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Heating the early Universe

Abstract

Our Universe went through a prolonged period of changes during the epoch
when the first collapsed structures formed (6 < z < 50). The radiation from the
stars and accreting black holes in those structures partly escaped and changed the
state of the Intergalactic Medium (IGM). The epoch of this global phase change –
the IGM state was transformed from cold and neutral to warm and ionized – is
called the Epoch of Reionization.

My work focuses on the photoheating of the IGM during this period. On one
hand, I improve the cosmological radiative transfer code C2-RAY regarding the
treatment of photoheating. On the other hand, I use the improved version of
C2-RAY to study a photoheating-related observational feature exhibited by high
redshift quasars.

The structure of the licentiate thesis is as follows. In Section 1, I give an introduc-
tion of reionization study. It includes some essential theoretical and observational
understandings. In Section 2, I review a couple of cosmological radiative transfer
codes and report our latest version of C2-RAY. In Section 3, I give an overview
of high redshift quasar study and its relation to reionization study. In the end, I
introduce my work.

1 INTRODUCTION

1.1 THE EPOCH OF REIONIZATION

Approximately a few hundred million years after the Big Bang, when the Universe was still
in its infancy and filled with cold neutral gas, the very first stars and galaxies formed and
illuminated the early Universe. The copious amount of UV and x-ray photons emitted by these
bright objects gradually ionized and heated their surrounding neutral hydrogen medium. The
subsequent formation of stars and galaxies further ionized and heated a larger fraction of cold
neutral gas in their surroundings. These ionized regions continuously grew in size and started
to overlap with each other. Eventually, the entire Universe became ionized and warm, marking
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the end of this global process. The period when this important large scale phase transition of
the entire Universe took place is called the Epoch of Reionization (EoR).

When and how the reionization occurred is currently not well known. In order to resolve
this mystery, we need to explore different ways to observe this era and to interprete these
observations. We also need a robust theoretical understanding of how the first luminous
objects were formed and the physical processes involved during the reionization. Many of
these theoretical ground works would also require us to develop sophisticated numerical
algorithms. Besides ionization of hydrogen during this era, the heating caused by the photo-
ionization process (we call it photoheating process) is also important because it substantially
changes the global thermal state of the Universe. The temperature structure of the ionized
gas depends both on the contribution of photoheating from the sources and on the strength
of the radiative and adiabatic cooling of the gas. The dominant radiative cooling process is
collisional excitation cooling which becomes important when the ionization fraction and the
temperature of the gas increases. Afterthe typical cooling period, the photoheating rate gets
balanced by the radiative cooling rate and a thermal equilibrium state is established. However,
the conditions of low density and negligible amount of metals found in the IGM during
the EoR indicate a relatively long cooling timescale. Consequently within this long cooling
timescale the temperature structure changes only negligibly. The temperature structures have
imprints of the effect of photoheating by the sources and thus stores a wealth of important
information about reionization. The temperature structure essentially stores the signature of
source properties and gas density.

The major IGM heating mechanism during the EoR can be categorized into a global and
a local one. The global IGM heating (effective in scales greater than 100 comoving Mpc) is
expected to be driven by the very hard photons produced by the supernovae and the gamma
ray burst in the first galaxies. These photons have a larger mean free path in the IGM which
makes them a diffusive heating source. The patchy IGM heating (at scales of the order of 10
comoving Mpc) can be associated with the soft UV photons released from the high density
regions of the IGM, such as accreting supermassive blackholes. These photons may have
effectively ionized and heated the gas around the sources, constituting a patchy ionization
and temperature structure in the IGM.

The existence of helium in the IGM plays an important role in the photoheating process.
Neutral and singly ionized helium gas are capable of capturing hard UV photons which have
larger mean free path than the soft UV photons in the IGM. Though the number density of
helium is of one order of magnitude lower than the number density of hydrogen, the effect
caused by the existence of helium gas is not negligible and can only be investigated through
numerical simulation. We will discuss this elaborately in this chapter.

The main purpose of this licentiate thesis is to explore the importance of IGM photoheating
during the EoR. We report our new numerical radiative transfer algorithms in regard to the
photoheating process, which is coupled to a cosmological radiative transfer code – C2-RAY.
This new algorithm is discussed in Section 2. This modified version of C2-RAY is then applied
to simulate the high-redshift quasar near zones and compute the synthetic spectra with
extremely accurate temperature profiles. This study is covered in Section 3.

In the remaining of this chapter, we attempt to give a brief review of the theoretical cosmol-
ogy related to reionization. The text includes evolution of the early Universe depicted by the
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Big Bang model and the model for structure formation associated with the first stars and galax-
ies. A numerical model for reionization requires robust input parameters in order to correctly
predict the IGM evolution. Often the input parameters can be derived only from observation.
In Section 1.3, we give an overview of the observational constraints of the EoR. They include
observation of the spectra of high redshift quasars, the cosmic microwave background (CMB)
radiation, the star forming galaxies and the 21-cm signal. The state-of-the-art cosmological
radiative transfer models include the effect of the presence of helium in the IGM. However,
the radiative transfer treatment with the helium-included model is more computationally
expensive than the hydrogen-only model. We discuss the necessity of including helium in the
reionization model in Section 1.4 and its impact to the ionization and thermal evolution in the
reionization simulation.

1.2 THEORETICAL UNDERSTANDING

When and how did the first stars and galaxies form is an important question related to reion-
ization. To answer these questions, one needs to trace back how our Universe was formed and
evolved in time. Among all the evolution processes involved, we are particularly interested in
how the gas particles arranged themselves to form structures of different scales.

1.2.1 BIG BANG MODEL

The standard cosmological model which is commonly accepted nowadays is the famous Big
Bang model. The basic picture in this model is that our Universe started from a singulairty and
expanded continuously. Recent estimation of the Universe’s age obtained from Planck mission
data of CMB radiation is 13.798±0.037 billion years (Planck Collaboration et al., 2013a). One
of the most important indication of the Big Bang model is the cosmic inflation. It occurred
around 10−32 to 10−33 seconds after the Big Bang. During this period of time, the Universe
expanded exponentially. The cosmic inflation smoothed out large scale inhomogeneities
and anisotropies in the matter distribution. This explains why the Universe appears homo-
geneous and isotropic at the large scale observed in the galaxy redshift surveys and CMB
radiation. Nevertheless, the only significant inhomogeneities remained were due to the tiny
quantum fluctuation retained by the inflation and these inhomogeneities were the seeds of
the subsequent structure formation.

1.2.2 LAMBDA COLD DARK MATTER MODEL

Knowledge of the composition of matter in our Universe and their properties is required if
one wants to understand their subsequent evolution which leads to the formation of the first
structures. The composition of the matter in the Universe is two-fold, the ordinary matter and
the dark matter. They constitute ∼ 17% and ∼ 83% of the total matter by mass respectively. The
Lambda Cold Dark Matter (ΛCDM) model assumes that dark matter is cold and only interact
through gravity. Unlike the frequent interactions between the CMB photons and the ordinary
matter, the dark matter was not coupled to the CMB photons. The result of the absence of
interaction with the CMB photons is that any small-scale dark matter perturbation was not
smoothed out. TheΛCDM model also states that the Universe has a cosmological constant
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Λ, which is often associated to the dark energy. This model of the Universe can successfully
predict the large-scale structure formation, the formation and abundances of elements, the
existence of the CMB and the accelerating expansion of the Universe.

1.2.3 EXPANSION OF SPACE

The expansion of the space gradually changes the state of our Universe, such as the average
matter density, pressure and temperature. These changes affect the structure formation. The
critical density ρc refers to the density for which the spatial geometry of our Universe is flat. It
indicates to a state when our Universe neither stops expanding and then collapses (spatial
geometry is closed) nor our Universe expands forever (spatial geometry is open). The critical
density is defined as ρc = 3H 2

8πG , where H is the Hubble parameter and G is the gravitational
constant. The Universe is closed, flat or open if the density parameter Ω= ρ/ρc is larger than,
equal to or smaller than 1, respectively. Assuming our Universe is homogeneous and isotropic,
the expansion of the space is described by the Friedmann equation which is often expressed
in terms of the density parameters,

H(t )

H0
=

[ΩR

a4 + ΩM

a3 + ΩK

a2 +ΩΛ
]1/2

, (1.1)

where a is the scale factor, ΩR is the radiation density, ΩM is the matter density, ΩK = 1−Ω
is the spatial curvature density and ΩΛ is the dark energy density. We discuss some of the
relevant result of this expansion in next few sections.

1.2.4 RECOMBINATION ERA

Recombination era is the epoch during which the free electrons and the protons combined to
form the neutral atoms. By the time ordinary matter was cooled down due to the adiabatic
expansion of the space (∼ 378,000 years after Big Bang) and when the temperature had
dropped to T ≈ 3000 K, the primodial plasma had recombined to form the neutral atoms. From
this point onwards, the evolution of both the ordinary and the dark matter were independent
of the CMB photons but dependent solely on the gravitational force. The seeds of the small
density fluctuation of the dark matter distribution as a remnant of the inflation led to the
continuous formation of the highly dense gas clumps and the subsequent gravitationally
bound objects, such as the stars and the galaxies. To understand how the gravity governed the
structure formation and how the first stars and galaxies were formed, we need to know how
the initial perturbation in the matter distribution grew and led to the formation of collapsed
objects.

1.2.5 GROWTH OF PERTURBATIONS

When the fluctuations were still small, i.e. the absolute difference between the gas density
of a point and the mean gas density is much smaller than the average gas density, linear
perturbation theory can be applied on predicting how the gas density will evolve. Let δ(r) be
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the fractional density fluctuations at r,

δ(r) = ρ(r)

ρ
−1, (1.2)

where ρ and ρ are the density and mean density of the matter respectively. If u is the peculiar
velocity deviated from the motion due to the expansion of space (Hubble flow) u ≡ v−Hr, the
continuity and Euler equations for the matter are given by

∂δ

∂t
+ 1

a
∇· [(1+δ)u] = 0, (1.3)

∂u

∂t
+Hu+ 1

a
(u ·∇)u =− 1

a
∇φ− 1

aρ
∇(δp). (1.4)

The gravitational potential φ follows from the Newtonian Poisson equation

∇2φ= 4πGρa2δ (1.5)

and the pressure p is always zero for dark matter and δp = c2
s δρ for ideal baryonic gas where

cs is the sound speed.
As the perturbation grows with time, δ can reach few order magnitude greater than 1

and the density perturbation goes into the non-linear regime. The non-linear evolution of
density perturbation can only be solved computationally. Figure 1.1 shows an example of a
computational simulation of cosmological structure formation. The dark matter density is
shown in the color scale (light orange corresponds to high density region and dark orange
corresponds to low density region). The visible matter distributes itself into dense filaments
accompanied with nearly empty voids. The intersections among the filaments have even
higher density and this is the location where the first massive galaxies and galaxy clusters are
likely to form.

1.2.6 SPHERICAL COLLAPSE

As the perturbation evolves with time, more regions of higher density form which further
increase the density contrast. Whether these high density regions will collapse or not depend
on the magnitude of two forces exerted on them in opposite directions. They are the self
gravitational force and the pressure gradient. One can use a simple physical argument to
determine if a gas cloud will collapse or not. Let us assume a spherical gas cloud of radius R,
density ρ and temperature T . If sound speed cs in the gas is approximately cs ∼ (kB T /mp )1/2,
then sound will require time tsound to cross a distance R, which is

tsound = R

cs
. (1.6)

The time tsound can be interpreted as the time required for a sound wave developed by any
kinds of perturbation to pass through the gas, which can eliminate any density enhancement
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and establish pressure equilibrium in the system. At the same time, the gravity pushes the gas
cloud toward its center on a free-fall time tff,

tff = 1√
Gρ

. (1.7)

If the sound waves do not have enough time to traverse the gas cloud under the free-fall time,
or equivalently speaking,

tsound > tff, (1.8)

the gravity wins and the gas cloud collapses. The concept of Jeans length is often introduced
to explain the situation when the pressure gradient is just enough to balance the gravitational
force. i.e. when tsound = tff and at this stage Jeans length is defined as

λJ = cs√
Gρ

. (1.9)

Any structure having length scale larger than Jeans length would collapse, otherwise it becomes
gravitationally stable. Equivalently, the Jeans mass M J , is defined as the minimum mass
required within a sphere of radius λJ /2 for it to collapse.

M J = 4π

3
ρ
(λJ

2

)3
= π

6

c3
s

G3/2ρ1/2
. (1.10)

The gas cloud, consisting of dark matter and ordinary gas matter collapses if its mass is over
the Jeans mass. From this point onward, cooling plays an important role since it can reduce
the pressure resistance which prevents the gas cloud from further collapsing to the center. The
dark matter is pressureless, therefore it forms a large halo. The gas inside the halo may cool
and condense to the center. It can further fragment into pieces where stars can form. Stars and
galaxies are mainly formed in the core of a large invisible dark matter halo. The EoR started
once the first stars and galaxies were formed and started emitting ionizing radiation.

1.3 OBSERVATIONAL UNDERSTANDING

Cosmological observations help us to constrain large numbers of mostly unknown parameters
in the reionization model. We review in this Section four different observations in this region,
namely the cosmic microwave background, the high redshift quasar absorption spectra, the
star forming galaxies and the hydrogen 21-cm line from the EoR.

1.3.1 COSMIC MICROVWAVE BACKGROUND

In the first 378,000 years after Big Bang, photons are trapped in an interactive soup of protons
and electrons. Not until the Universe cooled down to 3000 K the protons and electrons re-
combined to form neutral atoms, after which the photons got decoupled and traveled freely
through the space without interacting with any newly formed neutral atoms. After decoupling
from each other, the matter and radiation evolved independently. During the EoR, free elec-
trons were again produced by the ionization processes led by first stars and galaxies. Scattering
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Figure 1.1: A density field slice of MassiveBlack cosmological hydrodynamic simulation
(0.75Gpc)3 at z = 5. The overlaid panels show the zoom-ins on scale 20Mpc/h
and 2Mpc/h. Figure from Di Matteo et al. (2012).

of the CMB free flowing photons of these free electrons retain an observable imprint on the
photons. For example, the wiping out of the small scale temperature anisotropies and pro-
duction of polarization anisotropies on large scale (Hinshaw et al., 2013; Planck Collaboration
et al., 2013b). The electron scattering is mainly important during EoR because in the later
time the electron density became sufficiently low to affect the CMB significantly. Due to this
reason, the CMB observation can provide us information about the EoR. One of the important
parameter which one can estimate would be the total electron scattering optical depth to the
CMB,

τes = cσT

∫
ne(z)(d t/d z) d z, (1.11)

where c is the speed of light, σT = 6.65×10−25cm2 is the Thompson scattering cross section
and ne(z) is the electron number density. The integrand can be evaluated analytically for a flat
Universe (Loeb & Furlanetto, 2013),

τes = 4.44×10−3 × {
√
ΩΓ+Ωm(1+ zreion)3 −1}. (1.12)

Note that the parameter τes does not encode any information about the reionization history. It
gives only a constraint on the total electron optical depth along the line of sight. Equation 1.11
is often used to imply the redshift when the reionization was complete assuming an instanta-
neous reionizaton model. The best-fit value under this assumption is zreion = 11.3±1.1 (Planck
Collaboration et al., 2013b).
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1.3.2 HIGH REDSHIFT QUASARS

Important information about the EoR can be extracted from the spectra of high redshift
quasars. In particular, the spectral region blueward of the Lyman α (Lyα) line center in the
spectra is of interest. The absorption of Lyα photons by the intervening neutral gas in the
IGM places ionization state constraint of the IGM along the line of sight. The fraction of Lyα
transmission as a function of wavelength depends on the distribution of neutral gas along
that line-of-sight. The first detection of complete Lyα absorption, which is often called Gunn-
Peterson trough (Gunn & Peterson, 1965), is done by Becker et al. (2001). It indicates the
existence of a substantial amount of neutral hydrogen gas close to this z = 6.28 quasar and
hence indicates that the reionization may not have been completed by then. Investigation of
high redshift quasar spectra in the redshift range 5.7 < z < 6.4 has implied that reionization
ends at around z ∼ 6 (Fan et al., 2002; White et al., 2003; Fan et al., 2006a; Willott et al.,
2007, 2010). Besides the ionization information, thermal imprint on the IGM as a result of
photoheating by the quasar can also be inferred from the quasar spectra (Wyithe, Bolton &
Haehnelt, 2008; Bolton et al., 2010, 2012). A summary of the reionization study through high
redshift quasar spectra and details of the investigation methods has been covered in Section 3.

1.3.3 STAR FORMING GALAXIES

It is widely believed that the star forming galaxies played the major role in ionizing the Universe.
The star forming galaxies are believed to produce sufficient amount of ionizing photons to
counter-balance the recombination of ionized gas and free electrons in the IGM. One way
of confirming this claim is via the observation of ultra-violet luminosity function of the star
forming galaxies at z ≈ 6 (Stanway, Bunker & McMahon, 2003; Bouwens et al., 2004; Barkana
& Loeb, 2006; Bouwens et al., 2006, 2007, 2008; Castellano et al., 2010; Lorenzoni et al., 2013;
Bouwens et al., 2014), the star formation rates can be estimated from the ultra-violet luminosity
function. However, there is a debate on whether the observed galaxy population at these
redshifts is enough to keep the Universe ionized or not (Gnedin, 2008; Yüksel et al., 2008;
Pawlik, Schaye & van Scherpenzeel, 2009). To fully address this problem, the uncertainties
about the ionizing photon production rate per baryon and the escape fraction of ionizing
photons have to be resolved (Srbinovsky & Wyithe, 2010; Yajima, Choi & Nagamine, 2011;
Mitra, Ferrara & Choudhury, 2013).

1.3.4 HYDROGEN 21-CM LINE

Another probe of the EoR can be the observation of a weak, low energy line transition in the
neutral hydrogen. This transition is associated to the relative spin directions of the proton and
electron in the atom. When their spin directions change from parallel to antiparallel (spin-flip
transition), a photon of wavelength 21 cm is emitted.

Neutral hydrogen atoms at high redshift will emit this 21-cm photon. The large scale 21-cm
background radiation emitted from the neutral hydrogen atoms stores a wealth of information
about the IGM during the EoR. The detection of which over a range of wavelengths on the entire
sky can in principle enable us to map a three-dimensional 21-cm intensity cube. Two of the
three dimensions are the spatial dimensions perpendicular to the line of sight. The remaining
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Figure 1.2: Top panel: The time-evolution of 21-cm brightness temperature fluctuation. The
redshift range covers the dark age (before the first stars has formed) to the end of
the EoR. The blue and purple colors correspond to the 21-cm absorption (negative
brightness temperature) . The blue trough is a result of the decoupling of CMB pho-
tons and gas particles. Gas particles cool faster than the CMB photons, causing the
spin temperature less than the CMB temperature. The purple trough is a result of
the coupling of Lyα photons and gas particles. The Lyα temperature follows much
the same as kinetic temperature which is less than the CMB temperature before the
first stars have formed. Red color corresponds to 21-cm emission (positive bright-
ness temperature). It happens when the bright sources begin to ionize and heat the
IGM. The kinetic temperature becomes much higher than the CMB temperature
and is the cause of the 21-cm emission. Bottom panel: The time-evolution of the
spatially averaged 21-cm brightness temperature. Figure from Pritchard & Loeb
(2012).
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one is the time dimension represented by the observed wavelengths of 21-cm photons, as the
wavelengths are stretched due to the cosmological redshift. Therefore reionization history can
be obtained from this time-axis.

The large scale (∼ 15 and 1000 comoving Mpc) 21-cm signal during the EoR in principle can
be detected by the existing low-frequency radio telescopes LOFAR1, 21CMA2, MWA3, GMRT4

and PAPER5. The intensity of the detected signal is measured against the CMB signal and
described by the 21-cm brightness temperature δtb which depends on the neutral hydrogen
density and the spin temperature Ts of the neutral gas. A forthcoming telescope SKA6 is
expected to have the sensitivity to image the 21-cm signal.

The 21-cm brightness temperature is a complicated function of neutral hydrogen density,
components of the gradient of the peculiar velocity parallel to the line-of-sight and the relative
population of the hydrogen atoms in the parallel spin direction. The relation between them
can be approximated by

δTb ≈ 9xHI(1+δ)
p

1+ z

[
1− TCMB

TS

][
H(z)/(1+ z)

d v∥/dr∥

]
mK, (1.13)

where xHI and δ are the hydrogen neutral fraction and overdensity of matter respectively. TS is
the spin-temperature which determines the relative abundance of the hydrogen atom in two
different spin states,

n1

n0
=

(
g1

g0

)
exp(−T?/TS), (1.14)

where n1 and n0 are the number density of hydrogen atoms with parallel spin direction and
anti-parallel spin direction. g1 = 3 and g0 = 1 are their statistical weights and T? = 0.068 K is
the temperature corresponding to the 21-cm transition.

Many cosmological and astrophysical information can be extracted from the 21-cm signal.
Cosmological parameters affect the matter density fluctuation density in the EoR. Since the
21-cm brightness temperature is capable constraining these fluctuations on different length
scales, cosmological parameters can be bounded. Of the astrophysical aspect, the ionizing
source properties can be reflected in their induced hydrogen ionization maps and thus in the
21-cm signal from the patchy neutral regions from this epoch. Figure 1.2 illustrates the time-
evolution of 21-cm brightness temperature from a reionization model predicted by Pritchard
& Loeb (2012). The evolution of mean brightness temperature relies on several important
physical processes, such as the time of the ionization of the first stars and their imposed
ionization and heating onto the hydrogen gas. Properties of the first stars can thus be extracted
from the 21-cm maps through careful analysis.

1http://www.lofar.org
2http://cosmo.bao.ac.cn/
3http://www.haystack.mit.edu/ast/arrays/mwa
4http://gmrt.ncra.tifr.res.in
5http://astro.berkeley.edu/dbacker/eor/
6http://skatelescope.org
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1.4 THERMAL EVOLUTION

The primodial gas in the early Universe consists of mainly the hydrogen and the helium
only, of which the hydrogen abundance is ∼ 10 times more than the helium abundance. The
dominant sources responsible for reionization, the star forming galaxies, emitted mainly soft
UV photons to ionize hydrogen gas. The ionization of hydrogen, from HI atoms to HII ions,
due to these soft UV photons is accompanied with the ionization of helium, from HeI atoms
to HeII ions (see for example upper panel of Figure 2.4 of Osterbrock & Ferland (2006a)). In
other words, the helium ionization status follows from the hydrogen ionization status if the
ionizing sources are mainly the star forming galaxies. Based on this argument, excluding
helium is a reasonable approximation in the numerical simulation of reionization. It also
helps in simplifying the numerical technique involved also in and reducing computational
cost. The first generation of the cosmological radiative transfer codes assume that the IGM
was composed of hydrogen only (Ciardi et al., 2001; Gnedin & Abel, 2001; Cen, 2002; Mellema
et al., 2006; Pawlik & Schaye, 2008; Finlator, Özel & Davé, 2009; Paardekooper, Kruip & Icke,
2010). Under the hydrogen-only approximation, the ionization of the IGM and its thermal
status will be wrongly estimated. The photoionization of the helium-included IGM requires
more ionizing photons than ionization of the hydrogen-only IGM, given that both models
assume the same amount of gas particles. It is because the helium gas can be doubly ionized
while the hydrogen gas can only be singly ionized. This extra consumption of the ionizing
photons by the helium atoms can lead to an underestimate of the photons required to keep
the Universe ionized if one assumes a hydrogen-only IGM. In addition, the extra production
of the free electrons owing to the helium ionization would also alter the theoretical prediction
of the electron scattering optical depth of the CMB. The photoheating effect of the hard UV
photons onto the IGM would be handled inappropriately under this assumption of no helium.
It is because the mean free path of the hard UV photons is large in the hydrogen-only medium,
they are not absorbed close to the sources. However, neutral and singly ionized helium are
more susceptible to the absorption of the hard UV photons since they have a higher absorption
cross section than the neutral hydrogen. As a result, inclusion of the helium in the numerical
models indicates that photoheating by the hard UV photons takes place close to the sources
and consequently a higher temperature would be expected at the high density regions where
the sources reside.

We need to check if the wrong estimate of the ionization and the thermal status of the IGM
owing to the exclusion of helium atoms deviate from the correct values or not. This check
requires a comparison among the different numerical models. To address this issue, Ciardi
et al. (2012) studied the importance and impact of the helium inclusion from the perspective
of the numerical simulations. Five different reionization models E 1.2−α1.8−H , E 1.2−α1.8,
E 1.2−α1−3, E 1.6−α3 and E 1.2−α3 are investigated and compared, in which E parametrizes
the emissivity amplitude and α parametrizes the power-law index of the sources. The volume
averaged ionization fractions of the different reionization models are shown in Figure 1.3.
This figure shows the evolution of the volume averaged HII fractions of the five reionization
models. The E 1.2−α1.8−H (long dashed cyan) model excludes helium and hence has the
higher hydrogen abundance. All the ionizing photons in this model are used to ionize the
hydrogen gas. Compared to the E 1.2−α1.8 model(solid black) which includes helium, its
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B. Ciardi et al.

Figure 1.3: The volume averaged HII fractions are calculated by five reionization models
E 1.2−α1.8−H (long dashed cyan), E 1.2−α1.8 (solid black), E 1.2−α1−3 (dotted
red), E 1.6−α3 (dashed blue) and E 1.2−α3 (dot-dahsed). Figure from Ciardi et al.
(2012).

volume averaged HII fractions is lower than the E 1.2−α1.8−H model owing to a fraction of
the ionizing photons with energies > 24.6 eV (> 54.4 eV) that are used to ionize the neutral
(singly ionized) helium gas. However, the difference between the HII fractions amounts to
only a few per cent. The inclusion of the helium into the IGM exerts a small effect on the
hydrogen ionization state during reionization.

Figure 1.4 shows the evolution of the volume averaged temperature of the five reionization
models. The E 1.2−α1.8−H has its temperature about 10 per cent higher than the E 1.2−α1.8
at early times because the larger volume of the IGM is ionized and heated. In a later time, the
inclusion of the HeII photoionization in the E 1.2−α1.8 causes a higher average temperature
compared to the E 1.2−α1.8−H . The inclusion of the helium into the IGM exert large effect
on the thermal state during the reionization. The impact of the temperature is clearly larger
then the hydrogen ionization state.

The investigation of the IGM photoheating by any sort of numerical methods require the
inclusion of helium. The helium-inclusion model is unavoidably more expensive than the
hydrogen-only model, especially when a high level of accuracy in the photoheating calculation
is demanded. One main goal of this licentiate thesis is to present a new numerical radiative
transfer algorithm which effectively reduces the computational expenses while keeping the
photoheating calculation accurate.

2 COSMOLOGICAL RADIATIVE TRANSFER CODE REVIEW

In this section, we describe the necessary assumptions required to study ionization and
thermal evolution during the Epoch of Reionization. We review the numerical methods of a
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Figure 1.4: Same as Figure 1.3, but for the volume averaged temperature. Figure from Ciardi
et al. (2012).

couple of cosmological radiative transfer codes. We end with a review of our code C2-RAY and
the improvement of C2-RAY.

2.1 BEGINNING OF THREE DIMENSION RADIATIVE TRANSFER CODE

As a first order approximation, a reionization model could assume monochromatic ionizing
sources and an isothermal homogeneous hydrogen-only medium. The time-dependent
radiative transfer equation based on this assumption can be written as

d xHI

d t
=−ΓxHI +αne(1−xHI), (2.1)

where xHI is the neutral fraction of hydrogen, ne is the electron density, Γ and α are the
hydrogen photoionization rate and recombination coefficient respectively. For a single source
and an assumption of infinitely thin ionization front, Equationn 2.1 can be solved analytically.
This solution is known as the Strömgren sphere solution

RHII =
( a

b

)1/3[
1−exp(−bt )

]1/3 (2.2)

where

a = ṄQ

(4/3)πnH
and b = nHα(T ). (2.3)

ṄQ is the ionizing photon emission rate and nH is the number density of hydrogen. Unfortu-
nately, this analytical solution is in many ways not useful in the study of reionization, as there
are a couple of shortcomings regarding the simplifying assumptions made to the model.
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First, neglecting the presence of helium in the IGM leads to an early reionization scenario
as explained in Section 1.4. Second, the sources responsible for ionizing the IGM emit pho-
tons of a range of frequencies instead of a single frequency of photons. The gas medium
absorbs these photons according to their frequencies, i.e. the absorption coefficient σν is
frequency-dependent. The main effect of radiative transfer of multi-frequency photons in the
gas d Iν/d t =−σνI is that high frequency photons have larger mean-free-path than the low
frequency photons. The low frequency ones are mostly absorbed near to the source while the
high frequency ones are absorbed further from the source. Effectively, the spectrum is getting
harder and harder along the sightlines from the source. Third, the heating process associated
with the photoionization events raises the gas temperature. Although the heating process is
counter-balanced by some cooling processes, the average gas density of IGM is low enough
that any cooling process is not efficient enough to bring down the gas temperature within
a relatively short period of time (the cooling timescale À the heating timescale). Since the
recombination rate between ions and free electrons depends on temperature, the ionization
equilibrium attained by both hydrogen and helium gas is determined by a balance of photoion-
ization process and recombination process. The IGM ionization fractions are thus dependent
on the temperature of the gas, hence the isothermal assumption becomes inappropriate.
Fourth, the IGM distribution is never homogeneous. Instead, the IGM distribution is rather
patchy. The gas tends to segregate towards the high mass clumps owing to gravitational force.
As time proceeds, the gas distribution is getting more and more inhomogeneous. Star forma-
tion takes place inside galaxies which preferentially are found in the higher density regions in
the IGM. In addition, radiative transfer of ionizing photons and ionization equilibrium status
of IGM depend on the gas distribution.

Overall, we need a gas hydrodynamics recipe to calculate a physical IGM distribution and
thus to abandon the homogeneous assumption. After taking into account all the other effects
described above, the evolution of HII regions in a three-dimensional inhomogeneous medium
no longer has easy solutions. Neither analytical nor semi-analytical models can satisfactorily
accomplish these jobs. The only way to solve this problem relies on numerical simulation.

Norman, Paschos & Abel (1998) first suggested that the study of reionization requires a
realistic three-dimensional numerical radiative transfer simulation. Even though the com-
putational power at that time was not enough to afford such a computationally demanding
task, Norman, Paschos & Abel (1998) did propose a series of approximations regarding the
cosmological radiative transfer equation for future numerical radiative transfer methods. The
cosmological radiative transfer equation (in comoving coordinates) considers the finite speed
of light and cosmological redshift due to Hubble expansion,

1

c

∂Iν
∂t

+ n̂ ·∇Iν
ā

− H(t )

c

(
ν

d Iν
dν

−3Iν
)
= jν−αabs

ν Iν. (2.4)

In this equation, Iν denotes the specific light intensity at frequency ν. n̂ denotes the unit
vector along the light propagation direction. H(t) ≡ ȧ/a is the Hubble constant, ā ≡ 1+zem

1+z
is the ratio of scale factors between photon emission time and current time, jν(x, n̂) is the
emission coefficient and αabs

ν (x, n̂) is the absorption coefficient.
A series of approximations can be made to simplify Equation 2.4.
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• First approximation: In the beginning of reionization, the mean free path of ionizing
photons was much smaller than the grid size. The contribution of the third term on the
left hand side of Equation 2.4 therefore becomes negligible and ā is close to unity, i.e.
ā ≈ 1. Although this simplification can break down when the ionized regions overlap
causing an increase in the mean free path of ionizing photons, the presence of Lyman
Limit Systems maintains a mean free path for ionizing photons near the Lyman limit of
at most 5 - 10 proper Mpc during the EoR (Songaila & Cowie, 2010). As a result, a grid
size larger than 70 comoving Mpc guarantees this simplification is valid.

• Second approximation: The timescale for which jν andαabs
ν of a cell change significantly

are much larger than that for the light crossing through the cell. Therefore the first term
on the left hand side of Equation 2.4 can be safely removed.

• Third approximation: jν on the right hand side of Equation 2.4 represents the isotropic
diffuse radiation from recombination of ions and free electrons. Assuming that the
diffuse radiation is absorbed by the same cell (on-the-spot (OTS) approximation), jν
from Equation 2.4 can be removed and the ionization equations can be modified by
using appropriate recombination coefficients (see Equation 13 of Friedrich et al. (2012)).

With all the above approximation, the simplified radiative transfer equation in our numerical
method becomes

n̂ ·∇Iν =−αabs
ν Iν (2.5)

The solution of Equation 2.5 along the photon propagation direction is

Iν = I0,νe−
∫
αabs
ν (s) d s = I0,νe−τν (2.6)

where I0,ν is the initial specific light intensity and τν is the IGM optical depth. The numerical
radiative transfer scheme is as a result highly simplified. Next, we review a couple of cosmo-
logical radiative transfer codes. Namely, OTVET, CRASH, SimpleX and TRAPHIC. These were
selected because they represent different strategies to handle the radiative transfer problem.

2.2 OTVET

OTVET (Optically Thin Variable Eddington Tensor) is a time-dependent three-dimensional
cosmological radiative transfer code based on an Optically Thin Variable Eddington Tensor
(OTVET) approximation (Gnedin & Abel, 2001). After the very first suggestion of solving
the moment equations for the three-dimensional cosmological radiative transfer simulation,
OTVET uses some of their ideas and further improves the implementation methods. For
example, as the name of the code suggests, OTVET proposes to use an Eddington tensor
approximated in the optically thin regime. OTVET also introduces "Reduced Speed of Light"
approximation which helps to solve the moment equation with a simple stable explicit scheme.
To illustrate the ideas, we briefly introduce the moment equations used in OTVET.

We begin with the cosmological radiative transfer equation. The aforementioned approxi-
mation in Section 2 does not apply to OTVET because OTVET does not explicitly calculate IGM
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Figure 2.1: Neutral hydrogen map of the middle slice of the computational box for four dif-
ferent tests. Lower left panel: Uniform medium of 643 resolution computational
box. Lower right panel: Uniform medium of 643 resolution computational box
and with a 1000 times denser wedge. Upper right panel: Uniform medium of 1283

resolution computational box with a 1000 times denser wedge Upper left panel:
Uniform medium of 1283 resolution computational box with a 1000 times denser
wedge and a correct Eddington tensor. Figure from Gnedin & Abel (2001).

optical depths as mentioned in Equation 2.6. The cosmological radiative transfer equation is
written in terms of specific intensity Jν,

∂Jν
∂t

+ ∂

∂xi

(
ẋi Jν

)
−H

(
ν
∂Jν
∂ν

−3Jν

)
=−kν Jν+Sν, (2.7)

where xi is the comoving coordinate, H is the Hubble constant, kν is the absorption coefficient,
Sν is the emission coefficient, ẋi = cni /a where ni is the unit vector along the direction of
photon propagation. Define the mean specific intensity as J̄ν(t) ≡ 〈Jν(t ,x,n)〉. The moment
of radiation field is defined using a relative specific intensity fν, which satisfies Jν ≡ fν J̄ν. By
imposing the first approximation from Section 2, Equation 2.7 is reduced to

a

c

∂ fν
∂t

+ni ∂ fν
∂xi

=−κ̂ν fν+ψν, (2.8)

where κν ≡ akν/c, κ̂ν ≡ κν− κ̄ν+aS̄ν/(c J̄ν) and ψν ≡ aSν/(c J̄ν).
The moments of the radiation field are given below. The radiation energy density Eν is given

by

Eν(t ,x) ≡ 1

4π

∫
dΩ fν(t ,x,n). (2.9)

The flux F i
ν is given by

F i
ν(t ,x) ≡ 1

4π

∫
dΩ ni fν(t ,x,n). (2.10)
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The Eddington tensor hi j
ν is given by

Eν(t ,x)hi j
ν (t ,x) ≡ 1

4π

∫
dΩ ni n j fν(t ,x,n). (2.11)

By taking moments of Equation 2.8, we obtain the photon conservation equation

a

c

∂Eν
∂t

+ ∂F i
ν

∂xi
=−κ̂νEν+ψν (2.12)

and the flux conservation equation

a

c

∂F i
ν

∂t
+ ∂

∂xi
Eνhi j

ν =−κ̂νF j
ν (2.13)

Here we combine Equations 2.12 and 2.13. We use the second approximation from Section 2,
that is, all the a/c terms are discarded except (a/c)∂E/∂t . The physical reason for retaining
this a/c term is that E can change quite rapidly making this term more important than any of
the other a/c terms. The final form is

2
a

c

∂E

∂t
= ∂

∂x j

(
1

κ̂

∂Ehi j

∂xi

)
− κ̂E +ψ. (2.14)

In the typical cosmolgical application, the gas velocity is significantly smaller than the speed
of light, v/c ¿ 1. In fact, the true speed of light c can be replaced by some other value ĉ as
long as v/ĉ ¿ 1 is satisfied. The "Reduced Speed of Light" approximation is applied here. For
instance, a low value of ĉ ≈ 1000 km/s is adopted given that the typical gas velocity during EoR
is less than 100 km/s. The advantage of doing so is that it makes the time derivative term of
Equation 2.14 significant. Equation 2.14 can thus be solved by using simple and stable explicit
schemes. Otherwise, the ignorance of the time derivative term turns Equation 2.14 into an
elliptic equation, which is diffuclt to solve for arbitrary κ̂.

Equation 2.14 becomes closed as long as the Eddington tensor is known. The correct form
of the Eddington tensor can be written as

hi j
ν = P i j

ν

TrP i j
ν

(2.15)

where

P i j
ν =

∫
d 3x1ρ(x1)e−τν(x,x1) (xi −xi

1)(x j −x j
1 )

(x−x1)4 . (2.16)

In the equation, ρ = ρ(t ,x) is the temporal and spatial dependent component of the emission
coefficient Sν. τν(x,x1) is the optical depth between the points x and x1. The evaluation of
Equation 2.15 requires O(N 5/3) operations for which N is resolution of the computational box.
In particular, the explicit calculation τν(x,x1) in Equation 2.15 is expensive as it requires full
ray-tracing methods, e.g. long characteristic ray-tracing or short characteristic ray-tracing.
To save the computational cost, OTVET ignores the optical depth contribution between a
source and a cell. Effectively, OTVET uses Optically Thin Variable Eddington Tensor (OTVET)
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Figure 2.2: Snapshots of HII fraction of a two point-source test. Time instances are 4.0×
104,8.0×104,1.2×105,4.0×105 years, from left to right and from top to bottom.
Figure from Maselli, Ferrara & Ciardi (2003).

approximation which says that the Eddington tensor is calculated in the optically thin regime,
that is,

P i j
ν =

∫
d 3x1ρ(x1)

(xi −xi
1)(x j −x j

1 )

(x−x1)4 . (2.17)

Compared to the correct form of Eddingont tensor, Equation 2.17 requires only O(N ) oper-
ations and is independent of the number of ionizing sources. One must be aware that the
radiation still propagates from the discrete sources along straight lines but the relative weights
of the sources are estimated incorrectly. To see the major drawback of OTVET approximation,
we refer to Figure 2.1 which shows a shadowing test. The 1000 times denser wedge is placed
to block the propagation of ionization front. Supposedly, the wedge effectively shields the
ionization photons from propagating out to the medium. However, we see that ionization
front slowly propagates behind the wedge owing to the OTVET approximation.

2.3 CRASH

CRASH (Cosmological RAdiative transfer Scheme for Hydrodynamics) is a time-dependent
three-dimensional cosmological radiative transfer code based on Monte Carlo (MC) methods.
The MC methods are used to tackle radiative transfer problems. The first version of CRASH is
developed by Ciardi et al. (2001). Subsequent development of CRASH can be referred in the
work by Maselli, Ferrara & Ciardi (2003), Pierleoni, Maselli & Ciardi (2009), Partl et al. (2011)
and Graziani, Maselli & Ciardi (2013). We review in this section the essential elements of the
version developed by Maselli, Ferrara & Ciardi (2003).

The core idea of using MC technique is to sample probability distribution functions (PDFs).
Considering an ionizing source with a time-dependent bolometric luminosity Ls(t) and a
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Figure 2.3: The evolution result of a two point-source test at 4.5×105 years. Upper left panel:
HII fraction. Upper right panel: HeII fraction. Lower left panel: HeIII fraction.
Lower right panel: temperature. Figure from Maselli, Ferrara & Ciardi (2003).

simulation time ts , the total energy emitted is

Es =
∫ ts

0
Ls(t ) d t . (2.18)

The photons are emitted in the form of photon packets. The Np photon packets correspond to
the regularly spaced time intervals ∆t = ts/Np for which the source emits. Thus, the value Np

sets the time resolution of the simulation. The frequency ν and propagation direction (θ,φ)
are sampled by the MC method in accord with the source spectrum and angular PDF. The
j -th photon packets thus contain Nγ, j =∆E j /hν photons, where ∆E j is the energy of the j -th
photon packet

∆E j =
∫ j∆t

( j−1)∆t
Ls(t ) d t . (2.19)

Same approach applies when the simulations contain more than one source. Once the param-
eters ν, (θ,φ) and Nγ are assigned to the photon packet, it propagates through the density field

guided by an MC approach. When a photon packet crosses a cell l , a fraction e∆
lτ of photons

are absorbed, where

∆lτ=∆l
τHI

+∆l
τHeI

+∆l
τHeII

= [σHI(ν)nl
HI +σHeI(ν)nl

HeI +σHeII(ν)nl
HeII] f (l )∆x.

σ, nl are the photoionization cross-section and number density for the absorber indicated in
the subscripts. f (l )∆x is the path length through the cell l of linear size ∆x. Accurate estimate
of f (l ) ∈ [0,

p
3] requires proper ray-tracing method but computational expensive. To limit the

computational cost, a median value f (l ) = 0.56 is used for all cells.
CRASH considers the ionization evolution of all states of hydrogen and helium, defined by

xHII = nHII/nH, xHeII = nHeII/nHe and xHeIII = nHeIII/nHe. It considers as well the temperature
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evolution T . Their rate equations are given by

nH
d xHII

d t
= γHI(T )nHIne −αHII(T )nHIIne +ΓHInHI,

nHe
d xHeII

d t
= γHeI(T )nHeIne −γHeII(T )nHeIIne

−αHeII(T )nHeIIne +αHeIII(T )nHeIIIne +ΓHeInHeI,

nHe
d xHeIII

d t
= γHeII(T )nHeIIne −αHeIII(T )nHeIIIne +ΓHeIInHeII,

dT

d t
= 2

3kBn

[
kB T

dn

d t
+H (T, xI )−Γ(T, xI )

]
. (2.20)

In Equation 2.20, n = nH +nHe +ne is the total number of free particles per unit volume. H

and Γ are the heating function and cooling function which correspond to the energy gain
and energy loss from the gas per volume per unit time. αI and γA are the recombination
coefficient and collisional ionization coefficient respectively, where the index I and A corre-
sponds to the species I ∈ {HII,HeII,HeIII} and A ∈ {HI,HeI,HeII}. ΓA is the time-dependent
photoionization rate of species A. Since the riadiation field is represented by a discrete set
of photon packets while the traditional photoionization rates and the photoheating rate are
continuous functions of frequency, approximations are made to evaluate the quantities ΓA and
H . Let N l = N l

HI +N l
HeI +N l

HeII be the number of photons absorbed by cell l , the quantities
N l

HI, N l
HeI and N l

HeII correspond to the number of photons absorbed by the indicated species.
The fraction of photons absorbed by the species A′ is given by

N l
A′

N l
= ∆τl

A′∑
A∈{HI,HeI,HeII}∆τ

l
A

. (2.21)

ΓA and H are evaluted by

ΓHI ≡
N l

HI

nH∆3x∆t
,

ΓHeI ≡
N l

HeI

nHe∆3x∆t
,

ΓHeII ≡
N l

HeII

nHe∆3x∆t
,

H ≡ 1

N l∆t

(
N l

HI(hν−hνth,HI)+N l
HeI(hν−hνth,HeI)+N l

HeII(hν−hνth,HeII)
)
. (2.22)

However, recombination coefficient, collisional ionization coefficient and cooling function are
treated as continuous functions. The only criterion is that the time-step ∆t is much smaller
than the characteristic timescales of the mentioned processes, i.e. ∆t ¿ min[trec, tcoll, tcool].

With all the coefficents ready, Equations 2.20 are then solved by the forward Euler method.
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The time-dependent solutions are given by

xHII(t +∆t ) = xHII(t )+ d xHII

d t
∆t ,

xHeII(t +∆t ) = xHeII(t )+ d xHeII

d t
∆t ,

xHeIII(t +∆t ) = xHeIII(t )+ d xHeIII

d t
∆t ,

T (t +∆t ) = T (t )+ dT

d t
∆t . (2.23)

When the j -th photon packet crosses through the cell l , the physical quantities are then
updated with an integration time-step ∆t according to equations 2.23.

A two point-sources test for CRASH is shown in Figure 2.2 and 2.3. The homogenous density
field has particle number density n = 1cm−3, resolution Nc = 1283, number of photon packet
Np = 108, size of simulation box Lbox = 160 pc. The two sources are put in the simulation box,
one with luminosity L1 = 1038 erg while and other one has luminosity L2 = L1/27. Both are
black body of temperature 60000 K. The simulation time is ts = 4.5×105 years.

Figure 2.2 shows the snapshots of xHII at (4.0×104,8.0×104,1.2×105,4.0×105) years. The
ionized regions grow in time and upon overlapping, the ionization front curvature changes
slightly owing to the percorlating photons from the stronger source. Figure 2.3 shows the
snapshots of xHII, xHeII, xHeIII and T at the end of simulation. The ionized regions are spherical
in shape and with spike structure which is a result of MC methods. More numerical noise is
shown in the HeII structure because of the poor sampling of the helium ionizing region in
the spectrum. Even more numerical noise is shown in the HeIII structure owing to the poor
ionization balance governed by the high energy end of the spectrum.

2.4 SIMPLEX

SimpleX is a radiative transfer code which works on an unstrcutured Delaunay grid. The basic
work is presented by Ritzerveld & Icke (2006) and Ritzerveld, Icke & Rijkhorst (2003). It is then
further developed by Paardekooper, Kruip & Icke (2010) so that it is applicable to reionization
problems.

While most radiative transfer methods use a predefined grid on which the multi-dimensional
radiative transfer simulation is performed, SimpleX adopts an unstructured grid - Delaunay
graph, whose characteristic is based on a stochastic point process, rather than the traditional
long characteristics and short characteristics or Monte Carlod method. The radiative transfer
in the clumpy medium distribution involves a number of scattering of photons. It is solved by
means of a Markov stochastic process on the network of Delaunay grid.

A Delaunay grid is built up first by assigning grid points to a given mass distribution. The
grid point distribution is defined as a convolution of a homogeneous Poisson process and
function of a medium density distribution. More grid ponts are assigned to high density
regions and vice versa. Suppose N (A) is the number of particles in set A, the probability that
A contains x grid points is then

P (N (A) = x) = np (A)|A|e−np (A)|A|x

x!
, for x = 0,1,2, ... (2.24)
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Figure 2.4: A two-dimensional example of grid point distribution, Voronoi tessellation and
Delaunay triangulation. Figure from Paardekooper, Kruip & Icke (2010).

where np (A) is defined by the point intensity function np (x) which follows the medium opacity,

np (A) =
∫

A
np (x) d x. (2.25)

The method of distributing grid points makes sense as the scattering processes occur mostly
in the high density regions and the grid points indicate the positions for scattering processes
to take place.

Then, the method of Voronoi tessellation (Voronoi, 1908) is applied to the grid points so that
each grid point {xi } is contained in one Voronoi cell Vi = {y ∈R3 : |xi − y | ≤ |x j − y | ∀xi 6= x j }.
In other words, Vi is a point set that contains all the points closer to grid point xi than the
other grid points x j where i 6= j . The final procedure is Delaunay triangulation. It is done by
connecting all the grid points whose Voronoi cells touch each other and a mesh of network is
obtained, namely, a Delaunay network. Figure 2.4 shows an example of a two-dimensional
Voronoi tessellation and a Delaunay triangulation.

SimpleX adopts a dynamic grid meaning that the grid structure changes as the simulation
evolves. During the calculation process of radiative transfer, the optical depths between grid
points decrease due to photoionization. The resolution would become too high on the low
optical depth regions and this adds unnecessary computational cost. Besides, the optical
depth between grid points should be closed to unity because otherwise numerical errors will
be produced. To this, SimpleX updates the grid dynamically by removing superfluous grid
points so that the updated grid points are suitable for the radiative transfer calculation.

The transfer of photons along the Delaunay lines is treated as a discrete process instead of
a continuous one. Let the length of a Delaunay line be lD . The attenuation of photons will
follow e−lD /λ, where λ is the mean free path of the photon. In the discrete approximation, the
Delaunay line is divided into n equal segments of length λD and each segment is short enough
so that the density does not vary so much within this segment. The attentuation in a segment
is given by e−λD /λ = 1− c where c is a global constant which is determined by several global
factors. To first order approximation, λD = cλ. For λD , it is determined by λD = 1.237/ρ1/3

D
where ρD is the local grid point density and the number 1.237 is the average distance between
two connected grid points. For λ, it is determined by λ= 1/(κMtotal) where κ is the absorption
coefficient and Mtotal is the total mass of the medium. Thus, the discrete attentuation becomes
(1− c)n .
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There are three different ways of transporting photons inside the Delaunay network, namely
scattering process, ballistic transport and direction conserving transport. In a scattering
process, each grid point absorbs all the incoming photons and splits them into equal amounts
out along the Delaunay lines connected to this grid point. The re-emitted photons have no
memory of their original directions. As a result, photons would travel through all the lines of
the Delaunay network and a Markov stochastic process is achieved. A scattering process is
used mainly in the high optical depth region. However, in intermediate and low optical depth
regions ballistic transport and direction conserving transport are used. Generally speaking,
photons that do not interact at a grid point should travel in a straight line but this is not possible
in the unstructured grid. SimpleX solves it by splitting the photons into p equal parts toward
the p neighbouring grid points and this division is chosen so that the original direction is best
maintained. Experiments show that setting p equal to the dimension of the problem gives the
best result. In order to prevent photons from going backward, a mechanism is imposed to
extinguish these photons so that radial transport of photons can be done. However, photons
do not remember their original directions. Therefore, the deviation from the original direction
increases with the number of interactions with grid points. Fortunately, before the number of
interactions is getting too large to give obvious deviation, most of the photons are absorbed
due to the high opacity of the medium. This is ballistic transport. However, in the optically
thin region, photons survive under a high number of interactions with grid points, but their
directions start to deviate substantially from the original ones. This problem is handled by
direction conserving transport. This transport attempts to preserve the original directions
of the photons but if each photon rememebers its original direction, it would put a lot of
burden to the computational cost. Instead, the original directions of photons are preserved
by confining the photons to a global solid angle in space. Photons splitting also follows this
global solid angle. It turns out the photons would travel along a longer zig-zag path than a
straight path but this problem is corrected by a global factor. Overall, three different photon
transports are used according to the mass distribution.

The latest version of SimpleX has been designed to do radiative transfer on cosmological
scales. The scattering of photons at grid point is ignored. The interaction between photons
and medium is pure absorption only. SimpleX assumes a hydrogen medium only and no
heating of gas from any photoionization event. The photoionization equations take account
of the effect from photoionization by the sources and recombination of HII ions. The diffuse
recombination radiation can escape from the grid points, unlike the often used on-the-spot
approximation. Instead of using the frequency-dependent hydrogen opacity to the ionizing
photons, a mean opacity is used

σ=
∫ ∞

0

Sν
hν

σν/
∫ ∞

0

Sν
hν

. (2.26)

The hydrogen photoionization rate is evaluated as

ΓH =
∫ ∞

ν0

4πJν
hν

σ(ν)dν, (2.27)

where J (ν) is the mean intensity. The evolution of HII ions is given by

dnHII

d t
= nHIΓH −nHIIRH (2.28)
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Figure 2.5: A shadowing test for a resolution of 1283 grid points. The figure shows slices
parallel to the xy-plane, xz-plane and yz-plane. The obstacle is shown in black
color. The contour represents the ionization front at t = 500 Myr. The grey contours
correspond to the use of 42 direction bins and the black contours correspond to
the 84 direction bins used. Paardekooper, Kruip & Icke (2010).

The rate equation is solved by an iterative method which is used also in C2-RAY, which will be
introduced later in the this chapter. Photons are allowed to move more than one Delaunay
edge in one large timestep while the solution of ionization fraction is still accurate. However,
there is no explicit control on the time-step to maintain the speed of photons to be less than
the speed of light, although this can lead to unphysical solution.

The advantage of the SimpleX radiative transfer method is that the computational cost
scales only with the number of grid points N and does not scale with the number of sources.
In addition, it solves optically thick regions and optically thin regions by the same algorithm.
Also, the complicated coupled differential equation of the scattering process is reduced to a
simple one-dimensional random walk problem. This method is not suitable if the scattering
process becomes unimportant, that is to say, low opacity regime. Even though a restriction is
imposed to the scattering angles mimicking the radial propagation of photons, this method
produces substantial amount of diffusion.

A shadowing test is presented in Figure 2.5, the test shows that the use of direction con-
serving transport at the optically thin vertices against an optically thick obstacle. Shadows
are produced behind the obstacle. By the multiple choices for which photons are sent along
the edge of Delaunay triangulation, SimpleX can never achieve an infinitely sharp shadow, as
shown in Figure 2.5.
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2.5 TRAPHIC

TRAPHIC (TRAnsport of PHotons In Cones) is a cosmological radiative transfer code which
works on SPH particles. The first version is presented by Pawlik & Schaye (2008) and the second
version is presented by Pawlik & Schaye (2011). The definition of the particle smoothing kernel
is

W (r,h) = 8

πh3


1−6

( r
h

)2 +6
( r

h

)3 if 0 ≤ r ≤ h
2

2
(
1− r

h

)3 if h
2 < r ≤ h

0 if r > h

(2.29)

where h is the smoothing length of the particle. TRAPHIC uses a novel ray-tracing method that
does not scale with the number of sources in the simulation box. Figure 2.6 depicts the general
idea. It uses the same particle-to-neighbour method as smooth particle hydrodynamics
simulation to transport photons. The transport involves propagating photons locally from
the source to its Nngb neighbouring particles, where Nngb is a free parameter in the code. The
other free parameter is Nc , the number of randomly oriented emission cone tessellations. The
number of photons emitted into an emission cone is proportional to the solid angle spanned
by this cone. Each of the emission cones has its central axe indicating the photon propagation
direction from this cone. The photons packets absorbed by a neighbouring particle would
continue to propagate in the same direction as the central axe of the current emission cone. It
happens that an emission cone contains no particles. In this case, a virtual particle (ViP) is
assumed in a random position in this cone. ViP exists for the sake of photon transportation
and it does not take part in any absorption or scattering activities. After the photon packets are
distributed to the neighbouring particles, they continue to propagate from these neighbouring
particles. The neighbouring particle is assumed to be a new source but it emits photons to
its neighbouring particles within its transmission cone. The shape of a transmission cone
is set by Nc and the cone shares the same central axis from that of the particle hosting cone.
Thus, the transmission process splits photon packets into multiple packets that propagate
with the same emission directions. The farther the photon packets travel away from the
source, the smaller is the solid angle spanned by the transmission cone, hence this achieves
the same effect as the ray-splitting technique used by Abel & Wandelt (2002). However, this
scheme would scale quadratically with the total number of SPH particles, which made it
unacceptably expensive. To avoid this, TRAPHIC uses a source merging procedure to cut
the cost, as illustrated in Figure 2.7. A particle can simultaneously receive more than one
photon packet. When multiple photon packets are absorbed by the particle, the particle will
transmit it in the form of one single photon packet in the averaged directions weighted by the
number of photons in each packet. In addition, the clock of this new photon packet would
also be the averaged clocks of the merging photon packets. This technique helps decrease the
computational effort. In the most demanding case, the simulation time scales with N NngbNC

where N is the total number of particles.
The absorption of photons by the particles depends on the optical depths of their trans-

mission paths. For a photon packet sent from particle i to particle j , the distance would be
d = |n · (ri −r j )| if the particles are far from the source and d = |ri −r j | if the particles are close
to the source. The optical depth becomes τi j = κνρ j d , where κν is the absorption coefficient
and ρ j approximates to the density field near the particle j . The distance d is also used to
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Figure 2.6: Schematical explaination of how photon packets are emitted and transported. Left
panel: The source particle is indicated by black star. The neighhourhood of the
source particle has a radius h̃ is shown in the grey disc. Middle panel: The emission
cone tessellation for the case Nc = 4 is shown. Right panel: The source particle
transfers its photon packets proportionally to its neighbouring particle reside in the
cone. If an empty cone is met, a ViP is created and functions as a particle. Figure
from Pawlik & Schaye (2011).

Figure 2.7: Simple illustration of merging of photon packets by a particle. The particle (white)
receives two photon packets simultaneously from two different transmitting par-
ticles. The emission directions are indicted by the vectors (black arrows). Upon
merging, a new photon packet is transferred out in the direction which is parallel
to the sum of the two vectors. Figure from Pawlik & Schaye (2011).
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Figure 2.8: Simulations of a constant density field is ionized by a black-body source of temper-
ature 105 K. Two different simulations are shown. Left: a hydrogen mass fraction
X = 1 is assumed. Right: a hydrogen mass fractio X = 0.75 and a helium mass frac-
tion Y = 0.25 is assumed. Top: the neutral fraction map at time t = 100 Myr is shown
with contour lines representing xHI = 0.9,0.5, log10 xHI = −1,−1.5,−2.5,−3,−3.5
from outside to inside. Bottom: the temperature at time t = 100 Myr is shown with
contour lines representing log10(T /K ) = 3,4,4.2,4.4 from outside to inside. Figure
from Pawlik & Schaye (2011).
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advance the clock t? by d/c attached to the photon packet. The treatment of scattering of
photons by the particles is similar to that of absorption, but the photon packets are re-emitted
in random directions. It suffices to use a randomly oriented emission cone in the simulation.

The photo equations are solved in a discrete timestep ∆tr . The amount of photons from
the sources are emitted corresponding to ∆tr . The equations can be either time-independent
or time-dependent, they differ in the stopping criteria of the photon packets. In the time-
independent case, it is equivalent to c → ∞. So the photon packets would proceed until
all photons are absorbed or stopped by the boundary of the simulation box. In the time-
dependent case, the photons packets travel to a distance c∆tr and then stop. Since every
photon packet has a clock embedded in it, it stops traveling once its clock has proceeded
by ∆tr . Therefore the photon packets are effectively travelling with the speed of light. Once
the photoionization equations and photoheating equation are solved, the gas particles are
updated and the photon packets continue their original journeys.

In TRAPHIC, the radiation transfer is implemented on static density field. Helium is included
in the latest version. The ionization equations are as follows,

dηHI

d t
=αHIIneηHII −ηHI(ΓγHI +ΓHIne) (2.30)

dηHeI

d t
=αHeIIneηHeII −ηHeI(ΓγHeI +ΓHeIne) (2.31)

dηHI

d t
=αHIIneηHII −η(ΓγHI +ΓHIne) (2.32)

The photoionization rate of species α ∈ {HI,HeI,HeII} is given by

Γγα = 〈σγα〉
∫ ∞

να

dν
4πJν
hν

, (2.33)

where 〈σγα〉 is the grey photoionization cross-section

〈σγα〉 ≡
∫ ∞

να

dν
4πJν
hν

σγα(ν)×
[∫ ∞

να

dν
4πJν
hν

]−1

. (2.34)

Note that hνHI = 13.6 eV, hνHeI = 24.6 eV and hνHeII = 54.4 eV. σγα(ν) is the photoionization
cross-section.

Next, the heating equation is given by

du

d t
=− P

ρV

dV

d t
+ n2

H

ρ
(H −C ). (2.35)

H andC are the heating rate and cooling rate respectively. The heating rate Hγα due to
species α is written in terms of photoionizaion rate Γγα as

Hγα = Γγα〈εα〉 (2.36)

where

〈εα〉 =
[∫ ∞

να

dν
4πJν
hν

σγα(ν)(hν−hνα)

]
×

[∫ ∞

να

dν
4πJν
hν

σγα(ν)

]−1

(2.37)
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is interpreted as the average excess energy of the absorbed photons. In the optically thick limit,
all photons are absorbed so that

〈εthick
α 〉 =

[∫ ∞

να

dν
4πJν
hν

(hν−hνα)

]
×

[∫ ∞

να

dν
4πJν
hν

]−1

(2.38)

For recombination, on-the-spot is assumed (case-B recombination rate). Explicit transport
of diffuse recombination radiation will be solved in future work. Dielectronic recombination
of HeII is included which is important process for temperature T & 105K.

A constant density field test (two simulations) is conducted. One simulation assumes a
hydrogen mass fraction X = 1. The other simulation assumes a hydrogen mass fractio X = 0.75
and a helium mass fraction Y = 0.25. A black-body source of temperature 105 K is put in the
middle of the computational box. The neutral hydrogen fraction map and temperature map
at time t = 100 Myr are shown in Figure 2.8. A general spherical shape results for the ionized
region, but with substantial scatterings owing to the finite spatial resolution.

2.6 C2-RAY

We present our cosmological radiative transfer code – C2-RAY (Conservative, Causal Ray-
tracing method) in this section. We review its essential algorithm and report our two novel
methods which aim to reduce the computational cost for an accurate photo-heating calcula-
tion.

2.6.1 BASICS OF C2-RAY

C2-RAY works on a structured grid volume. Each cell in the grid stores the information
of number density of gas particles n, ionization fractions xHI, xHII, xHeI, xHeII, xHeIII and gas
temperature T . The ionizing sources are assumed to radiate isotropically. Using the three
approximations given by Section 2.1, the attenuation of ionizing photons in IGM follows
from Equation 2.6. The numerical problem is reduced to calculating the optical depths of the
species HI, HeI and HeII from the sources to all the cells. C2-RAY uses a short characteristic
ray-tracing method for this. The schematic picture of a ray-tracing method is as simple as a
series of rays drawn from the sources to every cell. When a ray is traced, the cells traversed are
recorded and the optical depth of each traversed cell is summed up. The photo-ionization rates
Γ and heating rate H thus depend on the optical depths calculated by the short characteristic
ray-tracing method.

2.6.2 MULTI-FREQUENCY TREATMENT OF C2-RAY

We review how the frequency domain is partitioned into several frequency bins. The ionization
cross sections σHI(ν), σHeI(ν), σHeII(ν) and thus the optical depths, differ in their dependence
on frequency (Verner et al., 1996). C2-RAY uses frequency bins to precalculate the photo-
ionization integrals. Within each frequency bin, we assume that the three σ(ν)’s have the same
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power law dependence on frequency. The whole range of frequency is first divided into three
frequency domains (domain 1, domain 2 and domain 3) with partition {νHI

th ,νHeI
th ,νHeII

th ,νmax},
where νHI

th ,νHeI
th ,νHeII

th are the ionization thresholds of HI, HeI and HeII respectively and νmax is
the maximum frequency used. Domain 1 has one frequency bin, Domain 2 is divivded into
26 frequency bins and domain 3 is divided into 20 frequency bins. Friedrich et al. (2012) has
performed tests and shown that this division gives good results for both the ionization and
thermal evolution .

2.6.3 PHOTO-IONIZATION RATES

ΓHI, ΓHeI and ΓHeII are obtained as follows. Define the function Γtotal
j as the total ionization

event rate per volume induced by the photons in bin j , then

Γtotal
j = Γ j (τtotal

in )−Γ j (τtotal
out )

Vshell
(2.39)

where Vshell is the volume of the spherical shell whose inner radius and outer radius correspond
to the ray-traversed position of the cell. The function Γ j (τtotal) is given by

Γ j (τtotal) =
∫ ν j+1

ν j

Lν
hν

e−τ
total(ν) dν (2.40)

where τtotal(ν) = τHI(ν)+ τHeI(ν)+ τHeII(ν) is the combined optical depth of all absorbing
species at frequency ν. Since we adopt a single power law index for τHI, τHeI and τHeII in the
j th bin, the value of Γ j (τtotal) is controlled by just one parameter τtotal

j = τtotal(ν j ):

Γ j (τtotal) =
∫ ν j+1

ν j

Lν
hν

e−τ
total
j (ν/ν j )−α dν. (2.41)

We show next how we obtain the photo-ionization rates of HI, HeI and HeII from the set of
Γtotal

j ’s. In each frequency bin j , the photo-ionization rate Γi
j of species i scales with Γtotal

j as

Γi
j =

τi
j

τtotal
j

Γtotal
j

ni
, (2.42)

In this the ratio of τi
j to τtotal

j is the fraction of absorbed photons used to ionize species i . The
number density ni is present here to change the dimension of photo-ionization rates from per
volume to per particle. Finally, the photo-ionization rate Γi of species i is the sum over the
relevant frequency bins

Γi =∑
j
Γi

j . (2.43)

2.6.4 PHOTO-HEATING RATE

The photo-heating rate H is calculated in a similar fashion. The function H i
j is defined as the

rate of energy released per volume in the ionization process assuming all the photons in bin j
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ionize species i ,

H i
j =

H i
j (τtotal

in )−H i
j (τtotal

out )

Vshell
. (2.44)

The function H i
j (τtotal) is given by

H i
j (τ) =

∫ ν j+1

ν j

h(ν−νi )
Lν
hν

e−τ
total(ν) dν (2.45)

where νi is the ionization threshold frequency of species i . Similar to the photo-ionization
rates, we pre-calculate H i

j tables for each species i for a large range of τtotal
j ’s. The photo-

heating rate H j in j th sub-bin is the weighted sum of H i
j ’s,

H j =
3∑

i=1

τi
j

τtotal
j

H i
j (2.46)

and the photo-heating rate in H is
H =∑

j
H j . (2.47)

The free electrons produced by the ionization of species i receive an energy h(ν−νi ). They
collide with other particles (hydrogen, helium and electrons) and thermalize with them. As
a result, the gas is heated. If the liberated electrons are energetic enough, they are capable
of collisionally ionizing HI, HeI and HeII. This process is known as secondary ionization.
How the kinetic energy of the free electrons is distributed over thermalization and secondary
ionizations depends on the relative cross sections and the densities.

2.6.5 RECOMBINATION PROCESS

Besides the photo-ionization rates Γi ’s affect the ionization evolution, recombination of the
ions and free electrons give also substantial contribution. The hydrogen recombination
rates αA

HII and αB
HII and the helium recombination rates αA

HeIII and αB
HeIII are functions of

temperature (Hui & Gnedin, 1997). The helium recombination rates αA
HeII and αB

HeII are more
complicated because dielectronic recombination dominates when the temperature is above
7× 104 K. We use the fitting formula from Aldrovandi & Pequignot (1973) for T > 9× 103

K and fitting formula from Hui & Gnedin (1997) for T ≤ 9×103 K. In addition, the helium
recombination rate to the first excited level, α2

HeIII, follows from the result of Osterbrock &
Ferland (2006b). We quote our recombination rate formula below. The recombination rates of
HI are

αA
HII = 1.269×10−13 (315608/T )1.503

[1+ (604613/T )0.470]1.923 , (2.48)

αB
HII = 2.753×10−14 (315608/T )1.500

[1+ (115185/T )0.407]2.242 . (2.49)

The recombination rates of HeII (T < 9×103) are

αA
HeII = 1.269×10−13 (570662/T )1.503

[1+ (1093222/T )0.470]1.923 , (2.50)
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αB
HeII = 2.753×10−14 (570662/T )1.500

[1+ (208271/T )0.407]2.242 . (2.51)

The recombination rates of HeII (T ≥ 9×103) are

αA
HeII =3×10−14(

570662

T
)0.654

+1.9×10−3T −1.5exp(−4.7×105

T
)

× [1+0.3exp(−9.4×104

T
)], (2.52)

αB
HeII =1.260×10−14(

570662

T
)0.750

+1.9×10−3T −1.5exp(−4.7×105

T
)

× [1+0.3exp(−9.4×104

T
)]. (2.53)

The recombination rates of HeIII are

αA
HeIII = 2.538×10−13 (1262990/T )1.503

[1+ (2419521/T )1.923]1.923 , (2.54)

αB
HeIII = 5.506×10−14 (1262990/T )1.500

[1+ (460945/T )0.407]2.242 , (2.55)

α2
HeIII = 8.540×10−11T −0.6. (2.56)

Recombination events produce at least one photon. The energy of the emitted photon
depends on which electronic states does the electron cascades from and to. If the photon is
energetic enough, it can ionize another atom or ion. We consider only these energetic photons
in the ionization equations.

In the HII recombination process, if the absorbed electron goes directly to ground state, an
HI ionizing photon is emitted. Its rate is controlled by the recombination coefficient α1

HII. In
the OTS approximation, these photons are used to ionize the local HI atoms. The situation
becomes more complicated when helium is mixed with hydrogen. Photons from recombina-
tions of HeII and HeIII can lead to ionization of HI, HeI and HeII. For HeII, recombination to
ground state (with recombination coefficient α1

HeII) emits photons which ionize both HI and
HeI. A fraction y of these photons ionize HI while fraction 1−y of these photons ionize HeI. y is
determined by the fraction of relative optical depth of HI at HeI ionization threshold frequency.
The recombination of HeII to other states emits photons which are not energetic enough to
ionize HeI but a fraction p of them can ionize HI. The fraction p is determined by the electron
density and critical electron density (Osterbrock & Ferland, 2006b). In a cosmological applica-
tion, the electron density is always much smaller than the critical electron density and thus p
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converges to 0.96. Similarly, The recombination of HeIII to ground state (with recombination
coefficient α1

HeIII) emits photons which ionize HI, HeI and HeII. A fraction y a
2 of which ionize

HI, a fraction yb
2 of which ionize HeI and a fraction 1− y a

2 − yb
2 of which ionize HeII. y a

2 and yb
2

are determined by the relative optical depths of HI and HeI at the HeII ionization threshold
frequency. The recombination of HeIII to the first excited state (with recombination coefficient
α2

HeIII) produces photons (HeII Balmer continuun photon) above the hydrogen ionization
threshold. Therefore only local HI atoms absorb these photons. The recombination of HeIII to
any excited state (with recombination coefficient αB

HeIII) would eventually cascades to ground
state with photon emission which are energetic enough to ionize both HI and HeI. A fraction
v of which leads to two-photon emission and a fraction 1− v of which leads to HeII Lyman
alpha emission. Here v = 0.285(T /104)0.119 is a temperature-dependent parameter (Hummer
& Seaton, 1964). To the two-photon emission, l = 1.425 photons are energetic enough to
ionize HI and m = 0.737 photons are energetic to ionize HeI. Therefore, for each two-photon
emission, (l −m +my) photons ionize HI and m(1− y) photons ionize HeI. The HeII Lyman
alpha photons have a probability (1− f ) to escape without being absorbed locally, where f
depends on xHI. A fraction f of HeII Lyman alpha photons are absorbed by both HI and HeI.
A fraction z of which ionize HI and a fraction 1− z of which ionize HeI. z is determined by the
relative optical depth of HI and HeI at HeII Lyman alpha frequency.

2.6.6 COLLISIONAL IONIZATION PROCESS

We include collisional ionization in the ionization equations Collisional ionization is a process
that some free thermalized electrons are energetic enough to collide and knock out bounded
electrons and therefore ionize the atoms/ions. We use the collisional photo-ionization rates
fitted by Hui & Gnedin (1997), Janev, Langer & Evans (1987) and Cox (1970).

CHI = 5.835×10−11
p

T e−157804/T (2.57)

CHeI = 2.710×10−11
p

T e−285331/T (2.58)

CHeII = 5.707×10−12
p

T e−631495/T (2.59)

2.6.7 COOLING PROCESS

We include several cooling processes in the thermal equation. They are free-free and recombi-
nation coolings for species HII, HeIII (Hummer, 1994), and HeII (Hummer & Storey, 1998),
collisional excitation cooling for HI (Aggarwal, 1983), collisional ionization cooling for HeI
(Hui & Gnedin, 1997), collisional excitation, collisional ionization and dielectronic recombina-
tion cooling for HeII(Hui & Gnedin, 1997). In the cosmological simulation, we also include
Compton cooling with the cosmological microwave background radiation (Shapiro & Kang,
1987) and cosmological cooling due to the Hubble expansion.

2.6.8 SOLVING PHOTO-EQUATIONS

We explain in this section how we solve the set of photo-equations – three ionization equations
and one heating equation. The three ionization equations calculate the evolution of the
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ionization fractions xHII, xHeII and xHeIII. We present the ionization equations in matrix form,

d

d t
x = Ax +g (2.60)

where

x =
 xHII

xHeII

xHeIII

 , g =
 UHI

UHeI

0

 , and (2.61)

A =



−UHI

+RHII→HIne

nHe
nH

RHeII→HIne
nHe
nH

RHeIII→HIne

0
−UHeI −UHeII

+RHeII→HeIne

−UHeI+
RHeIII→HeIne

0 UHeII RHeIII→HeIIne


. (2.62)

We explain our notations below. Ui is the photo-ionization rate of species i

UHI = ΓHI +CHIne (2.63)

UHeI = ΓHeI +CHeIne (2.64)

UHeII = ΓHeII +CHeIIne (2.65)

and Ri→j is the effective recombination rate corresponds to the ionization of the species j by
recombination of species i .

RHII→HI =−αB
HII (2.66)

RHeII→HI = pαB
HeII + yα1

HeII (2.67)

RHeII→HeI = (1− y)α1
HeII −αA

HeII (2.68)

RHeIII→HI = (1− y a
2 − yb

2 )α1
HeIII +α2

HeIII +
[
v(l −m +my)+ (1− v) f z

]
αB

HeIII (2.69)

RHeIII→HeI = yb
2α

1
HeIII +

[
vm(1− y)+ (1− v) f (1− z)

]
αB

HeIII +αA
HeIII − y a

2α
1
HeIII (2.70)

RHeIII→HeII = y a
2α

1
HeIII −αA

HeIII (2.71)
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The thermal equation calculates the thermal evolution of the gas. We assume it follows the
ideal gas law so that the internal energy density is proportional to its temperature,

u = 3

2
kBT (nH +nHe +ne). (2.72)

The internal energy density u is subject to change by the heating and cooling processes. The
thermal equation becomes

du

d t
=H −C . (2.73)

The four photo-equations are coupled due to the fact that the individual terms are non-simple
functions of ionization fractions and temperature. The ne, Γ’s and H are function of xHI, xHII,
xHeI, xHeII and xHeIII. Ci ’s, Ri→ j and C are functions of T . A numerical method is required
to solve the coupled equations. In the simulation time t and time-step ∆t , we assume the
matrices A and g are constants of time. The ionization equations thus become analytically
solvable (Friedrich et al., 2012). On the other hand, the thermal equation is solved by Runge-
Kutta method. We calculate the end time (at time t +∆t ) ionization fractions and temperature.
Besides, we use the time averaged value 〈·〉 of the solution to update matrices A and g and the
right hand side of Equation 2.73, where a time averaged value of a time-dependent parameter
f is defined by

〈 f 〉 =
∫ t+∆t

t
f (t ′) d t ′

/
∆t . (2.74)

Subsequently we solve Equations 2.60 and 2.73 by the aforementioned method. The iteration
process continues until the solution converges. We explain how the solution and time averaged
solution are calculated in detail. The analytical solutions of the ionization equations are

xHII(t +∆t ) = b11c1eλ1t +b12c2eλ2t +b13c3eλ3t +p1, (2.75)

xHeII(t +∆t ) = b21c1eλ1t +b22c2eλ2t +b23c3eλ3t +p2, (2.76)

xHeIII(t +∆t ) = b31c1eλ1t +b32c2eλ2t +b33c3eλ3t +p3. (2.77)

With the initial condition xHII(0), xHeII(0) and xHeIII(0), we use coefficients S, K , R and T to
define the above variables.

S =
√

A2
33 −2A33 A22 + A2

22 +4A32 A23, (2.78)

K = 1/(A23 A32 − A33 A22), (2.79)

R = 2A23
[

A33g 2K −xHeII(0)
]
, (2.80)

T =−A32g 2K −xHeIII(0). (2.81)

The λi ’s are given by
λ1 = A11, (2.82)

λ2 = 0.5(A33 + A22 −S), (2.83)

λ3 = 0.5(A33 + A22 +S). (2.84)
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pi ’s are given by

p1 =− 1

A11

[
g 1 + (A33 A12 − A32 A13)g 2K

]
, (2.85)

p2 = A33g 2K , (2.86)

p3 =−A32g 2K . (2.87)

Bi j ’s are given by
B11 = 1, (2.88)

B12 = −2A32 A13 + A12(A33 − A22 +S)

2A32(A11 −λ2)
, (2.89)

B13 = −2A32 A13 + A12(A33 − A22 −S)

2A32(A11 −λ3)
, (2.90)

B21 = 0, (2.91)

B22 = −A33 + A22 −S

2A32
, (2.92)

B23 = −A33 + A22 +S

2A32
, (2.93)

B31 = 0, (2.94)

B32 = 1, (2.95)

B33 = 1. (2.96)

ci ’s are given by

c1 =
2p1S − [

R + (A33 − A22)T
][

A21 − A31
]

2S

+xHII(0)+ T

2

[
A21 + A31

]
, (2.97)

c2 = R + (A33 − A22 −S)T

2S
, (2.98)

c3 =−R + (A33 − A22 +S)T

2S
. (2.99)

Besides the end time solutions, we caluclate the time-averaged ionization fractions 〈xHI〉,
〈xHII〉, 〈xHeI〉, 〈xHeII〉 and 〈xHeIII〉. Their analytical expressions are

〈xHI〉 = 1−〈xHII〉 (2.100)

〈xHII〉 = b11c1

λ1∆t

(
eλ1∆t −1

)+ b12c2

λ2∆t

(
eλ2∆t −1

)+ b13c3

λ3∆t

(
eλ3∆t −1

)
(2.101)

〈xHeI〉 = 1−〈xHeII〉−〈xHeIII〉 (2.102)
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〈xHeII〉 = b21c1

λ1∆t

(
eλ1∆t −1

)+ b22c2

λ2∆t

(
eλ2∆t −1

)+ b23c3

λ3∆t

(
eλ3∆t −1

)
(2.103)

〈xHeIII〉 = b31c1

λ1∆t

(
eλ1∆t −1

)+ b32c2

λ2∆t

(
eλ2∆t −1

)+ b33c3

λ3∆t

(
eλ3∆t −1

)
(2.104)

We use a Runge-Kutta method to solve the heating equation. We begin from the initial energy
density u0 = u(t) and proceed by a short sub-time-step to the next solution point. The sub-
time-steps ∆ti are calculated before we proceed to the i th steps. The process stops when
∆t =∑n

i=1∆ti . In each sub-time-step, intermediate solutions ui , and hence Ti are derived by

ui = 3

2
kBTi (nH +ne). (2.105)

Ti is then used to update the cooling rate Ci . The sub-time-step of the i th step depends on
the results of the previous step.

∆ti = 0.1ui−1/|H −Ci−1|. (2.106)

The end time temperature Tn = T (t +∆t ) is

T (t +∆t ) = 2

3kB(nH +ne)

(
u0 +

n∑
i=1

(H −C (Ti−1))∆ti

)
(2.107)

and the time averaged temperature 〈T 〉 is

〈T 〉 = 2

3kB(nH +ne)

(
u0 +

n∑
i=1

(H −C (Ti−1))∆t 2
i /∆t

)
. (2.108)

2.6.9 EFFECT OF THE TIME-STEP

The photo-ionization rates Γi’s and photo-heating rate H depend on xHI, xHeI and xHeII which
are both position- and time-dependent. As a result the photo-rates also are time-dependent.
The choice for the time-step determines the accuracy of the photo-rate estimates. Mellema
et al. (2006) has shown for the hydrogen-only case and Friedrich et al. (2012) has shown for
the case of H+He, it is possible to use a much longer time-step (as long as the time-step is
smaller than the recombination time) when approximating the time-averaged photo-rates
〈ΓHI(xHI, xHeI, xHeII)〉, 〈ΓHeI(xHI, xHeI, xHeII)〉, 〈ΓHeII(xHI, xHeII, xHeII)〉 and 〈H (xHI, xHeI, xHeII)〉
byΓHI

(〈xHI〉,〈xHeI〉,〈xHeII〉
)
,ΓHeI

(〈xHI〉,〈xHeI〉,〈xHeII〉
)
,ΓHeII

(〈xHI〉,〈xHeI〉,〈xHeII〉
)

and H
(〈xHI〉,〈xHeI〉,〈xHeII〉

)
,

where 〈·〉 represents a time averaged value.
It happens when the time-step is less than the recombination time and the medium contains

sufficient amount of photon-absorbers,

〈ΓHI(xHI, xHeI, xHeII)〉 ≈ ΓHI(〈xHI〉,〈xHeI〉,〈xHeII〉
)
, (2.109)

〈ΓHeI(xHI, xHeI, xHeII)〉 ≈ ΓHeI(〈xHI〉,〈xHeI〉,〈xHeII〉
)
, (2.110)

〈ΓHeII(xHI, xHeI, xHeII)〉 ≈ ΓHeII(〈xHI〉,〈xHeI〉,〈xHeII〉
)

. (2.111)
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However,
〈H (xHI, xHeI, xHeII)〉ÀH

(〈xHI〉,〈xHeI〉,〈xHeII〉
)

. (2.112)

Therefore, the calculation of the ionization evolution is correct while serious errors occur in
the calculation of the thermal evolution. For a reliable temperature result, it requires a more
careful choice of the numerical time-step to be used. Such an optimal time-step should ensure
that

〈H (xHI, xHeI, xHeII)〉 ≈H
(〈xHI〉,〈xHeI〉,〈xHeII〉

)
. (2.113)

without impacting the performance of the code unnecessarily.

2.6.10 ADAPTIVE TIME-STEP ALGORITHM

We report our latest development regarding the time-step issue in this section. The choice of
time-step is important. A too large value will produce inaccurate results, whereas a too small
value will negatively impact the performance of the code. The optimal size of the time-step
will depend on the state of simulation at the start of the time-step. It can thus not be set at the
start of the simulation but needs to be calculated on the fly. This actually requires performing
part of the calculation to obtain the rates of change of the quantities at hand (in our case
ionization fraction and temperature) and use these to establish the optimal time-step for each
cell. The smallest among these values should then be selected to be the time-step of the next
simulation step.

The adaptive time-step algorithm forces the hydrogen ionization fronts not to proceed more
than one cell within a time-step. This way all cells which become ionized during a simulation
will experience the optically thick heating phase. To implement this we introduce a free
parameter f so that xHII increases by at most 1/ f in each time-step. Note that the increment
of xHII by at most 1/ f is an absolute criterion, not a relative one. We find the required ∆t by
solving the ionization equation (see equation (12) in Mellema et al. (2006))

∆t = 1

ΓHI
ln

xbegin
HII −1

xfinal
HII −1

(2.114)

imposing the result
xfinal

HII = min{xcurrent
HII +1/ f ,1−ε}. (2.115)

In this ε is an arbitrary small number introduced to stop the time-step from diverging when
xfinal

HII → 1. We then adopt the minimum of all the ∆t ’s as the time-step for the current simula-
tion step. The algorithm focuses on seeking the cells which are currently being photo-ionized
or in other words the ionization front cells (ICs). A ray-tracing method is chosen to accomplish
this task. The algorithm involves a domain decomposition into 24 equal-size pyramidal com-
ponents. Figure 2.9 shows the idea. The ray-tracing process takes place within each pyramidal
component. The nearest ICs are identified in this process. Detailed mathematical treatment
of the IC identification process is covered in Section 3 of paper I. Schematical illustration of
the ray-tracing process is shown in Figure 2.10.
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Figure 2.9: The domain is decomposed into 24 pyramidal components. The source is located
at the vertex of each of the 24 pyramidal components. Figure from Paper I.

2.6.11 ASYNCHRONIZED EVOLUTION

We report in this section our idea of asynchronized evolution. The adaptive time-step is
almost always much smaller than the recombination timescale, the simulation is therefore
expensive. However, the photo-heating events occur only in particular cells in the simulation
volume, so not all the cells necessarily need to use the relatively small time-step for an accurate
photo-heating calculation. Only cells with substantial amount of species HI, HeI and HeII
are subject to photo-heating. In other words, using a relatively short time-step on the ionized
cells is a waste of computational resources.

Asynchronous evolution refers to the application of different time-steps to different cells.
Cells which are close to equilibrium will use relatively long time-steps while the rest will use
relatively short time-steps. This approach will dedicate most of the computational resources
to the cells that require it. By doing so, a substantial amount of computational time can be
saved.

Let us assume we are interested to know the state of our computational domain at time ∆t .
We categorize the cells into three sets

• E is the set of cells whose clocks are t =∆t .

• L is the set of cells whose clocks are t <∆t and which are in thermal equilibrium.

• S is the set of cells whose clocks are t <∆t and which are not in thermal equilibrium.
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Figure 2.10: Top left panel: A graphical example of a pyramidal component which contains
a number of ICs (pink cells). The source is located at the vertex position. Top
right panel: A series of rays (red arrows) are sent through the first slice following a
specific rule. The interested ICs are shown in green and the other ICs in the first
slice remain pink. Bottom left panel: The other ICs (pink cells) of the first slice
are removed. Bottom right panel: At the end of the procedure, all the slices in the
pyramidal components have been scanned by rays. All the interested ICs (green
cells) are have been identified and all other ICs (pink cells) have been removed.
Figure from Paper I.
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Figure 2.11: An example of asynchronous evolution. White: neutral S cells. Pink: ionized S

cells. Purple: ionized L cells. Three slices through the source are shown separately.
From top to bottom, from left to right shows the asynchronous evolution during
five time-steps. Figure from Paper I.
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At the start of the simulation, all the cells’ clocks are t = 0. We identify which cells belong to
sets L or S according to criteria to be discussed below. The L cells are assigned a time-step
∆t while the S cells are assigned a time-step ∆t1 where ∆t1 is the adaptive time-step of the
first evolution stage. After the first evolution stage, all the L cells become E cells because their
clocks are t =∆t . The rest of the cells have clocks t =∆t1. This intermediate evolution result is
non-physical since the clocks of the different cells are not synchronized.

Next, we identify the new sets of L cells and S cells. The new L cells are assigned a time-
step ∆t −∆t1 while S cells are assigned a time-step ∆t2 where ∆t2 is the adaptive time-step of
the second evolution stage. This procedure is repeated until all the cells belong to E . At this
stage the result is physical because the clocks of all cells are synchronized. We next explain the
implementation of the evolution step.

In the i th evolution stage, the S cells are assigned time-step∆ti and the L cells are assigned
time-step ∆t −∑i−1

i ′=1∆ti ′ . However, in the case of multiple sources not all the L cells can be
seen by all the sources. Therefore it makes sense to omit the photo-rates calculation for those
L cells which are not affected by a source. Imagine for example a simulation box containing a
number of sources, each of them surrounded by an ionized bubble. If none of these ionized
bubbles overlap with each other, then each source only affects the L cells in its own ionized
bubble. By only calculating the photo-rates for cells which are affected by a source, we save
computational time.

However, the identification of L cells not seen by the sources is not entirely trivial. The best
way is to perform another rigorous ray-tracing but that can be time-consuming. Instead, we
use a friend-of-friend (FOF) method to sub-divide the set L into subset L j ’s so that all the
cells in the subset L j are connected. We use the ionized fractions as discriminator.

For each source, we calculate the photo-rates using time-step∆t−∑i−1
i ′=1∆ti ′ only for the cells

in the subset L j which contain the source cell. Next we sum up the photo-rates contributed
by all the sources to the L cells and use these photo-rates to evolve the L cells by time-step
∆t −∑i−1

i ′=1∆ti ′ . Instead of using the iterative method to get converged results on the L cells,
we do just one iteration and ignore the convergence issue. This is acceptable since for cells
in both ionization and thermal equilibrium, further evolution does not produce fluctuating
evolution results during several iterations.

Next, we proceed with the evolution of S cells. Unlike the L cells, we do not divide the
set S because hard photons can penetrate through the S cells and heat up distant S cells.
We do not have an effective method to identify the S cells which do not receive high energy
photons from the sources, therefore we consider the photo-rates contribution from all the
sources on the S cells. We calculate for each source the photo-rates using time-step ∆ti for
all the S cells and sum up all the photo-rates from all the sources. We evolve the S cells by
time-step ∆ti using the iterative method.

Figure 2.11 illustrates an example of applying asynchronous evolution on a simulation
volume. All the neutral cells are shown as white and they are all S cells. Ionized cells are
painted pink or purple, depending on if they are S cells or L cells, respectively. As the ionized
bubbles grow bigger in time, more and more ionized cells become L cells, which consume
much less computational resources. When the simulation box is close to fully ionized, the
computational costs to evolve it further is substantially reduced.

We refer readers to consult paper I for a detailed explanation of the adaptive time-step
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algorithm and asynchronous evolution.

3 QUASAR SPECTRA AND REIONIZATION

As technology advances, the sensitivity of modern telescopes becomes high enough to observe
high redshift quasars with sufficient signal to noise ratio and spectral resolution to directly
probe reionization. This chapter serves as a continuation of Section 1.3.2. We review the
basic physics of quasars in Section 3.1. Then we review some of the major research results of
reionization using high redshift quasar spectra in Section 3.2. A review of the methods used in
analysing the Lyα transmission is given in Section 3.3. To conclude, we report in Section 3.4 on
our work in which we explore the potential of constraining IGM parameters using the generic
shape of the observed Lyα transmission curves.

3.1 THE NATURE OF QUASARS

3.1.1 WHAT IS A QUASAR?

Galaxies are bright compared to other celestial objects in the Universe. In addition, the vast
amount of galaxies and their non-uniform distribution can be probed by high redshift Lyα
emitter surveys which promotes makes a useful probe of reionization (Dijkstra, Mesinger &
Wyithe, 2011; Dayal, Maselli & Ferrara, 2011; Jensen et al., 2013). Usually, stars, gas and dust in
galaxies dominate the spectral energy distribution. Most of the flux comes out in the optical
and infrared regimes. Black body radiation from different types of stars illuminate in the
optical and near-infrared regimes. Dust particles absorb high energy photons and hence their
temperature increases. The dust particles reach thermal equilibrium by re-radiating photons
mainly in the infrared regime.

Quasars are galaxies which emit radiation from the radio to the X-ray regime and are more
luminous than the normal galaxies by a factor of thousands. Quasars are so bright that they can
been observed up to z ∼ 7, although high resolution optical images show that the power source
has a size of only 1 parsec. It is therefore believed that the central power source of a quasar is
a supermassive black hole accreting at large mass rates. First, we show some observational
properties of typical quasars. Next we discard thermal emission as a possible candidate of the
source. Finally we derive that a supermassive black hole is the most appealing candidate.

Radio observations show that the jets emitted from the central power source can reach a
distance of & 1 Mpc from the quasar. Although the propagation speed of the jet is not known,
we can still place a lower limit on the age of the power source of tQ & 107 years by assuming that
the jet propagates with the speed of light. The bolometric luminosity LQ of a quasar is about
1047 erg s−1. If we assume that LQ has the same order of magnitude throughout the quasar’s
life time, we can constrain the total energy released by a quasar as EQ & LQtQ ∼ 3×1061 erg.
Within a relatively small timescale of one day, the luminosity of some quasars can change by
a factor of 50% (Boller et al., 1997). However, this abrupt change can only be achieved if the
opposite sides of the quasar can communicate within that time. Because the speed of the
communication cannot be faster than the speed of light, the upper limit for the size of the
source is RQ . 3×1015 cm.

44



The energy production mechanism of the central power source must not be of thermonu-
clear nature, for it gives too low an efficiency. To show that our claim is true, we write the energy
production equation as E = εmc2, where ε. 0.008 for a nuclear fusion process. To produce
EQ = 3× 1061 erg, the total mass of the central power source is mQ = E/(εc2) ∼ 2× 109M¯.
However, the Schwarzschild radius of this mass is rs = 2Gm/c2 ∼ 6×1014 cm. The maximum
radius of the central power source is larger than the Schwarzschild radius by a few factors so
that gravitation hinders the fusion process. Therefore our claim is true.

Another possible process which gives a higher efficiency ε is the accretion of matter onto a
black hole. This process first converts potential energy of infalling matter into kinetic energy.
The infalling matter forms an accretion disk around the black hole as a result of its non-zero
angular momentum relative to the black hole. The disk rotates with different angular speeds
at different distances from the black hole and this internal friction leads to a conversion from
kinetic energy into internal energy and subsequently into radiation energy. The efficiency
of this accreting process is ε ∼ 0.29 for a rotating black hole of maximally allowed angular
momentum. To conclude, an accreting supermassive black hole is believed to be the best
candidate for the quasar central power source.

3.1.2 QUASAR LUMINOSITY

The quasar luminosity is not only constrained by the accretion efficiency, but also by the
balance between the inward gravitational force due to the central black hole and the outward
force due to radiation pressure. The case of an exact balance between these two forces is called
the Eddington limit. Because both forces decrease inversely with the square of the distance
from the black hole, the Eddington limit is a distance-independent quantity. By assuming a
spherically symmetric accretion scenario and isotropic radiation, the Eddington limit is found
to be

LEdd = 4πGMmpc

σT
, (3.1)

where G is the gravitational constant, M is the black hole mass, mp is the mass of a proton,
c is the speed of light, and σT is the Thompson cross section of an electron (Robson, 1996).
The introduction of the Eddingon efficiency parameter λ links the quasar luminosity to its
Eddington limit through

LQSO =λLEdd . (3.2)

Marconi et al. (2004) used the AGN population to compare the mass function from black
holes which grew up from small seeds (1-103M¯) and followed a mass accretion during the
AGN phases, with the local mass function and find an acceptable range 0.1 <λ< 1.7. Babić
et al. (2007) and Fabian, Vasudevan & Gandhi (2008) showed that the Eddington efficiency
parameter can be as low as λ∼ 10−2–10−3. Later, Steinhardt & Elvis (2011) examined more
than 60,000 SDSS quasars and concluded that most quasars have λ< 1.

3.1.3 QUASAR SPECTRAL INDEX

The quasar emission in the frequency range hν≥ 13.6 eV is of interest because these photons
are responsible for ionizing the IGM. Observations have shown that the frequency dependence
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of the ionizing emission follows a power-law function, e.g. Lν ∝ ν−η where η is a positive
number. Zheng et al. (1997) constructed a composite quasar spectrum using 284 HST Faint
Object Spectrograph (FOS) spectra of 101 quasars (z > 0.33). The average spectral index η over
the entire sample in the extreme ultraviolet (EUV) region (between 350Å and 1050Å) was found
to be η= 1.96±0.15. Later, Telfer et al. (2002) improved upon this previous study by using 332
Hubble Space Telescope spectra of 184 quasars (z > 0.33). The average spectral index η in their
study is η = 1.76±0.12. The composite extreme ultraviolet spectrum of quasars of z ≤ 0.67
(λ/ 1200Å) gives an average spectral index η= 0.56±0.28

0.38, which is harder than the result of
Telfer et al. (2002) Although a large range of spectral indices thus appears to be consistent with
measurements, the commonly accepted range 1.5 < η< 1.8 is applied in most reionization
studies.

3.2 ANALYSIS OF QUASAR SPECTRA FOR REIONIZATION STUDIES

3.2.1 REVIEW OF HIGH REDSHIFT QUASAR STUDIES

The high luminosity of quasars makes them detectable at very high redshifts (the highest red-
shift quasar detected is J1120+0641 with redshift z = 7.08) and an indirect probe of reionization.
In particular, the spectral region blueward of λ= 1216 Å (the Lyα line center) in the rest-frame
of a high redshift quasar spectrum is of interest because of the following reasons. First, the Lyα
emission is relatively bright and broad compared to other spectral regions. The wavelength
of an emitted photon is stretched gradually with time because of the Hubble expansion of
space. The further away the photons have travelled away from the quasar, the longer is the
wavelength compared to 1216 Å. The observed flux of a particular wavelength is dependent on
IGM status at a particular distance from the quasar. As a result, the wavelength-dependent
flux in the spectral region blueward of the Lyα center stores a wealth of IGM information
around the quasar along the sightline. Second, the Lyα transition of neutral hydrogen atoms is
a resonant transition. A trace amount of neutral hydrogen atoms is sufficient to absorb and
scatter Lyα photons, so the IGM ionizaton state, especially the neutral hydrogen fraction is
lower than 10−4, can be probed via the Lyα absorption profile.

The observation of flux blueward of λ= 1216 Å, in particular the normalised transmitted
flux F defined as the observed flux divided by the unabsorbed continuum F ≡ fobs/ fcont, is
often used in the astrophysical studies. This wavelength-dependent parameter F infers the
Lyα optical depth τα by

τα ≡− ln(F ). (3.3)

The neutral hydrogen number density nHI in the HII zone determines the Lyα optical depth
τα as

τα = πe2

mec
fαλαH−1(z)nHI. (3.4)

In this equation, fα is the Lyα transition oscillator strength, λα is the rest-frame Lyα transition
wavelength 1216 Å, H(z) is the Hubble constant and nHI is the number density of neutral
hydrogen atoms. Note that Equation 3.4 assumes the gas has zero peculiar velocity, but to the
first order approximation it suffices to show that the density distribution of neutral hydrogen
nHI along the sightline can be inferred by τα. Therefore, the IGM ionization fraction around
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a quasar can be investigated through studying the quasar spectrum. We review a couple of
studies which make use of this quasar spectral region to constrain reionization models.

Fan et al. (2006b) sampled 19 quasars at 5.74 < z < 6.42 and investigated their spectra. The
Lyα optical depths in a redshift interval ∆z = 0.15 of these quasars significantly deviated from
what was predicted by the best-fit power law τα = (0.85±0.06)[(1+z)/5]4.3±0.3 (Songaila, 2004).
Figure 3.1 shows clearly the deviation. It suggests a strong IGM ionization state evolution
at high redshift (z > 5.7). The new best-fit power law is τα ∝ (1+ z)>10.9 for redshift z > 5.5,
compared to τα ∝ (1+ z)4.3 for redshift z < 5.5 In addition, an increase of the dispersion of
the optical depth with redshift is shown in Figure 3.1. The standard deviation is σ(τα) ∼ 0.3
at z < 5.0. It increases to σ(τα) ∼ 0.8 at z = 5.8 and σ(τα) ∼ 2.1 at z > 6.0. The reason for the
increase of the dispersion is that the ionization status is highly patchy at higher redshift. Some
sightlines have complete Gunn Peterson troughs while for some sightlines the gas is highly
ionized. The implication of this acceleration of both optical depth and its dispersion shows
that the IGM transformed from a substantially neutral state to an ionized state about that
period of time. In other words, it suggests the EoR ended at z ∼ 6.

Mesinger & Haiman (2007) (hereafter MH07) and Schroeder, Mesinger & Haiman (2013)
(hereafter SM13) used a statistical approach to constrain the quasar luminosity, HII region
size and mean IGM neutral hydrogen fraction. The statistical method (Kolmogorov-Smirnov
test, will be explained in Section 3.3.1) requires the average of a large number of numerical
radiative transfer samples to represent a quasar environment with high confidence. Figure 3.2
shows the results of the best-fit model (green lines) to f (λobs)/ f0(λobs) (black lines) of three
quasars. MH07 and SM13 suggested a high mean neutral hydrogen fraction of the IGM at
z ≈ 6. MH07 reported xHI & 0.033 and SM13 reported xHI & 0.1 at 95 per cent confidence. The
reported neutral hydrogen fraction is high compared to the work of Fan et al. (2006b).

Instead of using the traditionally defined HII regions as a tool to investigate IGM informa-
tion, Bolton & Haehnelt (2007) proposed using the highly ionized Lyα and Lyβ near zones
around the high redshift quasars. In particular, the ratio of the sizes of Lyα and Lyβ near zones
can improve the constraint on the ionization state at z & 6. If most of the quasars exhibit
a similar size of both Lyα and Lyβ near zones, the IGM neutral hydrogen fraction is set by
xHI ≥ 10−2. If the Lyβ near zones are in general larger than the Lyα near zones, the IGM neutral
hydrogen fraction is set by xHI ≤ 10−2

The study of the temperature in HII regions is a new research direction. Wyithe, Bolton &
Haehnelt (2008) found that the overlapping of HII regions occurred close to the end of EoR
and during this post-overlap phase of reionization the HII region size was not sensitive to the
neutral hydrogen fraction of IGM. Instead, the size depended primarily on the background HI
photo-ionization rate and the temperature in the HII region, where the temperature affected
the ionization state of IGM through the hydrogen recombination rate α∝ T −0.7. Their finding
suggested the IGM temperature in HII regions at z ≈ 6 was approximately T ≈ 40000 K.

The linewidth of Lyα absorption line is strongly dependent on the temperature distribution
of the gas (Haehnelt & Steinmetz, 1998; Peeples et al., 2010). Also, the linewidth is affected
by the peculiar motions and Hubble flow of the gas (Hernquist et al., 1996; Theuns, Schaye
& Haehnelt, 2000). At z ∼ 6, the cooling timescale of the low-density IGM is long enough
that the thermal imprint from the photo-heating by quasars remains observable in quasar
spectra (Theuns et al., 2002; Hui & Haiman, 2003). Bolton et al. (2010) (hereafter BH10) and
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Figure 3.1: Lyα absorption evolution with redshift. The 19 quasar samples yield a total of
97 independent τα measurements covering a range of redshift 4.92 < z < 6.25 as
shown in the color spots. The rest of the τα measurements at lower redshift are
from Songaila (2004). The best-fit power law is also included in the same figure.
Figure from Fan et al. (2006b).
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Bolton et al. (2012) (hereafter BH12) applied a radiative transfer method to a series of line-of-
sights to model the IGM thermal states in the HII regions. The line width comparison between
the synthetic model and observed quasar spectra is done statistically. The underlying statistical
method, D-statistics, will be thoroughly discussed in Section 3.3.2. BH10 used the quasar
J0818+1722 at redshift z = 6.02 as example and indirectly inferred the IGM temperature of the
HII region by T = 23600±5000

6900 (±9200
9300)K at 68(95) per cent confidence. Later, BH12 improved the

statistical method and considered another six quasars (J1148+5251, J1030+0524, J1623+3112,
J0818+1722, J1306+0356, J0002+2550, J0836+0054) at redshift range 5.810 ≤ z ≤ 6.419. Their
work yielded T = 16218±1160

1082 (±2403
2414)K at 68(95) per cent confidence.

Studies of gas temperature in HII regions showed a large range of results, from the highest
T ≈ 40000 K (Wyithe, Bolton & Haehnelt, 2008) to the lowest T ≈ 16000 K (Bolton et al.,
2012). These studies used the Lyα transmission of high redshift quasars as the starting point,
but the methods used in their investigations are different from each other. However, the
available observational data of high redshift quasars does not have adequate signal to noise
ratio to constrain or eliminate results from theoretical modelling with a high confidence. The
initial conditions, such as the density field and ionizing source distribution, are still unclear
nowadays. Therefore, the question of how cosmological thermal evolution proceeded remains
an important research study in the reionization research. But still, we can appreciate the
methods of using high redshift quasar Lyα transmission to infer temperature structure in HII
regions.

3.3 METHODS OF STUDYING HIGH REDSHIFT QUASAR SPECTRA THROUGH LYα

TRANSMISSION

As we saw in the previous section, the complex environment around a high redshift quasar
can be studied using the quasar spectrum. The emission spectra in the region blueward
of Lyα line depends on the neutral hydrogen distribution around the quasar. A quantity
inferred from the observed spectra f (λobs) and intrinsic spectra f0(λobs) (e.g. a composite
spectrum derived from low redshift quasar observed spectra, see the work of Telfer et al. (2002))
– Lyα transmission F ≡ f (λobs)/ f0(λobs) is often used to represent the (wavelength-dependent)
fraction of Lyα photons that escape through the IGM. The statistical method which utilizes Lyα
transmission involves the use of a large sample of simulated quasar environments assuming
different combinations of IGM parameters. These samples are used to compare against the
observed samples by some appropriate statistical methods.

3.3.1 PARAMETER SPACE CONFINEMENT BY MEANS OF KOLMOGOROV-SMIRNOV STATISTICS

One interesting statistical method, the Kolmogorov-Smirnov test, is used by MH07 and
SM13 to constrain IGM parameters. The Kolmogorov-Smirnov test (K-S test) is a statistical
test which compares two samples of singly parametrized cumulative distribution functions
(CPDFs). It is often used as a measure to quantify the null hypothesis (whether two data
sets are drawn from the same probability distributions) made in the applications. The K-S
test defines a distance measure (K-S distance) between two given CPDFs and a function (K-S
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Figure 3.2: The fittings of three quasars (top panel: J1623+3112; middle panel: J1030+0524;
bottom panel:J1148+5251) are shown. The ratios of the observed spectra to the
intrinsic spectrum f (λobs)/ f0(λobs) are represented in the black lines. Best-fit
models are represented in the green lines. The blue dashed lines partition the
wavelength bins in the statistical study. Figure from Schroeder, Mesinger & Haiman
(2013).
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function) which approximates the significance level if two distributions are the same. The K-S
distance DKS is defined as the maximum absolute difference between two CDFs,

DKS = max−∞<x<∞ |S1(x)−S2(x)|, (3.5)

where S1 and S2 are the CDFs of parameter x. The K-S function QKS is a monotonically
decreasing function which follows from an approximated analytical fitting formula.

QKS(λ) = 2
∞∑

j=1
(−1) j−1e−2 j 2λ2

. (3.6)

The likelihood PKS that two distributions are the same is given by

PKS(N ,D) =QKS([
p

N +0.12+0.11/
p

N ]DKS), (3.7)

where N is the effective number of data points. The K-S test is a widely used tool in astronomy.
For instance, Rollinde et al. (2005) used it to model moderate redshift (z ∼ 2) density structure
around quasars. A similar method has first been employed to high redshift (z & 6) quasars by
MH07 and the method is improved by SM13.

MH07 used a numerical simulation to draw a large sample of lines-of-sight and calculate
three parameters of each line-of-sight: HII region sizes RS , quasar luminosities fΓ and IGM
hydrogen neutral fractions xIGM

HI . The K-S test applies to the CPDF of pixel-based Lyα optical
depth in a fixed wavelength partition (in the HII region). This statistic maintains a good
balance between not utilizing too few points (or too many partitions) to give reliable statistics
and not utilizing too many pixels (or too few partitions) to erase any wavelength-dependent
information. The compromise is three wavelength partitions. The CPDFs of observed spectra
are obtained by first converting the observed Lyα transmission to Lyα optical depths and then
sorting the distribution of Lyα optical depths pixel by pixel on every wavelength partition.
The CPDFs of mock spectra are obtained by averaging the Lyα optical depth CPDFs of all
lines-of-sight and adding artificial Gaussian-distributed uncorrelated noise to each pixel to
serve as data uncertainty. The CPDFs of observed spectra and mock spectra are then compared
via the K-S test. The K-S distances DKS, and hence their K-S probabilities PKS associated to the
likelihood that two distributions are drawn from the same underlying distribution are derived.
The multiplication of these K-S probabilities of all wavelength bins serves as an likelihood
estimate for a particular parameter combination,

p(RS, fΓ, xIGM
HI ) =Π3

i=1P bin i
(RS, fΓ,xIGM

HI )
(Dbin i

KS ) . (3.8)

Later, SM13 modified the original K-S test and for this they provided several reasons. The
analytical formula of the K-S function QKS only gives an accurate estimate for well behaved
distributions and the Lyα optical depths in the pixels that lie near to each other are mostly
correlated. Also, the Lyα optical depth values in the ∼ 10 consecutive pixels are drawn from
slight different probability distributions. To improve these issues, SM13 suggested using the
mean K-S distance DKS from a comparison between the CPDF of the averaged mock spectra
of all line-of-sights and the CPDF of the observed spectra. Next each DKS is calculated from
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the comparison for each line-of-sight to the averaged mock spectra. Only those DKS which
have DKS > DKS contribute to the likelihood, that is to say,

p(RS, fΓ, xIGM
HI ) =Π3

i=1pbin i
(RS, fΓ,xIGM

HI )
(DKS > DKS) (3.9)

is the overall likelihood that the quasar and its environment follow from this parameter
combination. This modification of K-S test has strengthened the statistical results over the
previous one.

3.3.2 DIRECT IGM TEMPERATURE MEASUREMENT AROUND HIGH REDSHIFT QUASAR THROUGH

D-STATISTICS

D-statistics provides a measure of how well the experimental distribution fits to the expected
distribution over a large number of samples. The quantity for this purpose is the maximum
difference between the experimental CPDF and the average CPDF of samples.

D = max |Pexperiment(< x)−Paverage(< x)|. (3.10)

The value D is expected to be small if the underlying distribution is reliable. D-statistics is in
many way similar to K-S test as can be seen from their definitions. B10 first applied D-statistics
to directly measure directly the IGM temperature close to the quasar SDSS J0818+1722 (z =
6.02). Later, B12 applied the same method for seven quasars (z ≈ 6) to improve the temperature
measurement. B10 and B12 performed radiative transfer along a large number of lines-of-
sight drawn from hydrodynamics simulations with different assumed IGM temperatures. The
synthetic spectra obtained from the numerical simulation and the observed spectra are then
analysed over the spectral region blueward of the Lyα line center. The Doppler widths of Lyα
absorption lines in the HII region, described by the Doppler parameter b, are extracted by
Voigt profile fitting. The CPDFs of the Doppler parameter b for both synthetic and observed
data are compared to each other through the D-statistic method. For each average temperature
T0 in the models, the D-statistics of synthetic Doppler parameter CPDF for each line-of-sight i
and the average synthetic Doppler parameter CPDF over all the lines-of-sight is obtained from
the following equation,

D = max |Pi (< x)−Paverage(< x)| . (3.11)

The D-statistic CPDF P (< D|T0) is thus constructed. Similarly, the D-statistics of observed
Doppler parameter CPDF Dobs can be obtained and is processed via Bayes’ theorem to infer a
CPDF of the IGM temperature with a given Dobs,

P (< T0|Dobs) =
∫ T0

0

dP (< T ′
0|Dobs)

dT ′
0

dT ′
0. (3.12)

The Bayes theorem gives P (T0|Dobs) = K P (Dobs|T0)P (T0), where K is a constant which nor-
malize the total probability. It leads to

P (< T0|Dobs) = K
∫ T0

0

dP (< Dobs|T ′
0)

dD

dP (< T ′
0)

dT ′
0

dT ′
0. (3.13)

No prior assumption is made to P (T0) in the studies. The dP (< Dobs|T ′
0)/dD is drawn from

each T0 specific simulation. As shown in Figure 3.3, constraint of IGM temperature is obtained
from the P (< T0|Dobs).
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Figure 3.3: IGM Temperature constraint from the quasar J0818+1722 at mean density of z = 6.
The solid curve represents the CPDF calculated from Equation 3.13. The shaded
region confines the 68 per cent confidence interval. The value on the top left corner
indicates the median temperature and the 68 (95) per cent confidence intervals.
Figure from Bolton et al. (2010).
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3.4 OUR METHOD

After reviewing two methods of studying quasar properties using the Lyα transmission, we
report our own method in this section. The spectral region of a quasar above the hydrogen
ionization threshold is approximated by a power law Lν∝ ν−η where η is a positive number.
It suggests a quasar not only can photoionize HI but also HeII. Close to the end of the EoR,
the background hydrogen ionization radiation contributed by the galaxies was strong enough
that the HII region created by a quasar was expected to be larger than the HeIII region created
by the same quasar. The photoheating process raises the gas temperature in the the HII
region. The temperature is higher inside the HII region than outside the HII region because
photoionization process takes place inside the HII region only. The temperature is even higher
inside the HeIII region because most of the energetic photons emitted by the quasar are used
to ionize HeII ions rather than HI atoms, since in average HeII ions have higher absorption
coefficient towards energetic photons compared to HI atoms. The additional heating in the
HeIII region has an impact on the Lyα transmission. Since the recombination coefficient of
hydrogen decreases with temperature, the HeIII region contains less HI atoms and hence a
higher Lyα transmission. The temperature gradient across the HeIII region boundary causes
an observable characteristic knee shape in the Lyα transmission.

In paper II, a simple model is used to describe the evolution of an HII region around a quasar.
Consider a region of uniform and constant hydrogen number density nH, and temperature
T . The gas is assumed to be in photoionization equilibrium with a background of ionizing
photons with amplitude Γbg, so that the neutral fraction xHI is the solution of

xHI

(1−xHI)2 = α(T )nH

Γbg
, (3.14)

where α is the ‘case-A’ temperature dependent recombination coefficient.
At time t = 0, a quasar with spectrum

L(ν) = L0

(
ν

νHI

)−η
, (3.15)

switches on, with hνHI = 13.6 eV the hydrogen ionization threshold. The bolometric luminosity
LB in ionizing photons, emission rate of ionizing photons ṄQ,H, and photo-ionizaton rate ΓQ,H

at distance r , are then

LB ≡
∫ ∞

νHI

L(ν)dν= 1

η−1
L0νHI (3.16)

ṄQ,H =
∫ ∞

νHI

L(ν)

hν
dν= 1

hη
L0 (3.17)

4πr 2ΓQ,H =
∫ ∞

νHI

L(ν) exp(−τHI)

hν
σHI(ν)dν (3.18)

≈ 1

η+3

L0σth

h
= η

η+3
ṄQ,Hσth . (3.19)

The approximation in Equation (3.19) neglects the optical depth inside the HII zone, and we
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have approximated the photoionization cross section as

σHI(ν) =σth

(
ν

νHI

)−3

; σth ≈ 6.3×10−18 cm−2 . (3.20)

Photon counting puts the edge of the HII zone at

RHII ≡
(

ṄQ,H t

(4π/3) xHI nH

)1/3

(3.21)

= 2.8 Mpc

(
(ṄQ,H/1057s−1) (t/107yr)

(xHI(t = 0)/1)(∆/1)((1+ z)/8)3

)1/3

, (3.22)

if the initial density is ∆ times the mean density. The neutral hydrogen number density nHI in
the HII zone determines the Lyα optical depth τα. To find the correspondence, we start from
the optical depth τα(v) as a function of velocity, for a slab of neutral gas with column density
NHI = nHI dr at temperature T ,

τα(v) =
(

3πσT

8

)1/2

f λ2
0c NHI

exp(−(v − v0)2/b2)

(πb2)1/2
, (3.23)

where σT is the Thomson cross section, λ0 = 1215.67 Å and f are the laboratory wavelength
and ‘ f ’ value of the Lyα transition, respectively, b = (2kBT /2mH)1/2 the thermal broadening
parameter, and v0 the velocity of the slab. Neglecting peculiar velocities, we assume the gas in
the HII zone is in pure Hubble expansion so that a column density of a shell can be written in
terms of the Hubble flow across it, NHI = nHI dr = nHI d v/H . Neglecting thermal broadening
is a good approximation at redshift z ≥ 6, because the Hubble flow across RHII,

|vH| = RHII H ≈ 2200km s−1 , (3.24)

is much larger than the thermal broadening, b = 13(T /104K)1/2 km s−1. We will employ the
usual convention of having negative velocities when they correspond to blue shifts. Integrating
over the Gaussian broadening in Equation (3.23) yields

τα =
(

3πσT

8

)1/2 f λ2
0 c nHI

H
. (3.25)

The quasar will also create an HeIII zone around it. Following the same derivation as applied
to HII but now to harder photons with frequency above 4νHI gives a rate of emission of HeII
ionizing photons of

ṄQ,He = L0

hη

1

4η
= ṄQ,H

4η
, (3.26)

and solving for the time-dependent Strömgren sphere puts the the size of the HeIII zone at

RHeIII =
( a

b

)1/3[
1−exp(−btQSO)

]1/3 (3.27)

where

a = ṄQ,He

(4/3)πnHe
and b = (nH +2nHe)α(T ). (3.28)
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Figure 3.4: Shape of the Lyα transmission, F ≡ exp(−τα), including a damping wing and ab-
sorption due to residual neutral hydrogen in the HII zone, for different parameters
of the models (labelled model 1–4). Initially, the transmission functions decrease
smoothly with increasing ∆λ for all models. For models 1 (orange) and 4 (green), F
plummets to near zero below a ‘knee’. Model 2 (blue) also has such a knee, but in
contrast to models 1 and 4 has significant transmission below it. Finally in model
3 (red), the transmission function decreases smoothly and featurelessly to zero
towards shorter wavelengths. Transmission functions are plotted as functions of
rest-frame wavelength λ in Å, the location of the Lyα line is indicated by the vertical
dot-dashed line. The location of the HII and HeIII zone edges for the various
models are shown as full and dashed vertical lines respectively. Figure from Paper
II.

We have neglected ionizations of HeI, and the impact of HeII ionizing photons on HI, assumed
that helium is initially neutral. For a helium abundance by mass of Y = 0.278, helium atoms
are rarer than hydrogen atoms by a factor Y mH/((1−Y )mHe) ≈ 0.096.

There are four characteristic shapes for quasar transmission function (QTF) F ≡ exp(−τα)
in HII zones (neglecting a damping wing any density or velocity structure). Three of these are
illustrated by four different models in Figure 3.4 and the fourth one is illustrated in Figure 3.5.
We can use the shape of the QTF to estimate the parameters of a model that fits the data, and
illustrate where there are degeneracies. The simple model discussed above has the following
parameters: the quasar luminosity ṄQ,H, the spectral slope of the spectrum η, and the age of
the quasar tQSO. We also need to assume the temperature in the HII and HeIII zones, THII

and THeIII respectively. Calculating these temperatures requires proper radiative transfer that
takes into account the spectral hardening, and in reality the temperatures are not constant
throughout the ionized zones (Abel & Haehnelt, 1999).

We can estimate the properties of the quasar with a well-defined knee and in the absence of
a damping wing as follows. The Gaussian shape of transmission function near the quasar is
described by

exp(−τα) = exp(−v2/v2
HII) (3.29)
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Figure 3.5: Time evolution of the shape of the Lyα transmission, F ≡ exp(−τα), including a
damping wing and absorption due to residual neutral hydrogen in the HII zone,
for a z = 6.5 quasar and a highly ionized IGM with background ionization rate
Γbg = 5×10−16 s−1. QTFs are shown for quasar ages t = [1,10,50]×105 yrs, curves
are labeled with the values of η and ṄQ,H. The figure illustrates how the shape of
the QTF changes as the quasar ages, with QTFs taking one of the generic shapes
illustrated in Figure 3.4. The youngest blue quasar also shows a fourth generic
shape: a first knee that corresponds to the HeIII/HeII transition, and a second
knee corresponding to the edge of the HII zone. Figure from Paper II.

where

v2
HII =

(
8

3πσT

)1/2 η

η+3

ṄQ,Hσth H 3

4πα(T )n2
H f λ2

0 c
. (3.30)

Fitting that shape determines the factor g = ηṄQ,H/
[
(η+3)α(THeIII)

]
. We write g = g (ṄQ,H,η,THeIII).

The HeIII zone size RHeIII is implied from the knee position of the transmission function.
RHeIII depends on the production rate of HeIII ionizing photons and the age of the quasar.
We write RHeIII = RHeIII(ṄQ,H, tQSO,η). Although the four unknowns ṄQ,H, tQSO, η and THeIII

are in principle not solved by two given constraints (g and RHeIII), we can use a priori val-
ues for some parameters and derive the other parameters. The parameter THeIII can be
referred to the work of Bolton et al. (2012). The average THeIII derived from seven high-
resolution quasar spectra around z ≈ 6 is 16218±1160

1082 (±2403
2414) at 68 (95) percent confidence.

The effect of the choice of THeIII in the expression g is not so important, since the recombi-
nation coefficient α(T ) is relatively weakly sensitive to T . When putting two extreme values
Tmax and Tmin of the average THeIII at 95 percent confidence, the recombination coefficients
α(Tmax) = 2.73×10−13cm3s−1 and α(Tmin) = 3.40×10−13cm3s−1 differ by a factor of 1.14 only.
From the work of Telfer et al. (2002), a composite continuum of 184 quasars (z > 0.33) give
an overall spectral index η = 1.76± 0.12. Among them 77 radio-quiet and 107 radio-loud
subsamples give ηquiet = 1.57±0.17 and ηloud = 1.96±0.12 respectively. The use of two extreme
values ηmax = 2.08 and ηmin = 1.40 give some discrepancy on the range of derived ṄQ,H and

tQSO. The derived ṄQ,H from g is proportional to η+3
η . And hence

ṄQ,H(ηmin)
ṄQ,H(ηmax)

= ηmin+3
ηmax+3

ηmax

ηmin
= 1.29.

Subsequently, the derived tQSO from RHeIII is proportional to 4η

ṄQ,H
. The corresponding ratio is
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tQSO(ηmax)
tQSO(ηmin) = 4ηmax

4ηmin

ṄQ,H(ηmin)
ṄQ,H(ηmax)

= 3.31. The uncertainties caused by the extreme choices of THeIII

and η are limited. We conclude that the observationally derived functions g and RHeIII inferred
from QTF have the potential for estimating the luminosity and the age of a quasar. We refer
the detailed discussion of our work in paper II.

4 SUMMARY OF PAPERS

Paper I

Efficient Photo-heating Algorithms in C2-RAY

Lee K.Y., Mellema G. and Lundqvist P.
Submitted to MNRAS

Summary

As is shown in Section 2.6, the latest version of C2-RAY includes two novel methods which
deal with photo-heating in an efficient and accurate way. They are called adaptive time-step
algorithm and asynchronous evolution. The adaptive time-step algorithm calculates an opti-
mal time-step for the next computational step. Our method uses a fast ray-tracing scheme
to quickly locate the relevant cells for the time-step calculation. While the time-step calcula-
tion cost scales linearly with the number of cells involved, our algorithm is efficient because
relatively large amount of irrelevant cells are discarded for the time-step calculation. Asyn-
chronous evolution allows different cells to evolve by different time-steps. The asynchronized
clocks of the cells will become synchronized for the times when the intermediate evolution
results are produced or the total evolution time has reached. This synchronization guarantees
the evolution results are physical. Asynchronous evolution implicitly implies that most of
the computational resources are allocated to the heating-relevant cells and it thus makes the
calculation substantially more computationally efficient than employing the same time-step
over the whole grid.

My contribution

The project was proposed by Garrelt Mellema. His primary suggestion was to force the ioniza-
tion front proceeds slowly such that all the unphysical temperature wrinkles exhibited when a
long time-step was used were removed. I followed the general idea and wrote the adaptive
time-step algorithm. I introduced the f parameter and devised the ray-tracing algorithm
which works on the pyramidal components. The idea of asynchronous evolution was pro-
posed by me. Garrelt and I had thorough discussions on its actual implementation in the
simulation. The codework of asynchronous evolution was done by me and the paper was
written by me with contributions from the co-authors.

Paper II
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The generic shapes of near zones of high redshift quasars

Lee K.Y., Findlay J., Theuns T. and Mellema G.
In preparation

Summary

As is shown in Section 3.4, we use a simple model to show that the Lyman alpha transmission of
high redshift quasars shows a characteristic knee shape at the HeIII zone boundary. The knee
shape is produced because of the sudden temperature drop across the HeIII zone boundary.
We explain the physics of the temperature drop and its relation to the characteristic knee
shape. In addition, we discuss the possibility that the characteristic knee at the HeIII zone
boundary and the Gaussian-like transmission close to the quasar can be used to constrain
quasar luminosity and age.

My contribution

The project was proposed by Tom Theuns. The work was divided into an observational
part and a simulation part. I was responsible to the simulation part. The fitting of simulation
results to the observational results were performed by Joseph and me. The subsequent fitting
between the results of the simple model and the C2-RAY model was done by me. I did most of
the plotting and writing of the paper, except for the description of the simple model which
was written by Tom Theuns.
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Efficient Photo-heating Algorithms in C2-RAY

Kai-Yan Lee1 ?, Garrelt Mellema1, and Peter Lundqvist1
1Department of Astronomy & Oskar Klein Centre, AlbaNova, Stockholm University, SE-106 91 Stockholm, Sweden

26 January 2015

ABSTRACT
We present an extension to the time-dependent photo-ionization code C2-RAY to calculate
photo-heating in an efficient and accurate way. In C2-RAY, the thermal calculation demands
relatively small time-steps for accurate results. We describe two novel methods to reduce the
computational cost associated with small time-steps, namely, an adaptive time-step algorithm
and an asynchronous evolution approach. The adaptive time-step algorithm determines an
optimal time-step for the next computational step. It uses a fast ray-tracing scheme to quickly
locate the relevant cells for this determination and only use these cells for the calculation of
the time-step. Asynchronous evolution allows different cells to evolve with different time-
steps. The asynchronized clocks of the cells are synchronized at the times where outputs
are produced. By only evolving cells which require short time-steps with these short time-
steps instead of imposing them to the whole grid, the calculation becomes substantially more
computationally efficient. We show that our methods work well for several cosmologically
relevant test problems and validate our results by comparing to the results of another time-
dependent photo-ionization code.

Key words: methods: numerical - radiative transfer - galaxies:intergalactic medium - H II
regions

1 INTRODUCTION

Photo-ionization is a process of fundamental importance in astro-
physics as it is one of the most efficient ways to convert radiation
energy into thermal energy of a gas. In the photo-ionization pro-
cess the excess energy of the ionizing photons is transferred to the
liberated electron which through collisions can then increase the
temperature of the gas. The main sources of ionizing photons in the
Universe are either young, massive stars or accretion disks around
compact objects. This transfer of energy thus often constitutes a
feedback process in which the formation of sources of ionizing
photons change their environment. For example in star formation
regions the photo-ionization of the parent molecular cloud can reg-
ulate further star formation in that region. On cosmological scales,
the reionization of intergalactic medium (IGM) by radiation from
stars in the first generations of galaxies can likewise be considered
to be a radiative feedback process.

The temperature acquired by the photo-ionized gas depends
on the one hand on the energy distribution of ionizing photons from
the source and on the other hand on the effects of radiative cool-
ing. The ionization and the increase in temperature trigger radiative
cooling processes (often dominated by collisional excitation cool-
ing) so that within a cooling time, the temperature of the gas will
achieve an equilibrium value set by the photo-ionization heating

? e–mail: klee@astro.su.se

rate (henceforth photo-heating rate) and the cooling rate. In typi-
cal interstellar medium (ISM) conditions, the cooling time is short
compared to the growth of an ionized region and the temperature
inside the HII region is close to this equilibrium value. For this
reason photo-ionization codes historically focused on solving for
the equilibrium case, as for example the well-known Cloudy code
(Ferland et al. 2013).

However, for the low density and low, or even zero, metallicity
conditions found in the IGM during cosmic reionization, the cool-
ing time can greatly exceed the time in which the ionized region
doubles its size and the temperature structure will reflect the ini-
tial photo-heating efficiency, thus carrying important information
about the source properties and gas density (Theuns et al. 2002;
Hui & Haiman 2003; Cen et al. 2009). In this case, the calculation
of the time-dependent photo-heating should be performed carefully
to achieve a correct answer.

The impact of photo-heating onto the IGM temperature dur-
ing cosmic reionization can be probed by two methods, either by
analysis of IGM absorption lines in quasar spectra, at the highest
redshift dominated by Lyman-α absorption, or by observations of
the redshifted 21cm signal from HI.

Quasar spectra display absorption blueward of the Lyman-α
(Lyα) line center due to HI in the IGM. The line width (or Doppler
width) of these absorption features can be used to measure the tem-
perature of the IGM. Close to the end of reionization the mean den-
sity of neutral hydrogen in the IGM is high enough to Lyα scat-
ter all of the radiation out of the line-of-sight (the so-called Gunn-
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Peterson trough). However, through their high luminosity in ioniz-
ing radiation quasars are capable of creating a more highly ionized
region of typical sizes ∼ 10 proper Mpc around themselves, the
so-called quasar near zone, in which it is possible to identify Lyα
absorption lines. From the properties of these lines constraints on
the IGM ionization state and quasar properties can be derived (Fan
et al. 2006; Bolton & Haehnelt 2007; Willott et al. 2007; Mesinger
& Haiman 2007; Bolton et al. 2011; Schroeder et al. 2013), as well
as constraints on the IGM temperature in these regions (Bolton &
Haehnelt 2007; Bolton et al. 2010, 2012). The values of these tem-
peratures can then be used to put constraints on the redshift when
the reionization was complete (Raskutti et al. 2012).

The 21cm line is a weak, low energy transition of neutral
hydrogen, which during the epoch of reionization is expected to
produce an observable signal below frequencies of ∼ 200 MHz
(Furlanetto et al. 2006). The detection of signal is the major
goal of a range of new low frequency radio telescopes (LOFAR1,
21CMA2, MWA3, GMRT4 and PAPER5). This signal maps out
the distribution of neutral hydrogen on the largest scales in the
IGM and its detection will reveal the progress of reionization in
great detail. The intensity of the signal is measured against the cos-
mic microwave background signal and described by the differen-
tial brightness temperature which depends on the neutral hydrogen
density and the excitation or spin temperature, Ts, of the neutral gas
(Furlanetto et al. 2006). For most of the epoch of reionization the
spin temperature is expected to be close to the kinetic temperature
of the gas. An early generation of x-ray sources can mildly heat the
gas through low level photo-ionization and thus leave an imprint of
their presence (see e.g. Pritchard & Furlanetto 2007).

Therefore, understanding cosmic reionization not only re-
quires following the photo-ionization of the neutral hydrogen but
also the photo-heating of the gas. Modelling this process is best
accomplished by cosmological reionization simulations which fol-
low both the evolution of the dark matter and baryonic density dis-
tribution and the transfer of ionizing photons emanating from the
developing (proto-)galaxies (for a recent review see Trac & Gnedin
2011).

In such simulations, the radiative transfer part, in principle re-
quiring three spatial coordinates, two angles and a range of fre-
quencies, dominates the total computational cost. Therefore it is
important to develop and use efficient numerical methods for in-
cluding radiative transfer in cosmological simulations. Over the
past 15 years a range of time-dependent, three dimensional photo-
ionization methods for use in cosmological simulations have been
developed. Many of these have been benchmarked against each
other in Iliev et al. (2006a) and Iliev et al. (2009). As can be seen in
these comparisons, the focus of these codes has been on accurately
calculating the ionization fractions of hydrogen for which there is
good agreement among the different methods. Much less attention
has been paid to the accuracy of thermal evolution as also illus-
trated by the much larger spread in results between the different
codes. The reason for this is partly that the ionized fraction is the
more important quantity in reionization studies but in addition ac-
curate photo-heating calculations require multi-frequency radiative
transfer and the inclusion of helium as a photon absorbing species.

Recently, several methods have been published in which

1 http://www.lofar.org
2 http://cosmo.bao.ac.cn/
3 http://www.haystack.mit.edu/ast/arrays/mwa
4 http://gmrt.ncra.tifr.res.in
5 http://astro.berkeley.edu/dbacker/eor/

the photo-heating is treated more carefully, e.g. CRASH
(Graziani et al. 2013), TRAPHIC (Pawlik & Schaye 2011) and
RADAMESH (Cantalupo & Porciani 2011). Although these codes
all claim accuracy, there has to date not been a comparison between
their results. In addition, the level of accuracy is expected to depend
on the choice of the computational time-step as shown in detail
in the study of Mackey (2012). Computational efficiency prefers
longer time-steps but the impact of the choice of time-step on the
temperature results has not been investigated.

C2-RAY (Mellema et al. 2006) is a time-dependent photo-
ionization code which has been used extensively for reionization
simulations (see for example Iliev et al. 2006c, 2011; Datta et al.
2012; Iliev et al. 2014). Its efficiency is based partly on the use
of an implicit method which allows the use of relatively large time-
steps while still retaining accuracy. The updated version of C2-RAY

(Friedrich et al. 2012) includes an improved treatment of multi-
frequency radiative transfer as well as the inclusion of helium.
However, as shown in Friedrich et al. (2012), accurate results for
the photo-heating calculation impose much stricter limits on the
choice of the computational time-step thus impacting the perfor-
mance of the code.

In this paper we present a new, efficient method to obtain accu-
rate temperature results using the C2-RAY code although the gen-
eral strategy can also be applied to other time-dependent photo-
ionization codes. The method relies on an efficient method to deter-
mine the optimal time-step as well as the use of different time-steps
for different regions of the computational grid.

The lay out of the paper is as follows. In Section 2, we re-
view the essential algorithm of the radiative transfer code C2-RAY

and the impact of the choice of time-step on the photo-heating rate
calculation. In Section 3, we introduce a new method for determin-
ing an optimal time-step employing a fast ray-tracing method. In
Section 4, we explain how we allocate computational resources to
different cells in the grid. We proceed in Section 5 with the details
of the parallelization strategy. Section 6 summarizes the overall al-
gorithm of C2-RAY. We examine our new method by several tests
in Section 7. At last, we conclude our method and suggest possible
further developments in Section 8.

2 C2-RAY

The C2-RAY algorithm consists of two major parts - (1) radia-
tive transfer of ionizing photons using a short characteristic ray-
tracing method and (2) solution of the coupled photo-equations
(photo-ionization equations and photo-heating equation) using a
combination of iterative and Runge-Kutta methods. The first ver-
sion of C2-RAY (Mellema et al. 2006) assumed hydrogen to be the
only photon-absorbing element and only implemented soft photon
sources. The second version of C2-RAY (Friedrich et al. 2012) was
developed to handle a medium consisting of both hydrogen and he-
lium and implemented both soft and hard photon sources. In this
section, we summarize the basis of the numerical algorithm of this
latter version and its limitations when calculating photo-heating ef-
fects. Although C2-RAY is a general photo-ionization code, we fo-
cus here on the cosmological IGM case.

2.1 Numerical radiative transfer

C2-RAY works on a structured grid volume. Each cell in the grid
stores the information of number density of gas particles n, ion-
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ization fractions xHI, xHII, xHeI, xHeII, xHeIII and gas temperature T .
The ionizing sources are assumed to radiate isotropically.

Theoretically, the cosmological radiative transfer equation (in
comoving coordinates) considers the finite speed of light and cos-
mological redshift due to Hubble expansion (Norman et al. 1998).

1

c

∂Iν
∂t

+
n̂ · ∇Iν
ā

− H(t)

c

(
ν
dIν
dν
− 3Iν

)
= jν − αabs

ν Iν (1)

where Iν is the specific light intensity at frequency ν, n̂ is the unit
vector along the propagation direction, H(t) ≡ ȧ/a is the Hubble
constant, ā ≡ 1+zem

1+z
is the ratio of scale factors between photon

emission time and current time, jν(x, n̂) is the emission coefficient
and αabs

ν (x, n̂) is the absorption coefficient.
In order to deal efficiently with Equation 1 we can make a

number of simplifying assumptions. In this we consider the equa-
tion to describe the radiative transfer of photons produced by a
source at the origin.

First, at the start of reionization, the mean free path of ionizing
photons is much smaller than the grid size, hence the contribution
of the third term on the left hand side of Equation 1 becomes neg-
ligible and ā ≈ 1. We warn readers that this approximation can
break down when the ionized bubbles overlap and the mean free
path of ionizing photons increases. Still, at z = 6 the mean free
path is known to be 5 - 10 proper Mpc due to the presence of Ly-
man Limit Systems (Songaila & Cowie 2010). It implies that this
approximation holds well if a grid size larger than 70 comoving
Mpc is used.

Second, both jν and αabs
ν change on time-scales much larger

than the light crossing time in the volume and so the first term on
the left hand side of Equation 1 can be removed.

Third, the right hand side of Equation 1 consists of two terms
that contribute to the change of intensity along the propagation
paths. The first term jν represents the diffuse radiation from re-
combination of ions and free electrons. The diffuse radiation is
isotropic. To treat the diffuse radiation, we use on-the-spot (OTS)
approximation. OTS assumes that all the ionizing diffuse radiation
produced from a cell locally ionizes the gas of the same cell. To im-
plement the OTS approximation numerically, we remove jν from
Equation 1 and modify the ionization equations by using appropi-
ate recombination coefficients (see Equation 13 of Friedrich et al.
2012). The OTS approximation holds well in the optically thick
regime but not in the intermediate regime or optically thin regime.
For a discussion of the treatment of diffuse radiation, we refer the
interested reader to Raičević et al. (2014).

Fourth, the second term αabs
ν represents the absorption of ion-

izing photons by the IGM. The absorbed photons ionize the gas and
their residual energy becomes the kinetic energy of the free elec-
trons which subsequently collide with other ions and atoms. As a
result, the gas is ionized and heated.

With all the above approximation, the simplified radiative
transfer equation becomes

n̂ · ∇Iν = −αabs
ν Iν (2)

The solution of Equation 2 along a propagation direction is

Iν = I0,νe
−

∫
αabs
ν (s) ds = I0,νe

−τν (3)

where I0,ν is the initial specific light intesity and τν is the IGM
optical depth. The numerical problem is reduced to calculating the
optical depths of the species HI, HeI and HeII from the sources
to all the cells. C2-RAY uses a ray-tracing method for this. The
schematic picture of a ray-tracing method is as simple as a series of

rays drawn from the sources to every cell. When a ray is traced, the
cells traversed are recorded and the optical depth of each traversed
cell is summed up.

There are two main approaches to ray-tracing, namely long
characteristic ray-tracing and short characteristic ray-tracing. The
method of long characteristic ray-tracing is discussed by Ama-
natides & Woo (1987). In this method, the path interval li of the
ith traversed cell is calculated. The total column density along the
ray is therefore given by

N =
∑
i∈I

lini (4)

where I is the index set of the traversed cells and ni is the num-
ber density of gas particles of the ith-cell. Equation 4 gives the
exact column density along the ray and is therefore very accurate.
However, repeated calculation of path interval li is expensive, cells
close to the source are traversed by many rays but the information
of those cells is not shared among the rays.

A faster method is proposed by Kunasz & Auer (1988),
namely, short characteristic ray-tracing. This method is efficient
and accurate. It begins from the cells that are closest to the sources
and then proceeds radially outward. The column density from a
source to a cell j is the weighted sum of the column densities Ni
from the source to j’s neighbouring cells i’s which are closer to the
source:

N =
∑
i∈I

wiNi (5)

where I is the index set of the j’s neighbouring cells,wi andNi are
the weight and column density from the source to the cells i, respec-
tively. The weightwi depends on the relative position between cells
i and j. The major shortcoming of short characteristic ray-tracing is
that it causes a certain amount of diffusion, most noticeable in the
shadows produced by obstacles. However, by choosing the weights
in Equation 5 this effect can be minimized (see Mellema et al.
2006). Also, the presence of large numbers of sources, as is typ-
ical in reionization, reduces the impact of this effect. In C2-RAY,
we adopt a short characteristic ray-tracing method. The detailed
implementation and the weighting definition are given by Mellema
et al. (2006).

2.2 Photo-ionization and photo-heating rate calculation

The opacity αabs
ν due to a species of number density n can also

be written as σ(ν)n, where σ is the frequency-dependent photo-
ionization cross-section of the species. If we define N to be the
column density along a ray, we can also write the optical depth as
τ(ν) = σ(ν)N .

In a given computational cell the number of photons arriving
depends on the optical depth between the source and the cell. The
number of photons absorbed depends on the optical depth of the
cell itself. The photo-ionization rates Γ and heating rate H thus
depend on the optical depths. When we consider HI, HeI and HeII
to be the photon-absorbing species, we need to calculate the photo-
ionization rates ΓHI, ΓHeI and ΓHeII. These depend on the individual
optical depths τHI(ν), τHeI(ν), τHeII(ν), as well as τ total(ν) which
is the sum of these.

The ionization cross sections σHI(ν), σHeI(ν), σHeII(ν) and
thus the optical depths, differ in their dependence on frequency
(Verner et al. 1996). This complicates precalculating the photo-
ionization integrals. To allow the use of precalculated integrals
C2-RAY uses frequency bins. Within each frequency bin, we
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assume that the three σ(ν)’s have the same power-law depen-
dence on frequency. To implement this, we first divide the whole
range of frequency into three frequency domains (domain 1, do-
main 2 and domain 3) with partition {νHI

th , ν
HeI
th , νHeII

th , νmax}, where
νHI

th , ν
HeI
th , νHeII

th are the ionization thresholds of HI, HeI and HeII re-
spectively and νmax is the maximum frequency used. We then divide
domain 2 into 26 frequency bins and domain 3 into 20 frequency
bins. Tests have shown that this division gives good results for the
ionization evolution (Friedrich et al. 2012).

2.2.1 Photo-ionization rates

We next describe how ΓHI, ΓHeI and ΓHeII are obtained. If we de-
fine the function Γtotal

j as the total ionization event rate per volume
induced by the photons in bin j, then

Γtotal
j =

Γj(τ
total
in )− Γj(τ

total
out )

Vshell
(6)

where Vshell is the volume of the spherical shell whose inner radius
and outer radius correspond to the ray-traversed position of the cell.
The function Γj(τ

total) is given by

Γj(τ
total) =

∫ νj+1

νj

Lν
hν
e−τ

total(ν) dν (7)

where τ total(ν) = τHI(ν) + τHeI(ν) + τHeII(ν) is the combined
optical depth of all absorbing species at frequency ν. Since we
adopt a single power-law index for τHI, τHeI and τHeII in the jth
bin, the value of Γj(τ

total) is controlled by just one parameter
τ total
j = τ total(νj):

Γj(τ
total) =

∫ νj+1

νj

Lν
hν
e−τ

total
j (ν/νj)

−α
dν. (8)

As explained in the previous section, the advantage of Γj being a
function of only one variable is that we can pre-calculate Γj for
a large range of τ total

j ’s allowing the rates to be derived through
interpolation in this table. This way the repeated evaluation of the
full photo-ionization integrals can be avoided.

We show next how we obtain the photo-ionization rates of HI,
HeI and HeII from the set of Γtotal

j ’s. In each frequency bin j, the
photo-ionization rate Γij of species i scales with Γtotal

j as

Γij =
τ ij
τ total
j

Γtotal
j

ni
, (9)

In this the ratio of τ ij to τ total
j is the fraction of absorbed photons

used to ionize species i. The number density ni is present here to
change the dimension of photo-ionization rates from per volume to
per particle. Finally, the photo-ionization rate Γi of species i is the
sum over the relevant frequency bins

Γi =
∑
j

Γij . (10)

2.2.2 Photo-heating rate

The photo-heating rate H is calculated in a similar fashion. The
function Hij is defined as the rate of energy released per volume
in the ionization process assuming all the photons in bin j ionize
species i,

Hij =
Hij(τ total

in )−Hij(τ total
out )

Vshell
. (11)

The functionHij(τ total) is given by

Hij(τ) =

∫ νj+1

νj

h(ν − νi)
Lν
hν
e−τ

total(ν) dν (12)

where νi is the ionization threshold frequency of species i. Similar
to the photo-ionization rates, we pre-calculate Hij tables for each
species i for a large range of τ total

j ’s. The photo-heating rate Hj in
jth sub-bin is the weighted sum ofHij’s,

Hj =

3∑
i=1

τ ij
τ total
j

Hij (13)

and the photo-heating rate inH is

H =
∑
j

Hj . (14)

The free electrons produced by the ionization of species i re-
ceive an energy h(ν−νi). They collide with other particles (hydro-
gen, helium and electrons) and thermalize with them. As a result,
the gas is heated. If the liberated electrons are energetic enough,
they are capable of collisionally ionizing HI, HeI and HeII. This
process is known as secondary ionization. How the kinetic energy
of the free electrons is distributed over thermalization, excitation
and secondary ionizations depends on the relative cross sections
and the densities. In principle there is no simple way to deter-
mine this distribution Furlanetto & Stoever (2010). However, de-
tailed Monte Carlo calculations suggest a widely used approxima-
tion which we also use (Ricotti et al. 2002).

2.3 Effect of the time-step

As described above, the photo-ionization rates Γi’s and photo-
heating rate H depend on xHI, xHeI and xHeII which are both
position- and time-dependent. As a result the photo-rates also
are time-dependent. This means that the accuracy of the re-
sults for the ionization and thermal evolution depend on the
choice for the time-step. In principle one would have to choose
the shortest time scale in the photo-ionization process to de-
termine the time step. However, as first shown in Mellema
et al. (2006) for the hydrogen-only case and in Friedrich
et al. (2012) for the case of H+He, it is possible to use a
much longer time-step if one approximates the time-averaged
photo-rates

〈
ΓHI(xHI, xHeI, xHeII)

〉
,

〈
ΓHeI(xHI, xHeI, xHeII)

〉
,〈

ΓHeII(xHI, xHeII, xHeII)
〉

and
〈
H(xHI, xHeI, xHeII)

〉
by

ΓHI(〈xHI〉, 〈xHeI〉, 〈xHeII〉
)
, ΓHeI(〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
,

ΓHeII(〈xHI〉, 〈xHeI〉, 〈xHeII〉
)

and H
(
〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
. In

this 〈xHI〉, 〈xHeI〉 and 〈xHeII〉 are time averaged values, evaluated
from an ansatz for how xHI, xHeI and xHeII evolve over time.

The tests in Mellema et al. (2006) and Friedrich et al. (2012)
show that this approach works as long as the time-step is smaller
than the recombination time. In our forthcoming work (Lee, in
preparation) we also show analytically that if the time-step is less
than the recombination time and the medium contains a sufficient
amount of photon-absorbers, the following relations hold〈

ΓHI(xHI, xHeI, xHeII)
〉
≈ ΓHI(〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
, (15)

〈
ΓHeI(xHI, xHeI, xHeII)

〉
≈ ΓHeI(〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
, (16)

〈
ΓHeII(xHI, xHeI, xHeII)

〉
≈ ΓHeII(〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
. (17)

However, the same analysis also shows that under the same condi-
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tions 〈
H(xHI, xHeI, xHeII)

〉
� H

(
〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
. (18)

As a result, the use of time-averaged ionization fractions allows us
to calculate the ionization evolution correctly but can lead to serious
errors in the thermal evolution.

This effect can also be understood more intuitively. The C2-
RAY formalism uses the time-averaged optical depths of HI, HeI
and HeII. While the photo-ionization rates depend only weakly on
the optical depth values, the photo-heating rate depends quite sen-
sitively on them. Consider the two extremes – the optically thick
limit and the optically thin limit. In the optically thick limit, all
photons are absorbed with equal probability. Therefore the average
energy added per photo-ionization is large since it is dominated by
the higher energy photons. In the optically thin limit, due to the
rather steep frequency dependence of the ionization cross-section
(ν−3 for HI), low energy photons have a higher probability of be-
ing absorbed and thus the average energy per photo-ionization is
lower. A computational cell which becomes photo-ionized initially
is optically thick and therefore is initially heated with a large value
of the energy per photo-ionization. As it evolves to an optically thin
state, the average energy transferred per photo-ionization drops. If
the optically thick phase does not last very long, the time-averaged
optical depth over the time-step will be low. As a result an optically
thin heating rate will be applied for the duration of the whole time
step. However, if the total energy transferred to the cell is dom-
inated by the optically thick phase, the use of the optically thin
heating rate will underestimate the total heating.

This can be further illustrated through a numerical experiment.
Figure 1 shows the thermal and ionization evolution for two simu-
lations with the same initial conditions. The blue curve shows the
result for a single long time-step (107 years, a non-trivial frac-
tion of recombination timescale) and the red curve shows the re-
sult when using 1013 short time-steps (10−6 years, a non-trivial
fraction of heating timescale). The effect described in the previous
paragraph is clearly present. When using a long time-step, the in-
ner parts do not get heated sufficiently. The comparison also shows
that the heating near the ionization front is overestimated for the
long time-step. Note that the two simulations do agree on the ion-
ization fractions (HII in the top right panel, HeII in the bottom left
panel and HeIII in the bottom right panel). The results of this test
are thus consistent with what was described above: the choice of
the time-step in C2-RAY affects the thermal evolution but hardly
impacts the ionization evolution.

We conclude therefore that a reliable temperature result re-
quires a more careful choice of the numerical time-step to be used.
Such an optimal time-step should ensure that〈

H(xHI, xHeI, xHeII)
〉
≈ H

(
〈xHI〉, 〈xHeI〉, 〈xHeII〉

)
. (19)

without impacting the performance of the code unnecessarily. The
rest of this paper outlines our method to achieve this.

3 ADAPTIVE TIME-STEP ALGORITHM

3.1 Time-step criteria

The optimal size of the time-step will depend on the state of simu-
lation at the start of the time-step. It can thus not be set at the start
of the simulation but needs to be calculated on the fly. This actually
requires performing part of the calculation to obtain the rates of
change of the quantities at hand (in our case ionization fraction and

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Length (cm) 1e25

0

10000

20000

30000

40000

50000

T
e

m
p

e
ra

tu
re

(K
)

long time-step
short time-step

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Length (cm) 1e25

0.0

0.2

0.4

0.6

0.8

1.0

H
II

fr
a

ct
io

n

long time-step
short time-step

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Length (cm) 1e25

0.0

0.2

0.4

0.6

0.8

1.0

H
e

II
fr

a
ct

io
n

long time-step
short time-step

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Length (cm) 1e25

0.0

0.2

0.4

0.6

0.8

1.0

H
e

II
I

fr
a

ct
io

n

long time-step
short time-step

Figure 1. Temperature and ionization fraction results for two simulations
using different (constant) time-steps. Blue lines: long time-step (107 years);
red lines: A short time-step (10−6 years). Top left panel: Temperature pro-
file. Top right panel: HII fraction profile. Bottom left panel: HeII fraction
profile. Bottom right panel: HeIII fraction profile. The volume is 30 Mpc
in size with 603 cells. A blackbody source with an ionizing photon rate
5 × 1056 s−1 and temperature 100,000 K is located at the centre of the
volume. The initial temperature is 100 K and both hydrogen and helium are
fully neutral. The evolution time is 107 years. The simulation using a long
time-step underestimates the temperature in the centre of the HII region and
overestimates the temperature at the location of the ionization front.

temperature) and use these to establish the optimal time-step for
each cell. The smallest among these values should then be selected
to be the time-step of the next simulation step.

In the previous section we described the cause and effect of
choosing a too long time-step in C2-RAY. Another way to phrase
it is that hard photons do not get absorbed in computational cells
close to the source if the ionized region expands more than one
cell along one direction within one time-step. The hard photons
are mostly absorbed in cells that are close to the position of the
boundary of the ionized region at the end of the time-step. After a
series of time-steps this creates a temperature profile with a series
of peaks, the position of which coincide with the position of the
ionization front at the end of each of the time-steps.

The expanding boundary of an ionized region, often called the
ionization front, separates the neutral region and ionized region.
Ionization fronts can have very different shapes depending on the
mean free path of ionizing photons in the neutral medium. The ion-
ization front of an ionized region generated by soft ionizing pho-
tons in a very dense region will be a very thin layer. The ionization
front of an ionized region generated by hard ionizing photons in a
low density region will be a very extended layer. The width of a
hydrogen ionization front can be estimated as ≈ 10(nHσ)−1.

Since the cause of the inaccurate temperature results lies in
the fact of cells changing their ionization state too much over the
time-step, the obvious solution is to force the ionization fronts not
to proceed more than one cell within a time-step. This way all cells
which become ionized during a simulation will experience the op-
tically thick heating phase. To implement this we introduce a free
parameter f so that xHII increases by at most 1/f in each time-step.
Note that the increment of xHII by at most 1/f is an absolute cri-
terion, not a relative one. Mackey (2012) investigated the merits of
absolute and relative constraints on the change in ionized fractions
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when setting the time-step and concluded that absolute constraints
are more efficient. We find the required ∆t by solving the ioniza-
tion equation (see equation (12) in Mellema et al. (2006))

∆t =
1

ΓHI ln
xbegin

HII − 1

xfinal
HII − 1

(20)

imposing the result

xfinal
HII = min{xcurrent

HII + 1/f, 1− ε}. (21)

In this ε is an arbitrary small number introduced to stop the time-
step from diverging when xfinal

HII → 1. We then adopt the minimum
of all the ∆t’s as the time-step for the current simulation step.

The complication we face is that the Γ and H values depend
on the choice for the time-step. In order to determine the optimal
time-step we thus need to first choose a time-step, determine the Γ
and H values and then find the optimal time-step for these values.
In principle one would need to iterate this process. However, as
we saw above, although the value forH depends sensitively on the
time-step, the values for the Γ do not. We therefore do not use theH
values for estimating the optimal time-step, but only the Γ values.
The helium photo-ionization rates ΓHeI and ΓHeII are not considered
since we found that time-steps estimated from ΓHI alone suffice to
get an accurate temperature evolution. Experiments showed that a
reasonable optically thick 〈H〉 is obtained if xbegin

HI & 〈xHI〉 & xfinal
HI

and xfinal
HI & 0.1 for typical IGM gas densities. Reasonable values

for the optically thin 〈H〉 can be obtained regardless of the time-
step.

Since only ionization front cells require a more strict time-
step in order to obtain accurate heating rates, we do not need to
evaluate the photo-ionization rate ΓHI for all cells. It suffices to cal-
culate them for the cells which are currently being photo-ionized
or in other words the ionization front cells (ICs). Since a simula-
tion volume can contain several sources of ionizing photons, when
evaluating the effect of a single source we should not consider all
ICs but only the ones which are nearest to this source. These we
will designate as nearest ionization front cells (NICs).

To find the values of ΓHI at the location of the NICs in princi-
ple requires ray-tracing from the source to that location in order to
find the optical depth. However, such accuracy for the optical depth
is not needed if we only want to derive a time step. Instead, we will
find the location of the NICs and assume that the optical depth at
the NIC is dominated by the NIC itself, i.e. if τNIC is the optical
depth from the source to the NIC and ∆τNIC is the optical depth
of the NIC itself, we assume that ∆τNIC � τNIC. In this case, the
only thing required is to find the location of the NICs. The next
sections explain how we achieve this for a single source.

3.2 Pyramidal ray tracing framework

Identifying the NICs for a source is not trivial. A ray-tracing
method is the obvious choice for this task. One can send a num-
ber of rays from the source in all the directions and record the first
ICs met by these rays. If the collection of rays is dense enough, all
the NICs will be traversed by at least one ray.

Consider a source in the middle of the simulation volume of
N3 cells. The minimum number of rays required to trace all the
seen ICs is thus 6N2 as one can imagine the case that all the ICs
are lying at the boundary of the simulation box. In normal situation
not all the ICs lie at the boundary and therefore they requires less
than 6N2 rays to be traced.

A ray sent from a source in an arbitrary direction can traverse

more than one IC. Checking if a ray traverses an IC can be achieved
with a simple mathematical treatment. Given a set of ICs traversed
by a ray, the nearest IC from the source is the NIC. NIC identifi-
cation thus requires both a distance calculation to the source and a
distance comparison among all the traversed ICs. A series of suffi-
ciently dense rays is able to trace all the NICs of a source but it can
happen that a single IC is traversed multiple times. This means that
redundant work, including ray-traverse check, distance calculation
and distance comparison, is dedicated to this IC. For a high spa-
tial resolution simulation with a large number of ICs, this method
becomes inefficient. Here we introduce a fast ray-tracing method
for identifying the NICs which can then be used to calculate the
optimal time-step.

The basic idea behind our method is to send the minimum
amount of rays from a source. In addition, we avoid the distance
calculation and distance comparsion by storing the list of ICs in an
array (IC array) in a specific order such that the IC of the small-
est index traversed by the ray is the NIC of the source. We de-
scribe how the method works for one source. The repeated use of
the method works well for the multiple sources case.

First, we identify all the ICs in the simulation box. Based on a
specified threshold a cell is labelled as either neutral or ionized. We
then define the set of all the ionized cells to be I. We define another
set of cells IB which contains the union of all the 3× 3× 3 cubes
of cells in which the centre of the cubes are ionized cells. The IB
cells which do not belong to I are the ICs. That is to say, the set
B = IB\I is the set of ICs.

Next we need to establish a coordinate centre for the ray trac-
ing. We define the source cell to be the origin of this coordinate
system (0, 0, 0). If periodic boundary conditions are assumed, we
place the source in the centre of the simulation volume. For trans-
missive boundary conditions we do not change the relative position
of the source within the simulation volume. In this coordinate sys-
tem, the coordinates (i, j, k) of the simulation box for both cases
thus follows the constraints −M−x 6 i 6M+

x , −M−y 6 j 6M+
y

and −M−z 6 k 6 M+
z , where for example −M−x is the distance

in cells from the source to edge of the simulation volume along the
negative x-axis.

Using this coordinate system we then construct 24 pyramidal
components by first dividing the simulation box into 8 octants (Fig-
ure 2) and next dividing each octant into 3 pyramidal components
(Figure 3 and 4). A pyramidal component consists of a square base
and a vertex where the source lies. All the pyramidal components
have the source at their vertices. The nomenclature of the pyramidal
components has the form [a, b, c], where a indicates the direction
of the primary axis, b indicates the direction of the secondary axis
and c indicates the direction of the tertiary axis. The first column
of Table 1 shows the names of the 24 pyramidal components. Each
component consists of a set of cells (i, j, k)’s. The parameters i,
j and k of a pyramidal component satisfy the following bounds,
li 6 i 6 ui, lj 6 j 6 uj and lk 6 k 6 uk. The functional
values of li, ui, lj , uj , lk, uk need not to be constants. They are de-
fined according to the second to the seventh columns of Table 1. We
note that with this definition of the pyramidal components, they do
not necessarily form a complete pyramid. That is, some part of the
volume may be cropped so that the base is not necessarily a square.

Using the pyramidal decomposition of the volume, we con-
struct the list of ICs as follows. Let the pyramidal component
[A,B,C] = [±a,±b,±c] have Ntt ICs. The IC array has there-
fore size Nt. We scan through the whole component cell by cell in
a specific order. Starting from the source, we proceed to the next
cell along the primary axis (A direction). If an IC is encountered,
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component li ui lj uj lk uk

[+x,+z,+y] 0 M+
x 0 min{i,M+

y } 0 min{i,M+
z }

[+y,+x,+z] 0 min{j,M+
x } 0 M+

y 0 min{j,M+
z }

[+z,+y,+x] 0 min{k,M+
x } 0 min{k,M+

y } 0 M+
z

[−x,+z,+y] −M−x 0 0 min{−i,M+
y } 0 min{−i,M+

z }

[+y,−x,+z] max{−j,−M−x } 0 0 M+
y 0 min{j,M+

z }

[+z,+y,−x] max{−k,−M−x } 0 0 min{k,M+
y } 0 M+

z

[+x,+z,−y] 0 M+
x max{−i,−M−y } 0 0 min{i,M+

z }

[−y,+x,+z] 0 min{−j,M+
x } −M−y 0 0 min{−j,M+

z }

[+z,−y,+x] 0 min{k,M+
x } max{−k,−M−y } 0 0 M+

z

[−x,+z,−y] −M−x 0 max{i,−M−y } 0 0 min{−i,M+
z }

[−y,−x,+z] max{j,−M−x } 0 −M−y 0 0 min{−j,M+
z }

[+z,−y,−x] max{−k,−M−x } 0 max{−k,−M−y } 0 0 M+
z

[+x,−z,+y] 0 M+
x 0 min{i,M+

y } max{−i,−M−z } 0

[+y,+x,−z] 0 min{j,M+
x } 0 M+

y max{−j,−M−z } 0

[−z,+y,+x] 0 min{−k,M+
x } 0 min{−k,M+

y } −M−z 0

[−x,−z,+y] −M−x 0 0 min{−i,M+
y } max{i,−M−z } 0

[+y,−x,−z] max{−j,−M−x } 0 0 M+
y max{−j,−M−z } 0

[−z,+y,−x] max{k,−M−x } 0 0 min{−k,M+
y } −M−z 0

[+x,−z,−y] 0 M+
x max{−i,−M−y } 0 max{−i,−M−z } 0

[−y,+x,−z] 0 min{−j,M+
x } −M−y 0 max{j,−M−z } 0

[−z,−y,+x] 0 min{−k,M+
x } max{k,−M−y } 0 −M−z 0

[−x,−z,−y] −M−x 0 max{i,−M−y } 0 max{i,−M−z } 0

[−y,−x,−z] max{j,−M−x } 0 −M−y 0 max{j,−M−z } 0

[−z,−y,−x] max{k,−M−x } 0 max{k,−M−y } 0 −M−z 0

Table 1. Definitions of 24 pyramidal components

we store its coordinates in the list of ICs using an ascending or-
der of indices. After we have scanned the whole row, we move
to the neighbouring row, which is parallel to the previous row but
displaced in the direction of the secondary axis (B direction). We
perform the scanning of this row from the cell closest to the source,
and then proceed to the next cell in the A direction until we fin-
ish the whole row. We repeat this procedure until the first plane of
cells has been scanned, after which we proceed to the next plane
which is parallel to the first plane but displaced along the teritary
axis (C) direction. This second place is scanned in the same way
as the first one. We scan subsequent planes until all the cells of the
pyramidal component have been scanned. After this the IC array
stores the coordinates of the Nt ICs in an order beneficial for the
NIC indentification method we describe in Section 3.3.

3.3 NIC identification

To find the NICs from the list of ICs for a given pyramidal compo-
nent, we use the following algorithm. Let Mb = min{M±a ,M±b }
and Mc = min{M±a ,M±c }, where the M±a , M±b and M±c follow
the signs of the pyramidal component [A,B,C] = [±a,±b,±c].
The base of the pyramidal component is a plane of (Mb + 1) ×
(Mc + 1) cells. We define the coordinates of these base cells as
(isecondary, itertiary). The base cell closest to the source has coordi-
nate (0, 0) and the base cell furthest from the source has coordi-
nate (±Mb,±Mc). In this ±Mb and ±Mc have the same signs as
B = ±b and C = ±c, respectively. In our method, we send a
couple of rays into a pyramidal component under a rule specified
in Section 3.4. The rays start from the source cell and pass through
the plane that lies parallel to the base. The directions of the rays
can be indicated by the base plane coordinates (isecondary, itertiary)
but isecondary and itertiary are not necessariliy integers. In addition,
the directions of rays are not constrained by the base plane of
(Mb + 1) × (Mc + 1) cells, but by a slightly larger plane of
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bc

Figure 2. The simulation box is decomposed into 8 octants. The yellow spot
indicates the position of the source. Note that for simplicity this graphical
illustration only shows the case of the source being located in the centre of
the box. The domain decomposition for the case when the source does not
lie in the centre of the box follows the same principle.

(M±a + 1) × (M±a + 1) cells. One can imagine that this larger
plane and the position of the source form a complete pyramid which
includes the pyramidal component [A,B,C]. Both the complete
pyramid and the pyramidal component [A,B,C] span the same
solid angle from their vertices.

We check for each ray if it passes through the ICs stored in the
IC array in an ascending order. That is, we start from the first ele-
ment of the IC array, and then the second, and so on. This checking
continues until we identify a NIC. The NIC identification is as fol-
lows, see Figures 5 and 6. Consider the IC (ix, iy, iz) and the two
planes parallel to two of its surfaces a = ia+sgn(A)/2 (a+ plane)
and a = ia − sgn(A)/2 (a− plane). We remind that the variables
a ∈ {x, y, z} and A = ±a follow from the primary axis and its
sign of the pyramidal component.

On solving the ray equation of ray (isecondary, itertiary), we know
the coordinates (jx, jy, jz) where the ray intersects to a− plane and
a+ plane, especially jb’s and jc’s. The variables b, c ∈ {x, y, z}
follow from the secondary and tertiary axis of the pyramidal com-
ponent respectively. If the ray passes through this IC, one of the
following conditions is satisfied.

(i) The ray traverses into the IC at the a− plane if and only if
|ib − jb(a-)| 6 1/2 and |ic − jc(a-)| 6 1/2.

(ii) The ray traverses into the IC at the a+ plane if and only if
|ib − jb(a+)| 6 1/2 and |ic − jc(a+)| 6 1/2.

(iii) The ray traverses the IC through both the a− and a+ plane.

Figure 5 and 6 illustrate the idea of how a ray traverses into an
IC at the a− plane and a+ plane. The geometrical meaning of the
mathematical quantities mentioned above is clearly shown in the
figures.

bc

Figure 3. Each octant is further decomposed into 3 pyramidal components.
Here we use red, green and blue for the different pyramidal components to
easily distinguish them. Note that the source is located at the vertex of each
of the 24 pyramidal components.

3.4 Ray updating algorithm

After we have performed the NIC identification for the ray
(isecondary, itertiary), we proceed to the next ray (i′secondary, itertiary). The
value i′secondary depends on whether the ray (isecondary, itertiary) tra-
versed a NIC or not. If it did not, i′secondary = isecondary + sgn(B).

If it did, it must have passed through one of the surfaces of the
NIC, namely, the front surface, side surface, bottom surface 1 or the
bottom surface 2, as shown in Figure 7. The bottom surface is di-
vided into two parts for the sake of different ray-updating methods.
From the ray equation of the ray (isecondary, itertiary) we can check
which surface the ray passed through.

(i) If the ray passed through the front surface, then the intersec-
tion (jx, jy, jz) of the ray to the plane a = ia − sgn(A)/2
satisfied |ib − jb| 6 1/2 and |ic − jc| 6 1/2.

(ii) If the ray passed through the side surface, then the intersec-
tion (jx, jy, jz) of the ray to the plane c = ic − sgn(C)/2
satisfied |ia − ja| 6 1/2 and |ib − jb| 6 1/2.

(iii) If the ray passed through the bottom surface, then the inter-
section (jx, jy, jz) of the ray to the plane b = ib−sgn(B)/2
satisfied |ia − ja| 6 1/2 and |ic − jc| 6 1/2.

(a) For the same ray, if its intersection (kx, ky, kz) to the
plane a = ia − sgn(A)/2 satisfied |ia − ka| 6 1/2, it
passed through bottom surface 1.

(b) Otherwise, it passed through bottom surface 2.
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Figure 4. Detailed decomposition into pyramidal components.

We then choose the next ray such that it will touch on the verge
(green line in Figure 7) of the traversed IC (ix, iy, iz). This is
achieved by setting the value of i′secondary according to

(i) If the previous ray passed through the front surface or the
bottom surface 1, the new ray will be such that it touches
the line a

ia−sgn(A)/2
= b

ib+sgn(B)/2
. This implies i′secondary =

±M±a ib+sgn(B)/2
ia−sgn(A)/2

. Both ± follow the sign of A = ±a.
(ii) If the previous ray passed through the side surface or the

bottom surface 2, the new ray will be such that it touches
the line b

ib+sgn(B)/2
= c

ic−sgn(C)/2
. This implies i′secondary =

itertiary
ib+sgn(B)/2
ic−sgn(C)/2

.

If new ray (i′secondary, itertiary) falls outside the angular range of
the pyramidal component, i.e. if |i′secondary| >M±a +1, we skip NIC
identification for this ray and proceed to the next ray (0, itertiary +
sgn(C)). The ray updating terminates once the coordinate of the
ray reaches (i′′secondary, i

′′
tertiary) where |i′′tertiary| > M±a + 1. This ray

bc

×

|ic − jc(a-)|

|ib − jb(a-)|

Figure 5. A ray traverses an IC at the a− plane (the red area). The entry
point is indicated by a dot. The center of the IC’s a− face is indicated by
a black cross. The distances between the entry point and the cell centre,
projected along the b and c directions, are indicated by the black arrows and
the quantities next to the black arrows.

updating algorithm makes sure that we use the minimum number
of rays required to trace all the NICs.

3.5 IC removal in the array

The ray-tracing proceeds slice by slice in a pyramidal component,
i.e. the unity increment of |itertiary| implies proceeding to the neigh-
bouring slice. After a slice has been scanned, there can remain some
ICs in the list which are not NICs. Since these ICs will never be-
come NICs, it is best to remove them from the list of ICs so that
they not need be considered in the future. Figure 8 shows an exam-
ple of NIC identification and the removal of the other ICs. In the top
left panel of Figure 8, a pyramidal component contains a number
of ICs (pink cells). The source is located at the vertex position. The
ICs are stored in the IC list in the order explained in Section 3.2.
The top right panel of Figure 8 shows how the first few rays are
sent through the first slice of cells. The NIC identification proce-
dure (Section 3.3) identifies the NICs, indicated by the green cells.
The bottom left panel of Figure 8 shows how the ICs which are not
NICs are removed from the list of ICs to avoid their use in the NIC
identification procedure. The bottom right panel of Figure 8 shows
the end stage of the ray-tracing method: the IC list only stores NICs
which are then used to estimate the adaptive time-step for the next
evolution cycle.

3.6 Multiple-source treatment

The previous sections (3.2 to 3.5) explained in detail the adap-
tive time-step algorithm for the single-source case. In the multiple-
source case, we repeat the same procedure for each source s and
collect the source-dependent adaptive time-steps ∆ts. The adap-
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Figure 8. Top left panel: A graphical example of a pyramidal component which contains a number of ICs (pink cells). The source is located at the vertex
position. Top right panel: A series of rays (red arrows) are sent through the first slice following the rule specified in Section 3.4. The NICs are shown in green
and the other ICs in the first slice remain pink. Bottom left panel: The other ICs (pink cells) of the first slice are removed as described in Section 3.5. Bottom
right panel: At the end of the procedure, all the slices in the pyramidal components have been scanned by rays. All NICs (green cells) have been identified and
all other ICs (pink cells) have been removed.
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bc

×

|ic − jc(a+)|

|ib − jb(a+)|

Figure 6. Same as Figure 5 but for the a+ plane.

tive time-step for the current evolution step is the minimum among
the source-dependent adaptive time-steps, that is, ∆t = min{∆ts}

4 ASYNCHRONIZED EVOLUTION

4.1 Introduction

In most types of simulations all the cells use the same time-step,
be it a constant time-step or an adaptive time-step. In Section 3 we
explained that the photo-heating ratesH’s of all cells can be calcu-
lated accurately using an adaptive time-step. One of the main prob-
lems with this is that the adaptive time-step is almost always much
smaller than the recombination timescale, thus making the simula-
tion more expensive. However, the photo-heating events occur only
in particular cells in the simulation volume, so not all the cells nec-
essarily need to use the relatively small time-step for an accurate
photo-heating calculation. Take for example an ionized cell which
is close to thermal and ionization equilibrium. In this cell the evo-
lution of the ionization and temperature will be slow and the optical
depths across this cell τHI(ν), τHeI(ν) and τHeII(ν) will essentially
be constant. In other words, using a relatively short time-step on
these ionized cells is a waste of computational resources.

Asynchronous evolution refers to the application of different
time-steps to different cells. Cells which are close to equilibrium
use relatively long time-steps while the rest use relatively short
time-steps. This approach will dedicate most of the computational
resources to the cells that require it thus saving a substantial amount
of computational time.

4.2 Asynchronous evolution algorithm

Let us assume we are interested to know the state of our computa-
tional domain at time ∆t. We categorize the cells into three sets

• E is the set of cells whose clocks are t = ∆t.

Figure 7. A ray enters into a cell through one of the four surfaces. Top-left:
the ray passes through front surface. Top-right: the ray passes through side
surface. Bottom-left: the ray passes through bottom surface 1. Bottom-right:
the ray passes through bottom surface 2. The green line in each subplot
indicates the verge of the cell in which the next ray will traverse.

• L is the set of cells whose clocks are t < ∆t and which are in
thermal equilibrium.
• S is the set of cells whose clocks are t < ∆t and which are not in

thermal equilibrium.

The criteria for thermal equilibrium we use are discussed in Sec-
tion 4.3.

At the start of the simulation, all the cells’ clocks are t = 0.
We identify which cells belong to sets L or S. The L cells are
assigned a time-step ∆t while the S cells are assigned a time-step
∆t1 where ∆t1 is the adaptive time-step of the first evolution stage.
After the first evolution stage, all the L cells become E cells be-
cause their clocks are at t = ∆t. The rest of the cells have clocks
t = ∆t1. This intermediate evolution result is non-physical since
the clocks of the different cells are not synchronized.

Next, we identify the new sets of L cells and S cells. The
new L cells are assigned a time-step ∆t − ∆t1 while S cells are
assigned a time-step ∆t2 where ∆t2 is the adaptive time-step of the
second evolution stage. This procedure is repeated until all the cells
belong to E . At this stage the result is physical because the clocks
of all cells are synchronized. We next explain the implementation
of the evolution step.

In the ith evolution stage, the S cells are assigned time-step
∆ti and the L cells are assigned time-step ∆t −

∑i−1
i′=1 ∆ti′ .

However, in the case of multiple sources not all the L cells can
be seen by all the sources. Therefore it makes sense to omit the
photo-rates calculation for those L cells which are not affected by a
source. Imagine for example a simulation box containing a number
of sources, each of them surrounded by an ionized bubble. If none
of these ionized bubbles overlap with each other, then each source
only affects the L cells in its own ionized bubble. By only calculat-
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ing the photo-rates for cells which are affected by one source, we
save computational time.

However, the identification of L cells not seen by the sources
is not entirely trivial. The best way is to perform another rigor-
ous ray-tracing but that can be time-consuming. Instead, we use a
friends-of-friends (FOF) method to sub-divide the set L into subset
Lj’s so that all the cells in the subset Lj are connected. We use the
ionized fractions as discriminator.

For each source, we calculate the photo-rates using time-step
∆t−

∑i−1
i′=1 ∆ti′ only for the cells in the subset Lj which contain

the source cell. Next we sum up the photo-rates contributed by all
the sources to the L cells and use these photo-rates to evolve the L
cells by time-step ∆t−

∑i−1
i′=1 ∆ti′ . Instead of using the standard

iterative method to get converged results for multiple sources (see
Friedrich et al. 2012), we do just one iteration on these L cells and
ignore the convergence issue. This is acceptable since for cells in
both ionization and thermal equilibrium, further evolution does not
produce fluctuating evolution results during several iterations.

Next, we proceed with the evolution of S cells. Unlike the L
cells, we do not further divide the set S because hard photons can
penetrate through the S cells and heat up distant S cells. We do not
have an effective method to identify the S cells which do not re-
ceive high energy photons from the sources, therefore we consider
the photo-rates contribution from all the sources on the S cells. We
calculate for each source the photo-rates using time-step ∆ti for all
the S cells and sum up all the photo-rates from all the sources. We
evolve the S cells by time-step ∆ti using the iterative method for
multiple sources.

Figure 9 illustrates an example of applying asynchronous evo-
lution on a simulation volume. All the neutral cells are shown as
white and they are all S cells. Ionized cells are painted pink or pur-
ple, depending on if they are S cells or L cells, respectively. As
the ionized bubbles grow bigger in time, more and more ionized
cells become L cells, which consume much less computational re-
sources. When the simulation box is close to fully ionized, the com-
putational costs to evolve it further are substantially reduced.

4.3 Criteria for thermal equilibrium

For applying the asynchronous time-step approach we need to de-
fine a good criterion of thermal equilibrium so that we can assign
cells to set L. The best criterion would be to consider the rates as a
balance of rates defines equilibrium. However, since it is the rates
which we are trying to determine, we do not have access to them.
In a typical situation of growing HII regions, the inner, highly ion-
ized parts, are close to equilibrium. This suggests that we can use
a criterion based on the neutral fraction. Experiments show that
this is indeed the case although the precise criterion is found to de-
pend on the nature of the sources. Hard photons, for example, are
able to change the thermal state of a cell which only contains trace
amounts of photon absorbers. To define appropiate criteria, we ex-
perimented with a range of different sources. For example, we find
that if the sources have black body spectra with a temperature of
T = 50, 000K (an approximation of star-forming galaxies), letting
cells have xHI 6 1 × 10−4 belong to set L and otherwise belong
to set S, gives satisfactory results. If the sources have power-law
spectra with a spectral index of 1.5 (an approximation of quasars
where the emission is dominated by an accreting black-hole), let-
ting cells which have xHI 6 1×10−4 and xHeII 6 1×10−4 belong
to set L and otherwise belong to set S, gives reasonable results.

We would like to point out that these criteria based on the

ionization fractions are approximate and that we will explore other
options, such as using rates from previous time-steps, in the future.

5 PARALLELIZATION STRATEGY

The performance of C2-RAY benefits from a high degree of par-
allelization. Its computational efficiency scales linearly with the
number of cores used as long as the number of sources is larger
than the number of cores. This is particularly important for large
scale reionization simulations as they require substantial amounts
of computing time and a large amount of memory.

C2-RAY uses a hybrid parallelization scheme that makes use
of both distributed memory parallelization (employing the Message
Passing Interface (MPI) library) and shared memory parallelization
(based on the application programming interface OpenMP). There
are several procedures in which the contribution by one source is
calculated independently of the existence of other sources These
procedures are the optical depth calculation by short characteristic
ray-tracing, the photo-rates calculation, the NIC identification and
the adaptive time-step calculation. Therefore it is advantageous to
parallelize these procedures over the sources where one core deals
with one source at a time.

After having looped through all the sources, the cores commu-
nicate with each other to exchange information. Examples of this
are the summation of the photo-rates from all the sources and ob-
taining the adaptive time-step ∆t by extracting the minimum one
among the ∆ts’s where s is the index of the sources.

Since most of the procedures in C2-RAY can be parallelized
over the sources, it possesses a high scaling efficiency when there
are many sources. Furthermore, because sources emit radially, the
radiative properties of the cells depend only on their neighbouring
cells which are closer to the source in the radial directions. Exam-
ples of this are the optical depth calculation and the NIC identifi-
cation. For this reason, we can further parallelize the procedures
by domain decomposition and assign the decomposed domains to
different OpenMP threads.

Of all the aforementioned parallelized procedures, the domain
decomposition of short-chacteristics ray-tracing is eight-fold (the
eight octants), the photo-rates calculation can be n3-fold where n3

is the number of cells in the simulation box, the NIC identification
is twenty four-fold (the twenty four pyramid components) and the
adaptive time-step calculation is m-fold where m is the number
of NICs. The asynchronous evolution of L and S cells are inde-
pendent of other cells, which makes the evolution procedure paral-
lelizable. If N cells evolve with the same time-step, we distribute
these cells into N ≈ p × q equal parts where p is the number of
processors and q is the number of threads of each processor. The
evolution procedure of each part is assigned to each thread and the
results are exchanged afterwards.

We end this section by concluding that C2-RAY is a highly
parallelized radiative transfer code. It can run on many kinds of
parallelized machines with different distributed memory (any num-
ber of distributed memory cores) and shared memory (2, 4, 8, 16,
24 threads per core) configurations. For example, a configuration
which contains any number of distributed memory processors less
than the number of sources and 2i or 24 × 2j threads per proces-
sor will fully utilize the computational resources. The high scaling
efficiency is one of the important advantages of C2-RAY.
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Figure 9. An example of asynchronous evolution. White: neutral S cells. Pink: ionized S cells. Purple: ionized L cells. Three slices through the source are
shown separately. From top to bottom, from left to right shows the asynchronous evolution during five time-steps.
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Figure 10. Overall algorithm of C2-RAY

6 C2-RAY ALGORITHM

We summarize the updated C2-RAY algorithm in Figures 10 – 13.
These show how C2-RAY deals with a given time ∆t which is
too large for a correct heating rate calculation. Figure 10 shows
the overall algorithm and Figures 11 to 13 show in more detail the
stages of the adaptive time-step calculation, evolution of the L cells
and evolution of the S cells.

In the entire algorithm, the clocks of the cells are important.
At the start the clocks in all cells are synchronized. The adaptive
time-step algorithm calculates the optimal time-step ∆tn for the
next evolution step. This evolution is performed asynchronously.
First the set of L cells is evolved with a longer time-step ∆t −∑n−1
i=1 ∆ti. After this step all the evolved L cells have their clocks

equal to ∆t so that they remain unchanged for the rest of the evo-
lution steps. The asynchronous evolution is next performed on the
S cells that evolve with a shorter time-step ∆tn. Accurate heating
rates are obtained using this time-step and and the clocks of S cells
increased by ∆tn. This process is repeated until the clocks of all
the cells are synchronous again at ∆t.

7 TESTS

We perform three tests to evaluate and validate our efficient photo-
heating algorithm. In test 1, we consider a single source in a con-
stant density environment. In test 2, we simulate multiple sources
in a cosmological density field, using the standard set up introduced
by Iliev et al. (2006b). For both of these tests we use both a con-
stant time-step and our adaptive and asynchronous time-stepping
approach. In the third test, we compare C2-RAY results to those of
another time-dependent photo-ionization code developed for super-
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Calculate the photoionization rates of

NICs by source i.
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minimum one.
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Figure 11. Adaptive time-step algorithm.
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Figure 12. Asynchronous evolution algorithm of of L cells.

nova applications. The codes use different ionization and thermal
solvers and this comparison thus validates the results of C2-RAY.

7.1 Test 1 - constant density single source

We perform a simple test to show the difference between the con-
stant time-step and the adaptive time-step approach. The set-up is
as follows. We assume a homogeneous cosmological density field
at z = 9 (Ωbaryon = 0.043, H0 = 70 km s−1) of temperature
T = 100 K and neutral fraction xHI = 1. We put a single source
the middle of a three-dimensional volume of size 30 h−1 Mpc
(h = H0/100 km s−1 Mpc−1). The mesh size is (30, 30, 30).
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iteration counter i = imax?
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Yes
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No
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Figure 13. Asynchronous evolution algorithm of of S cells.

One model (1A) uses a black body source (50000 K) represent-
ing a Pop II galaxy and one model (1B) uses a power-law source
Lν ∝ ν−1.5 representing quasar emission. Both models assume an
ionizing photon emission rate of 5× 1055 s−1. The constant time-
step approach uses a time-step of 10 Myr and the adaptive time-step
approach uses f = 4, meaning that the ionized fraction can change
by ∼25% in a time-step. The choice of f = 4 is discussed below.
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Figure 14. Test 1A: Thermal evolution of constant density with a black
body source of 50000 K. Blue lines are results for 10 Myr. Red lines are
results for 40 Myr. Green lines are results for 80 Myr. Solid lines corre-
spond to the use of adaptive time-step. Dotted lines correspond to the use
of constant time-step. Note the wavy temperature profiles for the constant
time-step model.

Figures 14 and 15 illustrate the evolution of the temperature
along a line going through the source location. The different lines
show the temperature profiles at 10 Myr (blue line), 40 Myr (red
line) and 80 Myr (green line). The constant time-step approach
(dashed lines) shows temperature spikes at several positions. These
positions correspond to the positions of the ionization fronts af-
ter each time-step (10 Myr). These temperature spikes are the re-
sult of a wrong estimate of the photo-heating rates, as explained
in Section 2.3. The adaptive time-step approach (solid lines) shows
smooth temperature profiles. These temperature profiles peak at the
source and decrease outward.

To validate the results from the adaptive time-step approach
we also run a constant time-step simulation with a time-step of 5×
10−4 Myr (not shown in the figures). This simulation serves as
a reference model for validation purposes. For the adaptive time-
step simulation, we explored f parameters in the range 1 to 20.
We use the absolute value of the relative difference p between the
temperature fields of the ∆t = 5 × 10−4 Myr and the adaptive
time-step simulations as a measure of the accuracy of the latter.
This quantity p is calculated from

p =

∑
x,y,z |Ta(x, y, z)− Tc(x, y, z)|∑

x,y,z Tc(x, y, z)
, (22)

where Ta and Tc are the temperature fields of adaptive and constant
time-step approaches respectively. The results of model (1A) and
(1B) for output time 80 Myr and 1 6 f 6 20 are displayed in
Figure 16. For f = 1, the p value is the highest for both models
(7.12% for model (1A) and 8.24% for model (1B)). The p value
declines when f increases. p becomes less than ∼2% when f > 4
and after that only slowly declines for larger f . We choose f = 4
which corresponds to p ∼ 2% to be the modest choice and the
results for f = 4 are shown in Figure 14 and 15.
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Figure 15. Same as Figure 14, but for test 1B: a power-law source with
index 1.5.
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Figure 16. Absolute value of the relative difference p between the results
of Test 1 at time 80 Myr for the constant time-step approach (with time-step
5 × 10−4 Myr) and the adaptive time-step approach (1 6 f 6 20). The
absolute value of the relative difference is calculated relative to the constant
time-step simulation result. The p values of model (1A) (blue solid line)
and model (1B) (red dashed line) are shown.

7.2 Test 2 - cosmological simulation

This is the standard cosmological density field case from the Cos-
mological Radiative Transfer Code Comparison Project (Iliev et al.
2006b). The simulation box contains a cosmological density field
of size 0.5h−1 comoving Mpc. The resolution is 1283 cells. The
initial temperature of the gas is T = 100 K. Sixteen ionizing
sources are placed at the location of the 16 most massive haloes
in the simulation box. Each source produces fγ = 250 ionizing
photons per atom over their life time ts = 3 Myr. The luminosity
of the source is written in the following way

Ṅγ = fγ
MΩb

Ω0mpts
(23)

with M the halo mass and mp the mass of a proton. The cosmo-
logical parameters used are ΩΛ = 0.73, Ωm = 0.27, Ωb = 0.043,
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Figure 17. Test 2: Temperature structure cross section at t = 0.05 Myr. Left panel: constant time-step (∆t = 5.0×10−2 Myr. Right panel: adaptive time-step
(f = 2).
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Figure 18. Test 2: Temperature structure cross section at t = 0.20 Myr. Left panel: constant time-step (∆t = 5.0×10−2 Myr. Right panel: adaptive time-step
(f = 2).

h = 0.7. The evolution time is 0.40 Myr. For our adaptive time-
step approach we use xHI 6 1× 10−4 and xHeII 6 3× 10−4 as the
criteria for equilibrium.

First, we compare the thermal results between a constant time-
step approach and the adaptive time-step approach. For the constant
time-step case we use a time-step of 5.0×10−2 Myr. For the adap-
tive time-step approach we use f = 2. Figures 17 and 18 show our

thermal evolution results at 5.0× 10−2 Myr and 2.0× 10−1 Myr,
respectively. The typical butterfly shape of the temperature distri-
bution is shown in Figure 17. The left plot displays the result of
a single time-step evolution (constant time-step approach). We see
that the temperature has its local maximum at the ionization front
similar to what we saw in the results for Test 1 above. The right plot
shows the result of adaptive time-step approach. There is no pro-
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nounced thermal maximum at the ionization front and no abrupt
change in the thermal structure in the ionized regions. Figure 18
shows the late time evolution. The left plot shows the result after 4
constant time-steps. The multiple sharp thermal layers correspond
to the four ionization front positions at those four time-steps. The
right plot shows the result of adaptive time-step approach. We see
some thermal structures in the large ionized bubble. However, these
structures do not trace the ionization front shape. Instead, they fol-
low the gas distribution in the sense that high density regions attain
higher temperatures than low density regions.

We have used this test problem to evaluate the performance of
the adaptive time-step approach as compared to the constant time-
step approach. We established that converged results require a value
of ∆t = 2.5×10−4 Myr in case of the constant time-step approach
and a value of f = 2 in case of the adaptive time-step approach.
The dots in Figure 19 show the computational time consumed by
adopting different constant time-steps. The converged simulation
which uses a constant time-step of 2.5 × 10−4 Myr consumed
431056 seconds (CPU time) and is indicated by a larger dot and
a dashed line. The value for the simulation with an adaptive time-
step (f = 2), 97636 seconds, is indicated by the lower horizontal
dashed line. Therefore we conclude that for this problem the adap-
tive time-step approach is a factor 4.4 more efficient than the con-
stant time-step approach. From the figure it can also be seen that the
computational time consumed by the adaptive time-step approach
is equivalent to the case of a constant time-step 2.1× 10−3 Myr.

It is interesting to compare the temperature results of the con-
stant time-step simulation which consumes a similar amount of
computational time as the adaptive time-step simulation (∆t =
2.5×10−3 Myr) with the fully converged (∆t = 2.5×10−4 Myr)
and the long time-step ∆t = 5.0 × 10−2 Myr) cases. This can be
seen in Figure 20 which shows the temperature profiles along three
different directions traversing a particular source. The long con-
stant time-step case (blue line) produces a large scale uneven ther-
mal distribution unrelated to the gas density. The converged case
(red line) and the adaptive time-step simulation (black line) pro-
duce essentially the same thermal profiles. The constant time-step
case with an equivalent computational time to the adaptive time-
step simulation (green line) produces better results than the long
time-step case but still does not produce a correct thermal profile
in a region approximately one-fifth of the box size centered around
the source. This shows the advantage of the adaptive time-step ap-
proach over the constant time-step approach.

7.3 Test 3 - C2-RAY v.s. SNC

Lastly, we compare the C2-RAY results with those obtained with
a different photo-ionization code, namely SNC. The base of this
code is briefly described in Lundqvist & Fransson (1988), while up-
dates were given in Lundqvist & Fransson (1991, 1996) and Mattila
et al. (2010). SNC is a time-dependent photo-ionization code that
includes elements from hydrogen to iron, with several of the ions
being treated with multi-level atoms. It has been mainly used to cal-
culate the time dependent ionization and temperature of gas around
supernovae and in supernova remnants, but was also recently used
in a cosmological application to study time dependent effects of
ionization by Population III stars (Rydberg et al. 2013). The code
deals with spherically symmetric nebulae, but, e.g., a ring-like ge-
ometry can be simulated by implementing increased escape proba-
bilities in the direction orthogonal to the ring plane, as in the situ-
ation for the rings around SN 1987A (e.g. Lundqvist 2007; Mattila
et al. 2010).
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Figure 19. Test 2: A plot of computational time against different choice
of constant time-steps. The 8 blue dots correspond to the time-step (from
left to right){2.5 × 10−4, 5.0 × 10−4, 1.0 × 10−3, 2.5 × 10−3, 5.0 ×
10−3, 1.0 × 10−2, 2.5 × 10−2, 5.0 × 10−2} Myr. The red-dashed and
blue-dashed line (crossing the big blue dot) shows respectively the compu-
tational time required to run the adaptive time-step model and the constant
time-step model and both of them give convergent thermal evolution result.

Time-steps in SNC are calculated for each radial shell,
based on the accepted fastest changes in degrees of ioniza-
tion/recombination and temperature. Normally, an accepted change
is a few per cent per time-step for the ionization and about a factor
of ten smaller change in temperature. A time-step also cannot be
longer than the light-crossing time of a shell. Just as the new ver-
sion of C2-RAY the conditions in each shell are not calculated every
time-step. However, even if the selected time-step for a particular
shell could formally be substantially longer than at the ionization
front, all shells are updated every k time-step of the most rapidly
evolving shell. Typically, k ∼ 7 − 10. Apart from calculating all
ions time-dependently, SNC also treats all included levels of HI,
HeI and HeII time-dependently. However, this is unimportant for
cosmological applications. Of greater importance is the treatment
of the diffuse emission. The code uses an on-the-spot approxima-
tion, where the true recombination spectrum of HI, HeI and HeII
is calculated, and photons due to recombinations are allowed to es-
cape the nebula if possible. The ones that do not are assumed to be
absorbed locally by atoms and ions according to their local opac-
ities. The SNC code treats photon escape in spectral lines using
escape probabilities. For spectral lines capable of ionizing HI or
HI, the probability of the photon being trapped by the continuum
is also calculated. The fractions absorbed by the continuum are in-
cluded in the ionization balance, and the ones scattered by lines are
fed into the calculations of the level populations of the multi-level
atoms of H and He. In the models discussed below, no velocity
field is assumed, so the only broadening mechanisms are thermal
broadening and natural line broadening. To calculate the collisional
excitation rates of H and He, SNC has since Lundqvist & Frans-
son (1996) been updated with the effective collision strengths of
Anderson et al. (2000) and Kisielius et al. (1995) for HI and HeII,
respectively. SNC also includes heating, excitation and further ion-
ization due to fast photo-electrons, just as C2-RAY does. SNC does
this by using interpolation between the calculated Spencer-Fano re-
sults of Kozma & Fransson (1998), where the inputs are the local
number densities of electrons, HI and HeI.
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Figure 20. Test 2: Temperature structures along three perpendicular direc-
tions through one of the sixteen source at t = 0.40 Myr. Blue line is the
result of using a constant time-step 5.0 × 10−2 Myr. Green line is the re-
sult of using a constant time-step 2.5× 10−3 Myr. Red line is the result of
using a constant time-step 2.5×10−4 Myr. Black line is the result of using
a adaptive time-step with f = 2.

To compare calculations between C2-RAY and SNC, we have
run models for a spherical nebula with a particle density of 7 ×
10−5 cm−3 and consisting of He and H with a number density ratio
of 0.08. The initial temperature was set to 100 K. For the ionizing
spectrum we used a power-law source with energy index 1.5. The
total rate of ionizing photons was 1056 s−1. We evolve the nebula
for 107 years.

Figures 21, 22 and 23 show our results of thermal and ion-
ization evolution at 0.1, 0.3, 1.0, 3.0, 10.0 Myr. As shown in Fig-
ure 21, the general shapes of the thermal profiles are similar. The
temperature climbs to its maximum in the middle of HeIII region.
The drop of temperature towards the source from the peak position
is due mainly to a cooling process – collisional excitation cooling
of HI atoms with free electrons. The gas closer to the source has
sufficient time to reach thermal equilibrium and both models agree
well in this regime. The temperature decreases outward from the
peak position because of the presence of substantial amounts of
helium gas that have not been fully ionized and heated yet. Both
models show this feature in the plot. The temperature decreases
rapidly at the HII region boundary and exhibits a smoothly de-
creasing tail when the temperature decreases to around 50% from
the peak value. This gas outside the HII region is not ionized but
heated by the high energy photons which have a high mean free
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Figure 21. Comparison between C2-RAY and the SNC code on the thermal
evolution. Five time instances are shown in the plots. They correspond to
quasar ages of 0.1, 0.3, 1.0, 3.0, 10.0 Myr.
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Figure 22. Comparison between C2-RAY and the SNC code on the xHI
evolution. Five time instances are shown in the plots. They correspond to
quasar ages of 0.1, 0.3, 1.0, 3.0, 10.0 Myr.

path in the neutral gas. Both models capture the transfer of high en-
ergy photons in the neutral gas and the thermal response when these
photons are gradually absorbed by the gas. Apart from the thermal
evolution of the innermost gas, Figure 22 and 23 show the ioniza-
tion evolution of xHI and xHeIII respectively. The xHI evolution of
both models agree. Although SNC gives a slightly smaller HII re-
gion than C2-RAY, their profiles at xHI > 0.99 coincide with each
other. The xHeIII evolution of both models agree very well. Their
profiles are almost indistinguishable. In overall, both models show
a high level of agreement with each other in this test.

8 CONCLUSIONS

Especially for photoionization calculations of the low density IGM,
an accurate determination of the heating rate is important. Since
the heating rate depends sensitively on the energy of the photons
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Figure 23. Comparison between C2-RAY and the SNC code on the xHeIII
evolution. Five time instances are shown in the plots. They correspond to
quasar ages of 0.1, 0.3, 1.0, 3.0, 10.0 Myr.

responsible for the photoionization, an accurate calculation of the
heating rate is more challenging than an accurate calculation of
the photoionization rate. Specifically, the large time-step approach
used by previous versions of C2-RAY provides an accurate deter-
mination of the photoionization rates but does not yield accurate
heating rates. The latter requires time-steps which temporally re-
solve the ionization of each cell.

We present a new version of C2-RAY which calculates the re-
quired time-step on the fly and at the same time implements some
methods to make the intrinsically expensive computation feasible.
Our adaptive time-step algorithm calculates an optimal time-step
by only considering the relevant cells for this calculation. These
cells are identified by a fast and parallelizable ray-tracing method
based on a pyramidal decomposition of the volume. To further re-
duce the computational cost, the code also uses asynchronous evo-
lution which means that different cells are evolved with different
time-steps. Specifically, cells which have already been ionized are
evolved with much longer time-steps than the cells which still need
to be ionized. The clocks of the different cells are synchronized at
every output.

These techniques ensure that most of the computational re-
sources are allocated to cells that undergo substantial thermal evo-
lution. The updated version of the code retains the efficient par-
allelization of the previous versions, using a combination of dis-
tributed and shared memory parallelization.

We have tested the new version of C2-RAY against the older
version and showed that it achieves the same accuracy at a much
lower computational cost. We also compared the results to another
time-dependent photo-ionization code (SNC) and showed that the
two codes show good agreement both on the ionized fractions and
the temperature.

Although the new version constitutes a major improvement
over the previous versions, it is important to point out that this
improvement only affects calculations of the temperature evolu-
tion. To date, all C2-RAY simulations of reionization did not con-
sider the thermal evolution and therefore those results remain valid.
Since the recombination rates only weakly depend on the tempera-
ture, the thermal state of the gas does not influence the reionization
process much. Also, under the assumption of a spin temperature

well above the CMB temperature, the redshifted 21cm signal does
not actually depend on the gas temperature (Furlanetto et al. 2006).
Thermal calculations are therefore not necessary for the later stages
of reionization. The new version of C2-RAY is useful to explore
the earlier phases of reionization when hard photons from x-ray
sources had not yet fully raised the temperature of the IGM above
the CMB temperature as well as other problems in which the tem-
perature of the IGM is important, for example the Ly-α absorption
lines.

Although we have compared the results of the new version
of C2-RAY to the time-dependent photo-ionization code SNC and
found good agreement, it would be useful to compare a wider range
of codes developed for photo-ionization calculations of the IGM in
the context of a code comparison. As the hydrogen-only results of
the Cosmological Radiative Transfer Comparison Project showed
(Iliev et al. 2006b), there can be considerable spread in the tem-
perature results. A more detailed evaluation, including not only the
temperature, but for example also the photo-heating rates, would be
useful, both for the existing codes as well as for the development
of new codes.
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ABSTRACT
We use a simple model to show that the Lyman alpha transmission of high redshift quasars
shows a characteristic knee shape at the HeIII zone boundary. The knee shape is produced
because of the sudden temperature drops across the HeIII zone boundary. We explain the
physics of the temperature drop and its relation to the characteristic knee shape. In addition,
we discuss the possibility that the characteristic knee at the HeIII zone boundary and the
Gaussian-like transmission close to the quasar can be used to constrain quasar luminosity and
age. The validity of simple model is confirmed by comparing against a full numerical radiative
transfer model and both methods show good agreement on the computed quasar transmission
function. Furthermore, both models are used to fit four real quasar spectra which are served
as examples. The result shows that characteristic knee occurs when the IGM is sufficiently
ionized (xHI,IGM . 1× 10−3) and vice versa. In the end, the assumption used in simple model
is justified quantitatively on its effect of the inferred radiative parameters.

Key words: cosmology: theory – methods: analytical, numerical – intergalactic medium

1 INTRODUCTION

Ultraviolet photons emitted near to the Lyman alpha (Lyα) fre-
quency by high redshift quasars and galaxies (z > 6) have a large
chance of being scattered while travelling through the Intergalactic
Medium (IGM). Due to the resonant nature of the Lyα transition
line, even small amounts of neutral hydrogen atoms are capable of
causing substantial scattering. As an effect, much of the radiation
around and blueward of the Lyα wavelength of 1216Å is scattered
out of the line sight and little or no of this radiation from these high
redshift objects reaches us. This well known Gunn–Peterson effect
is clearly visible in the spectra of quasars with redshifts z > 6
(Becker et al. 2001; White et al. 2003; Fan et al. 2006) and is an
important constraint on the end of reionization.

The powerful nature of quasar sources can however substan-
tially reduce the neutral fraction in its surroundings, making it more
transparent to Lyα photons. This zone, the quasar near zone (QNZ)
or HII zone, has a typical size of ≈ 10 proper Mpc. Close inspec-
tion of the quasar spectra shows this increased transparency near to
the rest wavelength of Lyα and the Gunn–Peterson effect at shorter
wavelengths. At lower redshifts a similar effect exists, reducing the
number of the Lyα forest systems close to the quasar. In this con-
text one usually speaks of the ‘quasar proximity zone’.1

A large number of studies derived the Lyα transmission as a

1 The literature is not entirely consistent in the nomenclature. Sometimes
the increased transmission of Lyα photons at high redshift is also called the
proximity effect.

function of wavelength from quasar spectra (we call it quasar trans-
mission function, or QTF) and used these to constrain several phys-
ical quantities of the IGM and the quasar, such as mean neutral hy-
drogen fraction of IGM (Fan et al. 2006; Bolton & Haehnelt 2007a;
Maselli et al. 2007; Mesinger & Haiman 2007; Willott et al. 2007;
Goto et al. 2011; Bolton & Haehnelt 2013); HII zone size (Bolton
& Haehnelt 2007a; Maselli, Ferrara & Gallerani 2009; Carilli et al.
2010); quasar luminosity (Mesinger & Haiman 2007; Willott et al.
2010; Morganson et al. 2012); quasar age (Cantalupo, Porciani &
Lilly 2008); mean photoionizing background radiation (Calverley
et al. 2011); neutral hydrogen distribution (Cantalupo, Porciani &
Lilly 2008); quasar mass (Kurk et al. 2009; Morganson et al. 2012;
Venemans et al. 2013); IGM temperature (Bolton et al. 2010, 2012)
and quasar spectral index (Wyithe & Bolton 2011).

In particular, Mesinger & Haiman (2007), Mesinger &
Haiman (2004), Mesinger & Furlanetto (2008), Schroeder,
Mesinger & Haiman (2013) interpret the shape of the quasar trans-
mission function as a result of the Gunn-Peterson damping wings
of the neutral IGM. They use three quasar samples, J1148+5251
(z = 6.42), J1030+0524 (z = 6.31) and J1623+3112 (z = 6.25)
and fit the QTF by choosing appropriate values of HII zone size,
quasar luminosity and an average IGM neutral hydrogen fraction
xHI,IGM in a semi-numerical model. From this they derive a lower
bound on the mean neutral fraction of the IGM, xHI,IGM & 0.1
which suggests that substantial amount of hydrogen atoms are still
neutral around z ≈ 6.

The spectrum of quasar above the Lyman limit roughly fol-
lows a power law which means that these objects not only can pho-
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toionize HI but also HeII. The massive stars which are thought
to be mainly responsible for the reionization of the Universe are
only capable of ionizing HeI and so the QNZ are expected to con-
tain HeIII bubbles in an environment of HeII. This process can
be viewed as the start of helium reionization, a process driven by
quasars and lasting until z ≈ 3.

Throughout the photoionization process, excess energy from
photons is transformed to kinetic energy of ions and free electrons
thus heating the gas to higher temperatures. In QNZs the the pho-
toionization of HeII to HeIII should thus lead to higher tempera-
tures, at least in the HeIII zone. Observations indeed show higher
temperatures in QNZs (Bolton et al. 2010, 2012) which have been
interpreted as indications of the start of helium reionization.

Recently Padmanabhan, Choudhury & Srianad (2014) pub-
lished models for the temperature–density relation in these HeIII
zones, as well as the the relative sizes of the HeIII and HeII zones.
They showed that these two zones in fact have different sizes. In
this paper we investigate the effect the additional heating in the
HeIII zone has on the transmission of Lyα photons. Since the re-
combination coefficient of hydrogen decreases with temperature
the hotter HeIII zone is expected to have a lower HI concentra-
tion and hence a higher transmission factor. To explore this effect
we use a simple, constant density model for the IGM and develop a
simplified analytical model for the radiative transfer. To test the re-
sults of this simplified radiative transfer model we also use a more
sophisticated numerical radiative transfer method.

The paper is structured as follows. In Section 2, we develop
our simplified model to determine the QTF and describe the results
from this model. In Section 3, we briefly describe the numerical
method. In Section 4 we compare our simple model results to real
quasar samples as well as to the numerical results. We conclude
our result and discuss our future work in Section 5. Throughout the
paper, we use WMAP9 cosmological parameters (Hinshaw et al.
2013): ΩΓ = 0.7185, Ωm = 0.2814, Ωb = 0.0464, h = 0.697,
Y = 0.278.

2 A SIMPLE MODEL OF A QUASAR NEAR ZONE

We begin by describing the evolution of a HII zone around a bright
source of ionizing photons making several simplified approxima-
tions. Next we show how to approximately account for the presence
of helium, and give an analytic expression for the a damping wing
due to a neutral IGM. We use this model to illustrate how the shape
of QTF in the HII zone depends on the parameters of the model.
Section 4 quantifies to what extent this simple model captures the
main features of such HII zone by comparing to the full radiative
transfer calculation.

2.1 The HII zone

Consider a region of uniform and constant hydrogen number den-
sity nH, and temperature T . The gas is assumed to be in photoion-
ization equilibrium with a background of ionizing photons with am-
plitude Γbg, so that the neutral fraction xHI is the solution of

xHI

(1− xHI)2
=
α(T )nH

Γbg
, (1)

where α is the ‘case-A’ temperature dependent recombination co-
efficient.

Figure 1. Shape of the quaar transmission function,F ≡ exp(−τα), due to
residual HI atoms in the HII zone of a z = 6 quasar with ṄQ,H = 1057 s−1

for a constant temperature of T = 104 K in both IGM and HII zone and
a background ionization rate of Γbg = 10−14 s−1. The horizontal axis is
rest-frame wavelength λ, with the top two axes showing the correspond-
ing Hubble velocity and proper distance. The numerical integral of Equa-
tion (10) is plotted in blue, with blue symbols the approximate relation from
Equation (14). The red triangles neglect the background radiation as com-
pared to that of the quasar itself; they correspond to the Gaussian approxi-
mation of Equation (15).

At time t = 0, a quasar with spectrum

L(ν) = L0

(
ν

νHI

)−η
, (2)

switches on, with hνHI = 13.6 eV the hydrogen ionization thresh-
old. The bolometric luminosity LB in ionizing photons, emission
rate of ionizing photons ṄQ,H, and photo-ionizaton rate ΓQ,H at dis-
tance r, are then

LB ≡
∫ ∞
νHI

L(ν) dν =
1

η − 1
L0νHI (3)

ṄQ,H =

∫ ∞
νHI

L(ν)

hν
dν =

1

hη
L0 (4)

4πr2ΓQ,H =

∫ ∞
νHI

L(ν) exp(−τHI)

hν
σHI(ν)dν (5)

≈ 1

η + 3

L0σth

h
=

η

η + 3
ṄQ,Hσth . (6)

The approximation in Equation (6) neglects the optical depth inside
the HII zone, and we have approximated the photoionization cross
section as

σHI(ν) = σth

(
ν

νHI

)−3

; σth ≈ 6.3× 10−18 cm−2 . (7)

Photon counting puts the edge of the HII zone at

RHII ≡
(

ṄQ,H t

(4π/3)xHI nH

)1/3

(8)

= 2.8 Mpc

(
(ṄQ,H/1057s−1) (t/107yr)

(xHI(t = 0)/1) (∆/1) ((1 + z)/8)3

)1/3

,(9)

if the initial density is ∆ times the mean density.
Neutral hydrogen number density nHI in the HII zone deter-

mines the Lyα optical depth τα. To find the correspondence, we
start from the optical depth τα(v) as a function of velocity, for a
slab of neutral gas with column density NHI = nHI dr at tempera-
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ture T ,

τα(v) =

(
3πσT

8

)1/2

f λ2
0cNHI

exp(−(v − v0)2/b2)

(πb2)1/2
, (10)

where σT is the Thomson cross section, λ0 = 1215.67 Å and f
are the laboratory wavelength and ‘f ’ value of the Lyα transition,
respectively, b = (2kBT/2mH)1/2 the thermal broadening param-
eter, and v0 the velocity of the slab. Neglecting peculiar velocities,
we assume the gas in the HII zone is in pure Hubble expansion so
that a column density of a shell can be written in terms of the Hub-
ble flow across it, NHI = nHI dr = nHI dv/H . Neglecting thermal
broadening is a good approximation at redshift z > 6, because the
Hubble flow across RHII,

|vH | = RHII H ≈ 2200 km s−1 , (11)

is much larger than the thermal broadening, b =
13 (T/104K)1/2 km s−1. We will employ the usual conven-
tion of having negative velocities when they correspond to blue
shifts. Integrating over the Gaussian broadening in Equation (10)
yields

τα =

(
3πσT

8

)1/2
f λ2

0 c nHI

H
, (12)

Adding the contribution ΓQ,H from Equation (6) to Equa-
tion (1) and the assuming ΓQ,H � Γbg close to the quasar gives

xHI

(1− xHI)2
=
α(T )nH

ΓQ,H
. (13)

Finally, using Equation (13) to obtain the neutral fraction and
assuming xHI � 1 yields

τα =

(
3πσT

8

)1/2
f λ2

0 c

H

× α(T )n2
H

η/(η + 3) ṄQ,H σth H2/(4πv2)
, (14)

The QTF F ≡ exp(−τα) has thus a Gaussian shape,

exp(−τα) = exp(−v2/v2
HII) (15)

where

v2
HII =

(
8

3πσT

)1/2
η

η + 3

ṄQ,Hσth H
3

4πα(T )n2
H fλ

2
0 c

. (16)

The numerical integration of Equation (10) is compared
against the approximations of Equations (14-15) in Figure 1: the
analytical expression of Equation (14) works extremely well, and
the Gaussian approximation works well as long as the quasar domi-
nates over the background. By taking such advantage, we can deter-
mine v2

HII from the Gauusian fit over a real QTF and constrain some
radiative parameters along the line of sight by referencing Equa-
tion (16). We discuss the comprehensive methods of constraining
parameters in Section 2.5.

2.2 A damping wing

Equation (8) left open the possibility that the IGM outside of the
HII zone is neutral, in which case it will contribute to the optical
depth inside the HII zone through a damping wing, as discussed
in this context by Miralda-Escude (1998). The cross section that

Figure 2. Shape of the Lyα damping wing, exp(−τd), due to a neutral IGM
around a redshift zQSO = 7 surrounded by a (fully ionized) HII zone of
extent 2.98 pMpc. The edge of the HII zone is shown by the vertical black
line. The blue dashed line is the numerical integration of Equation (21) but
including thermal broadening for an IGM temperature of 104 K, the green
line is the analytic approximation of Equation (22). It is assumed that the
IGM is fully neutral out to 100Å. The thick red line is again Equation (22)
but now for a fully neutral IGM, ν2 → +∞, with the orange symbols
labeled ν−1 the more approximate expression Equation (24) which fits very
well. The shape of the damping wing can clearly distinguish a partially from
a fully neutral IGM. The black dotted lines show damping wings of DLAs
with column densities 1020.3 cm−2 and 1020.8 cm−2 and temperature
T = 104 K, the centres of which are indicated by short vertical black lines.
The shape of the higher column density DLA is similar to that of the IGM
damping wing, but is not identical.

gives rise to the damping wing is approximately Lorenzian (see for
example Peebles (1993), his Equation 23.46, see Madau & Rees
(2000) for a more accurate expression)

σα(ν) = σ0
γ/2π

(ν − ν0)2 + (γ/2)2
, (17)

where

γ =
Λ

2π
≈ 1.0× 108 s−1 (18)

σ0 =
3

4
λ2

0 γ ≈ 0.011 cm2 s−1 . (19)

The natural line width γ that gives rise to the damping wing is
a consequence of the finite life-time Λ−1 of the n = 2 level of
neutral hydrogen; ν0 = c/λ0 is the Lyα resonance frequency.

Using this expression for the cross section and neglecting ther-
mal broadening, the infinitesimal contribution dτd to the optical
depth at frequency ν from a shell of neutral IGM with thickness dr
is

dτd(ν) = nHI dr σ0
γ/(2π)

(ν − νI)2/a2 + (γ/2)2
. (20)

The resonance Lyα frequency at the redshift z = 1/a − 1 of the
shell is νI. If the density distribution is uniform and the IGM is in
pure Hubble flow, then the thickness dr of the shell can be written
in terms of a frequency interval as dr = (c/H) (dνI/νI), in which
case the total optical depth of the damping wing follows from inte-
grating over νI,

τd(ν) =
σ0 γ

2π

∫ ν2

ν1

nHI(a) c

H(a)

dνI

νI ((ν − νI)2/a2 + (γ/2)2)
,

(21)
where νI = a ν0. The integration limits correspond to the start and
the end of the neutral IGM that gives rise to the damping wing.
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Assuming the IGM is highly ionized inside the HII zone with
radius RHII, ν1 ≈ ν0 a0 (1 + HRHII/c), where zQSO = 1/a0 − 1
is the redshift of the source. The upper limit ν2 = ν0/(1 + zr),
where zr is the lowest redshift where the IGM is still neutral - and
contributes to the damping wing. If this is far from quasar we can
approximately take the limit of ν2 → +∞.

Since most of the damping comes from gas relatively close to
the quasar, we can approximate Equation (21) by replacing a →
a0, nHI(a) → nHI(a0) ≡ nHI and H(a) → H(a0) ≡ H , so that
approximately

τd(ν) ≈ nHIc

H

σ0 a
2
0

2π

∫ ν2

ν1

1

νI ((ν − νI)2 + (γa0/2)2)
dνI .

(22)
The indefinite integral equals

=
1

ν2 + (γa0/2)2
log

(
νI

[(ν − νI)2 + (γa0/2)2]1/2

)

+
ν/(γa0/2)

ν2 + (γa0/2)2
arctan

(
νI − ν
γa0/2

)
. (23)

In the approximation ν2 → +∞ and ν1 � ν and ν1 � γa0/2,
the optical depth is then

τd(ν) ≈ τGP
γ a3

0ν0

2π

1

ν (ν1 − ν)
(24)

≈ τGP
γa0

2πν0

λ

∆λ
, (25)

where the Gunn-Peterson optical depth, τGP, is given by

τGP ≡
nHI

a0 H
σ0 λ0 . (26)

Equation (25) differs from Equation (2) of Miralda-Escude (1998)
by a factor a0.

The shape of the QTF F ≡ exp(−τd), due to a damping wing
including broadening, and the approximations discussed here, are
compared in Figure 2. As a numerical example we take a quasar at
redshift zQSO = 7, embedded in a homogeneous IGM with tem-
perature T = 104 K in pure Hubble expansion, and surrounded
by a completely ionized HII region of extent RHII = 2.98pMpc.
The dashed blue line is the shape of the damping wing in case the
IGM is fully neutral out to 100Å from the quasar (and fully ionized
at lower redshift), the thin green line is the corresponding approxi-
mation of Equation (22) which neglects thermal broadening. These
curves are nearly indistinguishable because thermal broadening is
negligible. The thick red line is for the same quasar but now assum-
ing a fully neutral IGM (i.e. taking the limit ν2 → +∞) with the or-
ange symbols the more approximate expression from Equation (24)
which works well. Clearly, the shape of the damping wing can in
principle distinguish a partially neutral IGM from a fully neutral
one. Finally for completeness we also plot the damping wings of
two DLAs located at the edge of the HII zone and neglect any fur-
ther absorption from the IGM. These shapes are also different from
either IGM damping wing, in particular they extend much less to
the red side of the quasar.

2.3 The HeIII zone

The quasar will also create an HeIII zone around it. Following the
same derivation as applied to HII but now to harder photons with
frequency above 4νHI gives a rate of emission of HeII ionizing pho-

Figure 3. Shape of the Lyα transmission, F ≡ exp(−τα), including a
damping wing and absorption due to residual neutral hydrogen in the HII
zone, for different parameters of the models (labelled model 1–4). Initially,
transmission functions decreases smoothly with increasing ∆λ for all mod-
els. For models 1 (orange) and 4 (green), F plummets to near zero below
a ‘knee’. Model 2 (blue) also has such a knee, but in contrast to models 1
and 4 has significant transmission below it. Finally in model 3 (red), the
transmission function decreases smoothly and featurelessly to zero towards
shorter wavelengths. Transmission functions are plotted as function of rest-
frame wavelength λ in Å, the location of the Lyα line is indicated by the
vertical dot-dashed line. The location of the HII and HeIII zone edges for
the various models are shown as full, respectively dashed vertical lines.

tons of

ṄQ,He =
L0

hη

1

4η
=
ṄQ,H

4η
, (27)

and solving the time dependent Strömgren sphere puts the the
size of the HeIII zone at

RHeIII =
(a
b

)1/3[
1− exp(−3btQSO)

]1/3 (28)

where

a =
ṄQ,He

4πnHe
and b =

(nH + 2nHe)α(T )

3
(29)

We have neglected ionizations of HeI, and the impact of HeII ion-
izing photons on HI, assumed that helium is initially neutral. For a
helium abundance by mass of Y = 0.278, helium atoms are rarer
than hydrogen atoms by a factor Y mH/((1 − Y )mHe) ≈ 0.096.
For a power law spectrum with η ∼ 1.7 the QSO emits ∼ 0.095
times fewer HeII ionizing photons than HI ionizing ones, in which
case sizes for the HeIII and HII regions are similar - provided of
course the IGM was initially neutral to begin with.

An ionizing source will also photoheat the IGM. HeIII zones
will be hotter than HII zones, and the temperature difference can be
large because the the helium ionizing photons are harder than hy-
drogen ionizing ones, see (e.g. Abel & Haehnelt 1999). This non-
equilibrium radiative transfer effect has been used to explain the
unexpected high temperatures of the z ∼ 3 IGM (e.g. Theuns et al.
2002). We investigate the consequences of this for HII zones next.
Note that only Equations (10) and (21) are used in the full calcula-
tion of simple model.

2.4 Lyα transmission in quasar near zones

There are four characteristic shapes for QTFF ≡ exp(−τα) in HII
zones (neglecting a damping wing any density or velocity struc-
ture). Three of these are illustrated by four different models in Fig-
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Figure 4. Time evolution of the shape of the Lyα transmission, F ≡
exp(−τα), including a damping wing and absorption due to residual neu-
tral hydrogen in the HII zone, for a z = 6.5 quasar and a highly ionized
IGM with background ionization rate Γbg = 5 × 10−16 s−1. QTFs are
shown for quasar ages t = [1, 10, 50] × 105 yrs, curves are labeled with
the values of η and ṄQ,H. The figure illustrates how the shape of the QTF
changes as the quasar ages, with QTFs taking one of the generic shapes il-
lustrated in Figure 3. The youngest blue quasar also shows a fourth generic
shape: a first knee that corresponds to the HeIII/HeII transition, and a sec-
ond knee corresponding to the edge of the HII zone.

Model (zQSO,Γbg) (ṄQ,H, tQSO, η)

(1, 10−16s−1) (1057s−1, 107yr, 1)

1 (6.5,5) (1,0.5,1.7)
2 (6.5,5) (1,0.1,1.7)
3 (7.0,5) (1,1,0.7)
4 (6.5,5) (0.2,0.5,1.7)

Table 1. Parameters of QNZs shown in Figure 3, columns are: model’s la-
bel, quasar redshift, amplitude of the uniform background Γbg, Qquasar’s
luminosity ṄQ,H, age, and spectral slope η.

ure 3 where, as we discuss further below, model 1 and 2 depict
the same basic shape but differ in the quasars age. All models as-
sume a uniform density IGM in pure Hubble flow. In all cases F
decreases initially with increasing ∆λ approximately Gaussian due
to the increasing neutral fraction xHI in the HII zone, as described
approximately by Equation (15). The orange and green transmis-
sion functions plummet to nearly zero transmission at some dis-
tance - we will refer to this edge as a ‘knee’. The blue transmission
curve also has a knee, but there is considerable transmission be-
low the knee. Finally the third shape is that of the red transmission
function, which goes smoothly to zero without any characteristic
features.

For simplicity we have assumed that the IGM parameters are
the same for all models, with Γbg = 10−16 s−1, and set the tem-
perature of the IGM and the HII zone to THII = TIGM = 1×104 K.
Inside the HeIII zone we assume the temperature to be higher,
THe = 4× 104 K. For these models the IGM never becomes suffi-
ciently neutral for a damping wing to develop and the transmission
function is set by the residual neutral fraction in the HII/HeIII zone
surrounding the source.

Models 1, 2 and 4 have power law indices of η = 1.7
(in the range λ < 1050Å), consistent with a power law index
η = 1.76 ± 0.12 which describes the overall composite contin-
uun of 184 quasars at lower redshifts (Telfer et al. 2002). Models

1 and 2 (orange and blue, respectively) only differ in the quasar’s
age. In both cases the ‘knee’ feature corresponds to the edge of the
HeIII zone. The temperature jump at that location causes the sud-
den drop in transmission function. In the younger quasar of model
2 (blue), the HeIII zone is located close to the quasar, so that out-
side the HeIII zone the neutral fraction x is sufficiently small due
to the quasar’s ionizing radiation for F to remain substantial. This
causes the extended region of Lyα transmission below the knee,
with eventually F → 0 well inside the HII zone. The older quasar
of model 1 (orange) has a larger HeIII zone. Outside this zone, the
neutral fraction x is already large so large that F ≈ 0, resulting in
little if any Lyα transmission below the knee.

Model 3 corresponds to a bright quasar with a hard spec-
trum, η = 0.7 (in the range λ < 1050Å), and hence an extended
HeIII zone. At the high redshift of this source, zQSO = 7, the
neutral fraction x in the highly ionized HII/HeIII zone becomes
eventually high enough with increasing distance for the transmis-
sion function to be too small to be detectable. This model reaches
F ≡ exp(−τα) ∼ 0 well inside its HeIII zone.

The product ṄQ,H×tQSO are identical for models 2 and 4 (blue
and green, respectively) and hence so are the sizes of their HII and
HeIII zones. The fainter quasar of model 4 is too feeble to ionize
the IGM in its HII zone high enough to allow Lyα transmission
there, explaining the absence of any flux below the knee.

The time evolution of these shapes is illustrated in Figure 4.
The red curves correspond to a bright quasar with a hard spec-
trum of ionizing photons: as it ages, the HII zone displays all three
shapes illustrated before, in the sequence of model 2, model 1, and
model 3, although the first shape of a knee with significant Lyα
transmission below the knee (i.e. model 2) appears only when it
is very young. The blue curves correspond to a bright quasar with
a soft spectrum. As it ages it evolves from a ‘model 2’ shape of
a knee with significant transmission below it, to a ‘model 1’, with
negligible Lyα transmission below the knee. When very young, it
displays the fourth generic shape: a second steep decrease in trans-
mission corresponding to the edge of the HII zone.

The size of the HeIII zone and the amplitude of the quasar
luminosity there, together with the age of the quasar, thus create
the four generic shapes for QTFs that result from Lyα absorption
by residue neutral hydrogen atoms near the quasar, in addition to
additional effects due a damping wing from the neutral IGM further
away.

2.5 Model parameters

We can use the shape of the QTF to estimate the parameters of a
model that fits the data, and illustrate where there are degeneracies.
Though it is not the main purpose of this paper to constrain the
four quasar properties and their IGM parameters, we rather explore
the possibility of setting up parameter constraint from the observa-
tional data. The simple model discussed above has the following
parameters: the quasar luminosity ṄQ,H, the spectral slope of the
spectrum η, and the age of the quasar tQSO. We also need to as-
sume the temperature in the HII and HeIII zones, THII and THeIII re-
spectively. Calculating these temperatures requires proper radiative
transfer that takes into account the spectral hardening, and in real-
ity the temperatures are not constant throughout the ionized zones
(e.g. Abel & Haehnelt 1999). If the quasar is seen post-reionization,
then THII may depend in addition on the spectra of the other sources
that ionized the region. If we observed the quasar before the end of
reionization, then we also need to include a damping wing. Ideally
we fit the parameters of the damping wing from Equation (25) to
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the red of the quasar’s Lyα emission line, although of course the
shape of the QTF also depends on τd.

We can estimate the properties of the quasar with a well-
defined knee and in the absence of a damping wing as follows.
The Gaussian shape of transmission function near the quasar is de-
scribed by Equation (15). Fitting that shape determines the factor
g = ηṄQ,H/

[
(η + 3)α(THeIII)

]
. We write g = g(ṄQ,H, η, THeIII).

The HeIII zone size RHeIII is implied from the knee position of
the transmission function. RHeIII depends on the production rate
of HeIII ionizing photons and the age of the quasar. We write
RHeIII = RHeIII(ṄQ,H, tQSO, η). Although the four unknowns ṄQ,H,
tQSO, η and THeIII are in principle not solved by two given con-
straints (g and RHeIII), we can use a priori values for some parame-
ters and derive the other parameters. The parameter THeIII can be
referred to the work of Bolton et al. (2012). The average THeIII

derived from seven high-resolution quasar spectra around z ≈ 6
is 16218 ±1160

1082 (±2403
2414) at 68 (95) percent confidence. The ef-

fect of the choice of THeIII in the expression g is not so important,
since the recombination coefficient α(T ) is relatively weakly sen-
sitive to T . When putting two extreme values Tmax and Tmin of the
average THeIII at 95 percent confidence, the recombination coeffi-
cients α(Tmax) = 2.73 × 10−13cm3s−1 and α(Tmin) = 3.40 ×
10−13cm3s−1 differ by a factor of 1.14 only. Earlier in Section 2.4
we say that the composite continuum of 184 quasars (z > 0.33)
give an overall spectral index η = 1.76 ± 0.12. Among them 77
radio-quiet and 107 radio-loud subsamples give ηquiet = 1.57±0.17
and ηloud = 1.96 ± 0.12 respectively. The use of two extreme val-
ues ηmax = 2.08 and ηmin = 1.40 give certain discrepancy on the
range of derived ṄQ,H and tQSO. The derived ṄQ,H from g is pro-

portional to η+3
η

. And hence ṄQ,H(ηmin)

ṄQ,H(ηmax)
= ηmin+3

ηmax+3
ηmax
ηmin

= 1.29.

Subsequently, the derived tQSO from RHeIII is proportional to 4η

ṄQ,H
.

The corresponding ratio is tQSO(ηmax)

tQSO(ηmin)
= 4ηmax

4ηmin
ṄQ,H(ηmin)

ṄQ,H(ηmax)
= 3.31.

The uncertainties caused by the extreme choices of THeIII and η are
limited. We conclude that the observationally derived functions g
and RHeIII inferred from QTF have the potential in estimating the
luminosity and the age of a quasar.

3 IONIZING PHOTON RADIATIVE TRANSFER CODE -
C2-RAY

The method developed above makes a number of simplified as-
sumptions. To check the impact of these assumptions on the so-
lutions we compare them to the result obtained from the C2-RAY

code. C2-RAY is a cosmological radiative transfer code (Mellema
et al. 2006; Friedrich et al. 2012) which uses an explicit photon con-
serving algorithm and a short-characteristic ray tracing method. It
solves the chemical equations and heating equation using an iter-
ative method. In the multi-species case the optical depth contri-
butions from the different species have to be treated separately.
Since the frequency dependence of the ionization cross sections
differs between the different species, the frequency domain is sub-
divided into 47 bins. Photoionization and photoheating rates are
calculated at each bin and then summed. The photoionization rate
of all species at the frequency of bin i is given by

Γi =

∫ νi+1

νi

L(ν)e−〈τ〉

hν

(1− e−〈∆τ〉)
nVshell

dν, (30)

where 〈τ〉 = 〈τHI〉 + 〈τHeI〉 + 〈τHeII〉 is the optical depth from the
source to the cell, 〈∆τ〉 = 〈∆τHI〉 + 〈∆τHeI〉 + 〈∆τHeII〉 is the
time-averaged optical depth over the cell, n = nHI + nHeI + nHeII

is the number density of all the species. Here, Vshell is the volume
of the computational cell. Subsequently, the photoionization rate of
species j at bin i is distributed according to the relative fraction of
optical depth of species j.

Γi,j = Γi
〈∆τj〉
〈∆τ〉

n

nj
. (31)

The total photoionization rate of species j is obtained by summing
up photoionization rates of species j of all bins.

Γj =
∑
i

Γi,j . (32)

In addition, C2-RAY includes other photoionization processes,
such as ionization by diffusive recombination emission of other
species (treated with the on-the-spot approximation), collisional
ionization and secondary ionizations.

The photoheating rate of species j at bin i is given by

Hi,j =

∫ νi+1

νi

〈∆τj,ν〉
〈∆τν〉

L(ν)e−〈τν〉

hν
h(ν−ν0,j)

(1− e−〈∆τν〉)
Vshell

dν,

(33)
where ν0,j is the ionization threshold of species j. The total heat-
ing rate is the sum of individual heating rates of all species at all
frequency bins.

H =
∑
i,j

Hi,j . (34)

Cooling processes, such as free-free cooling, collisional excitation
cooling and recombination cooling are included when evaluating
the heating equation.

The chemical equations and heating equation are solved by
an iterative method. The intermediate set of solutions, ionization
fractions and temperature, are used to update the parameters in the
chemical equations and heating equation. New set of solutions from
the updated equations are compared with the previous set of solu-
tions. The iterative process is complete when the solutions conver-
gence to a specified tolerance, here 10−3. This algorithm is thor-
oughly explained in Friedrich et al. (2012).

The main differences between our simple model and C2-RAY

is that the latter calculates the properly multi-frequency radiative
transfer and thus the proper contribution of photons of different
frequencies to the heating and ionization of both H and He, whereas
the simple model relies on a photon-counting approach. This means
for example that C2-RAY calculates the temperature and the simple
model has to assume a temperature.

4 REAL QUASAR SAMPLE STUDY

In this section we first show that the simple model provides reason-
able fits to observed z > 6 QNZs, and hence also sets constraints
on the parameters ṄQ,H, η, THeIII and tQSO. After that we compare
the results of the simple model to those from C2-RAY for the same
parameters as used to fit the observed quasar spectra.

4.1 The Lyα transmission of real quasars

We consider four z > 6 quasar spectra from the literature and at-
tempt to mimic the general features of each of their QTFs with
the simple model. Three of the quasars, J1148+5251, J1030+0524
and X, were discovered in the Sloan Digital Sky Survey (Fan
et al. 2001, 2003) and subsequent near-IR and millimetre spec-
tral followup (Bertoldi et al. 2003; Walter et al. 2003; Jiang et al.
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2007; Kurk et al. 2007) has since provided robust redshifts of
z = 6.419± 0.002, z = 6.308± 0.007 and X respectively (Carilli
et al. 2010). The fourth quasar, ULAS J1120+0641, has a redshift
z = 7.085 ± 0.003 and was discovered by Mortlock et al. (2011)
in Large Area Survey (LAS) component of the United Kingdom
Infrared Telescope Deep Infrared Sky Survey (UKIDSS). At the
time of writing ULAS J1120+0641 is most distant luminous quasar
known. The spectra used in this section are taken from White et al.
(2003) and Mortlock et al. (2011) and the interested reader is en-
couraged to consult these works for further details.

In order to compare each spectrum with a simple model of its
QTF we require the normalised transmitted flux defined as the ob-
served flux divided by the unabsorbed continuum F ≡ fobs/fcont.
Here the definition of the quasar continuum refers to both the un-
derlying featureless power-law like component characterized by
synchrotron and inverse Compton emission in the hot accretion disc
(Ref) as well as any spectral transitions seen in either emission or
absorption.

Due to the presence of saturated or near-saturated Gunn-
Peterson absorption, the spectra of all known z > 6 quasars retain
very little information pertaining to the unabsorbed quasar contin-
uum blueward of 1215.67 Å and therefore F must be approximated
by extrapolation. To first order the continuum in the region of Lyα
is well approximated by a power-law of the form fν = να and the
superposition of a number of Gaussians to fit the blended Lyα and
NV emission line complex. This is a common approach through-
out the literature and is appropriate where one wishes to retain only
the broad features of the transmission profiles (e.g. Fan et al. 2006;
Carilli et al. 2010). If one is concerned with the more subtle features
of the transmission profile then a high signal-noise composite spec-
trum can be compiled by stacking the spectra of a number of low-z
quasars which reside in a highly ionized IGM and therefore inter-
vening neutral hydrogen absorption is less pronounced. The agree-
ment between the composite and observed spectrum can be refined
by matching the properties of broad lines redward of 1215.67 Å
which are known to correlate with Lyα in lower redshift samples
(Corbin & Boroson 1996; Shang et al. 2007; Kramer & Haiman
2009).

A composite spectrum was used to identify an IGM red damp-
ing wing in the transmission profile of ULAS J1120+0641 (al-
though see Bolton et al. 2011; Simcoe et al. 2012, who also dis-
cuss the prospect of a damped Lyα absorber as the origin of this
feature). This is still the only clearly identifiable likely IGM red
damping wing visible in the spectrum of any quasar. While overall
the transmission profile of the damping wing shows a qualitatively
different shape to the other profiles predicted by the simple model
(Figure 2) the red side of the profile may be washed out by a poorly
extrapolated continuum. Therefore we investigate the transmission
profile of ULAS J1120+0641 with use of the well fitting composite
of Mortlock et al. (2011), which was used in the initial discovery
of the damping wing.

For the other three spectra we use Gaussian + power-law ap-
proximations to their continua. In high redshift quasar spectra there
are often few clean spectral regions (i.e. free of absorption features)
over which to fit a multi-parameter model and many authors are
left with little choice other than to fix certain parameters without
physical justification in order to obtain a feasible fit (e.g. Kramer
& Haiman 2009). Therefore rather than explicitly fitting a Gaus-
sian model + power-law to each of the other three spectra, we
have instead experimented with a wide range of Gaussian + power-
law models with varying unfitted parameter values, finding that the

same broad features of each transmission profile are present for all
reasonably extrapolated continua.

In this paper we are only interested in reproducing the main
features of Lyα transmission with the simple model since as we
shall discuss later there are degeneracies in the parameters of the
simple model which prevent any detailed statements on the proper-
ties of the quasar emission spectrum or its immediate environment.
We defer a detailed investigation of these degeneracies to future
work. In the upper-left, upper-right and lower-right panels of Fig-
ure 5 we present the observed QTFs of J1148+5251, J1030+0524
and X as approximated from fiducial models of their spectra (green
curves). For each spectrum the fiducial model is chosen to en-
sure that the resultant transmission profile retains the broad fea-
tures present for all reasonably extrapolated continua. In each case
a power-law of the form fν = ν−0.5 (approximately in the range
1050Å< λ < 1450Å) is anchored to a clean region of the spec-
trum. The Lyα line then is modelled with up to two components
while the NV line is always modelled as a single Gaussian.

The means (in units of Å), standard deviations (in units of
Å) and heights (in units of 10−17 ergs s−1 cm−2 Å−1) of the sin-
gle Gaussian component of the Lyα line and the single Gaussian
component of the NV line in the fiducial model of J1148+5251 are
given in the rest frame as follows; {1217.316, 1257.091, 17.270,
8.271, 1.301, 0.245}. Similarly the means, standard deviations and
heights of the two component Lyα line and the single component
NV line in the fiducial model of J1030+0524 are given in the rest
frame as follows {1210.470, 1215.67, 1238.057, 4.018, 20.834,
2.711, 5.013, 1.786, 0.700}. Finally in the lower-left panel of Fig-
ure 5 we present the transmission profile of ULAS J1120+0641
as approximated from the composite spectrum of Mortlock et al.
(2011).

We compute the QTFs by simple model and find out the best
fit to the observed Lyα transmissions. In the model we adopt a con-
stant density field with cosmological averaged density

ρ(z) = ρ0(1 + z)3 (35)

where ρ0 = 1.828×10−7cm−3 is the cosmological averaged den-
sity at z = 0. This assumption means that we do not capture the
density fluctuations in the IGM which cause the fluctuating trans-
mission blueward of the Lyα line and our QTF will be smooth. In
comparing to the observational data we will assume that our QTF
are the maximum transmission, i.e. the lower density regions.

4.2 Comparison of simple model and real spectra

We use constant background UV radiation field model (Bolton &
Haehnelt 2007b; Bolton et al. 2011). The quasar luminosity ṄQ,H,
spectral index η and age of quasar tQSO are the free parameters
in this study. In the simple model the temperature of the gas in
the HeIII zone is set close to the maximum value obtained from
the full numerical results. Case A recombination is assumed in the
compaison. Table 3 displays our adopted parameters.

We adjust the parameters for the simple model to obtain good
fits by eyes to the observed QTF. We also run C2-RAY for the same
parameters. The comparison between the two models is explored
below. Figure 5 shows the results of the QTFs and radiative pa-
rameters computed by both models and displayed together with the
observed QTF.

In the upper-left panel of Figure 5, the QTF of J1148+5251 fit-
ted by simple model (red curves) shows a ‘model 2’shape of knee
that has remnant transmission below the knee which is absent in
the observed one. One explanation would there be a Lyman limit
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Quasar ṄQ,H [s−1] tQSO [yrs] η zQSO Γbg [s−1] THII [K] THeIII [K]

J1148 1.5× 1058 2.2× 106 1.8 6.42 1.0× 10−13 7000 18266
J1030 1.5× 1058 4.4× 106 1.8 6.31 1.0× 10−13 10000 21624
J1120 1.2× 1057 1.0× 107 1.5 7.09 1.0× 10−16 8000 26987

Table 2. Parameters used in the fittings of observed QTFs. All models assume case A recombination and a temperature THII the same as the IGM temperature.
THeIII is chosen to mimic the full numerical simulation results. The value of the ionizing background, Γbg, is chosen according to the reference.

system (LLS) close to the verge of HeIII zone so that Lyman alpha
photons do not transmit through it. The other explanation is that
those ionizing photons emitted from the accreting black hole are
attentuated by neutral gas inside the host galaxy. Most of the soft
ionizing photons are removed and therefore the HII zone shrinks
in size. If the HII zone is smaller than the HeIII zone, Lyman al-
pha photons leaving the HeIII zone would then be absorbed by the
relatively neutral IGM. Given our current observational data and
the simplified use of density field, we do not attempt to draw firm
conclusions for the absence of Lyα transmission beyond the HeIII
zone.

In the upper-right panel of Figure 5, the quasar transmission
function of J1030+0524 fitted by simple model shows a ‘model
2’shape of knee with remnant Lyα transmission beyond the knee.
The prominent Lyα absorption in the HeIII zone close to the quasar
shown in green curve can be ascribed to the existence of a self-
shielding neutral hydrogen gas clump. Such small scale features
are not impossibly reproduced by simple model.

The fit to the highest redshift quasar ULAS J1120+0641 is
shown in the lower-left panel of Figure 5. The simple model fits
two smoothly decreasing and featureless QTFs against the observa-
tion where one includes the effect of an IGM damping wing and the
other does not. Both fits show a ‘model 3’shape implying that the
amount of residual neutral hydrogen in the HII zone is sufficient to
scatter all Lyα photons from the line of sight. The easiest explana-
tion is a lower level of ionizing background radiation at z = 7.085,
leading to a higher neutral fraction in the IGM. Bolton et al. (2011)
estimate the neutral hydrogen fraction of the IGM around ULAS
J1120+0641 to be xHI & 0.1. The high value for xHI,IGM causes a
strong damping wing exerts its effect even redward of the Lyα line.

On the same figures we plot the results from full numerical
model (C2-RAY) against that of simple model. In the numerical
model, we use the same parameters used by simple model and we
concentrate on comparing the fitted QTFs.

It can be seen from the comparison of blue and red lines in Fig-
ure 5, the results from the numerical model do show differences to
those of the simple model. The overal knee-shapes shown in both
models are different. The shape of the knee in the simple model
is more pronounced than in the numerical model in the sense that
Lyα transmission beyond the knee drops more rapidly. As shown
in the Figure 6 temperature profile assumed by simple model and
computed by numerical method do not in principle look like each
other. Clearly, the imposed temperature profile assumed in simple
model is an oversimplified one. The temperature profile in simple
model is assumed a step function at the verge of HeIII zone and
hence produces a stepwise change in the HII recombination coef-
ficient which causes a stronger jump of neutral hydrogen density
at this position. In the numerical model, the temperature accross
the verge of HeIII zone drops smoothly, inducing less pronounced
knees in the QTFs. The neutral hydrogen fraction xHI calculated
by numerical model inside the HeIII zone is consistently slightly
higher than that of simple model, leading to a weaker Lyα trans-

mission of numerical model than simple model. The cause of this
distinction is the higher average temperature used by the numeri-
cal model and hence smaller hydrogen recombination coefficient.
However, the opposition occurs outside the HeIII zone. xHI calcu-
lated by numerical model is consistently slightly lower than that of
simple model, it is caused by the lower average temperature used
by the numerical model and hence higher hydrogen recombination
coefficient. To show our claim is true, we impose the same two-
level temperature profile in the numerical model and compare its
result to the simple model. Figure 8 show the comparison. The re-
sults shown by both models are almost indistinguishable. It proves
the pronounced shape is caused dominantly by the imposed tem-
perature profile.

However, in spite of the aforementioned differences we find
that the overall shapes of xHI are similar in both models. Both mod-
els predict the similar positions of the knees (offset by at most 4%
from the analytical solution) which indicate the size of HeIII zone.
Also, the spatial dependence of the hydrogen ionization rates Γ are
very similar in both models (lower panels of Figure 6. The analyt-
ical HeIII zone size coincides to the xHeIII ≈ 0.1 position to all
the models. Given the unsharp HeIII zone boundary reflected in
the numerical model, the simple model imposes an effectively ac-
curate temperature profile and results in an accurate knee position
of the QTF. Furthermore we retrieve two of the four basic shapes
illustrated in Figure 1. This shows that the approximations used by
simple model correctly describe the photoionization rate of HeII.

4.3 Discussion

We justify several assumptions made in both simple and numerical
model. In the justification, we compare the use of different parame-
ter sets based on different assumptions in order to generate the same
QTFs. The QTF solely depends on nHI. Therefore, it is important to
know what factors determine nHI. The following equation, which
is valid in the HII zone, aids our discussion.

nHI ≈
α(T )n2

H

ΓQ,H
(36)

A quasar is formed in the halos which situates at highly bi-
ased positions of the Universe. The IGM density around the quasar
is expected to be much higher than the cosmological mean den-
sity. We use a cosmological density field in the study and estimate
the quasar luminosity by fitting our numerical results to the obser-
vational data in terms of QTF. Since the QTF depends solely on
the nHI distribution along the line of sight, the fit itself implies the
numerical nHI distribution mimics the real nHI distribution. For a
priori temperature in the HeIII zone, Equation (36) infers the fol-
lowing approximation.

n2
H,numerical

ΓQ,H,numerical
≈

n2
H,real

ΓQ,H,real
. (37)

The underestimate of IGM density in the numerical simulation

c© 0000 RAS, MNRAS 000, 000–000



QNZ 9

Figure 5. QTF (green curve) of four quasars are fitted by simple model (red curve) assuming case A recombination. C2-RAY computes another QTF uses the
parameter sets of simple model (blue curve). Upper-left panel: J1148. Upper-right panel: J1030. Lower-left panel: J1120.

Quasar ṄQ,H [s−1] tQSO [yrs] η zQSO Γbg [s−1] THII [K]

J1148 8.3× 1057 3.9× 106 1.8 6.42 1.0× 10−13 7000
J1030 8.2× 1057 8.0× 106 1.8 6.31 1.0× 10−13 10000
J1120 5.6× 1056 1.8× 107 1.5 7.09 1.0× 10−16 8000

Table 3. Parameters used in the fittings of observed QTFs. All models assume case B recombination and a temperature THII the same as the IGM temperature.
THeIII is chosen to mimic the full numerical simulation results. The value of the ionizing background, Γbg, is chosen according to the reference.

leads to an underestimate of ṄQ,H in order that Equation (37) holds.
By the same token, an underestimate of ṄQ,H leads to an overesti-
mate of tQSO, according to Equation (28).

Apart from the density issue, we assume a flat density field in
our study and therefore have implicitly assumed a clumping factor
C = 1. In reality, C is greater than one, as long as the real den-
sity field is not flat and the simulation does not resolve the real
density field. Recent study has shown that C ≈ 3 at z ≈ 6 (Paw-
lik, Schaye & van Scherpenzeel 2009). The effective recombina-
tion coefficient should become αeff(T ) = Cα(T ). In accord of
Equation (36), maintaining the same nHI distribution while using
different C’s implies

Cnumerical

ΓQ,H,numerical
≈ Creal

ΓQ,H,real
. (38)

Since Creal > Cnumerical = 1, the numerical simulation underesti-
mates ṄQ,H and hence overestimates tQSO.

The region where the QTF is of interest has usually very small

optical depth at ionizing frequencies. The diffusive ionizing pho-
tons originated from the recombination of HII, HeII and HeIII ions
transmit through the region without being absorbed. For such rea-
sons, we assume case A recombination coefficient in both models
to fit the observation results. However, this assumption can be bro-
ken down when a clumpy medium is considered. The overdense gas
is an effective ionizing photons absorber and its size is of order of a
few kpc for which our simulation does not resolve. Case B recom-
bination would then be a more appropriate assumption than case A
recombination in this region, but we use case A recombination in
the entire simulation domain. The fact that αA(T ) > αB(T ) and
the relation

αnumerical(T )

ΓQ,H,numerical
≈ αreal(T )

ΓQ,H,real
(39)

implies an overestimate of ṄQ,H and therefore an underestimate of
tQSO derived from numerical simulation.

The choice of hydrogen recombination case would affect the
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10 Lee et al.

Figure 6. Radiative transfer results of simple model (red cruve) and numerical model (blue curve) of four quasars. In each panel shows four separated
quantities. The first one shows the xHI of the IGM. The second one shows the xHeIII of the IGM. The third one shows the temperature T of the IGM. The
fourth one shows the photoionization rate Γ of hydrogen atoms. The dotted line shown in the lower panel is the optically thin photoionization rate that goes
smoothly downward with 1/r2. Upper-left panel: J1148. Upper-right panel: J1030. Lower-left panel: J1120.
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Figure 7. QTF of (green curve) of four quasars are fitted by simple model (red curve) assuming case B recombination. C2-RAY computes another QTF uses
the parameter sets of simple model (purple curve). Upper-left panel: J1148. Upper-right panel: J1030. Lower-left panel: J1120.

derived quasar parameters as well. However, it is difficult to ap-
proximate how different are the derived parameters with different
cases. To demonstrate it, we use case B recominbation and repeat
the same fitting procedures. We simplify the problem by fixing η
but allowing ṄQ,H and tQSO be the free parameters. Table 3 shows
the result with the use of case B recombination. For J1148, J1030
and ULAS J1120, the derived quasar luminositiesNQ,H decrease by
a factor of 0.447, 0.453 and 0.533 respectively from that of assum-
ing case A recombination. The QTFs are shown in Figure 7. Note
the difference between the QTFs displayed by both models inside
the HeIII zone. The numerical model includes hydrogen ioniza-
tion from helium recombination, specifically the recombination of
HeIII ions in the HeIII zone and recombination of HeII ions out-
side the HeIII zone. The photons generated by the recombination of
helium ions and free electrons may have sufficient energy to ionize
neutral hydrogen atoms. Although the additional ionization rates
due to the helium recombination are not comparable to the ioniza-
tion rates contributed by the source, the strong dependence of Lyα
transmission to the neutral hydrogen density suffices to show a big
difference.

5 CONCLUSION

We investigate the additional heating in HeIII zone by a quasar im-
poses an observable effect on QTF. By adopting simple assumption:
a flat IGM density field, a constant UV background radiation field,
a power-law quasar emission and an imposed temperature profile,

we use a simple method to show that the temperature contrast in-
side and outside of HeIII zone due to the the presence and absence
of helium heating induces a characteristic knee shape in the QTF.
Four quasar samples are served as examples of two different char-
acteristic shapes of Lyα transmissions: (1) A knee with substantial
Lyα transmission beyond it. (2) No knee. The simple model is suf-
ficient to show the knee shape in the computed QTF. A full numer-
ical simulation is subsequently used to confirm the validity of sim-
ple model. The numerical results, together with the simple model
results, are fitted against the observation and show agreement at
a satisfactory level. The important assumptions made in simple
model, which includes temperature profile, density field, clumping
factor and recombination coefficient are discussed quantitatively.
We demonstrate how the quasar properties (luminosity and age)
derived from a QTF depend on different assumptions made. With
simple model we can derive quantities g by fitting a Gaussian trans-
mission profile and RHeIII from the knee position in a QTF. They
constrain the radiative parameters ṄQ,H, tQSO, η and TIGM. Using a
priori assumption of η and TIGM, we find that ṄQ,H and tQSO can be
bounded reasonably well. An uncertainty to this method is the fit-
ting of composite quasar spectrum on the low S/N observed quasar
spectrum. The unknown density field along the line of sight can in-
duce further uncertainty in the computed QTF. This intricacy leads
to a variety of combinations of resultant g andRHeIII. This problem
can be solved if more observational time is granted to improve the
observed quasar spectrum. The other uncertainty is the use of a flat
density field over a fluctuating density field. In our simple model,
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12 Lee et al.

Figure 8. QTF of (green curve) of four quasars are fitted both simple model (red curve) and numerical model (orange curve) assuming an imposed temperature
profile. Upper-left panel: J1148. Upper-right panel: J1030. Lower-left panel: J1120.

quantities g andRHeIII are inferred from the smoothly varying QTF.
But the real QTF should be rather fluctuating along the line of sight.
From it, we have not known yet any self-consistent method in de-
riving g and RHeIII which further impose an accurate bound on the
radiative parameters. This problem can be solved by using a large
number of quasar samples that strengthen the statistical study. Also,
detailed numerical simulation using a high resolution cosmic den-
sity field would help developing a reliable calibration on obtaining
the correct g and RHeIII from the computed fluctuating QTF. The
discovery of the generic shape of QTF opens a new window in the
study of cosmic reionization. Though the use of this generic shape
is still in its infancy and yet to be functional, we expect further
works can polish its applicability and explore any new characteris-
tic features apart from the knee shape.
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