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This paper compares performance in a Swedish national test in mathematics of 
second language learners and students without another mother tongue than Swedish. 
The result is that some test problems had statistically significant and large 
differences between the student groups. Using discourse as an analytical tool, the 
suggested explanation is that second language learners for different reasons have 
less frequent access to the teaching of mathematical concepts or activity fields that 
occur rarely in the mathematics teaching and textbooks. 
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INTRODUCTION AND RESEARCH QUESTION 

OECD (2006) points out Sweden in particular as a country where first generation 
immigrants as a group have low average achievement in mathematics in PISA 2003. 
Skolverket (20004) [Swedish National Agency for Education] confines this result to 
students that immigrated after school start. For students that immigrated before 
school start or are 2nd generation immigrants, the average grades are slightly higher 
than those of native students with similar social background such as parents’ 
education level and employment rate. Böhlmark (2008) has used sibling statistics on 
leaving grades to show that the age at immigration is an important factor in school 
achievement although mathematics is less Sweden-specific in the sense that a late 
immigration affects the grade less in mathematics than in other subjects. 

Given this background, the research question is: Are there topics or concepts in 
mathematics in which first generation immigrants on average perform differently 
than average native students? If so, what could the reasons for this be? 

SFARD’S DISCOURSE THEORY FOR MATHEMATICS 

A short version of Sfard’s operational definition of communication is “a collectively 
performed patterned activity” (Sfard, 2008, p. 86). With this definition of 
communication she defines a discourse as communications “that draw some 
individuals together while excluding some others” (Sfard, 2008, p. 91). In this article, 
the following interpretation of the word discourse is used: Sfard’s definition of 



  

discourse makes it possible to delimit a discourse to the teaching of some specific 
concept in mathematics and the consequential question Do all student groups have 
access to that discourse? 

Mathematical ideas are abstract and as such not perceptible. To communicate 
mathematical ideas we use what Sfard call realizations: When solving, for example a 
test problem, the documented solution process becomes a realization tree. 
Realizations are personal constructs and can, as such, be strongly situated. They are 
perceptible as data for the observing researcher. If often repeated during learning 
activities, they could be automatized or embodied (Sfard, 2008). 

With communication defined as a patterned activity, Sfard (2008) suggests rules for 
the pattern of a discourse: Applied to assessment, examples of object rules are rules 
for how to use mathematics. The rules are enacted – how test takers use mathematics, 
endorsed – what some teachers assess as “passed”, that is accept as “mathematical 
enough” and norms – what most teachers would accept as “passed”. There are also 
meta-rules describing the behaviour of the agents in the discourse. For example a 
researcher may construct agents’ routines from observing a discourse. How-routines 
and when-routines prescribe the pattern of the activity and when it is suitable. 

Under the assumption that realizations enacted during a test in mathematics 
sometimes reflect automatized or embodied realizations, the realizations give hints of 
what the object rules and meta-rules of the discourse look like. 

METHOD 

In this study, data from a national test are used. Every year Skolverket organizes 
national tests in mathematics for the last year of compulsory school (year 9 for 
students, usually aged 15-16 years). The PRIM-group [1] at Stockholm University 
designs the tests in mathematics and collects a random sample for evaluation (PRIM, 
2009). 

Table 1: Contents in sample batches of the PRIM-group 

Batch 1: 

All test takers 
born the 18th 
(random date 
each year) in all 
months. 

- Gender. 

- Credit points on each test-problem. 

- Has the student followed the course “Swedish language” 
or “Swedish as a second language”? 

- Does the student have any other mother tongue(s) than 
Swedish? 

Batch 2: 

All test takers 
born April 18 or 
October 18. 

- Teacher-assessed student solutions. 

- Gender. 

- School name. 

 



  

Table 1 gives the sample routines, which are similar each year. The compulsory 
school law says that a student has another mother tongue (than Swedish) if at least 
one parent has it and the student has elementary skills in it and uses it daily (SFS 
1994:1194, 2 chap 9 §). This definition gives the student right but not obligation to 
take a course in their mother tongue. In that sense it is from a teacher’s perspective 
often unclear if the student has another mother tongue or not and many teachers 
skipped this question or answered “Do not know”. The national test consists of four 
parts assessing different aspects of mathematical competencies; part A – oral, part B1 
– understanding of numbers, variables and some concepts in probability, statistics  
and geometry, part B2 – interpret and generalize solutions and part C – problem 
solving (Skolverket, 2010). Data used in this study were chosen from part B1 for the 
following reasons: Compared to the other three parts it tries to assess specific 
concepts. It has lower correlation with reading comprehension than parts B2 and C 
(Skolverket, 2010) and should thus be less unfavorable for second language learners. 
The answers are documented (written). 

So, from batch 1, two student groups were created:  

SLL – second language learners and  

Swe – first language learners without other mother tongue(s). 

For each problem in part B1, the average performances pSLL and pSwe were compared 
using a non-directional statistical hypothesis test with statistical significance value u 
given by 

u = (pSLL – pSwe)/√[pSLL(1 – pSLL)/NSLL + pSwe(1 – pSwe)/NSwe]. 

Whenever the words “significant” or “significance” are used in this paper it mean 
statistically significant. A hypothesis test was done for each of the 18 test problems. 
To reach a 0.05 total risk of accepting a false or rejecting a true result for all 
hypothesis tests correspond to about 0.003 fault risk for each problem. For a normal 
approximated test this corresponds to a significance value of u = 2.97. 

Batch 2 was used to get some information of solution strategies for some test 
problems. About 40 student solutions were scrutinized. 

A framework for categorizing the test problems was found in Rico (2006), who 
developed a functional model of mathematical learning in terms of school 
mathematics (concepts and procedures), activity fields (phenomena, contexts, 
situations and problems) and cognitive competences. Sáenz (2009) used this model to 
describe the relations between school mathematics on one hand and the other two 
categories on the other hand for PISA test problems. In this study, the first two of 
these categories are used. 

Some common mathematics textbooks were inspected for some special topics to get 
information on how these appear in school mathematics. The following books were 
inspected: 



  

Matematikboken X, Y-green, Y-red, Z-green and Z-red (five books, one “letter” for each 
grade 7-9 and “green” for basic course and “red” for advanced course. Publisher: Liber). 

Megamatematik (4 books, one book for each school year 6-9. Publisher: Ekelund). 

Matte Direkt (2 books one book for each school year 7-8. Publisher: Bonnier Utbildning). 

Formula 6-9 (4 books, one book for each school year 6-9. Publisher: Gleerups). 

RESULTS 

Table 2: Test problem results sorted after activity field (Rico, 2006; Sáenz, 2009). Bold 
lines mark statistically significant differences in performance. Katarina Kjellström at 
the PRIM-group provided the source data. 

Problem 
N:o 

pSwe 

NSwe=740 
pSLL 

NSLL=120 
Sign. 
Value u 

pSLL/pSwe School math Activity field 

B1 0,77 0,75 0,51 0,97 N – div. Math 

B3 0,59 0,57 0,52 0,96 R – mult. Math 

B5 0,75 0,68 1,55 0,9 Q – decimal Math 

B6 0,73 0,69 0,9 0,94 R – subtr. Math 

B7 0,88 0,78 2,69 0,88 Eq. Math 

B8 0,52 0,51 0,27 0,97 Q – decimal Math 

B11 0,53 0,48 0,86 0,92 Power Math 

B13 0,28 0,28 0,02 1 Eq. – Geom. Math 

B14 0,53 0,43 2,06 0,81 Eq. – Geom. Math 

B15 0,74 0,62 2,62 0,83 Eq. Math 

B17 0,26 0,30 0,87 1,15 N – div. Math 

B2 0,75 0,49 5,34 0,66 Z – subtr. Temperature 

B4 0,79 0,53 5,25 0,68 R – mult. Decimal hour 

B10a 0,93 0,80 3,44 0,86 Coord. Statistical 

B10b 0,37 0,24 3,09 0,65 Median Statistical 

B9 0,60 0,51 1,81 0,85 Prop./Probab. Lottery 

B12 0,47 0,32 3,26 0,68 Prop./Scale Map 

B16 0,36 0,28 1,81 0,77 Prop. Speed 

 

In table 2 columns two and three give the solution ratios (each of these problems 
could give 1 credit) for the test problems given in column 1. Column four gives the 



  

value of the significance variable. Column five gives the ratios of columns two and 
three. Columns six and seven characterize the mathematical content and the activity 
field. 

For the majority of the about 2 600 sampled students in batch 1, language background 
data were incomplete. Of all data in batch 1, NSLL were about 5 %, NSwe 29 % and 4 
% students with another mother tongue but not following the SLL-course. This can 
be compared to Skolverket (2004) where about 9 % were first generation immigrants 
and 6 % second generation immigrants. It is difficult to compare these different 
figures since some students with other language background might have been 
reported in the group “no complete language background data” or some of these 
students actually study neither mother tongue nor Swedish as a second language. 

There are some patterns in table 2:  

- Problems testing number sense, except B2 and B4, are categorized as mathematical 
(such as “calculate!”), are without significant differences and have ratios SLL/Swe > 0.9. 

- Problems testing variable sense are categorized as mathematical (such as “solve!” or 
“express!”) and show, except B13, close to significant differences and have ratios 0.8 < 
SLL/Swe < 0.9. 

- Both the statistical problems on coordinate identification (B10a) and on median (B10b) 
have significant differences and low ratios SLL/Swe. 

- Problems B9, B12 and B16 on proportionality have an extra-mathematical context. B12 
have high significant difference and ratio SLL/Swe < 0.7. 

ANALYSIS 

Decimal hours as a rare activity field 

Test problem B4 asks “How many minutes are 0.75 hours?” and has a strong 
significant difference between the two student groups. To analyze why this difference 
occurs, Sfard’s (2008) framework for realizations and routines are useful. We first 
note that two suitable realizations for solving B4 could be multiplication of decimal 
numbers “0.75·60” and via fractions/rational numbers “0.75 is three fourths is three 
quarters is 45 minutes”. From the inspected student solutions in batch 2 one incorrect 
answer is “15”. A likely reconstruction of the realization tree of this answer is: 

0.75 is 1 minus a fourth and a fourth is one quarter. 

The student may have focused on “one quarter”, written it as an answer and then 
hurried on to next question. Another inspected incorrect answered is “40”. Here the 
realization tree might have been: 

0.75 is a familiar and simple fraction, 2 thirds of an hour is a familiar and simple fraction. 

These answers indicate the use of fraction and both students seem to have a when-
rule as meta-rule saying that “apply the how-rule fraction when encountering time 
conversions”. These two students both have names common among native Swedish. 



  

The other incorrect answers were “7.5” and “75”, which indicate a realization tree of 
decimal factor conversion. These students seem to have understood that B4 involves 
a unit conversion and that 0.75 should be multiplied by something. They seem to 
have a possibly automatized when-rule saying “apply the how-rule decimal 
conversion when encountering unit conversion”. Several of these students have 
names common among non-European immigrants making it likely that some of them 
are SLL students. 

A close look at table 2 strengthens the assumption that the fraction and decimal 
realizations are unevenly distributed among the two student groups. From table 2 we 
note that the solution ratios for the two student groups are similar for B3 testing 
multiplication of decimal numbers. The same holds for B5 testing conversion 
between decimal and fractional numbers. Both groups performed better on B5 than 
B3. From table 2 we also note that the Swe-group has similar solution rates on B4 
and B5 which together with the results from batch 2 indicate that this group more 
often used a fraction number strategy. The SLL-group instead has similar solution 
rates on B4 and B3 which together with the results from batch 2 indicate that this 
group more often used a decimal number strategy. 

What reasons could there be for the Swe-group and SLL-group to use different 
realizations and thus reach significantly different performances? One likely answer is 
the rules and realizations of the discourses of decimal hours versus fraction hours. 
The endorsed rule of using fraction hours is present in daily life context of time and a 
standard content in middle school textbooks but rare in lower secondary textbooks 
and that teachers often follow textbooks (Skolverket, 2003). The endorsed rule of 
using decimal hours is “non-existent” since it is rare in compulsory school textbooks. 
On the other hand compulsory school textbooks have SI-unit conversions, where 
powers of 10 dominate, as a standard content. In this sense the endorsed rule is 
“multiply with powers of 10” in realizations of unit conversions. The conclusion 
would be that students who had followed most of the Swedish school system have 
participated in the discourse of attacking decimal hours via representations of 
fractions while students who have followed mainly the later school years hardly have 
had the chance to participate in this discourse. On the other hand they have met the 
when-rule of “powers of 10” when encountering unit conversions. These arguments 
provide a reason for the significant differences between the two student groups: Some 
SLL-students are recent immigrants and have recently started to participate in the 
Swedish schools and have thus not taken part into the fraction hour discourse. For 
them it might make sense to use the only discourse for unit conversion that they have 
participated in – namely multiplying with powers of 10. 

Median as a rare concept in school mathematics 

The test problems B10b, B13, B16 and B17 all have less than 40% solution ratio. 
B13 gives a geometrical figure illustrating angles 3y + y = 180° and the student 



  

should calculate the angle y. B16 gives a jogger running 3 km in 18 minutes and asks 
for the speed in km/h. In B17 the students should calculate a quotient. 

Test problem B17: Calculate 
102102

102102102102102

+

++++ . 

Since B13 involves algebra and B16 involves both proportionality and unit 
conversion it is expected that they are difficult. For B17 one inspected solution had 
the answer 510/204 which is correct though not worked out. Among other solutions 
to B17 a handful revealed wrongly used algebraic thinking such as 306 (omitting two 
102’s in numerator and denominator) and 1023 indicating that the student perceived 
the expression as 1025/1022. The difficulty with B17 can be understood in terms of 
either a correct algebraic perception of the expression or good acquaintance with 
numerical calculations. But what in B10b asking for a median value causes the lowest 
solution ratio of all for the SLL students and the fourth lowest for Swe students? 

Test problem B10a might give a clue to the solution ratios in B10b. B10a gives a dot 
graph and asks for an x-value given a certain unique y-value. Since both student 
groups have their highest solution ratio (0.93 and 0.80 respectively) for this problem, 
a conclusion is that both student groups can interpret graphical data and coordinate 
systems well. B10b asks for identifying the median from the dot graph. Since the 
graph in B10 contains an odd number of ordered data points, B10b only asks to find 
the middle value, which is a mathematically simple operation. If the students knew 
the concept of median, they should have the same solution ratio as for B10a. The 
conclusion is that the only difference between B10a and B10b is that most students 
do not know the concept of median. An inspection of some common textbooks for 
last three years in compulsory school together mention “median” only in a page or 
two somewhere in a statistics chapter. Since it occurs rarely in textbooks a discourse 
interpretation is that the students have hardly been invited to participate in a discourse 
containing the median concept unless regularly reminded of it. But there is still the 
significant difference between the two student groups to explain. 

SLL students follow the course “Swedish as a second language” only if they have a 
special need to develop their Swedish. It might be the case that some of these 
students on top of the rareness of the concept median also might have problems to 
distinguish this word as mathematically important among all other new Swedish 
words they meet during a math lesson. Another possible reason is that some SLL 
students due to late immigration arrive to math classes after the statistics chapter 
containing median has been finished. Likely conclusions are that SLL students 
sometimes are not invited to participate in the discourse on median for reasons of 
language difficulties or absence due to late immigration. 

Scale as a rare concept in school mathematics 

Test problems B9, B12 and B16 all involve proportionality. The lottery context of B9 
asks for the expected number of gains if you buy 30 lots each with 0.4 probability of 
winning. In this sense it is direct proportionality. Problem B12 asks how many km in 



  

reality are 5 cm on a 1:20 000 map in a cross country running context. B12 adds a 
unit conversion from cm to km on top of the direct proportionality, which makes it 
more difficult than B9. B16 described above is even more difficult than B12 since the 
unit conversion is not a power of 10 but can be calculated as a double proportionality. 
So far it is reasonable that the solution rate decreases from B9 to B16. But the 
significant difference between the two student groups for B12 asks for a reason. 

The activity fields of lottery in B9 and running in B16 should be common to most 
students while the students might not have met cross country running with a map 
even in a physical education context. On the other hand “scale 1:X” occurs in only a 
few pages in total in textbooks for school years 7-9 and is in that sense a rare concept 
in textbooks. A more likely conclusion is that, as suggested for B4 and B10b, some 
SLL students might due to recent immigration not have had a chance to participate in 
the discourse of scales – to see realizations of scale as a proportionality written as 
1:X. 

Arithmetic with negative numbers is less common in the basic course 

Test problem B2 displays one of the largest and most significant differences between 
the two student groups. The context of B2 is a table with positive and negative 
temperatures in degrees Celsius. The student should find the largest difference by 
subtracting whole numbers. The activity field is a context of winter temperatures and 
should be common to everyone who has experienced a winter day in Scandinavia. 
The reason for the significant difference should however be looked for in the 
discourse of school mathematics for subtracting negative numbers. 

Among the inspected solutions there are two main categories of wrong answers: One 
common category of answers is a difference being one degree too large. A realization 
for this first category of wrong answers could be to use a thermometer metaphor in 
the solution, but to include both the starting and stopping value in the counting. The 
thermometer metaphor occurred in all inspected textbooks and could be regarded as 
an endorsed object rule for negative numbers. The other main category of wrong 
answers could be interpreted as realization trees with some difference of absolute 
values: 

Choose the most extreme temperatures and subtract their absolute values. 

Choose the largest absolute values and subtract their absolute values. 

These two strategies indicate that most students correctly perceived the table and the 
instruction to calculate a difference but had a weak concept of negative numbers or 
negative number subtraction. 

In the inspected textbooks, explained realizations of subtraction of negative numbers 
occur in one chapter usually in a book for school year 7 or 8. It also occurs without 
explanation in chapters on algebra. However these algebra chapters are often divided 
into a basic course on proportionality and an advanced course also covering equations 
with many opportunities to meet sign change and realizations common in negative 



  

number arithmetic. Sometimes these two course-levels are comprised within the same 
textbook and sometimes they are in separate textbooks. The connection between 
knowledge in algebra and negative numbers is also visible in the test results in table 3 
below. 

Table 3: Comparing cumulative sum of credits for test problems B13-B16 (algebra and 
proportions) for students grouped after SLL, Swe and 0 or 1 credit for B2 

Sum of credits B13-B16 4p 3p 2p 1p 0p 

1c on B2 SLL (49%) 12% 34% 66% 85% 100% 

1c on B2 Swe (75%) 13% 38% 64% 88% 100% 

0c on B2 SLL (51%) 2% 16% 38% 69% 100% 

0c on B2 Swe (25%) 7% 21% 46% 76% 100% 

Table 3 shows that the differences in algebra performance between the two student 
groups are small for those having 1 credit for B2 while SLL students having 0 credits 
for B2 have less credits on B13-B16 then Swe students. A conclusion is that a larger 
part of the SLL students for some reason follow the basic course and thus have fewer 
opportunities to meet negative numbers. That is, some SLL students are partly 
excluded from the discourse of negative numbers. 

CONCLUSION 

Skolverket (2004) discusses the difference in grades between native and immigrant 
students in terms of socio-economic factors and whether the student immigrated 
before or after school start. This study can add a topic specific part to the difference. 
Topics of what Rico (2006) calls School mathematics and Activity fields that occur 
rarely in teaching are more likely to be stumbling blocks for SLL (second language 
learners) than for students without another mother tongue than Swedish. This result 
can be explained as having a higher risk of, for reasons discussed above, being partly 
excluded from participating in discourses on some rare concepts and procedures in 
school mathematics. Since test constructors and school evaluators might have good 
reasons to test these concepts and procedures, it then becomes the responsibility of 
the schools’ organization to give mathematics teachers of SLL-students means to 
ensure that all students have possibilities to participate in all discourses on different 
school mathematics. 

One suggestion for future research is to follow up this study for other national tests in 
order to strengthen the validity of these results and look for other possible rarely 
occurring school mathematics. In table 2 there is a trend, though not significant, for 
lower performance in test problems demanding knowledge in algebra and 
proportionality. Another suggestion for future research is to explore this further. 

NOTES 

1. PRIM = PRov I Matematik. The translation given in http://www.prim.su.se/english/ is “Testing in Mathematics”. 
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