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Abstract
We present an investigation of resonances with natural and unnatural parities in the positron-
potassium system using the complex scaling method. A model potential is used to represent the
interaction between the core and the valence electron. Explicitly correlated Gaussian wave
functions are used to represent the correlation effects between the valence electron, the positron
and the K+ core. Resonance energies and widths for two partial waves (S- and P-wave) below
the p s p d fK 4 , 5 , 5 , 4 , 4( ) excitation thresholds and positronium n=2 formation threshold are
calculated for natural parity. Resonance states for Pe below the dK 4( ) excitation threshold and
positronium n = 2, 3 formation thresholds are calculated for unnatural parity which has not been
previously reported. Below both positronium thresholds we have found a dipole series of
resonances, with binding energies scaling in good agreement with exceptions from an analytical
calculation. The present results are compared with those in the literature.
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1. Introduction

One of the areas in positron-atom interactions which has
attracted considerable interest from both theoreticians and
experimentalists is atomic resonances involving positrons. In
positron-atom scattering, resonances are studied extensively
for the positron-hydrogen system [1–6]. Positron-hydrogen
scattering differs greatly from positron-alkali atom scattering
in several ways. Alkali atoms have large dipole polariz-
abilities that are strong enough to produce bound states [7].
Moreover, the hydrogen atom has degeneracy in its spectrum
whereas the alkali atoms do not have such characteristics. An
additional characteristic of a positron-alkali system is the
rearrangement process, i.e. positronium(Ps) formation. An
interesting feature of e+-K scattering is that the Ps(1 s)
binding energy (6.8 eV) is higher than the ionization energy
(4.3 eV) [8] of atomic K. As a result, Ps(1 s) formation is
energetically possible even at zero impact energy and is
expected to have a significant effect on the scattering process.

For hydrogen, a minimum impact energy equal to the dif-
ference between the binding energies of H(1 s) and Ps(1 s) is
necessary for Ps formation to be allowed. Alkali-metal atoms
are ideal targets for examining theoretical approaches and
identifying important physical effects which contribute to the
behaviour of the quantum mechanical many-body system
[9–13].

A few theoretical studies of resonances in the positron-
potassium system have been conducted. The first study was
performed by Ward et al [9] using the five-state close-cou-
pling method. They used a model potential to determine the
interaction between the active valence electron and the inert
core in their calculations. However, no Ps formation channel
is included in their calculations. Recently, Kar and Ho [10]
have applied the stabilization method to evaluate the reso-
nances in this system. They used Hylleraas-type wave func-
tions to represent the correlation effects between the valence
electron, the positron, and the core.

In the literature few experiments relating to total cross-
section [14–16] and of Ps formation [17, 18] for the +e -K
scattering are found, however their energy resolution is not
adequate to map out the resonance structure. Similarly, few
theoretical studies on total cross-sections and of Ps formation
are available for +e -K scattering [19, 20].
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In the present work, we have calculated S- and P-wave
resonances in the positron-potassium system for natural par-
ity. To extract these results we use the complex scaling
method. We found that there is reasonable agreement with
other theoretical calculations where available.

We have also calculated resonances with so-called
unnatural parity. Resonances with unnatural parity are
expressed as: p = - +1 ,J 1( ) where J is the total orbital
angular momentum (spin is conserved) of the system.
Unnatural parity resonances for positron-hydrogen scattering
have been performed [21–23] but positron-potassium scat-
tering has not previously been investigated. Recently,
Bromley et al studied a calculation of some unnatural parity
bound states in positronic complexes [24].

The e+-K system can be formulated as a three-body
system: a frozen core, a positron and an electron. We apply an
analytical model potential in our analysis to determine the
interaction between the core and the valence active electron.
Explicitly correlated Gaussian wave functions have been
employed to include the correlation effects between the
valence electron, the positron and the core.

Atomic units are used unless otherwise specified.

2. Method

The Hamiltonian H of the +e -K system is given by
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where the indices 1 and 2 refer to the coordinates of the
valence electron and positron, respectively; r12 is the relative
distance between them.

-
V e( ) and

+
V e( ) are the interaction

potentials between the core and the valence electron and the
positron, respectively. A potential has the form of screened
Coulomb interactions. The Coulomb part  r1 of model
potential was treated analytically, while the remaining
screening terms were fitted to a number of Gaussians in
order to represent the potential using a functional form which
allows the Hamiltonian matrix elements to be calculated
analytically. This also applies when complex scaling is used.

The model potential has a form similar to the one used by
Kar and Ho [10],
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where c1, c2 and c3 are parameters determined by fitting the
atomic energies to experimental data; Z=19 for K. For e+-K
scattering, we set =c 3.4911 , =c 10.5912 and =c 1.7303 as
suggested by Schweizer and Fabbinder [25]. For +

V e( ) we use
the same potential as in equation (2) but with the opposite
sign. The calculated atomic energy levels using the model
potential are shown in table 1 and agree well with the results
obtained by Kar and Ho [10], but differ somewhat to the
experimental values [8]. Thus, we conclude that our fit with
Gaussians is accurate enough to obtain good energies. For the

e+-K interaction, we also attempted an effective potential
calculated using the Hartree–Fock (HF) method, as was
suggested in [10]. The difference between the results is small,
as can be expected because of the repulsive interaction that
does not allow the positron to penetrate the core. The
corresponding modification to the attractive -e -K+ interaction
should probably result in a larger difference. In this case,
however, the HF potential cannot be used because, firstly, it
does not include exchange with the valence electron, and also
it does not reproduce the correct atomic thresholds of the K
atom with sufficient accuracy.

For correlation effects between the electron, the positron
and the core were calculated using the coupled rearrangement
channels method developed by Kamimura and co−workers
[26, 27] as in our previous articles [23, 28].

The three-body wave function YJM of total orbital angular
momentum J, has the form
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Here α denotes the three rearrangement channels, lα and Lα
are the angular momenta along ar and aR respectively, and i
and I are numbers of Gaussians along the two radial
coordinates. The angular momenta al and aL are chosen to
be consistent with the total J (i.e.  - +a a a al L J l L ,∣ ∣
up to some maximum values al

max and aL ,max which may be
different for different rearrangement channels.)

In order to calculate the resonant energies and widths we
have used the complex scaling method [29–32]. The complex
dilation operator qU ( ) is defined as

q = q qU g gr re e , 53i 2 i( )( ) ( ) ( )

Table 1. Comparison of the calculated bound state energy levels of
nlK .( ) Energies are shown with respect to the K+ threshold in a.u.

The experimental energies are a weighted average of all fine-
structure levels.

K
State Present results Kar and Ho [10] Experiment [8]

s4 −0.15826320 −0.158265 -0.1595164
p4 −0.09935002 −0.09935 -0.1001545
s5 −0.06363184 −0.06363 −0.06371242
d3 −0.06085806 −0.06139328
p5 −0.04686876 −0.046865 −0.04690459
d4 −0.03458256 −0.03468437
s6 −0.03443855 −0.03444182
f4 −0.03126675 −0.03135653
p6 −0.02736066 −0.02735720
d5 −0.02187326 −0.02198150
s7 −0.02138122 −0.02157684
f5 −0.02001373 −0.02006193
g5 −0.02000012 −0.02001371
p7 −0.01712543 −0.01793618
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The complex dilated Hamiltonian is then

q = +q q- -H T Ve e . 62i i( ) ( )

The stationary eigenvalues of the complex scaled generalized
eigenvalue problem

q q
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correspond to complex energies = - GE E iR of the system,
where ER is the resonance energy and Γ the width.

3. Results and discussion

3.1. e+-K resonances with natural parity

The positions and widths of the resonances found in the e+-K
system with natural parity are summarized for S- and P-waves
in table 2. In table 3 we compared our results with the other
available studies. The threshold energies Et included in these
tables are those calculated using the same model potential
(see table 1). Notice that only few results for resonances are
available in the literature, and others have not previously been
reported. The convergence of our calculations has been
examined as the number of the Gaussian basis function
increases. Our results were obtained using more than 7000
Gaussian basis functions with different possible combinations
for the angular momentum, with maximum values of

=a al L, 4, 4( ) ( ) used for S- and P-waves.
S-wave resonances in positron-potassium scattering

below the p s p d fK 4 , 5 , 5 , 4 , 4( ) excitation thresholds and Ps
(n= 2) formation threshold are calculated. We can see that
the lowest lying S-wave resonance we obtained for pK 4( ) is at
energy position −0.1031095 a.u. which agrees well with Kar
and Ho [10] and Ward et al [9] and the width ´ -3.16 10 4

agrees reasonably well with [10] but is larger than the width
obtained by Ward et al [9]. We predict the next resonance at
−0.0728418 a.u. Kar and Ho [10] and Ward et al [9] found
this resonance as well, but with rather different values for the
resonance parameters. We found another resonance below the

sK 5( ) threshold at energy −0.0653145 a.u. and width
´ -5.16 10 5 a.u. Most of the resonances located above the
sK 5( ) threshold belong to the dipole series converging to the

Ps =n 2( ) threshold, as discussed below in section 3.3. We
found four other resonances below the K( p d f5 , 4 , 4 ) thresh-
olds, shown in table 2, which have not been reported before in
the literature.

For states with total orbital angular momentum J=1, we
have different possible combinations of the individual angular
momenta a al L, .( ) The total number of configurations used
was 24. Before this work, only one resonance relating to the
P-state in a positron-potassium system had been reported in
the literature, to the best of our knowledge. Our results in
table 3 are compared with Ward et al [9]. For pK 4( ) we found
one resonance located at −0.1008717 a.u. which is close to
the value found by Ward et al [9] but the width we obtained is
considerably higher. The next two resonances that we have
found below the sK 5( ) threshold at energies −0.0715677 a.u.

and −0.0647740 a.u. have widths ´ -1.46 10 4 a.u. and
´ -2.26 10 5 a.u., respectively. Similarly, we found a dipole

series under the Ps =n 2( ) threshold which will discuss later.
For higher n state resonances below the K( p d f5 , 4 , 4 )
threshold, we found four resonances which have not been
reported previously.

Table 2. S- and P-wave resonance energies ER and widths Γ for the
e+-K system (a.u). The notation x y[ ] means -10 y.

Present results

Resonance ER Γ

S −0.1031095 3.16 4[ ]
P −0.1008717 2.74 3[ ]

K p4( ) threshold Et =
(−0.09935002 a.u.)

S −0.0728418 1.38 4[ ]
−0.0653145 5.16 5[ ]

P −0.0715677 1.46 4[ ]
−0.0647740 2.26 5[ ]

K s5( ) threshold Et =
(−0.06363184 a.u.)

S −0.0632445 3.0 5[ ]
−0.0626996 8.38 6[ ]
−0.0625533 2.24 6[ ]
−0.0625143 6.04 7[ ]
−0.0625038 1.66 7[ ]

P −0.0630827 8.25 6[ ]
−0.0626327 6.65 6[ ]
−0.0625343 8.42 7[ ]
−0.0625087 1.86 7[ ]
−0.0625021 4.53 8[ ]

Ps =n 2( ) threshold Et =
(−0.062500 a.u.)

S −0.0470157 1.32 5[ ]
P −0.0469480 5.93 6[ ]

K p5( ) threshold Et =
(−0.04686876 a.u.)

S −0.0373866 7.81 5[ ]
P −0.0371836 7.51 5[ ]

−0.0353723 9.20 5[ ]

K d4( ) threshold Et =
(−0.03458256 a.u.)

S −0.0345508 1.63 5[ ]
P −0.0345298 8.00 5[ ]

K s6( ) threshold Et =
(−0.03443855 a.u.)

S −0.0323215 2.49 4[ ]

K f4( ) threshold Et =
(−0.03126675 a.u.)
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3.2. e+-K resonances with unnatural parity

We have also calculated resonance states with unnatural
parities. Table 4 shows the total number of basis functions
used for a given angular momentum state, as well as the
individual a al L,( ) pairs for different angular momentum
combinations. N is the number of configurations used.

For the Pe states, both the electron and positron have the
same angular momentum which couple to form the total

orbital angular momentum J=1 shown in table 4. The
numerical results obtained from the present calculations are
displayed in table 5. To the best of our knowledge, these have
not been discussed previously. The lowest unnatural parity
resonance state is located at energy position =ER
−0.0625801 a.u. with the width G = ´ -1.85 10 5 a.u. lying
below the Ps =n 2( ) threshold. The next Pe resonance lies
below the d4 threshold at energy position =ER −0.0354505
a.u. with the width G = ´ -3.60 10 5 a.u. Similarly to the
case for natural parity, the resonances lying below the Ps
(n= 3) threshold are members of a dipole series.

3.3. Dipole series

In our previous paper we reported the calculation of dipole
series in a positron-sodium system below the Ps(n= 2) and Ps
(n= 3) thresholds [33]. Similarly, in the case of positron-
potassium scattering, we found the existence of dipole series
for both natural and unnatural parity states respectively. These
resonances are very narrow and close to the threshold, and
require extremely high accuracy for the calculation. The
sequence of these narrow resonances below the Ps =n 2( )
threshold arise from the long range force ~V r1 2( ) of
positronium. The energy and width ratios of the successive
resonances is given approximately by the formula [6]




p
a

=
+
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⎝

⎞
⎠exp

2
. 8

j

j 1
( )

Below the Ps(n= 2) threshold we investigate the energy
and the width ratios which are in line with the expected
scaling. We noticed that the width ratios are slightly less
accurate, but are quite satisfactory except for the most deeply
bound resonances of P-symmetry. Our numerical results for
the scaling of the dipole series are displayed in tables 6 and 7.

For unnatural parity there is no dipole series at the n=2
threshold. The reason for this is that the dipole moment at
n=2 can only come from the coupling of the degenerate s2
and p2 states in Ps. In the coupling scheme which results in
unnatural parity, S-waves are not allowed (see table 4).
Instead the first dipole series arises below n=3, with the
dipole coming from the coupling of the degenerate p3 and d3
Ps levels. The results are shown in table 6.

Table 3.Comparison of the S- and P-wave resonance energies ER and widths Γ for the e+-K system with other calculations. The notation x y[ ]
means -10 .y

Present results Kar and Ho [10] Ward et al [9]

Resonance ER Γ ER Γ ER Γ

S −0.1031095 3.16 4[ ] −0.1027735 2.08 4[ ] −0.1031392 6.24 5[ ]
P −0.1008717 2.74 3[ ] — — −0.1005668 6.62 5[ ]

K p4( ) threshold Et = (−0.09935002 a.u.)

S −0.0728418 1.34 4[ ] −0.0774147 5.14 4[ ] −0.0682274 1.98 5[ ]
− 0.0653145 5.16 5[ ] — — — —

K s5( ) threshold Et = (−0.06363184 a.u.)

Table 4. States with the total orbital angular momentum J and the
parity, p = - +1 .J 1( )

State J ( a al L, ) N Total basis

Pe 1 (1, 1), (2, 2), (3, 3), (4, 4) 12 7500

Table 5. Unnatural parity resonance energy ER and width Γ for Pe

waves. The notation x y[ ] means -10 .y

Present results

Resonance ER Γ

Pe −0.0625801 1.85 5[ ]

Ps =n 2( ) threshold
Et = (−0.062500 a.u.)

−0.0354505 3.60 5[ ]

d4( ) threshold
Et = (−0.03458256 a.u.)

Pe −0.0304057 6.96 5[ ]
−0.0286263 2.50 5[ ]
−0.0280528 7.84 6[ ]
−0.0278672 2.56 6[ ]
−0.0278070 8.28 7[ ]
−0.0277874 2.70 7[ ]
−0.0277809 8.60 8[ ]

Ps =n 3( ) threshold
Et = (−0.027778 a.u.)
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Below the Ps(n= 3) threshold we have only extracted
resonance parameters for the unnatural parity case, because
for the normal parity the number of states gets very large,
which makes it difficult to classify the resonances. The con-
sistency of the results seems satisfactory for the Pe symmetry.
The results are shown in table 7.

Conclusion

In summary, we have reported a theoretical calculation for
total orbital angular momentum = -J 0 1 resonances in the
e+-K system for natural parity. Resonance positions and
widths have been compared with other available theoretical
results. Reasonable agreement between resonance positions
have been found but the widths we have calculated do not
match those obtained by the close-coupling method calcula-
tion of Ward et al [9]. New possible resonances are reported
for the first time. We have also reported resonances with
unnatural parities. To the best of our knowledge, there are no
other reported results for the unnatural parity for comparison.
The energy and width ratios of the successive resonances of
these sequences were, furthermore, for the most part found to
agree well with analytical results but the width ratios deviate
for higher J=1 values. This might be due to the difficulty in
obtaining an extremely high numerical accuracy for a calcu-
lation adjacent to the threshold. Further theoretical studies are
suggested to confirm these new possible resonances. In the
case of the positron-potassium system, various experimental
investigations on Ps formation cross-sections have been
conducted [14–17]. As energetic positron beams are now
available in different positron research laboratories around the
world [34–36], we hope that our results may now stimulate an
experimental search for resonances in the positron-potassium
system.
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