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Abstract

Central limit theorems and their applications constitute highlights
in probability theory and statistical inference. However, as a teacher,
especially in undergraduate courses, you are faced with the challenges
of how to introduce the results. These challenges especially concern
ways of presentation and discussion of under which conditions asymp-
totic (approximate) results hold. This paper attempts to present some
relevant examples for possible use in the classroom.
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1 Introduction

Introducing the error term in a linear regression model during a course in
statistics occasionally gives rise to comments from students such as ”How can
we motivate the assumption of normality?”. A common reply is that the
error is supposed to be the aggregate of many ”disturbances”, i.e. a sum of
many random variables and therefore we can assume that, at least, normality
holds approximately. The teacher might then (rightfully) receive the follow-
up question: ”We have been taught that the terms should be iid in order to
assume approximate normality for the sum and is it realistic to assume that
here?” The teacher must then shamefully admit that the students previously
have been somewhat misled to believe that there is something called THE
central limit theorem, whereas in reality, there are many versions of central
limit theorems. In some of them, the assumption that the terms have the same
distribution is dropped, and there are also examples of limit normality results,
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where the assumption of independence is relaxed. On the other hand, there
are cases where the observations are indeed iid (independent and identically
distributed), but the limit distribution is not normal. Students who have
taken a few courses in statistics are usually more worried about how many
observations they sum than anything else. This is mostly due to rules of
thumb like ”the sample size 30 is usually enough”.

2 Presenting a central limit theorem

Textbooks used for a first course in probability theory usually (without a
proof) include the following result, known in the literature as the Lindeberg-
Lévy central limit theorem:
Let X1, . . . , Xn be iid random variables with mean µ and finite variance σ2

and further let Sn =
∑n
i=1Xi. Then

P
(Sn − nµ√

nσ
≤ a

)
→ Φ(a), as n→∞, for all a ∈ R

(Note that it is understood here that µ is finite, which follows from the as-
sumption that the variance σ2 is finite.)
The presentation is sometimes as an approximate result rather than as an
asymptotic:

If n is large, then Sn is approximately N(nµ, nσ2)

or equivalently

If n is large, then X̄ = Sn/n is approximately N(µ, σ2/n)

These latter ways of presenting the theorem are probably preferable if the
students have poor mathematical background.
In a second course in probability theory, the Lindeberg-Lévy theorem is often
presented including a proof using some type of generating function. Usually
the moment generating function is the chosen tool as in e.g. Casella and Berger
(2002). The authors include two versions of central limit results, where in the
first it is assumed that the moment generating function exists in a neighbour-
hood of 0. In that case the proof is rather straightforward. Then, a ”stronger
form of the Central Limit Theorem” (Lindeberg-Lévy) is stated without a
proof, since in that case you need the use of characteristic functions instead.
It is argued that dealing with complex variables is beyond the scope of the
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book. In a teaching situation you do not have much of a choice if the students
are not familiar with complex numbers. However, to really appreciate the
meaning of the statement about a moment generating function existing in a
neighbourhood of 0 is probably rather difficult for most students. The good
thing though with this assumption is that you do not need to specify that σ2

is finite.
Inlow (2010) presents a moment generating proof involving use of Slutsky’s
theorem without actually requiring the existence of the moment generating
function of the constituent random variables, which are assumed (absolutely)
continuous. As the author comments the proof is unfortunately accessible for
graduate students only.
The superior property of a characteristic function compared with a moment
generating function is of course that the former always exists and the proof
of this is so elegant that we should include it here!
Suppose the random variable X is continuous. (The proof is similar in the
discrete case.) Its characteristic function is given by ρ(t) = E(eitX) and
|ρ(t)| = |

∫∞
−∞ eitxf(x)dx| ≤

∫∞
−∞ |e

itxf(x)|dx

Now, since |f(x)| = f(x) and |eitX | = |cos tx+ isin tx| =
√

cos2tx+ sin2tx =
1, we finally get that |ρ(t)| ≤

∫∞
−∞ f(x)dx = 1 and we are done.

3 Relaxing the iid assumption

When we deviate from iid cases, the situation naturally becomes more com-
plicated. If we first consider a sequence of random variables which are in-
dependent, but not necessarily identically distributed, we can rely on results
such as the Lindeberg-Feller central limit theorem. This theorem includes
what is called the Lindeberg condition and this might be too technical for an
undergraduate course, but one could mention that this condition implies that

maxi=1,...,n
σ2
i

s2n
→ 0, as n→∞, (1)

where σ2
i = Var(Xi), i = 1, . . . n and s2n =

∑n
i=1 σ

2
i . The interpretation is

that the contribution of any individual random variable is arbitrarily small
for (sufficiently) large n.
An example of where we may have use for this result is when we consider
a sequence of independent Bernoulli variables X1, . . . , Xn, where P (Xi =
1) = pi, i = 1, . . . , n. When pi = p, i = 1, . . . , n, the students know that
we get a binomial distribution from Sn and that we can approximate this
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distribution with a normal for large n. Now, a sufficient condition for (1) is
that s2n =

∑n
i=1 pi(1−pi)→∞, which will be obtained if pi is kept away from

values too close to either 0 or 1.
Let us now have a look at the independence part of the iid assumption. If the
students are familiar with time series modelling the following simple moving
average type of situation may illustrate the case of nonindependent random
variables: Let

Xi = Zi + Zi−1, i = 1, 2, . . . ,

where Z0, Z1, Z2,. . . are iid with a common finite variance. Clearly X1, X2, . . .
is not a sequence of independent variables, so what can we say about the
distribution of Sn for large n? The simple trick is to rewrite Sn as

Sn = Z0 + Zn + 2

n−1∑
i=1

Zi (2)

The Lindeberg-Lévy theorem can be applied to the last sum of (2) and it can
further be shown formally that Z0 and Zn are asymptotically negligible and
we can therefore conclude that Sn is approximately normally distributed for
large n.

4 Counter examples

Probably the most famous counter example of an iid situation where a central
limit theorem does not apply is when Xi is Cauchy(θ1, θ2), i = 1, . . . , n (also
named the Lorentz distribution by physicists). The pdf is

f(x) =
θ2

π(θ22 + (x− θ1)2)
−∞ < x <∞, θ2 > 0

This density function looks innocent enough, being symmetric around θ1,
but as is well-known, the mean µ and the variance σ2 do not exist. A
natural and interesting case is when we put θ1 = 0 and θ2 = 1. A stu-
dent might then be tempted to draw the conclusion that the mean really is
0 using the following (wrong) argument: E(X) = lima→∞

1
π

∫ a
−a

x
1+x2 dx =

lima→∞
1
2π [ln(1 + x2)]a−a = 0, thereby not following the rules of generalized

integrals. As pointed out by e.g. Casella and Berger (2002), we should first
check if E(|X|) <∞, which does not hold here.
So can we instead determine the distribution of some function of Sn in the
general case of X ∼ Cauchy(θ1, θ2)? As it turns out, Sn/n has also a Cauchy
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distribution. To prove this we can not use the moment generating function
for X, since it does not exist, but instead the characteristic function ρ(t) is
of help. If X is Cauchy(θ1, θ2), then ρ(t) = eθ1it−θ2|t| and the characteristic

function for Sn/n is (ρ(t/n))n = (eθ1
it
n−θ2|

t
n |)n = ρ(t)! So, in a trivial sense

Sn/n converges to a Cauchy(θ1, θ2).
A student may at this stage comment that this distribution seems extreme
and therefore not realistic. Thus it is good to be able to point out a few
situations where the Cauchy distribution turns up. The most well-known
is probably where we look at the ratio Y = Z1/Z2, where Z1 and Z2 are
N(0, 1) and independent. Y is then Cauchy(0,1) and if we first confront
a student with the ratio, he/she will probably sense that there might be a
problem with the denominator, since there is a substantial probability that it
will attain a value close to 0. A second example is related to physics. If we
have a ray at an angle γ which has a uniform distribution, then tan(γ) has a
Cauchy distribution. A third example is related to statistical inference, since
a Cauchy(0, 1) distribution is the same as a t-distribution with one degree of
freedom.
Before leaving the Cauchy distribution it is worth telling the students that
besides the obvious observation that θ1 is the median, the scale parameter θ2
is (q3 − q1)/2 ( half the interquartile range).
If a student finds the Cauchy distribution somewhat extreme, then probably
the following member of the inverse-gamma family of densities will be regarded
as ballistic. Suppose that X has density

f(x) =
1√

2πx3
e−

1
2x , x > 0 (3)

The mean and variance do not exist, so we can not apply a central limit
theorem to an iid sequence X1, . . . , Xn. However, it holds that X̄ has the
same distribution as nX1. This has the quite amazing effect that X̄ has more
variability (we have to be careful about not using the word variance here!)
than one single variable X1.
Also it is worth pointing out that the distribution given by the density (3) is
not pathologic, since it can be used for e.g. modelling first passsage times in
a one-dimensional Brownian motion.
These two examples (and more) of situations where a central limit theorem
cannot be applied, are to be found in Bagui, Bhaumik and Mehra (2013).
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5 Summary

When teaching central limit theorem results, it is desirable to discuss other
issues than mere sample sizes to make students aware of at least something of
the involved complexity. Having done that hopefully facilitates understanding
of when and how to apply central limit theorems in real world situations.
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