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DISCERNING MULTIPLICATIVE AND ADDITIVE REASONING         
IN CO-VARIATION PROBLEMS 

Kerstin Larsson and Kerstin Pettersson, Stockholm University 

Abstract 

In this study of arithmetical reasoning, which extends earlier work, we explore what 
properties students, when working in pairs, discern in additive and multiplicative co-
variation problems that help them to distinguish between problem types. Results 
showed that pairs who solved each problem appropriately discerned mathematically 
significant properties such as speed, starting time and distance. Pairs who over-used 
additive reasoning focused on the distance difference without considering speed. 
While speed is considered to be a difficult quantity, here it seems to help students 
distinguish between multiplicative and additive situations. 
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Introduction 

The study presented in this paper extends work undertaken by Van Dooren and 
colleagues at the University of Leuven on students’ reasoning when solving 
multiplicative and additive co-variation problems. Co-variation problems deal 
with two phenomena that change at the same time. An example of a 
multiplicative co-variation problem is two persons starting at the same time and 
running laps at different (but constant) speeds. If they run at the same speed but 
one person has started before the other it is an additive co-variation problem. 
The Leuven group has undertaken several studies on the ways in which students 
understand and exploit multiplicative reasoning showing that students have 
difficulties determining when multiplicative reasoning is appropriate (e.g Van 
Dooren et al., 2008; Van Dooren et al, 2010a, 2010b). We extend this line of 
research by investigating those features that students discern when solving co-
variation problems that underpin the forms of reasoning they adopt. What 
problem features are discerned by those who reason correctly and how do these 
differ from the features discerned by students who over-use multiplicative or 
additive reasoning, i.e. employ multiplicative reasoning to problems where 
additive reasoning is appropriate and vice versa? 

Multiplicative reasoning, which typically develops slowly (Clark and Kamii, 
1996; Van Dooren et al., 2010a), underpins many topics in mathematics such as 
fractions, ratio and functions (Vergnaud, 1994), emphasising the importance of 
distinguishing between additive and multiplicative reasoning. Proportional 
problems, such as calculating how many marbles Tina has if she has 3 times as 
many marbles as Ann, who has 5, are typically employed to distinguish additive 
and multiplicative reasoning. A child who reasons additively will sum the 
numbers and declare that Tina has 8 marbles, while a child who reasons 
multiplicatively would multiply 5 by 3 and answer 15 marbles (e.g. Clark and 
Kamii, 1996). When students receive instruction about proportionality they tend 
to over-use not only multiplicative reasoning but also additive reasoning 
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simultaneously (Van Dooren et al., 2010a). Explanations for such inappropriate 
reasoning processes are many and frequently draw on students’ tendency to 
notice superficial features, such as numbers and formulations, rather than the 
deep-level properties of a problem (Verschaffel et al., 2000). 

In problems employed to assess multiplicative reasoning the numbers as well as 
the quantity need to be carefully considered to avoid other sources of 
inappropriate reasoning. For example, numbers in word problems usually 
represent two different types of quantities, extensive and intensive. Extensive 
quantities, such as mass, can be measured and magnitudes sensibly added; the 
weight of two boxes of apples is the sum of each box’s weight. Intensive 
quantities are usually ratios between two extensive quantities, such as meter per 
second, and have been defined as quantities “not susceptible to actual addition“ 
(Piaget, 1952, p. 244). Thus, it is nonsensical to say that two persons’ running 
speed is the sum of each person’s speed. Extensive quantities generally pose 
fewer problems than intensive (Nunes, Desli and Bell, 2003). However, 
familiarity is important as well-known quantities like price per item are easier to 
manage than weight per unit volume. Speed is also considered to be an 
accessible intensive quantity (Van Dooren, et al., 2010a) due to the perceptual 
experience students have of the concept of speed (Nunes et al., 2003). 

Two studies by the Leuven group are of special interest to this paper. In one 
study written tests, involving both additive and multiplicative co-variation 
problems, were given to 325 students to investigate the development with age of 
their ability to interpret additive and multiplicative problems (Van Dooren et al., 
2010a). From this study we learn that numbers have greater influence than the 
mathematical situation. Integer ratios and differences tended to be handled as 
multiplicative problems while non-integer ratios and differences more often 
were treated additively (Van Dooren et al., 2010a). In the second study, 75 
students were set two tasks. The first involved their categorising but not solving 
word problems, while the second involved their solving a set of similar word 
problems (Van Dooren et al., 2010b). The problems reflected additive and 
multiplicative co-variation problems. Students who worked on the categorisation 
before solving problems were significantly more successful in distinguishing 
between additive and multiplicative problems than students who solved 
problems before categorising. These studies show that many students cannot 
discern additive from multiplicative co-variation problems and that the act of 
categorising may help in the process of distinguishing additive from 
multiplicative problems. However, since the studies exploited written tests 
students’ reasoning processes were difficult to identify. 

Our aim was to extend our knowledge with respect to students’ multiplicative 
and additive reasoning through our addressing the following research question; 
what features do students discern in additive and multiplicative co-variation 
problems that help them to distinguish the two problem types? 
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Materials and Methods 

In order to study what features of a problem students discern we invited ten pairs 
of 6th grade students to solve problems in pairs, allowing us to follow students’ 
problem solving discussions in a natural setting. We constructed two co-
variation problems, one multiplicative and one additive, using the same context, 
children swimming lengths in a swimming pool. Problem 1 was a multiplicative 
problem, (MP), and problem 2 was an additive problem, (AP). 

Gustav, Martin, Sofia and Elin are swimming in a pool. 

1. Martin swims faster than Gustav. 
Martin and Gustav start swimming at the same time. 
When Martin has swum 6 lengths, Gustav has swum 2 lengths. 
How many lengths has Martin swum when Gustav has swum 10 lengths? 

2. Sofia and Elin swim equally fast. 
Sofia starts swimming before Elin. 
When Sofia has swum 12 lengths, Elin has only swum 6 lengths. 
How many lengths has Sofia swum when Elin has swum 10 lengths? 

We chose numbers in both problems to make it easy to apply both additive and 
multiplicative reasoning. All differences and ratios were integers, each question 
was posed using the same number of lengths (10) for the child who had swum 
the fewest and focused on the child who had swum the most. Such an approach 
might prompt an over-use of multiplicative reasoning (Van Dooren et al., 
2010a), but our main reason was to ensure that all computations were simple and 
did not draw attention from student’s understanding of the problems. The choice 
of context, swimming lengths in a pool, is well-known to Swedish students and 
hence would make it easy to grasp the meaning of the described situations. The 
problems’ formulations were similar to those found in the two Leuven studies 
that we intended to extend (Van Dooren et al., 2010a, 2010b). 

The students who participated were already enrolled in a research project and 
had been interviewed several times about different aspects of multiplication. 
They were paired according to information concerning their multiplicative 
reasoning from individual interviews earlier the same term. We paired students 
who had shown similar reasoning in order to form as homogeneous pairs as 
possible. The interviews took place in a room adjacent to their normal classroom 
and were video and audio recorded. Afterwards, any written materials were 
collected and full transcriptions were made. Students were instructed to 
collaborate on an agreed solution to each problem. The order in which the two 
problems were presented was decided arbitrarily and then used consistently for 
all pairs - there were too few pairs to warrant investigating whether the order 
made a difference. The problems were written on a card, which was presented to 
the students, before the interviewer read the problems aloud. After they had 
solved both problems students were asked to describe what was similar and what 
was different about the problems. 
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An iterative process, involving both authors, of reading and comparing students’ 
arguments yielded qualitatively different categories of reasoning processes 
relating to the features students discerned. These categories referred to speed, 
starting time, distance, context and numbers. Context and numbers were 
considered to be superficial features, while speed, starting time and distance are 
features of mathematical significance in these two problems. 

Results 

Six pairs solved each problem with appropriate reasoning (i.e. the MP with 
multiplicative reasoning and the AP with additive reasoning). Four pairs over-
used additive or multiplicative reasoning (i.e. used the same type of reasoning to 
both problems), three by additive and one by multiplicative reasoning. 

All six pairs who solved each problem with appropriate reasoning discerned 
mathematically significant differences, which they discussed with each other as 
they were working on the solutions. All six pairs discerned that the speeds were 
different in the MP and the same in the AP, as exemplified by Anna’s statement. 

Anna: Here one swims faster [pointing at the MP] and here they swim equally 
fast [pointing at the AP]. 

Four of the six pairs explicitly concluded that the difference in speed led to an 
increased distance in the MP or that the same speed led to a fixed distance in the 
AP, as exemplified by Jonathan’s and Marcus’ statements. 

Jonathan: Because he swims faster [Jonathan moved two fingers simultaneously 
along the table with one finger moving faster] 

Marcus: If they are equally fast then of course she keeps that distance. [Marcus 
holds his hands on a fixed distance from each other and moves them forward at 
the same pace.] 

The importance of the speed was also repeated when they were explicitly asked 
to describe the similarities and differences they had discerned in the two 
problems. While speed is an intensive quantity, it is familiar to students and all 
six pairs were able to see how speed affected the distance between swimmers. 

One of the six pairs with appropriate reasoning, Jonathan and Hugo, first solved 
the MP by additive reasoning but then, having started on the second problem, 
stopped and returned to the first problem and changed their solution to 
multiplicative reasoning. 

Hugo: I think about the first [problem] as well, how that was. He had the same 
distance ahead [of the other swimmer] all the time.  

Jonathan: He was four lengths… 

Hugo: He was four lengths ahead all the time, and here it is, here they start. 
When Sofia has swum twelve, and then six, then she is six ahead. Six lengths 
ahead. 

[…] 
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Jonathan: Martin swims faster. […] Then Martin must have kind of much more 
[lengths]. For two lengths Gustav have swum, six times, must on four [lengths] 
then twelve. 

The four pairs who over-used additive or multiplicative reasoning found a 
procedure when they solved the first problem, which they reused with the 
second. The pair who used multiplicative reasoning to both problems discerned 
the speed difference when solving the MP then reused the procedure they had 
developed with the AP, as presented in the excerpts below. 

Sebastian (on MP): Because for each length he does […] he does, six [divided 
by], two [is], three lengths. 

Sebastian (on AP): Because each time she swims one length, she swims two 
lengths. 

This pair’s discussion on the MP is similar to the six pairs who reasoned 
appropriately to both problems; they discerned the speed difference and 
concluded that it led to an increasing difference in distance. 

The three pairs that reasoned additively focussed on and calculated the distance 
between the two swimmers and then added the distance to the ten lengths 
mentioned in the question, as exemplified by Alva’s statement. 

Alva (on MP): Because ten, he is four [lengths ahead], then it is fourteen. 

None of these three pairs discerned speed while solving the first problem (MP); 
they all discussed the distance in lengths, which prompted a correct solution to 
the AP, but not to the MP. 

When explicitly asked to describe differences all four pairs that over-used 
additive or multiplicative reasoning described contextual and numerical 
differences, as exemplified by the excerpts below. 

Felicia: It is girls there and boys there, that is different. 

Sebastian: The numbers are different but the way to calculate is the same. 

In the end of the interview Hanna and Matilda, as well as Julia and Alva, also 
pinpointed significant mathematical differences; speed and starting times. We 
exemplify this by presenting what Matilda and Hanna said. 

Matilda: They start at the same time and they do not start at the same time. 

Hanna: And those two do not swim equally fast and those two swim equally fast. 

However this did not lead any of them to revise their solutions or reasoning. 

In summary, students who solved the problems by appropriate reasoning 
discerned and used the information about speed being different or the same and 
sometimes also that starting time being different or the same and inferred that 
this had implications for the distance between the swimmers. When these 
students were asked to explicitly describe differences and similarities they talked 
about these mathematically significant features. Some of these pairs also noted 
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superficial differences such as boys in MP and girls in AP, but this was said with 
laughter and gestures indicating that it was not of importance. 

In contrast the students who over-used additive or multiplicative reasoning 
found a procedure for the first problem, which they applied to the second. The 
additive procedure was based on differences in distance and the multiplicative 
on differences in speed. When they described the ways in which the problems 
differed they talked about numbers and other superficial contextual differences. 
Two of the pairs noticed not only that the speeds were different in the MP but 
the same in the AP but also that the start times were the same time in the MP but 
different in the AP without reflecting that these differences had any influence on 
how to solve the problems. 

Discussion and conclusion 

In this study we find evidence that when students discern significant features in 
a problem they can reason appropriately. That is, what students discern as 
significant determines what they do. Students, who discerned the significance of 
the swimmers’ speed were able to infer that the distance between the two 
swimmers was relational in the MP and absolute in the AP. This can be 
construed as the nature of their discernment also determines their reasoning 
process. Hugo and Jonathan’s reasoning bore evidence of this when they reacted 
to having used the same reasoning to both problems even though they discerned 
significant different features and went back to revise their solutions. They used 
the speed difference as grounds for thinking more about how to solve the 
multiplicative problem. Even though speed is considered to be difficult to handle 
for young students (Nunes et al., 2003) the notion of speed as being different or 
the same was discerned by all successful pairs and led them to appropriate 
reasoning. This can be explained by the familiarity of the situation as well as the 
fact that the students did not work with any quantities in the two problems; the 
speed was expressed as being different or the same and measured by the number 
of lengths the swimmers had swum at two points of time (i.e. extensive 
quantity). The appropriately reasoning pairs could infer that the speed being 
different lead to increased difference between the swimmers while the same 
speed lead to a fixed difference. This might be an important clue for how to 
design instruction to help all students to make such inferences. 

We also confirmed earlier findings (Van Dooren et al., 2010b) that to ask 
students, after solving problems, to describe what is different did not help them 
to discern significant differences. If students have not discerned the difference in 
swimming speed, it is of course not possible for them to describe that. But two 
pairs, when questioned after solving the problems, identified both speed and 
start time differences without realising their significance with respect to the 
solution processes. Perhaps asking them to first read both problems and then 
discuss what was similar and different before solving them might have had an 
impact on their solutions. However, this was not the intention with our study, we 
wanted to see what features that students pay attention to and act upon when 
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they solve co-variation problems of multiplicative and additive nature. This 
confirmation of the findings from Van Dooren et al. (2010b) has implications 
for instruction; comparing and categorising word problems before solving them 
enhances students’ ability to discern mathematically significant features in them. 

With respect to the first problem, all pairs engaged with the context of children 
swimming without suspension of meaning, extracted numbers and applied an 
arithmetical operation, as has found regularly in many different contents and 
cultures (e.g. Verschaffel et al., 2000). This may be due to the familiarity of the 
context, as swimming lengths in a pool is meaningful for these particular 
students. However, after finding a procedure (correct or incorrect) for solving 
the first problem four pairs re-used that procedure with the second problem 
without further discussion or reflection. In particular, Ebba and Sebastian, the 
only students who over-used multiplicative reasoning, worked collaboratively 
on the MP until they had an agreed solution they thought was appropriate. When 
they worked on the AP they did not discuss but immediately applied the 
procedure they had employed on the MP. One simple explanation may be that 
they just did not pay sufficient attention to the presentation of the problem. 
Another, more significant explanation, may be that in the game of school 
mathematics instruction typically addresses one category of problem at a time 
(Verschaffel et al., 2000). Such matters also call for instruction, inspired by the 
study where students had to categorise problems rather than solve them (Van 
Dooren et al., 2010b), inviting students to discuss with both peers and teachers 
rationales for their categorisations. 

The most important part of the results is that the students who discerned the 
significance of speed being different or the same were able to reason 
appropriately to both the multiplicative and the additive co-variation problem. 
Even though speed is considered to be a difficult quantity it might be the key to 
grasp this type of situations and more research is needed in this area. 

We believe that the methodology of our study, where we had student pairs 
discussing and solving problems together, as well as discussing the similarities 
and differences of the problems, might be useful in shedding light on how to 
move students’ focus from superficial features to significant mathematical 
features. The study reported in this paper could be used as a pilot for a larger 
study, involving more students, focussed on generalisation. In such a study the 
order of problems could be random for students pairs to rule out any differences 
from starting with a MP or an AP as well as giving the question about 
similarities and differences about the problems before asking them to solve the 
problems. 
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