and the difference d(λ) − m∗(λ) is indeed a polynomial δ(λ) of degree at
most nl .
Concerning the particular representation of δ(λ), rewrite the polynomial
r (λ) from (3.12) as

(λ−µnl+1)

bnl (λ)
r (λ) = 〈Γ(λ−µnl+1)(M −µnl+1)−1(M −λ)−1~enl ,~enl 〉Cnl

= 〈Γ(M −λ)−1~enl ,~enl 〉Cnl −〈Γ(M −µnl+1)−1~enl ,~enl 〉Cnl .

We plug this into (3.13) and notice

bnl (λ)〈Γ(M −λ)−1~enl ,~enl 〉Cnl =−〈Γ~b(λ),~enl 〉Cnl =−
nl∑

k=1
γnl ,k bk−1(λ).

Grouping together appropriate terms in (3.19) proves (3.11).
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Corollary 3.7. We make the same assumptions as in Theorem 3.6 but use
another fundamental system {φ,θH }, i.e., θH = θ∗+ Hφ for some real entire
function H(λ), where the singular solution θH might not even be a Frobenius
solution. Then

d(λ)−mH (λ) = H(λ)+bnl (λ)
[

cotα−
nl+1∑
i=1

A(nl+1)
i

(
mH (µi )+H(µi )

)]
−

nl∑
k=1

bk−1(λ)
[
γnl ,k +

k∑
i=1

A(k)
i

(
mH (µi )+H(µi )

)]
.

(3.20)

In particular, the difference d − mH is a polynomial of degree less than or
equal to nl if and only if θH is a Frobenius solution.

Proof. The identity (3.20) follows by changing m∗ to mH + H in (3.11) and
the condition on the degree of d −mH thus depends on the function H .

Remark 3.8. If H(λ) is a real polynomial of degree not exceeding nl then

H(λ)−
nl+1∑
k=1

bk−1(λ)
k∑

i=1
A(k)

i H(µi ) = 0 (3.21)

by Lemma 2.8. This was also used in an alternative definition of Frobenius
solutions in [10].

Given the strongly singular differential expression τ we have done several
choices, namely by fixing the fundamental system and the parameters in
the model for the super singular perturbation. Hence the question arises
whether it is possible to make these choices such that the difference δ van-
ishes.
Examples show that if the fundamental system is fixed (as e.g. in [14]) then it
might happen that it is not possible to choose the parameters in the model
such that δ vanishes or is a constant.
Conversely, let us fix the operator model for the super singular perturba-
tion, i.e., we choose a suitable Gram matrix and mutually different regular-
isation points µ1, . . . ,µnl+1 as well as α ∈ [0,π). Note that as the construc-
tion of the model only uses the — uniquely determined — Weyl solution
ψ(λ, x) it is stable against any change in the fundamental system {φ,θH }
as this corresponds to changing the linear combination ψ(λ, x) = θH (λ, x)+
mH (λ)φ(λ, x). In particular, the function d(λ) does not change.
We can formulate the following improvement of Theorem 3.6.

Theorem 3.9. There is a unique real polynomial H(λ) of degree not exceeding
nl such that if we use the fundamental system {φ,θH = θ∗+Hφ} and associ-
ated Titchmarsh-Weyl function mH then

δH (λ) = d(λ)−mH (λ) ≡ 0.
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In fact, we need to choose H(λ) as −δ(λ).

Proof. According to Corollary 3.7, the difference d(λ)−mH (λ) is given by
(3.20). Remembering that mH (λ)+ H(λ) = m∗(λ) and entering this in the
right hand side of (3.20) simplifies the formula to d(λ)−mH (λ) = H(λ)+δ(λ)
with δ(λ) as given by (3.11).
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Abstract

We consider the one dimensional Schrödinger operator with potential 1/x4

on the half line. It is known that a generalized Titchmarsh-Weyl function can
be associated to it. For other strongly singular potentials in some previous
works it was possible to give an operator theoretic interpretation of this fact.
However, for the present potential we show that such an interpretation does
not exist.

1 Introduction

Consider a differential expression

− d 2

d x2 +q(x) on the interval (0,∞) (1.1)

with real valued potential q and assume first that it is regular at the left end
point and in limit point case at the right end point. In this situation a classi-
cal Titchmarsh-Weyl coefficient m can be associated, which is a Nevanlinna
function and its measure gives rise to a spectral transform.
However, m can also be used in order to describe all self-adjoint realizations
of the above differential expression. This is done via Krein’s formula, which
in this situation reads as follows

(Lτ−λ)−1 = (L0 −λ)−1 − ( · ,ψ(x,λ))

m(λ)−1/τ
ψ(x,λ), (1.2)

where ψ(x,λ) denotes the Weyl-solution, i.e. the solution to the differential
equation −u′′+qu = λu which belongs to L2(0,∞) and satisfies u(0,λ) = 1,
and L0 denotes the Dirichlet realization, i.e. where the domain of L0 is char-
acterized by the Dirichlet boundary condition u(0) = 0. Then formula (1.2)
gives a parametrization of all self-adjoint realizations, when the parameter
τ runs through R∪ {∞}.
Another way of looking at this problem is to consider perturbation
theory, more precisely, the family of self-adjoint realizations corresponds to
the rank one perturbations

L0 +α(ϕ, · )ϕ, α ∈R∪ {∞} (1.3)

where the perturbation elementϕ is given byϕ= (L0−λ0)ψ(·,λ0). Note that
even if ϕ in general does not belong to L2(0,∞) it can be identified as an
element in H−2(L0) – see the beginning of Section 2 for the definition of this
space – and hence classical perturbation theory can be applied.
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In the current paper, however, the situation is different. We consider the
strongly singular potential

τ :=− d 2

d x2 + 1

x4 for x ∈ (0,∞), (1.4)

which has two singular endpoints and both are in limit point case. In [7] it
was shown that also to such potentials a generalized Titchmarsh-Weyl func-
tion can be associated, and even if this function in general is not a Nevan-
linna function, a measure can be associated to it and a corresponding spec-
tral transform exists.
For strongly singular potentials, and in particular for the potential in (1.4),
there is only one single self-adjoint realization L and hence the question for
a parametrization such as in the classical situation seems to be vain. How-
ever, turning focus to the perturbation point of view has shed new light on
the problem. Namely, if the Weyl solution – even if it is not square integrable
at the left endpoint – still belongs to a space H−m(L) for suitable m, then the
singular element in (1.3) correspondingly belongs to H−m−2(L) and super
singular perturbation theory (as developed in [11–13]) can be applied.
In [14; 16] (see also [10]and [4]) it was shown that for potentials of the form

q(x) = l (l +1)

x2 + “less singular terms”

the above idea works. The operator model for the super singular pertur-
bation is given by a family of self-adjoint operators in a space of functions,
which might have singularities at the origin, acting as the differential expres-
sion. They can also be parametrized by a kind of Kreins formula, where the
the so-called Q function turned out to coincide with the singular Titchmarsh
Weyl function up to a polynomial of low degree.
But there the following question remained open: Does this procedure work
for all strongly singular potentials? If no, is the class of “quadratic” potentials
the largest where it still works?
The second question has recently been answered negatively by [15], who
consider a class of potentials including q = v ′′

v with v(x) = x2(2 + sin 1
x ).

Hence here

q(x) = 1

x4 (A(x)+O(x)),

where the “amplitude” A(x) is bounded but strongly oscillating in the inter-
val [−1, 1

3 ]. They show that for this potential the corresponding Weyl func-
tion still satisfies the properties needed to apply the super singular pertur-
bation theory.
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The present article answers also the first question negatively, by showing
that no Weyl solution (i.e square integrable at ∞) of the equation

−ψ′′+ 1

x4ψ=λψ for λ ∈C\R

belongs to some H−m(L) and hence this potential is outside the range of
super singular perturbations.

2 The main result

Let τ be the differential expression

τ :=− d 2

d x2 + 1

x4 for x ∈ (0,∞),

and the operator L its (unique) self adjoint realization

dom(L) := {u ∈ L2(0,∞) : τu ∈ L2(0,∞)}

Lu := τu.
(2.1)

For integers n ≥ 0 define the Hilbert spaces Hn(L) := dom(Ln/2) equipped
with the graph norms ‖y‖n := ‖Ln/2 y‖L2(0,∞), respectively, and let H−n(L) be
the completion of L2 with respect to similarly defined norms ‖.‖−n . Then
the main result of this paper is

Theorem 2.1. Let τ and L be given as above. Letψ(·,λ) be the Weyl solution to
the equation τu =λu, i.e. the solution that lies in the domain of L at infinity.
Then it holds for all n ∈N that ψ(·,λ) ∉H−n(L).

We divide the argument in three steps. First, we write down two formal so-

lutions u f
1,2 of τu = λu. Secondly, from this formal solution we can get a

fundamental system of solutions u1,2 of the equation by prescribing their
asymptotic properties. Finally, by expressing the Weyl solution in this fun-
damental system we show the claim of the theorem.

2.1. Formal Solutions We follow the presentation in [8] §17. We begin by
reminding the reader that given a differential equation

d n w

d xn +
n−1∑
i=0

pn−i (x)
d i w

d xi
= 0

in the complex domain, a point x = ξ is called
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• a regular point of the equation if the functions p j are analytic at that
point;

• a regular singular point if the functions p j have at most a pole of order
j at that point — this is by a well known general theorem, cf. [8] §15.3,
equivalent with the existence of n regular solutions, i.e., solutions that
have at most a pole at ξ;

• an irregular singular point if there is some p j with a stronger singu-
larity than above — in this case, we may still have up to n −1 regular
solutions, but at least one irregular solution will appear, i.e., a solution
that has an essential singularity at ξ.

We note that the equation τu = λu has an irregular singular point at 0 (as
well as at ∞).
We can see directly that no regular solution u(x) = xρ

∑∞
k=0 ck xk exists. This

follows from plugging this expression into τu = λu and equating powers of
x. Next, we can try the Ansatz ea/x v(x), which goes back to the work of
Thomé [20] where solutions of this type are called normal solutions. The
hope is that the singularity is captured in the exponential term and that v
satisfies an equation that allows for regular solutions. Entering the Ansatz
in τu =λu yields

ea/x
(

v ′′− 2a

x2 v ′+
[

a2

x4 + 2a

x3 +λ− 1

x4

]
v(x)

)
= 0 (2.2)

Unfortunately, the singularity at zero for both v ′ and v are still too strong to
guarantee a regular solution. However, if we only ask for a formal power se-
ries that solves (2.2), we can simply make another Ansatz v(x) = xρ

∑∞
j=0 c j x j

and enter this into the equation. It is easily seen that unless a = ±1 all c j

must vanish outright. In the case a = 1 the coefficients are determined from∑
(ρ+ j )(ρ+ j −1)c j x j−2 −∑

2(ρ+ j −1)c j x j−3 +∑
λc j x j = 0, (2.3)

where j runs from 0 to infinity in each sum. Sorting by powers of x, it is
easily seen from the coefficient of x−3 that we should choose ρ = 1 in order
to leave c0 to be chosen freely. We successively obtain c1 = c2 = 0 and the
three term recurrence

c j+1 = j

2
c j + λ

2( j +1)
c j−2 = 0 j ≥ 2 (2.4)

Hence, we found a formal solution u f
1 of the form e1/x ∑∞

j=0 c j x j+1. By a

similar procedure we obtain in the case a =−1 a second formal solution u f
2

of the form e−1/x ∑∞
j=0(−1) j c j x j+1.
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However, these formal expressions are not classical solutions to τu = λu.
For this to hold we would need convergence of the series, which is by a gen-
eral principle [8] §17.3 equivalent to the termination of the recurrence (2.4).
If we write 

c j−1

c j

c j+1

= A j+1


c j−2

c j−1

c j

 :=


0 1 0

0 0 1

λ
2( j+1) 0 j

2




c j−2

c j−1

c j

 ,

then det(A j+1) = λ
2( j+1) . Hence, for λ 6= 0 the three term recurrence (2.4)

never terminates, so the two series do not converge. In the case λ = 0 we
just get xe±1/x as solutions, which we could also have guessed directly.

2.2. Asymptotics of Solutions We begin our discussion by recalling the fol-
lowing concepts.

Definition 2.2. A sequence of functions {φn(x)}∞n=0 is called an asymptotic
sequence as x → x0 if φn+1(x) = o(φn(x)) holds for all n ≥ 0 as x → x0. Given
such an asymptotic sequence and constants {an}∞n=0 we call

∑∞
n=0 anφn(x)

the asymptotic expansion of a function f at x0 if

f (x) =
N∑

n=0
anφn(x)+o(φN (x))

for each fixed N as x → x0. This is then denoted by

f (x) ∼
∞∑

n=0
anφn(x).

Remark 2.3. We draw attention to the following two facts:

1. Such series are not required to converge. In fact, convergence would
be rather unexpected as the point of such developments is exactly that
their truncations at any finite N give good approximations of a func-
tion’s behaviour in a neighbourhood of x0.

2. Let an asymptotic sequence be given. If we know the function then its
asymptotic expansion is unique for the given sequence. If, conversely,
the asymptotic expansion is prescribed, then the function is not de-
termined uniquely. This is due to the fact that one could add terms
that the asymptotic sequence does not see, e.g. e−1/x2

for {xn}∞n=0 for
x0 = 0.

68



Note that the set {φn(x) := e1/x xn+1}∞n=0 is clearly an asymptotic sequence
as x → 0. The same is valid if we have the negative sign in the exponent.
Hence, the question to ask is whether there exist classical solutions u1,2 that

have u f
1,2 as their respective asymptotic expansions. Fortunately, there is the

following result going back to Poincaré.

Proposition 2.4. Equation (2.2) has two linearly independent solutions u1

and u2 such that their asymptotic expansions are given by u f
1 and u f

2 , respec-
tively.

For a proof of even more general statements we refer the reader to [8] §18.2-
18.21, confer also the foundational paper by Poincaré [17], §3. The general
idea is to prove existence of two linearly independent solutions by means
of contour integration in the complex plane with the Laplace kernel, then
calculating their respective asymptotic expansions and finally drawing the
conclusion that the result is formally equivalent to the Ansatz for formal so-
lutions as normal series. Note that in the cited sources all considerations
involve asymptotics at the point at infinity, so there should be a coordinate
change 1/x = t in equation (2.2) first. See also the treatment in the paper by
Bühring, [2].
Hence, we have a fundamental system of solutions {u1,u2} at our disposal
that satisfy

u1(x,λ) ∼ e1/x
∑
j=0

c j (λ)x j+1

u2(x,λ) ∼ e−1/x
∑
j=0

(−1) j c j (λ)x j+1

as x → 0, where c0 can be chosen freely, c1 = c2 = 0 and the rest of the coeffi-
cients is then determined by (2.4).

2.3. Behaviour of the Weyl solution at the origin We are now in a position
to express the Weyl solution in the fundamental system {u1,u2}, i.e.

ψ(x,λ) = a(λ)u1(x,λ)+b(λ)u2(x,λ)

with some functions a and b. It is clear that the asymptotic behaviour of the

sum as x → 0+ stems only from u f
1 , i.e. from terms of the form x j e1/x as all

xk e−1/x are dwarfed by them.
If the Weyl solution ψ(.,λ) belonged to some of the scale spaces H−n(L),
then applying the resolvent sufficiently many times would eventually lead
us to a function square integrable even at the origin. In what follows we are
going to show that this is not possible.
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By the resolvent identity

(T −λ)−1 − (T −µ)−1 = (λ−µ)(T −λ)−1(T −µ)−1 λ,µ ∈ ρ(T ),

applying the resolvent several times can be achieved by taking appropri-
ate sums of Weyl solutions with different spectral parameters. We apply the
technique from [14; 16].

Definition 2.5. Let k ∈N and µi ,1 ≤ i ≤ k be pairwise distinct. Then we set
for 1 ≤ i ≤ k

A(k)
i :=

k∏
j=1
j 6=i

(µi −µ j )−1. (2.5)

The following result is proven in [16].

Lemma 2.6. For every k ∈N and µ1, . . . ,µk pairwise different it holds that

k∑
i=1

A(k)
i µ

j
i =

 0 0 ≤ j ≤ k −2

1 j = k −1
.

Before looking at sums of the relevant parts a(λ)u1(x,λ) of the Weyl solu-
tion, we study sums of the solution u1.

Lemma 2.7. The functions hk (x) :=∑k
i=1 A(k)

i u1(x,µi ) satisfy

hk (x) =Ce1/x x3k−2 +o(e1/x x3k−2) with C 6= 0 (2.6)

and, thus, fail to be square integrable at the origin for any k ∈N.

Remark 2.8. Note that formally (τ−µk )hk = hk−1 and (τ−µ1)h1 = 0. Thus,
these sums are modelling the resolvent of L.

Proof of Lemma 2.7. Let N ∈N to be specified later, then

hk (x) =
k∑

i=1
A(k)

i u1(x,µi ) =
k∑

i=1
A(k)

i e1/x
N∑

j=0
c j (µi )x j+1 +o(e1/x xN+1)

After changing the order of summation in the double sum we have

e1/x
N∑

j=0
x j+1

k∑
i=1

A(k)
i c j (µi )+o(e1/x xN+2).

It is easy to see from (2.4) that c j (λ) is a polynomial in λ with degc j = b j /3c.
Hence, an application of Lemma 2.6 shows that the inner sum vanishes iff
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j ≤ 3k −4. The first nonzero term appears when j = 3k −3 and we should
consequently take N as this value. Hence, the leading term of hk is indeed
of the claimed form.
We finally note that the exact form of the constant C is recursively calculated
from (2.4) as

(
(2 ·3)k−1(k −1)!

)−1.

The question remains what happens if we now take such differences of the
Weyl solution itself. However, already in the case of just two summands we
get

2∑
i=1

A(2)
i ψ(x,µi ) = a(µ1)h2(x)+u1(x,µ2)

a(µ1)−a(µ2)

µ1 −µ2
+ . . . ,

where the dots only hide terms including u2, which is unproblematic at the
origin. So unless a takes the same value at µ1 and µ2, the asymptotics at the
origin for the Weyl solution after application of the resolvent are even worse
than the ones obtained for u1 in Lemma 2.7.
This finishes the proof of Theorem 2.1.
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