
Philosophy of Mathematics for the Masses – Extending the
scope of the philosophy of mathematics

Stefan Buijsman

mailto:stefan.buijsman@philosophy.su.se




Philosophy of Mathematics for the
Masses
Extending the scope of the philosophy of mathematics

Stefan Buijsman

mailto:stefan.buijsman@philosophy.su.se


c�Stefan Nico Ruben Buijsman, Stockholm University 2016

ISBN 978-91-7649-351-9

Printed in Sweden by Holmbergs, Malmö 2016

Distributor: Department of Philosophy, Stockholm University



Contents

Acknowledgements ix

1 Introduction 11
1.1 Interpretations of Benacerraf’s dilemma . . . . . . . . 15

1.1.1 The realist horn of the dilemma . . . . . . . . 15
1.1.2 The anti-realist horn of the dilemma . . . . . . 19

1.2 Outline of the thesis . . . . . . . . . . . . . . . . . . . 21

I Realist Epistemologies 25

Overview of realist theories 27

2 Cognizing numbers versus Number Cognition 37
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 38
2.2 Number cognition as cognition of numbers . . . . . . . 42

2.2.1 Apparent mental arithmetic . . . . . . . . . . . 43
2.2.2 Cross-modal comparisons . . . . . . . . . . . 44

2.3 Quantities and Quantity representations . . . . . . . . 45
2.3.1 Two theories of quantity . . . . . . . . . . . . 47
2.3.2 Amounts as quantities . . . . . . . . . . . . . 50
2.3.3 Representing quantities spatially . . . . . . . . 52

2.4 An alternative: cognition of quantity . . . . . . . . . . 54
2.4.1 Empirical support . . . . . . . . . . . . . . . . 55
2.4.2 Small and large quantites . . . . . . . . . . . . 58
2.4.3 Challenges for a quantity based account . . . . 60

3 Hale and Wright’s neo-logicism 65
3.1 Hale and Wright’s solution . . . . . . . . . . . . . . . 66



3.1.1 Fixing identity and application conditions . . . 67
3.2 Evaluating the implicit definition story . . . . . . . . . 70

3.2.1 The Caesar Problem . . . . . . . . . . . . . . 71
3.2.2 Further problems in getting to the application

conditions . . . . . . . . . . . . . . . . . . . . 75
3.3 Epistemic claims from Hale and Wright . . . . . . . . 76

3.3.1 The first interpretation – an internalist construal 76
3.3.2 The second interpretation – a move to externalism 79
3.3.3 The third interpretation – dropping knowledge

requirements . . . . . . . . . . . . . . . . . . 82
3.3.4 The fourth interpretation – justification without

possessing concepts . . . . . . . . . . . . . . 83
3.4 Epistemic claims in practice . . . . . . . . . . . . . . 85

3.4.1 The completeness of the first interpretation . . 86
3.4.2 Completeness of the second and third interpre-

tation . . . . . . . . . . . . . . . . . . . . . . 88
3.4.3 The fourth interpretation as including too little 91

4 The conceptual strategy and pedagogy 95
4.1 Jenkins’s general account . . . . . . . . . . . . . . . . 97

4.1.1 Jenkins’s view of concepts as representing parts
of the world . . . . . . . . . . . . . . . . . . . 97

4.1.2 Problems about extending Jenkins’s account . . 100
4.1.3 A worry about composition of concepts . . . . 101
4.1.4 An attempt to solve the two worries . . . . . . 102

4.2 Stages of conceptual competence . . . . . . . . . . . . 105
4.2.1 Concepts and conceptions . . . . . . . . . . . 106
4.2.2 Action conceptions . . . . . . . . . . . . . . . 107
4.2.3 Process conceptions . . . . . . . . . . . . . . 109
4.2.4 Object conceptions . . . . . . . . . . . . . . . 110
4.2.5 Schema conceptions . . . . . . . . . . . . . . 112

4.3 Problems for the conceptual strategy . . . . . . . . . . 114
4.3.1 Acquiring knowledge from concepts . . . . . . 115
4.3.2 Indeterminacy relating to the grasped concept . 117

5 Parsons’s mathematical intuition 123
5.1 Parsons’s account . . . . . . . . . . . . . . . . . . . . 124

5.1.1 The underlying ontology . . . . . . . . . . . . 124
5.1.2 The stroke language . . . . . . . . . . . . . . 127



5.1.3 Intuition of stroke strings . . . . . . . . . . . . 128
5.1.4 Intuitive knowledge of axioms . . . . . . . . . 130

5.2 Issues of Completeness . . . . . . . . . . . . . . . . . 134
5.2.1 Alternatives to strokes . . . . . . . . . . . . . 134
5.2.2 The interpretations of Parsons’s account . . . . 138

5.3 Correctness worries . . . . . . . . . . . . . . . . . . . 140
5.3.1 Intuition that and number cognition . . . . . . 141
5.3.2 Consequences . . . . . . . . . . . . . . . . . . 143
5.3.3 Summary . . . . . . . . . . . . . . . . . . . . 144

6 Linsky and Zalta’s use of descriptions 147
6.1 Linsky and Zalta’s account . . . . . . . . . . . . . . . 148

6.1.1 A plenitude of abstract objects . . . . . . . . . 148
6.1.2 An epistemology based on descriptions . . . . 151

6.2 (In)Completeness of the account . . . . . . . . . . . . 156
6.2.1 Preliminary knowledge for reference . . . . . . 157
6.2.2 Using definite descriptions . . . . . . . . . . . 160
6.2.3 Summary . . . . . . . . . . . . . . . . . . . . 164

II Anti-Realist Semantics 167

Overview of anti-realist theories 169

7 Reformulated mathematical content 179
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 180
7.2 Reformulating in terms of proof . . . . . . . . . . . . 182
7.3 Ordinary people and proof . . . . . . . . . . . . . . . 186
7.4 Are these generally problematic cases? . . . . . . . . . 191

7.4.1 Field’s fictionalism . . . . . . . . . . . . . . . 191
7.4.2 Yablo’s nominalism . . . . . . . . . . . . . . . 193
7.4.3 Variations on Field’s and Yablo’s reformulations 196
7.4.4 Balaguer’s reformulation using standard models 199

7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . 201

8 Semantics in terms of proof 203
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 204
8.2 Giving a proof-conditional semantics . . . . . . . . . . 205
8.3 The requirements on speakers . . . . . . . . . . . . . 209



8.4 The limited capacities of speakers . . . . . . . . . . . 214

III The general project 221

9 Background assumptions and method 223
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 224
9.2 Ordinary people doing mathematics . . . . . . . . . . 226
9.3 Truth-conditional and Proof-conditional semantics . . 237
9.4 Experimental Philosophy . . . . . . . . . . . . . . . . 241

10 Conclusion 247

Svensk sammanfattning cclvii

Bibliography cclxxi

Index cclxxxvii



Acknowledgements

While this PhD has not been very long, there are, perhaps for that very
reason, still a lot of people to thank. Primarily I want to thank my
two supervisors, Peter Pagin and Dag Westerståhl, who have somehow
managed never to complain about the immense amount of work I gave
them. Without their help, this thesis would never have been finished
as fast as it was, nor would it have been as good as it is now. Aside
from them, Marco Panza has been an unofficial third supervisor, and
has helped spark a large number of improvements. The amount of time
he has dedicated to helping me continues to amaze me.

Of course, none of this would have been possible without the support
of my friends in Stockholm and the Netherlands, who have kept me
sane throughout my PhD. Special thanks in that regard to my parents,
who have had to listen to what must often have seemed to be ridiculous
complaints, about how slowly I thought things were going. They were
there whenever things got tough, and got me through the frustrating
parts of my PhD.

Finally, I would like to thank the PhD students and faculty members at
Stockholm University, who together ensure that it’s a fantastic place to
work at. The many seminars, lunches, and occasional dinner all helped
to make me feel at home, despite being at work. Here it is also worth
mentioning the faculty members at KU Leuven, who I have to thank for
all the good moments of my research visit there.





1. Introduction

11



The philosophy of mathematics goes back almost as far as philosophy
itself. Plato was already concerned with questions related to mathemat-
ics, and his name is still associated with one of the general kinds of po-
sitions one can take with respect to the philosophy of mathematics. One
of the issues that concerned him was how we should construe the on-
tology that underlies mathematics. This issue will form the basis of this
thesis, in its more modern guise. Recent philosophy also counts several
of its most famous proponents among those that busied themselves with
the philosophy of mathematics. Frege and Russell famously worked
on the philosophy of mathematics, and nowadays Frege’s ideas are still
taken up by philosophers as a basis for a philosophy of mathematics.
Later on, Quine and Putnam are also famous for developing an argu-
ment within the philosophy of mathematics known as the Quine-Putnam
indispensability argument. Within the philosophy of mathematics itself,
another famous philosopher is Paul Benacerraf, who restated the onto-
logical issues regarding mathematics in Benacerraf (1973). The state-
ment of the issue there, nowadays known as Benacerraf’s Dilemma, has
set the tone for a large part of the literature in the philosophy of math-
ematics since. The first thing to do, though, is to get clear on what the
main positions regarding the ontology of mathematics are.

The position that started this entire debate, which is now known as pla-
tonism, is also the one that is the most common point of departure for
an exposition of the field. On this position, the objects that mathemat-
ics talks about, such as numbers, sets and triangles, exist. These are
generally taken to exist as abstract objects, although this is not essen-
tial for a position to count as platonist. For example, the position in
Maddy (1990) counts as platonist, even though she conceives of sets
as concrete objects. What is more important, is that mathematical ob-
jects are viewed as existing mind-independently. So, a platonist views
mathematical objects as having an objective existence, such that they
are in no way dependent upon us. Platonist thus seem to deny any kind
of dependence relation between mathematical objects and us as cogniz-
ers of those mathematical objects. This is taken up by another kind of
position in the philosophy of mathematics, known as constructivism.
Constructivists take epistemology as their starting point, and formu-
late their ontological position in terms of their epistemology. So, for
a constructivists, the only facts there are about mathematical objects are
facts that are knowable by us. This usually means that mathematical
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objects are seen as mind-dependent, but that is not a necessary part of
a constructivist theory. As a result, it might seem as if platonism and
constructivism overlap, even though they don’t. The mind-dependence
characteristic of constructivism namely lies in the mathematical facts,
which are necessarily knowable by us. Platonism holds that mathemat-
ical facts, like mathematical objects, are mind-independent. Construc-
tivism, then, can be seen to differ from platonism in that they reject
the mind-independence of mathematical objects and/or facts, without
denying that there are mathematical objects. Finally, there is one more
position that people have taken with respect to the ontology of mathe-
matics. Instead of merely denying that mathematical objects are mind-
independent, one can also deny that there are mathematical objects at
all. This position is known as nominalism, a somewhat misleading
name, given the meaning of ‘nominalism’ outside the philosophy of
mathematics. For, aside from the philosophy of mathematics, nominal-
ism is widely used to denote the position that rejects abstract objects of
any kind. Nominalism in the philosophy of mathematics doesn’t com-
mit one to such a position, and exclusively means that one denies that
there are mathematical objects. Furthermore, it doesn’t matter for the
nominalist whether these objects are abstract, or concrete (such as sets
on Maddy’s position). A nominalist is of the opinion that mathematical
objects don’t exist, period. To summarize, the following three positions
have been playing a major role in the ontological debate:1

Platonism: the view that mind-independent mathematical
objects exist, of which things are true mind-independently
Constructivism: the view that mathematical objects exist,
but the facts about those objects are mind-dependent
Nominalism: the view that there are no mathematical ob-

1This list is probably not exhaustive; formalism is hard to classify as either
one of these positions. Formalists do not view mathematics as describing an
abstract reality, so that should count against classifying their position as pla-
tonist. They are certainly not constructivists, yet some versions of formalism
(term formalists) do consider mathematics to be about symbols, and so are
not obviously nominalist either (there is quantification over abstract objects,
and if these symbols are to count as being mathematical, that would preclude
viewing the position as nominalist). The following list should therefore only
be viewed as giving the main positions in this debate within the philosophy of
mathematics, and not all possible positions within the debate.
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jects

The contemporary literature often ignores constructivism, and conse-
quently formulates the dilemma that Benacerraf posed in terms of pla-
tonist and nominalist positions. In order to cover all of the current the-
ories in the philosophy of mathematics, it is better to adopt the expres-
sions realism and anti-realism, where realism is synonymous with pla-
tonism, and anti-realism denotes both constructivism and nominalism.
We can then formulate Benacerraf’s dilemma as a choice between either
a realist position, or an anti-realist position. The dilemma is then that
whichever option one chooses, one has a serious explanatory challenge
to face. It should be stressed, however, that this is not meant to show
that it is impossible to formulate a satisfactory philosophy of mathemat-
ics. Rather, it is meant to structure the debate, and to clarify what the
main problems are that attach to either position. With this in mind, we
can start to articulate the dilemma by noting which challenges attach to
which position.

In the case of a realist philosophy of mathematics, the main challenge
is that of giving an epistemology. Because of the mind-independent
and often abstract nature of mathematical objects, it is difficult to ex-
plain how it is possible that we can acquire knowledge of these objects.
The problem here is, of course, that mathematical objects aren’t ob-
served, or experienced, in ways that other objects are (again, Maddy,
and possibly Jones (2015), is an exception to this). So, we need to offer
some other way in which we come to know things about mathemati-
cal objects, something which has proven to be an extremely difficult
task.

Anti-realists are in a better position with respect to the demand for an
epistemology, because they either started out from one, or have no need
to account for knowledge of abstract mathematical objects. However,
nominalists do still have to give an explanation of our mathematical
knowledge; this is just presumed to be easier, because they don’t need to
account for knowledge of abstract objects in doing so. The challenge for
anti-realists is that of giving an appropriate semantics for mathematics,
given that we are no longer in a position to refer to mind-independent
mathematical objects. This problem is particularly pressing for nomi-
nalists, who can’t refer to mathematical objects at all, and often have
to deal with the further complication that mathematical sentences, on
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a face-value interpretation, are false or meaningless. Constructivists
might, perhaps, try their hands on a classical truth-conditional seman-
tics, but have never chosen to do so (for one thing, it would conflict with
the primacy of epistemology on their view). So, both these theories have
to offer a kind of semantics that differs from the standard referential se-
mantics for mathematical sentences. The dilemma thus calls for a realist
epistemology, and an anti-realist semantics. As a result, the debate is
now not focussed on arguing directly for any of these ontological views.
Rather, it is aimed at trying to meet the challenge that has been set for
the view that one favours. In order to get a better grasp of what exactly
these challenges are, I will now turn to two ways in which one might
interpret these challenges.

1.1 Interpretations of Benacerraf’s dilemma

1.1.1 The realist horn of the dilemma

As we saw, Benacerraf’s dilemma requires of a realist that she gives
an epistemology for mathematics. However, it fails to specify what ex-
actly we should want from this epistemology. As a result, there are at
least two ways in which one can interpret the requirement, depending on
what one asks from the epistemology that is supposed to be supplied.
First, let us get clear on the format for an epistemology. Epistemolo-
gies, when conceived in the narrow role of explaining how we acquire
knowledge or justified beliefs, contain two basic elements: epistemic
principles, and epistemic claims. Epistemic claims are claims that say
that we can acquire knowledge, or justified beliefs, in a particular way.
Epistemic principles underly these epistemic claims, and as such are
more principled claims about what sort of process leads to knowledge,
or to justified beliefs. To illustrate, a simple process reliabilism may
have as one of its epistemic principles that if a belief-forming process
is reliable, it results in justified beliefs. An epistemic claim, which is
supported by this particular principle, would then say that a particular
belief-forming process is reliable. Giving an epistemology for mathe-
matics is generally done by positing a set of epistemic claims, without
any backing of these claims by supplying epistemic principles. This
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is mostly a harmless practice, as it is usually possible to formulate the
suggested epistemic claims such that they fit with the different epistemic
principles that have been put forward in the literature on epistemology.
However, it is not the case that any epistemic claim can be made to ac-
cord with any epistemic principle. To take a clear example, the kind
of epistemic principle that was in vogue when Benacerraf wrote his fa-
mous article on the ontology of mathematics, was a causal principle.
Basically, this epistemic principle says that a process that ensures an
appropriate causal connection between the subject and the truth-maker
of her belief, leads to justified beliefs. Clearly, epistemic claims made
by realists within the philosophy of mathematics are unlikely to be sup-
ported by this epistemic principle, as on most realist views mathemat-
ical objects are causally inert. So, there should be some attention to
whether or not epistemic claims can actually be made to accord with
our epistemic principles, even though this need not be a major concern
for philosophers of mathematics at the current stage.

While the above remarks clarify what to expect from an epistemology
– namely, a set of epistemic claims – it doesn’t yet clarify what the re-
quirements are on this set of epistemic claims. Benacerraf’s dilemma
requires us to provide a set of epistemic claims that are specifically
about mathematical beliefs. However, there are at least two ways in
which to interpret this requirement. First, one can take it as merely
requiring that we supply a set of epistemic claims that shows how it is
(humanly) possible to acquire justified mathematical beliefs, and mathe-
matical knowledge. Second, one can take this requirement in the stronger
sense, of supplying a set of epistemic claims that is non-skeptical for ev-
eryone who is engaged in mathematics.1 In particular, this requirement
states that we want to have an epistemology for mathematics that is
not only non-skeptical for professional mathematicians, but that is also
non-skeptical for children and adults, who are not professional math-
ematicians.2 As such, it is a much more demanding interpretation of

1A set of claims, or an epistemology, is non-skeptical iff the skeptical hy-
pothesis, restricted to mathematics, is false if that epistemology is the right
one. In other words, a set of epistemic claims is non-skeptical for everyone if
it doesn’t deny anyone mathematical knowledge, in a majority of cases where
such a person does intuitively have mathematical knowledge.

2For convenience, I will often just talk of ‘ordinary people’. This is ac-
tually a fairly broad class, as it encompasses children, and virtually all adults
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Benacerraf’s dilemma, because the first interpretation leaves it open
whether or not the supplied epistemology is non-skeptical. Of course,
there are middle positions, and one that may seem attractive is a position
on which we don’t require a non-skeptical epistemology for ordinary
people, even though we do require a non-skeptical epistemology for
professional mathematicians. On such an interpretation of the demand
for an epistemology, all we want the philosophy of mathematics to do is
account for the way professional mathematicians are doing mathemat-
ics. This latter interpretation is in fact one that is often given, usually by
quoting the original statement of it by Hartry Field. According to Field,
what needs to be explained is why it is the case that for most math-
ematical statements p, “If mathematicians accept ‘p’, then p." (Field,
1989, p.230) The specific focus on mathematics suggests the need for
a non-skeptical epistemology of the practices of mathematicians, but
does not explicitly add the requirement to give a non-skeptical episte-
mology for non-mathematicians. Yet, later on, Field also says that it
is unsatisfactory to “accept that facts about the relation between math-
ematical entities and human beings are brute and inexplicable" (Field,
1989, p.232). Here there is no clear restriction to the case of math-
ematicians, so Field might have a stricter requirement in mind here;
in principle, giving a non-skeptical epistemology for mathematicians
doesn’t rule out that there are brute facts about the relation between
non-mathematicians and mathematical entities.

While the most influential statement of the epistemological requirement
is thus not entirely clear on which requirements we should place on an
epistemology for mathematics, there are some other remarks in the cur-
rent literature that tend more towards the strongest interpretation I have
suggested – that we should require a non-skeptical epistemology that
applies to everyone who does mathematics. The clearest statement of
this interest has been made by Donaldson, who describes the aims of
his Donaldson (2015) as follows: “I will only consider pure mathe-
matics. Second, I will consider only expert pure mathematicians. I do
this not because I think that pure mathematics is more important than
applied mathematics, or because I think that experts are more impor-

who are not professional mathematicians. Sometimes, even, it might include
adults who have had an undergraduate education in mathematics (who, as we
will see in chapter seven, may still make fairly elementary mistakes regarding
mathematics).
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tant than outsiders, but simply because I don’t want to bite off more
than I can chew." (Donaldson, 2015, p.1800) Since he tries to give an
epistemology for mathematics, this is a clear indication that he is not
only interested in giving a non-skeptical epistemology for professional
mathematicians, but that he thinks that we should also supply a non-
skeptical epistemology for non-mathematicians. Somewhat less clear,
but still along these lines, is a remark made by Chudnoff, who says that
“I am not interested in forms of experience beyond our reach; nor am I
interested in particular cases. Rather, my question is: among the sorts of
experiences that we sometimes have, are there any that make us aware
of abstract objects?" (Chudnoff, 2013, p.706) Here, at least, there is no
explicit restriction to the case of mathematicians, and the clear stress on
our actual experiences suggests that Chudnoff is looking for an episte-
mology that is non-skeptical, rather than one that merely explains how
justified beliefs are possible, in principle.

The above goes to show that there is, as of yet, no clear consensus on
what we should want from an epistemology for mathematics. In fact,
there has not even been a structural discussion of what it is exactly that
we want from an epistemology for mathematics. In this thesis, I will
choose to stick to the strong requirement on an epistemology, thus say-
ing that what we should want is an epistemology that is non-skeptical
for both mathematicians and non-mathematicians, but will remain neu-
tral on whether this requirement follows from Benacerraf’s Dilemma.
My basic argument for choosing this requirement, is that it is not the
case that only mathematicians are doing mathematics. In other words,
non-mathematicians are, in a non-trivial sense, also doing mathematics.
Thus, an epistemology that is only non-skeptical for mathematicians
fails to explain what it is that ordinary people are doing, when they
are doing mathematics. The crucial step in this argument is that non-
mathematicians are indeed doing mathematics, which is a claim that
will be defended in chapter nine. Then, on the basis of that claim, there
is a clear shortcoming on the part of epistemologies that fail to be non-
skeptical for non-mathematicians. For, those epistemologies will have
as a consequence that ordinary people can’t acquire justified mathemat-
ical beliefs, even though that is clearly what they are doing, as long as
we have a good reason to think that these justified beliefs are indeed
mathematical. Provided that that is the case, we should require that our
epistemology for mathematics is non-skeptical for both mathematicians
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and non-mathematicians, as otherwise it fails to give a complete expla-
nation of how we humans are doing mathematics. Hence, we should
interpret the requirement to give an epistemology for mathematics as
the requirement to give an epistemology that is non-skeptical for both
mathematicians and non-mathematicians (children, adults who haven’t
studied mathematics, and possibly some adults who have studied math-
ematics).

1.1.2 The anti-realist horn of the dilemma

Even less has been said about the demand for a semantics from the
anti-realist, but it is a demand that can be easily coupled with the de-
mand for an epistemology. For, one thing that a semantics for math-
ematics fixes is what requirements are placed on people before they
can have mathematical beliefs. A particularly clear illustration of this
is a semantics that reformulates mathematical beliefs, p, to the format
that there is a proof of p. Such a semantics raises the bar for people
who want to acquire mathematical beliefs, because now they need to be
able to grasp a more complex proposition; one that involves the concept
PROOF. As a result, we can impose requirements of differing strength
on a semantics. The two most relevant requirements are analogous to
the most relevant requirements on an epistemology. First, we might re-
quire that a semantics is able to account for the mathematical beliefs
that mathematicians have. Second, we might require that a semantics
is able to account for the mathematical beliefs of both mathematicians
and non-mathematicians. A gap between the two requirements might
occur, in particular when the requirements placed on agents by a se-
mantics can be met by mathematicians, but not by non-mathematicians.
Another situation which might occur, is that we have a semantics for
mathematics which manages to account for the mathematical beliefs of
both mathematicians and non-mathematicians, but doesn’t allow us to
give a non-skeptical epistemology for both mathematicians and non-
mathematicians. Take again the example of a reformulation from p to
that there is a proof of p. In that case, even if everyone manages to
meet the additional requirements, it might be the case that not all of
their epistemic practices are sufficient to establish that there is a proof
of p, even though they might be sufficient to establish that p. After all,
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there may be a gap between being justified in believing that a proposi-
tion is true, and being justified in believing that there is a proof for a
proposition. So, here there is the further question whether we should
want a semantics that allows for a non-skeptical epistemology for both
mathematicians and non-mathematicians, or not.

As in the case of the requirements on an epistemology, I also think that
we should require that a semantics for mathematics accounts for the
mathematical beliefs of both mathematicians and non-mathematicians.
Again, the argument for choosing this stronger requirement, regardless
of whether this follows from Benacerraf’s Dilemma or not, is based
on the idea that non-mathematicians are also doing mathematics. An
important part of doing mathematics is having mathematical beliefs,
and thus these beliefs should be accounted for. As a result, as long
as we can render the claim that non-mathematicians do mathematics
plausible, it follows that any semantics for mathematics that fails to
account for the mathematical beliefs of non-mathematicians is incom-
plete. Another way to argue for this further requirement, is to point back
to the requirement that we have a non-skeptical epistemology for math-
ematics. If the semantics that has been offered for mathematics is such
that, according to it, non-mathematicians have no mathematical beliefs,
then we cannot satisfy the demand that we give a non-skeptical epis-
temology for mathematics. For, the resulting epistemology will have
to say that non-mathematicians have no justified mathematical beliefs,
and consequently no mathematical knowledge, simply because accord-
ing to the semantics non-mathematicians have no mathematical beliefs.
If non-mathematicians are indeed doing mathematics, then this would
make the resulting epistemology skeptical – because doing mathemat-
ics implies having justified mathematical beliefs, and having mathemat-
ical knowledge. The resulting picture of the requirements Benacerraf’s
dilemma places on us is thus that what we should want from a philoso-
phy of mathematics, is that it described not only what mathematicians
are doing, but also what non-mathematicians are doing. The reason
for requiring this form a philosophy of mathematics is the seemingly
straightforward claim that non-mathematicians are also doing mathe-
matics, a claim that will be defended in detail in chapter nine.
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1.2 Outline of the thesis

Now that we have seen what the dilemma is that has shaped contem-
porary discussions on the ontology of mathematics, it is possible to set
out what I will be arguing in this thesis. Given the strong requirements
that we should place on an epistemology and semantics for mathemat-
ics, the question arises how well current theories are able to meet these
requirements. What I will establish in this thesis is that the vast ma-
jority of accounts in the current literature are only able to explain what
mathematicians are doing, when they are doing mathematics. In other
words, I will be arguing that a lot of accounts are not yet in a position to
account for the mathematical beliefs and mathematical knowledge that
non-mathematicians have. That is not to say that these theories haven’t
done a lot of important work; a lot of them do go a long way in giv-
ing an epistemology and/or semantics for mathematics that works for
mathematicians. So, to be clear, I am not making any general claims
about how well the current theories do with respect to accounting for
the practices of professional mathematicians. Rather, it is to point out
that there is more work to be done, and that this further task is not a
trivial one. For, as we shall see, coming up with an epistemology and
semantics that manages to describe the mathematical practices of ordi-
nary people will involve more than some small alteration of the current
theories. As such, this thesis has as its goal the opening up of a new
research program, which pays more attention to non-mathematicians.
Doing so will require me to argue for the three theses that have been
sketched here:

1. The current theories can only meet part of the requirements placed
on them. In particular, they can’t meet the requirements that have
to do with non-mathematicians

2. Meeting the requirements that have to do with non-mathematicians
will not involve a trivial extension or alteration of the current the-
ories

3. Because of (1) and (2), current theories fail to do something which
they should do

The first two claims can be argued for by examining the different theo-
ries, and seeing how well they do in meeting the requirements that have
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to do with non-mathematicians. The first claim will follow in a very
straightforward fashion from such an examination; every time a the-
ory is seen as placing requirements on ordinary people that they cannot
meet, this claim is made more plausible. Occasionally, the criticisms
raised for a theory are general; they raise issues for the ability of the
theory to offer an account of any (humanly feasible) mathematical prac-
tice. This is hardly the case for all theories, though, and thus these more
general criticisms are not reflected in my general stance towards the de-
bate. While I am sometimes trying to establish a more ambitious claim
for specific theories, I am not trying to establish a general claim that is
more ambitious than the explicit claims listed here. The second claim
will also follow from a case by case examination, but in a less straight-
forward fashion. Basically, the argument for this claim will be that even
weaker variants of the theories (a large number of which I will suggest,
and discuss) fail to meet the requirements that have to do with non-
mathematicians. So, weakening the theories, without changing them so
much that they are no longer recognizable, will not do the trick. Hence,
it follows that there is no trivial change to be made, in virtue of which
the current theories will be in a position to meet the requirements that
have to do with non-mathematicians. Of course, that doesn’t mean that
these theories cannot form the basis for a theory that does meet these
requirements; it is merely to say that it will take some serious efforts
to construct such an improved theory. The third claim has to be de-
fended separately. My defence of this claim relies on the slightly dif-
ferent claim that ordinary people do mathematics. Then, since they do
something that is appropriately labeled as mathematics, those practices
should be accounted for by a philosophy of mathematics. Importantly,
this does not mean that accounting for these practices is a necessary
pre-condition for solving Benacerraf’s dilemma. While starting with
the dilemma is a good way of introducing the topic, it doesn’t mean
that my thesis relies on an interpretation of the dilemma on which one
also has to account for people’s actual practices in order to solve the
dilemma. If a less stringent interpretation of the dilemma is preferred,
then the requirement that a philosophy of mathematics accounts for the
actual mathematical practices of people is still an important desidera-
tum, even if it doesn’t follow directly from Benacerraf’s dilemma. I am
thus neutral when it comes to the question whether the requirement that
a philosophy of mathematics should be able to describe the mathemati-

22



cal practices of ordinary people follows from Benacerraf’s dilemma, or
whether it counts as an independent requirement.

The structure of my thesis reflects the above method for arguing for my
three main these. Basically, I will be going through a large number of
theories that have been suggested in the recent literature, to see for each
of them how well they manage to measure up to the requirements that
have to do with ordinary people. This is what will make up the bulk
of the thesis, and is what concerns me in parts I and II, which are con-
cerned with realist and anti-realist theories, respectively. An important
part in arguing for the first two claims I’m going to defend, is that the
discussion in these parts is comprehensive, i.e. that it really does cover
a large part of the current debate in the philosophy of mathematics. To
that end, these two parts each have an introductory text, surveying the
main theories of their sort, and how the subsequent chapters deal with
them. This will be important, not only to keep the structure of the text
clear, but also because not every important theory has a chapter devoted
to it. Those theories, or at least a few important theories of that kind,
will be briefly discussed in these introductory texts. There, too, I will
indicate how I think that my arguments from the chapters will gener-
alize to theories that are similar to the theories discussed. That should
sufficiently ensure the comprehensiveness of my discussions, and thus
ensure that my discussions will indeed manage to establish that a large
part of the current debate does not yet manage to satisfy all of the re-
quirements that should be met, even though they do already satisfy a lot
of them.

The final part (part III), then, will wrap up the general arguments by
defending the main underlying claim: that ordinary people are doing
mathematics. As we saw, that claim underlies my arguments for re-
quiring that philosophies of mathematics do not just account for the
practices of professional mathematicians, but also take the practices of
ordinary people into account. It will also be the basis for my reply to
various arguments that one may want to put forward against raising the
requirements on philosophies of mathematics in the way that I suggest.
The most notable argument here, is that one may want to say that the
philosophy of mathematics should merely give a rational reconstruction,
and therefore needn’t bother about accurately describing the practices
of non-mathematicians. That argument will also be discussed in part III.
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Finally, part III contains the general conclusions of my thesis, in which
I return to the general argument for the three claims that I presented
above.
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Part I

Realist Epistemologies
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Overview of realist theories
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In the Introduction I gave an argument for requiring of epistemologies
of mathematics that they are non-skeptical for both mathematicians and
non-mathematicians. Determining whether or not theories manage to
satisfy this requirement is something that cannot be done from the arm-
chair, as a relevant factor in determining this, is whether or not people
have the capacities that are required of them by an epistemology un-
der discussion. In other words, in order to determine whether or not
a given epistemology is non-skeptical, it is important to know whether
or not the epistemic claims that it consists of, actually describe how
people – both mathematicians and non-mathematicians – acquire justi-
fied mathematical beliefs, and mathematical knowledge. Consequently,
empirical research into the ways in which people might acquire justi-
fied mathematical beliefs is relevant for the philosophy of mathematics.
Empirical results can be relevant in two ways, of which one will play a
significantly larger role than the other.

The first way in which empirical results are relevant, is that they can
tell us whether or not a set of epistemic claims is complete. In other
words, it is an empirical matter whether or not the ways of acquiring
justified beliefs, and knowledge, that are suggested by the epistemic
claims, are actually used by agents. For example, if an epistemology
says that we can only acquire mathematical knowledge by proving a
proposition, then it is (in part) a matter of empirical fact whether or
not we do acquire all of our mathematical knowledge through proving
propositions. There are some complications with dealing with empiri-
cal research, as it is in particular difficult to know what processes people
are actually instantiating. So, confirming a theory empirically will be
a very hard thing to do, giving people’s limited introspective capaci-
ties, and the limitations of the current empirical methods. However, it
is a lot easier to look at the general capacities that people have, and a
lot of current empirical research can be interpreted as determining what
capacities we have. These capacities can, for example, be a specific fac-
ulty we have (see chapter two), or they can be related to our conceptual
competences at different stages of development (chapter four). If we
know what capacities people (non-mathematicians in particular) have,
then we can compare this to the capacities they would need in order
to justify beliefs in the way suggested by the epistemologies that are
given in the literature. We can thus, at the very least, determine whether
or not an epistemology is in a position to give a complete epistemol-
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ogy, i.e. whether it might be the case that this epistemology manages
to describe for all of our justified mathematical beliefs, and our mathe-
matical knowledge, how we have acquired them. While a positive result
will only be tentative – if an epistemology can be complete, it doesn’t
follow that it is complete – a negative result will be definite. Thus, if it
turns out that the requirements that are placed on agents by an episte-
mology are such that non-mathematicians cannot meet them, based on
us knowing that they lack the required capacities, then it follows that
that epistemology is incomplete. Empirical results can thus be used, to
some extent, to determine whether or not a set of epistemic claims is
complete.

The second way in which empirical results are relevant, is that they can
tell us whether or not a set of epistemic claims is correct. They can do
so in two ways, either as a result of the nature of the empirical claims, or
as the result of the empirical consequences of the epistemic claims. In
the first case, the epistemic claim is itself saying something empirical,
for example that a certain process is reliable. In that case, it is a matter
of empirical fact whether or not the epistemic claim is correct. In other
words, empirical results can either confirm or deny that the specified
process is reliable. While this is an important way of checking epistemic
claims, it doesn’t apply to every kind of epistemic claim. For example,
an epistemic claim on the model of the epistemology given in BonJour
(1999) will say that a certain process is such that it is a priori true that
it is necessarily reliable, and this cannot be checked empirically. Thus,
this kind of direct verification of the correctness of an epistemic claim
is only possible if the epistemic claim has the right format.

The second case, where an epistemic claim has empirical consequences,
applies not only to epistemic claims that are empirical in nature. In this
case, the focus is on the fact that it is an empirical matter which beliefs
are to be counted as justified (or as knowledge), according to a given
epistemic claim. For, if an epistemic claim says that a certain process
yields justified beliefs, or knowledge, it is a (partially) empirical matter
in which cases these processes are actually instantiated. As such, it is
an empirical matter which beliefs should be counted as justified math-
ematical beliefs, or as mathematical knowledge, according to a certain
epistemic claim. This can in turn be used to assess the correctness of the
epistemic claim, by combining this prediction with independent reasons
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for thinking that certain beliefs are, or are not, justified. These reasons
will not be empirical, in general, as we do not have a good empirical
test for whether or not certain beliefs are justified, other than our intu-
itions about their justificatory status. The empirical part of this assess-
ment lies exclusively in determining which beliefs should be justified
(or count as knowledge), if the epistemic claim is correct. Disagreeing
with these predictions will have to be done for independent reasons, but
any such disagreement will result in the conclusion that the epistemic
claim is incorrect.

The exact view that I am defending is then the following.

Empirical results are relevant in that they:

1. Determine whether or not a set of epistemic claims is
complete, by establishing whether and to what extent
we instantiate the processes that are claimed to yield
justified beliefs and knowledge

2. Allow for judgements about the (in)correctness of epis-
temic claims. This can occur either because the ar-
gument for an epistemic claim is empirical in nature,
and is discredited/confirmed, or because a processes
makes a prediction about a certain case, which we dis-
agree with for independent reasons.

In this part I will be arguing, using the empirical results that are cur-
rently available, that a large number of realist epistemologies are either
incomplete or incorrect. I will not, however, cover every single realist
position that is present in the literature. Instead, I will take up several,
fairly representative, platonist theories, and I will make some sugges-
tions here about how the following remarks might generalize.1 For the
theories that I will discuss, in chapters two through six, do provide a
fairly representative collection of the kinds of theories in the literature.
Chapter four actually treats a large collection of theories, all of which
appeal to conceptual analysis in order to explain the justification of our
mathematical beliefs. So, expanding my arguments to other theories
(than Hale and Wright’s theory, treated in chapter three) that take this

1The general structure of this part has been inspired, in part, by that found
in Panza and Sereni (2013)
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approach will be very straightforward. The other three main approaches
that one finds in the literature are either to construct an epistemology on
the basis of an appeal to mathematical intuition, or to do so on the basis
of an appeal to descriptions, or to appeal to some abstraction procedure.
Of these, only the third does not have a separate chapter dedicated to
it. Finally, there has been a recent attempt to construct an epistemology
on the basis of psychological research, an assessment of which is not
only necessary because it is a prime candidate for a complete episte-
mology, but also because it will prove useful in assessing approaches
in the philosophy of mathematics that appeal to mathematical intuition.
So, the main approaches to giving a realist epistemology that one cur-
rently finds in the literature are, in the order that they are discussed
here:

1. Epistemologies on the basis of psychological faculties that have
been researched empirically

2. Epistemologies on the basis of reference through abstraction

3. Epistemologies on the basis of our grasp of mathematical con-
cepts

4. Epistemologies on the basis of mathematical intuition

5. Epistemologies on the basis of reference through definite descrip-
tions

The first kind of epistemology is currently exemplified by a theory based
on a part of the psychological literature that seems to offer an easy
way out of Benacerraf’s Dilemma. Psychologists have been studying
a faculty known as number cognition, or number sense, for the past few
decades, and often suggest that this faculty gives us representations of
the (approximate) natural numbers. Jones (2015) has built an episte-
mology on the basis of these empirical results, which takes these claims
by the psychologists at face value, except that he is more definite that
exact numbers are represented. In chapter two I will argue that we are
not justified in interpreting the current data in that way, because there is
at least one weaker interpretation that also fits all of the empirical data.
This chapter will, on the one hand, deal with a recent theory in the phi-
losophy of mathematics. On the other hand, it will provide a basis for
understanding what motivates the claims of some other philosophers,
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most notably Parsons. It will therefore be useful to spend one chapter
with just analyzing the empirical results, and for that reason have one
chapter that isn’t explicitly arguing that theories are incomplete or in-
correct. Note, however, that if number cognition really can’t be used as
Jones (2015) wants to to use it, then it follows that his epistemology is
incorrect, by the above classification. For, his theory predicts that num-
ber cognition gives us justified mathematical beliefs, something which,
on my weaker interpretation, will not be true.

The second kind of epistemology is not treated explicitly here, although
there is a particular kind of abstraction procedure discussed in chap-
ter three. Hale and Wright try to fix our concept NUMBER based on
an abstraction principle, and that attempt is criticized in chapter three.
However, as we will see there, actually using an abstraction principle is
not an essential part of their account (we can formulate something very
like what they say, without needing to appeal to an explicit use of an
abstraction principle), but since they will use an abstraction procedure
no matter what, there is no need for a separate chapter on using abstrac-
tion procedures. Shapiro (2000) presents such an epistemology, and he
presents two different types of abstraction that, according to him, play
a role in an epistemology for mathematics. The first kind of abstraction
that Shapiro discusses is what he calls pattern recognition, or simple
abstraction. The examples here are that we are able to recognize that
different tokens of a letter are all instances of the same type, and that
similarly we can recognize that certain sounds are instances of that type.
In the mathematical case, we can come to recognize finite cardinals and
ordinals, by looking at collections with a specific cardinality. Interest-
ingly enough, these are exactly the kinds of examples that are given by
Parsons when he discusses mathematical intuition, and both philoso-
phers appeal to stroke strings as the clearest example of the procedure.
Consequently, my remarks regarding Parsons’s theory of mathematical
intuition, as well as those related to his use of stroke strings (Shapiro
seems to suggest that we can grasp the natural number sequence on the
basis of grasping finite segments from the stroke string language), ap-
ply to this abstraction procedure. Basically, the argument here is that
this kind of pattern detection is probably implemented in us by the psy-
chological faculty of number cognition, of which, as we will see (in
chapter two), we cannot yet say that it delivers us justified mathemati-
cal beliefs. Shapiro may protest that he had something else in mind than
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Parsons did, but in that case he will have to provide a far more extensive
theory than the one he has presented now, which mostly consists of a
few examples – examples which happen to line up perfectly with the
ones given by Parsons.

One way of changing the theory is still worth discussing, though, as
there does seem to be something by way of pattern detection in the case
where children learn numerals. In that case, they first learn the first ten
numerals or so, and gradually they start responding appropriately to the
one-to-one correspondences they set up between collections of objects
and the numerals they know (first one, then two, three, four, and the rest
– Sarnecka and Carey (2008)). This is hinted at by Shapiro as a kind of
pattern recognition, even though he doesn’t discuss it in any detail. As
such, this can be viewed as the kind of abstraction procedure known as
Dedekind abstraction, where one starts from an instantiation and pro-
ceeds to a mathematical structure. Linnebo and Pettigrew (2014) raise
the issue for this procedure that it cannot yield a determinate mathemat-
ical structure, and that is an issue that will have to be solved for this kind
of epistemology to work. To return to my example with the numerals,
the issue there is that there are several ways in which one can continue
the natural number structure, beyond four. Which of these is the one
that we arrive at through the abstraction, is an issue that still needs to be
solved for this procedure to be a proper basis for an epistemology.

The second type of abstraction that Shapiro discusses, is the kind of ab-
straction that also plays a role in Hale and Wright’s neo-logicism. Both
theories appeal to implicit definition, or Frege abstraction, in their epis-
temologies. This type of abstraction will be discussed in chapter three,
where I will raise similar kinds of indeterminacy worries as those that
attach to Dedekind abstraction. Because Frege abstraction is a more de-
veloped theory than Dedekind abstraction (it distinguishes more steps
in the abstraction procedure), there are also more issues to be raised for
that procedure. Here it is sufficient to note, though, that both abstrac-
tion procedures are being discussed – Dedekind abstraction very briefly
above, and Frege abstraction in much more detail in chapter three. For
anyone who is unsatisfied with my brief remarks on Dedekind abstrac-
tion, there are also similar arguments from indeterminacy to be found in
chapter four, as well as in the discussion of implicit definition in chapter
three. These arguments should generalize to variants of the current pro-
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cedures, although they do not, of course, rule out that there may be an
improved version of any of these theories that manages to solve these
problems.

The third kind of epistemology is exemplified by both the theory of
Hale and Wright, and the theory of Jenkins. It will thus be discussed
in two chapters, namely chapter three and four. Of these, chapter four
is the most relevant chapter, as that chapter contains a general discus-
sion of the project of explaining justification in terms of our grasp of
mathematical concepts. That discussion is held in general terms, and
is thus not limited to the theory that has been presented by Jenkins.
As a result, I expect that all of the arguments made in that chapter will
generalize to other theories, which also try to explain our justified math-
ematical beliefs, and mathematical knowledge, in terms of our grasp of
mathematical concepts. As such, these arguments will also apply to
the theory presented by Hale and Wright, which is discussed in chap-
ter three. There the arguments are not focussed on their appeal to our
grasp of concepts to explain justification, but are instead focussed on
their suggestion for how we might acquire the concept NUMBER. While
that already leads to problems for their epistemology (in relation to the
requirement that it is non-skeptical for non-mathematicians), but on top
of these problems there are also the issues for the general project raised
in chapter four.

A very recent view, defended in Linnebo (forthcoming), presents an
epistemology that is similar to that of Hale and Wright. However, Lin-
nebo criticized Hale and Wright for starting with the concept CARDI-
NAL NUMBER, instead of with ORDINAL NUMBER. He thinks that we
arrive at a more plausible descriptive story if we start with ordinal num-
ber, linking this to the process of learning a numeral system that children
are known to go through. As a result, we need a slightly different ab-
straction principle to underlie the acquisition of the concept NUMBER
than the one that Hale and Wright use. His principle holds between
numerals, which are denoted as hu,Ri, with u being the position the
numeral occupies in the ordering R. The relevant version of Hume’s
principle is then (with Nx being ‘the xth number’):

N hu,Ri= N
⌦
u0,R0↵$ hu,Ri and

⌦
u0,R0↵ are equivalent numerals

Here two numerals are equivalent if and only if there is an order-preserving
correlation of initial segments of R and R0 such that u and u0 are corre-
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lated with each other. Linnebo then shows that this principle can be
used to justify the Dedekind-Peano axioms, and so gives a good basis
for our number concept. I expect that here the same kind of arguments
will apply as the ones I present regarding Hale and Wright’s view. It
is not clear what exactly is required from agents by the epistemology,
but it will be difficult to strike a balance between requiring too much,
but keeping the mathematical rigour in the resulting concept, and re-
quiring too little, but having a concept that doesn’t contain enough for it
to serve as a basis of our arithmetical knowledge. Aside from that, the
more general comments from chapter four also apply to this account, as
it depends on our grasp of the concept NUMBER in giving an account
of our knowledge of arithmetic. In short, people don’t know the above
principle, and don’t know instances of the right-hand side of that prin-
ciple. People are also unlikely to know the application conditions of the
relevant equivalence relation. They may be able to say something about
when two numerals from different systems occupy the same place in
their respective relations, but here it is not clear if they know something
like that before they grasp the concept NUMBER. It seems as though
people who only ever learn one numeral system are still able to grasp
that concept. Furthermore, it is not clear that this limited capacity of
recognizing that two numerals are occupying the same position, is suf-
ficient to ground all our justified arithmetical beliefs. Finally, Linnebo
endorses Hale and Wright’s solution to the Caesar problem, and thus
faces my objections to that solution from chapter three.

The fourth kind of epistemology, which appeals to mathematical intu-
ition, is the basis for Parsons’s account, discussed in chapter five. His
account is by far the best developed version of an account that appeals to
mathematical intuition, in the literature. So, the arguments made there,
especially the ones at the end of the chapter, which are unrelated to his
toy model for arithmetic, should generalize to other accounts, such as
that presented in Chudnoff (2013). It is also very similar to the (early)
philosophy of Penelope Maddy (1990), who claims that we can per-
ceive sets. I suspect that the arguments made against Parsons’s account
related to the psychological faculty of number cognition will general-
ize to Maddy’s account, even though her position is slightly different
from that of Parsons, and doesn’t directly appeal to a type of intuition
of numbers. Still, she does claim that we can get some kind of direct
knowledge of the cardinality of a set, and that claim will be subject to
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the same criticism as Parsons’s account.

The fifth, and final, kind of epistemology, which appeals to descriptions,
is exemplified by the account of Linsky and Zalta, discussed in chapter
six. While some of that discussion will rely on their somewhat unusual
ontology, there are several arguments made there that generalize to other
accounts, such as that in Resnik (1981), that rely on descriptions. In par-
ticular the remarks on the instability of reference, and the preconditions
for being able to refer to mathematical objects, discussed there, will
generalize to other approaches that appeal to definite descriptions in
their epistemology. A similar account (in terms of the ontology) to this
is that of ?, who doesn’t talk about descriptions as such, but accounts
for our mathematical knowledge by saying that we start by formulating
consistent mathematical theories. Then, any consistent mathematical
theory correctly describes part of the mathematical realm, and as a re-
sult we can acquire knowledge of that part through the descriptions of
the objects that are given by the mathematical theory we formulated.
Here too, then, since reference to mathematical objects goes via con-
sistent descriptions of those objects, the same kinds of issues arise that
arise for Resnik (1981) and Linsky and Zalta (1995).

36



2. Cognizing numbers
versus Number Cognition
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2.1 Introduction

More and more empirical research is being done regarding the nature of
our grasp of numbers. One of the basic results of this research is that
we posses a faculty that is called number cognition,1 which is supposed
to give us a way of cognizing numbers. The idea is that this faculty pro-
duces representations of (approximate – see below) numbers, and does
so even before we have learned the natural number sequence. It thus
seems as though this faculty gives us a way of acquiring beliefs about
numbers, and perhaps even a way of acquiring knowledge of numbers.
For that reason it may be interesting from a philosophical perspective,
where there are long standing issues regarding the explanation of our
mathematical (justified) beliefs and our mathematical knowledge. One
way in which philosophers have attempted to solve these issues is by ap-
pealing to some kind of direct perception of mathematical objects. This
approach is found in particular in the early work of Penelope Maddy,
for example in Maddy (1990). On this approach what is appealed to
is that we have some kind of direct perception of (concretely existing)
mathematical objects. A natural faculty to turn to for this direct per-
ception would seem to be number cognition. More recently, that move
has indeed been made, and a theory that uses number cognition to flesh
out what this direct perception of mathematical objects (numbers in this
case) is can be found in Jones (2015).

Aside from Jones, there has been little philosophical attention to the
faculty of number cognition, or to what may be represented by this fac-
ulty. Some exceptions are the following. First, Margolis and Laurence
(2005), who discuss and argue against a theory according to which num-
ber cognition represents real numbers. They also talk about more spe-
cific experiments that have been performed (Margolis and Laurence,
2007), but do not give a more detailed account of number cognition
than that it represents approximate magnitude (without clarifying what
this is exactly). Second, Burge (2010, ch. 10) discusses number cog-
nition, and argues against the idea that exact numbers are represented

1This is a technical term from the psychological literature, where this fac-
ulty is also sometimes called ‘number sense’. It is thus exclusively meant to
pick out a certain faculty possessed by humans, without identifying what is
represented by that faculty.
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(also challenged by Carey (2009)). He too says nothing more positive
than that number cognition instead represents approximate magnitude,
without clarifying what this is supposed to be. Finally, number cog-
nition has recently been put forward as a relevant faculty to study by
Beck (2014), but he remains neutral on what is represented by number
cognition. As matters stand, then, there is little in the way of a posi-
tive account of what is represented by number cognition. The proposals
that have been made rely on somewhat outdated empirical studies (most
prominently, they don’t mention the ability to recognize arithmetical er-
rors in large number cases – see section 2.1). Furthermore, it is not clear
what is represented in particular cases, if not something like ‘roughly
six’, which would still include a representation of a number. On such
an explanation of the suggestion that number cognition deals with ap-
proximate numbers, or approximate magnitude, it would still involve a
representation of numbers. The current accounts thus all run the risk of
involving representations of number, and thus might allow for a theory,
such as that of Jones (2015), on which number cognition gives us direct
access to the numbers.

What I will argue for here is that it is not yet justified, based on the
current empirical data, to claim that representations of numbers are in-
volved in the faculty known as number cognition. In order to argue for
that, I will be putting forward an alternative account of what is repre-
sented through number cognition. On this account what is represented
is not a number but rather a kind of quantity, where this is done in
such a way that number representations are not an (explicit) part of the
representation. By arguing that such an alternative theory also fits the
empirical data, even though on this theory there is no representation of
numbers, I aim to show that without refuting this alternative one can’t
use number cognition as a basis for a theory that appeals to direct per-
ception of mathematical objects. That is not to say that number cogni-
tion can’t figure in any epistemology for mathematics whatsoever, but
it does mean that one will have to embed it in a larger story, which
involves (for example) abstraction from the representations resulting
from number cognition. At the same time, I hope to set up a much
more detailed account of what is represented by number cognition, than
is present in the current literature, i.e. an account that clarifies what
exactly this ‘approximate magnitude’ might be.
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Before setting up my alternative account, I will first explain below what
number cognition is exactly. There, as well as in section 2.2, I will
write as if number cognition yields representations of (approximate)
numbers. The main reason for that is that the discussion is generally
formulated in that framework (at least within the empirical literature).
After the summary of what number cognition is, section 2.2 will discuss
the reasons that could be put forward in favour of the view that num-
ber cognition deals with numbers, in order to clarify what needs to be
accounted for by an alternative theory. After section 2.2 I will start to
develop my own account by first looking at what quantities are. That
section will also look at what particular quantities could be represented
in the case of number cognition, and will start on the idea of a quantity
representation as the the kind of representation that number cognition
deals with. Finally then, in section 2.4, I will set up my account of num-
ber cognition as dealing with quantity representations and will argue for
its coherence with the currently available empirical data.

The empirical literature generally divides number cognition into two
parts, one part dealing with small numbers (up to three or four in the
case of humans) and one part dealing with larger numbers. In the case
of small numbers there is evidence of an ‘exact’ grasp of number. That
means that we are able to discriminate between cases where one object
is presented, cases where two objects are presented and cases where
three objects are presented. This ability is quite different from the abil-
ity of distinguishing between those cases that is acquired later on, and
is based on counting. For although counting is something that needs to
be learned, there is a strong case for the position that number cognition
is innate. This conclusion is based on the fact that already very young
infants are able to discriminate the different cases. So, in the case of
our exact grasp of small numbers infants that are just a few days old
are already able to distinguish sheets with two dots on them from sheets
with three dots on them (Antell and Keating, 1983). Another case in
which infants can distinguish between two and three is when they are
presented with cases where a puppet jumps twice versus cases where
a puppet jumps three times (Wynn, 1996). This ability to discriminate
cases involving representations of different numbers is not limited to
the case where the stimuli are presented visually. Also when stimuli
are presented as sounds are infants able to distinguish cases where there
is a difference in the number of sounds heard. One way in which that
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particular ability has been demonstrated is by investigating the way in
which infants categorize words. Bijeljac-Babic et al (1993) found that
infants are able to subdivide the different words they hear according to
the amount of syllables that are present in the words.

Aside from this first part of number cognition, there is also a second
part that is used in cases that involve numbers larger than three or four –
although it can in principle be applied to all cases (so also to the ones to
which the first part applies). This second part differs from the first most
importantly in that it is not an ‘exact’ grasp of number, but rather gives
an ‘approximate’ grasp of number. It is approximate in that it doesn’t
allow us to distinguish between every case involving different numbers.
For example, number cognition doesn’t allow us to distinguish the case
where we see 50 dots on a piece of paper from the case where we see
51 dots on a piece of paper. Rather, the ability to distinguish different
number cases depends on the ratio between the numbers that are rep-
resented in the different cases. So, infants that are six months old are
able to distinguish between cases where this ratio is 2 (so 4 v.s. 8 and
6 v.s.12, etc) but fail to distinguish cases where this ratio is 1.5 (e.g. 4
v.s. 6). Over time this ability to distinguish different cases improves, so
that infants that are nine months old are able to distinguish cases where
the ratio is 1.5 but still fail to distinguish cases where the ratio is 1.25
(Lipton and Spelke, 2003). Again, this ability can be applied not just
to cases where the stimuli are presented visually, but also apply when
the stimuli are presented in some other way. Furthermore, our ability to
discriminate different cases does not depend on the sizes of the differ-
ent sets; the only thing that matters is the ratio of the numbers that are
represented (cf. Xu et al (2005)).

Number cognition thus covers two abilities, which are generally thought
to be innate (De Cruz and De Smedt, 2010). On the one hand, there is
an ability that can only be applied to cases where very small numbers
are represented (up to three). This ability is exact in the sense that we
can accurately distinguish between all of the different number cases that
may arise. On the other hand, there is also an ability that applies to (in
principle all, but usually just those) cases that involve numbers larger
than three. This ability is not exact, but is only able to distinguish cases
where the numbers represented are far enough removed from each other.
This probably depends on the ratio between the numbers, although there

41



have also been suggestions that the discriminability follows a logarith-
mic scale instead (DeHaene et al, 2008). Most common, though, is to
think of this dependence as being directly related to the ratio, and this
dependence is known as Weber’s law, which states exactly that discrim-
inability of stimuli is proportional to the numerical ratio between the
magnitude of the stimuli.

2.2 Number cognition as cognition of numbers

As is probably apparent from the summary in the previous section, it
appears to be a widely shared assumption in the empirical literature on
number cognition that it is a way of cognizing (approximate) numbers.1
For example, one of the more prominent review articles on the empiri-
cal research in this area (Feigenson et al, 2004) considers these faculties
to represent (approximate) number, and Carey (2009) considers the ac-
count that number cognition deals with exact number representations
an important account that needs to be argued against. It is thus not un-
surprising that the first thought is that number cognition has to do with
numbers. The rest of this section will look at the two main reasons why
it is often thought that number cognition deals with representations of
numbers, even if these are not necessarily represented as exact num-
bers. So, again, it is important to note that number cognition may still
deal with numbers, even if these are represented approximately, or if the
content of the representation is something like ‘roughly seven’. Merely
rejecting that number cognition doesn’t deal with representations of the
(exact) natural numbers is not enough.

1Beck (2014) suggests that the empirical researchers prefer to remain ag-
nostic on what is represented by number cognition, and for that reason use
the neologism ‘numerosity’. It seems to me, though, that, even if this is their
intention, they are far too inconsequential in using ‘numerosity’, often freely
interchanging it with ‘number’. As such, even if they do not really assume this,
the written work does not generally give the impression that they do so.
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2.2.1 Apparent mental arithmetic

The first reason to think that number cognition, in both of its guises,
provides knowledge of numbers, is that it appears to facilitate mental
arithmetic to some extent. For example, in the case of our exact grasp of
small numbers even infants have the ability to recognize that something
is wrong with cases where one object is presented and occluded, another
object is added, and then only one object is revealed. Similarly, they are
able to detect the similar error where two objects are hidden, one is
visibly removed, and then two objects are revealed. Infants are thus
able to detect cases that violate the sums 1 + 1 = 2 and 2 – 1 = 1 (Wynn,
1992). Those results have been further replicated by Koechlin et al
(1997), Berger et al (2006) and others, so that it is well established that
infants have some way of detecting that something is wrong in cases
where (for example) 1 + 1 = 1 and 2 – 1 = 2 are represented.

As a response to those results, researchers suggested that perhaps this
is a feature only of the exact number system that we use for numbers
below 4. However, as McCrink and Wynn (2004) have shown, the part
of number cognition that operates in the case of large numbers also
allows us to detect arithmetic errors. In their particular experiment,
they tested infants that were 9 months old and found that they recognize
that something is wrong when presented with cases of 5 + 5 = 5 and 10
– 5 = 10. So in the large number case infants are also already able to
detect errors in cases involving larger numbers. Consequently, it seems
that children are able to detect a range of arithmetical inequalities (e.g.
5 + 5 6= 5), and perceive cases where these inequalities are suggested to
be equalities as wrong, i.e. view them as erroneous. This also seems to
generalize when children start to learn symbolic arithmetic in school, as
there are suggestions that initially this is facilitated by number cognition
Gilmore et al (2007). Neuroscientific research suggests that adults can
(and do) perform mental arithmetic in cases where they only have a non-
symbolic representation of an arithmetical problem and are unable to
count in order to obtain an exact sum (Venkatraman et al, 2005).

The fact that we appear to be able to recognize that certain purported
arithmetical equalities fail to obtain, on the basis of what results from
exercising our number cognition, seems to support the conclusion that
number cognition provides us with a way to cognize numbers. For the

43



most obvious kinds of things which are added together, and for which
the arithmetical equalities hold, are numbers. Furthermore, given that
this ability to recognize arithmetical errors appears to underly our ability
to perform symbolic arithmetic (which clearly deals with numbers), it
would be clearer why that is the case if this underlying arithmetical
ability also deals with numbers.

2.2.2 Cross-modal comparisons

The second reason, which is the one that is often perceived as the more
convincing of the two, is that the representations that result from num-
ber cognition appear to be such that they are not restricted to a single
modality. The main kind of result that underlies this conclusion is that
we are able to compare, for example, the number of sounds with the
number of visual objects presented. For example, human infants can
match the number of different voices they hear to the number of speak-
ers they see in the case where they hear 2 voices and can choose to look
at either 2 or 3 speakers (Jordan et al, 2006). Similarly, the performance
and reaction time of adults on comparison tasks involving large numbers
is the same regardless of whether the task involves a single modality or
more than one (Barth et al, 2003). Furthermore, infants are even able to
perform the same kind of mental arithmetic as that mentioned before, in
the particular case where the input to the arithmetical sum is provided
through various modalities. Kobayashi et al (2004) showed specifically
that infants can distinguish the correct 1 object + 1 tone = 2 objects and
1 object + 2 tones = 3 objects from the incorrect 1 object + 2 tones =
2 objects and 1 object + 1 tone = 3 objects. The exact experiment here
was that of children associating the landing of an object with a thud.
They then saw an object, which was subsequently occluded, and heard
one or two thuds. Once the barrier occluding the objects was removed,
children expected to see additional objects in accordance with the num-
ber of thuds they heard. Finally, Barth et al (2006) extensively tested
the ability of adults and young children to perform mental arithmetic
in the case of large numbers, both across modalities and within a single
modality. Here again the results are positive, so that it seems that we are
also able to perform mental arithmetic on large numbers, even though
the input is given through two different modalities (visual and auditory
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in this case). Across the board then, we are able to perform mental
arithmetic both uni-modally and cross-modally on both small and large
numbers, and this is an ability that is present before we acquire anything
resembling a grasp of symbolic numbers and arithmetic.

2.3 Quantities and Quantity representations

Without wanting to commit to any particular view on what a quantity
is, I will instead present the distinguishing feature of quantities, and the
two major views on what quantities are. Then, I will go into what quan-
tity representations are, as on my alternative account number cognition
provides us with quantity representations. Starting with the distinguish-
ing feature of quantities, there is one thing that separates quantities such
as mass, length, time, etc. from other kinds of entities. That is that
quantities are measurable. To be precise, for any quantity it is possible
to associate with it a scale, which can then be used to measure objects’
properties related to the quantity. So, the quantity itself can’t measured
directly, but what can be measured are the positions of objects along a
quantity specific scale. Such a scale is a homomorphism between two
structures. On the one hand, one has objects which have been compared
in a way independent of measurement (e.g. placed on opposite ends of
a scale), as a result of which there is an ordering of these objects. Fur-
thermore, there is generally the possibility of adding quantities of the
same type (two masses, two lengths, etc.), so there is also a concatena-
tion relation defined on the objects. This first structure is thus a triple
< M,�,� >, with M the set of objects, � an ordering relation on that
set, and � a concatenation relation which holds between three objects
a,b and c iff a � b = c (e.g. if c weighs what a and b weigh together).
On the other hand, one has the real numbers, along with a simple order
and addition. So, a scale is an embedding f such that:

f : hM,�,�i ! hR,,+i

From the fact that objects can be measured regarding their quantity re-
lated properties in this way (which is the defining characteristic of a
quantity) several things follow. First, the ordering of quantities is not
just that of the real numbers, and quantities are thus not the real numbers
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(plus some unit) associated with objects. Rather, the ordering depends
on underlying features of the world that directly feature the objects that
are mentioned in the first structure. Quantities then are the features of
the world that determine this ordering. In other words, quantities are
the truth-makers of statements of the kind ‘a � b’.1 For example, mass
is that which makes sentences of the kind ‘a is lighter than b’ true. One
might also say that mass is that in virtue of which the measured relation
between objects obtains. Second, aside from an ordering there is also a
notion of distance between two quantities of the same type. For exam-
ple, in the case of mass, the distance between an object weighing one
gram and one weighing two grams is less than the distance between an
object weighing three grams and an object weighing nine grams. Again,
this is not just a feature of the real numbers that are used to measure
the quantity. Rather, it is based on the concatenation function defined
already on the objects. Thus, the truth-makers of statements about dis-
tance are (in part – which scale is used may matter for some statements)
going to be the underlying quantities; that is, they are the same truth-
makers as those that make statements about the ordering true. Finally,
scales only allow comparisons between quantities of the same type. So,
it is not possible to compare different quantities directly. One can’t, for
example, say that an object that weighs two grams is ‘more’ than an
object that has a volume of one cubic centimetre. That is not to say that
the real numbers can’t be compared; of course one can ignore the units
and say that 2 > 1. What makes the comparison impossible is that there
is no cross-quantity ordering relation defined on the objects. In other
words, quantities are typed, and it is not possible to make comparisons
across types.

1If one doesn’t like truth-makers, or thinks that they are very different from
the picture given here, one might read my statements about truth-makers as in-
stead claiming that quantities are those things in virtue of which certain state-
ments are true. Anticipating the two major accounts of quantity, one might say
that these statements are true in virtue of certain properties that the measured
objects have, or in virtue of certain relations that hold between the measured
objects.
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2.3.1 Two theories of quantity

The above discussion manages to characterize quantities as the truth-
makers of certain kinds of sentences, but it fails to say what these truth-
makers are. There are two major accounts found in the literature, but
let me start here with a different account, recently defended by Knowles
(forthcoming), namely one on which quantities are a kind of relation be-
tween objects and numbers. The reason for doing so, is that if quantities
were to directly involve numbers, it would be unclear how an account
on which quantities are represented by number cognition differs from
an account on which numbers are represented. According to this ac-
count then, what makes a sentences regarding quantity true (e.g. ‘this
table has a mass of 5kg) is the obtaining of a (mass-in-kg-)relation be-
tween the object and a real number (5 in this case). On this theory, the
ordering is accounted for in terms of the ordering of the real numbers.
Similarly, or so the theory would go, the distance between quantities is
accounted for in terms of the standard distance metric on the real num-
bers. Although this is initially a very attractive theory, given of course
that one is willing to accept that there are numbers that enter into these
relations, it has some serious difficulties. As Eddon (2013) points out,
there is more than one distance metric on the real numbers, and it is far
from clear why it has to be the one that we consider to be standard that
supplies the distance attribute for quantities. She also points out that on
this theory the relation between quantities and scales is misconstrued.
For on this theory the particular relations have a scale built in, such
as that of mass-in-kilograms in the example I gave above. That would
make a particular scale more than just a convention, but rather make it
a necessary part of the truth-makers of quantity statements. However,
which scale we use to represent quantities seems to be no more than
a matter of convention. To be precise, at least in the case of extensive
quantities of the kind under discussion (e.g. length, weight), the scale
that is used is arbitrary up to multiplication by a positive real number.
In other words, given a function mapping lengths to real numbers f ,
we can get another such embedding, isomorphic to the first, through the
following transformation:

f ! af = f 0 , a > 0

Scales of this kind are called ratio scales, since the ratios between mea-
surements are uniquely determined, and are as such independent of the

47



scale (Krantz et al, 1971, p.85). Other kinds of scales (for, e.g. intensive
quantities) may be even less restrictive on the kinds of transformations
allowed, but the relevant point here is that in all cases there is no single
scale that relates what is measured to the real numbers. A theory that
appeals to a specific relation with numbers thus misses the arbitrariness
that is inherent in the scale; it fails to allow for the possibility of trans-
formations of the above kind.

There are two replies to this argument that have been suggested by
Knowles (forthcoming). His first reply is a denial of the arbitrariness
of measurement scales, i.e. he suggests that it is possible to single out
a metaphysically privileged measurement scale. His exact argument is
that science currently seems to point to the fundamentality of a partic-
ular length and time, namely the Planck length and the Planck time.
Thus, Knowles holds that the basic role that these quantities play in
modern science is sufficient reason to take a measurement scale which
assigns the number 1 to them as metaphysically fundamental. In other
words, this first reply is that science suggests that reality is carved out in
terms of Planck lengths and times, and that this is evidence that there is
a non-arbitrary measurement scale. While this may work for extensive
quantities such as length and time, it is not at all clear that this reply can
be generalized to intensive quantities such as temperature. For while
extensive quantities may correspond to something that’s present in the
world, this is not obviously the case for intensive quantities. Take, for
example, the case of temperature. The celsius scale is defined roughly
as consisting of units which are 1/100th of the difference between the
freezing and boiling point of water, at 1 atmospheric pressure. Arguing
that there is something of this kind, which is metaphysically fundamen-
tal, will be much harder than it is in the case of extensive quantities. So,
this first reply fails to escape the conclusion that there is no fundamental
measurement scale, at least in the case of intensive quantities. As a re-
sult, the above argument, that such an account misconstrues the role of
measurement scales, still holds.1 Or, at least, it will hold until Knowles

1One, perhaps counter-intuitive, consequence of this account, is that it will
have to say that the world is carved up as it is as a result of the privileged status
of one of the measurement scales. It has to be the case that one of the relations
between objects and numbers is the truth-maker of quantity statements, and
that the truth-makers are not the facts about how the world is carved up. So, it
follows that statements about how objects are ordered, and how the universe is
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can make it probable that his suggestion of identifying ways in which
reality is carved up can be generalized to intensive quantities, and other
extensive quantities such as weight, as well.

Knowles’s second reply is more general, and says that we should view
the truth-makers of quantity statements as functions from measurement
scales to real numbers. For example, for something to have a weight of
10 kilograms means for there to be a function that says that on the mea-
surement scale weight in kilograms this object is related to the number
10. However, as we saw, quantities are supposed to be the truth-makers
of the ordering relations of the objects. These ordering relations are
then measured, by setting up an embedding between them and the real
numbers. If the truth-makers are functions from measurement scales
to real numbers, then it is not clear how it is possible to fix the mea-
surement scales. For the measurement scales are supposed to be fixed
in terms of the ordering of objects that is made true by whatever quan-
tities are. However, if that ordering is in turn supposed to be fixed in
terms of measurement scales, then it is not clear that it can be fixed at
all. What is needed, then, is a truth-maker for the ordering of objects
that does not involve measurement scales, because these measurement
scales can only be fixed once the ordering of objects has been fixed.
That is something that Knowles’s second reply doesn’t manage to do,
and as a result it doesn’t manage to give a successful reply to the above
argument against an account of quantities on which they are relations
with numbers.

Instead of appealing to numbers in an account of the truth-makers of
sentences regarding quantity, the majority of the works in the literature
on quantity either appeal to relations between objects, or to properties
of objects as the truth-makers of these sentences. Examples of views
on which relations between objects are taken as fundamental can be
found in e.g. Bigelow and Pargetter (1988) and Dasgupta (2013). On
views of that kind the ordering, as well as the distance, is adduced in
virtue of which relations hold between the objects. More precisely, the
ordering corresponds directly to the relations that obtain (e.g. ’object
x has more mass than object y’) and the distance supervenes on that (it

carved up, are made true by the obtaining of a particular measurement scale.
That kind of dependence seems to me to get matters the wrong way round, but
I don’t want to base a rejection of this reply on this, more tentative, argument.
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can be given as soon as a unit of measurement is chosen). Views that
take the opposite position, on which properties of objects are taken as
fundamental, can be found in e.g. Mundy (1987) and Eddon (2013). On
such a view there are intrinsic mass properties, (but these can’t, for the
same reasons as above in the relational case, reference a scale/numbers)
in virtue of which one accounts for the order and distance. I do not want
to commit myself here to either of these two views on what quantities
are, and the view presented here is supposed to be compatible with both
ways of spelling out what a quantity is.

2.3.2 Amounts as quantities

Having clarified what quantities are in general, the second thing that has
to be cleared up is which quantity representations are supposed to play
a role in number cognition. Of course, these representations can’t be
of quantity in general. Some particular type of quantity is thus needed,
which could be represented through number cognition, and in order to
reach that I will look a bit closer at the notion of an amount. There is
already some (although very little) talk of amount in the literature, but
in those cases it isn’t used as a particular quantity. Rather, it is used to
indicate the kinds of properties and relations that admit measurement
of some sort: “[w]e use the term quantities for properties like mass,
and relations like relative velocity, which seem to come in amounts."
(Bigelow and Pargetter, 1988, p.287, original emphasis)

If the above is correct, then it is possible to identify a quantity by giving
a grammatically correct construction of the form ‘amount of . . . ’. Now,
the empirical results mentioned in the previous sections are almost ex-
clusively performed with either objects or sounds. I will therefore use
the grammatical, if somewhat awkward, constructions ‘amount of ob-
jects’ and ‘amount of sounds’ to talk about two kinds of quantity that
can (so I think) account for the observed behaviour. My proposal is thus
that number cognition deals with representations of these types of quan-
tities (and perhaps others, in case number cognition also receives input
from other modalities). To ensure that this is not just a way of saying
that number cognition deals with representations of numbers, note that
both amount of objects and amount of sounds are quantities, just like
length and mass. They can be measured by a scale of the above type,
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and the arbitrariness involves is exactly that which is allowed by a ratio
scale. The same arguments that apply to those quantities, with respect to
their relation to numbers, thus also apply to these two quantities. They
are, thus, not what one gets from counting objects or sounds, but are
less restricted. They only need to have enough structure to facilitate
our judgements about whether one of two instances is more, less, or
equal than the other. There is no need to account for judgements about
whether the difference between two sets is the same as the difference
between two other sets (because these are not observed).

There is also no need to guarantee that the representations used for sets,
or collections, with the same amount of objects, or amount of sounds,
are always the same. In particular, it need not be the case that the repre-
sentation that can be described as ‘five’ has to be the same in the case of
‘amount of objects’ and ‘amount of sounds’. Essentially then, because
the behaviour that has to be accounted for in terms of these quantities
leaves room for variation in the numerical values assigned to quanti-
ties, we observe the same arbitrariness of scale in the case of ‘amount
of objects’ and ‘amount of sounds’. The only thing that is different in
the case of these quantities, as compared to other extensive quantities,
is that these may be measured by a scale that is an embedding into the
natural numbers. In other words, these quantities can be treated in a
discrete fashion, even though they do not have to. They are then further
individuated by modality, which helps supply a unit in terms of which
the quantity can be measured (‘amount’ by itself doesn’t come in units,
and so can’t be a kind of quantity). Still, despite admitting treatment as
a discrete quantity, that doesn’t preclude the same kind of arbitrariness
from holding here – the numerical relations may vary through multipli-
cation by a constant. As such, amounts (of objects / tones) are decidedly
different from numbers, which change when multiplied by a constant.
One amount of objects can be linked to different numbers, depending on
the scale that is used. No such flexibility exists for numbers; isomorphic
copies are not similarly related to different numbers.

Even if this argument turns out to be incorrect, and a number related
view turns out to be correct, then this needn’t be a problem for the the-
ory I am putting forward. For although this means that these quantities
are relations with numbers, it doesn’t mean that ‘amount of objects’
and ‘amount of sounds’ cannot be represented without also represent-
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ing numbers. This is more of a general point: it doesn’t follow from
the fact that we can associate a real number scale with a quantity that
real numbers are explicitly represented as a part of our representations
of quantities. When I hold an object I will be representing its mass,
but that representation won’t have any particular real number associated
with the represented mass. Similarly, I can represent the time between
two events, but it seems unlikely that I have as a part of that represen-
tation a real number that is associated with the amount of time between
those two events (see e.g. Peacocke, 2015). What the truth-makers are
for sentences involving these quantities hardly seems to matter for what
is a part of the representations of those quantities, even if it does mat-
ter for the quantities themselves. The same would hold for representa-
tions of ‘amount of objects’ and ‘amount of sounds’, for although real
numbers may play a role there as truth-makers, that doesn’t mean that
real numbers are a part of the representations of those quantities. This
should suffice for the conclusion that the correctness of a view on the
truth-makers of sentences that involves relations with real numbers is
not by itself enough to refute the account of number cognition that I am
putting forward. However, what is needed to make my view plausible
is an account of what the vehicle of representation could look like, if it
doesn’t involve numbers.

2.3.3 Representing quantities spatially

To show that we don’t need numbers in the vehicle of representation,
there is a helpful suggestion about the way quantities are represented
from the empirical literature. The suggestion there is that quantities
are represented spatially, as if placed on a ‘mental magnitude line’ (the
literature calls this a mental number line – another indication of the ten-
dency to think that number cognition deals with numbers. To prevent
confusions I’ll avoid using the term ‘number’ here). The main reason
for thinking this is that there is a large body of research that shows that
people respond faster if a small magnitude is represented on the left,
and a larger magnitude on the right. In general, there appears to be a
preference for the left hand side in the case of small magnitudes and
the right hand side for larger magnitudes, regardless of what cognitive
task is performed (de Hevia et al, 2008; Fabbri et al, 2012; Wood et al,
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2008). This has led many empirical researchers to posit that the un-
derlying cause for this preference (known as the SNARC effect) is that
magnitudes (‘amount of objects’/‘amount of sounds’) are represented
as though they are placed along a line, with smaller magnitudes to the
left and larger magnitudes to the right. The suggestion, thus, is that the
vehicle of representation is spatial, and so that the content (the value of
the specific quantity) is represented in a way that doesn’t involve a rep-
resentation of a number. Although there are some alternative theories
as to what causes the effect, the mental magnitude line theory is at the
moment the one that is best supported (Wood et al, 2008). It also gives
a clear reason how one can represent quantity, even though one doesn’t
appeal to numbers in the vehicle of representation. As long as quantity
representations are spatial, it is still possible to obtain the ordering and
distance properties, even though one lacks an underlying representation
of numbers.

This effect hasn’t been observed just in the case of magnitudes, but is
also present in the case of our representations of time. In this case there
is talk of a ‘mental time line’, and again the suggestion that time is rep-
resented spatially (Casasanto and Boroditsky, 2008; Fabbri et al, 2012;
Frassinetti et al, 2009). In this case there is a preference for shorter
durations to be represented on the left, and larger durations to be repre-
sented on the right (known as the STEARC effect). It is thus not at all
implausible to say that quantity representations do not include explicit
representations of numbers, since the idea that quantities are spatially
represented is a well-supported one. Furthermore, the representations
do not even form direct representations of number. The current research
suggests that the representations used by number cognition are logarith-
mic in nature (DeHaene et al, 2008), in other words that we only have
representations corresponding to steps along a logarithmic scale. There
is thus no direct correspondence between the natural numbers and the
different spatial representations we have, since we have far fewer dis-
tinct spatial representations.

One way of combining this feature of quantity representations with the
fact that the representations resulting from number cognition can be
classified, is to follow Beck (2014). His suggestion is that the result-
ing representations are ordered triples h ,Mode,Ob jecti, where
the first element is a mental line (the spatial representation), the second

53



element indicates what is represented (time, space, amount of objects,
amount of tones), and the third provides the finer-grained classification
(e.g. fish, apples, or oranges). The research cited above suggests that
there is an interaction between these mental representations regardless
of the mode and object in question. This would mean that number cog-
nition deals separately with the spatial part of the vehicle of represen-
tation, and that the other two elements of the vehicle of representation
are supplied in some other way. My suggestion is that number cog-
nition only deals with the spatial part of the vehicle of representation
that makes up a quantity representation, and that the other elements are
supplied by other parts of the brain. This view may be overly simpli-
fied, in that it seems to have some difficulties with explaining why we
can’t seem to make comparisons between, say, lengths and times, even
though both have the same underlying spatial representation. Even if
that is the case, the somewhat weaker view, that number cognition also
deals with the mode of the quantity representation, still matches with all
of the available empirical data. Showing that the weaker view matches
will be the task of the next section, where I also deal in more detail with
the question of cross-modal comparisons.

2.4 An alternative: cognition of quantity

The next, and most important, question to be tackled is why one would
think that number cognition is a way of cognizing quantity, instead of a
way of cognizing number. Since my aim here is not to argue definitively
that number cognition is a way of cognizing quantity, this section is
not supposed to refute the option that number cognition is a way of
cognizing number. Rather, the aim here is to show that my alternative
theory, with quantity representations instead of number representations,
also coheres with the empirical data. What I will do therefore is go
through the empirical data, in order to show how it fits in with this
alternative proposal, and to tackle the challenges for any account of
what is represented by the faculty of number cognition that were put
forward in section 2.2.
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2.4.1 Empirical support

The main reason to think that the empirical data supports the view that
number cognition deals with quantity representations is that number
cognition operates in a very similar way to the faculties that deal with
length, time, and other quantities. It is thus likely that, since the pro-
cessing of representations and the abilities based on the representations
are very similar, that the representational vehicles are also similar. This
in turn makes it more likely that the kind of thing represented is also
the same. The precise similarity between number cognition and the fac-
ulties we use for length, time, etc. is that they all have what is known
as the ‘distance effect’. That is, all of these faculties are such that the
accuracy of comparisons based on these faculties is dependent on the
ratio (but not the size) of the things being compared. This is clearly the
case for number cognition, where 6-month old infants for example can
distinguish 16 sounds from 8 sounds, but can’t distinguish 12 sounds
from 8 sounds (Lipton and Spelke, 2003). In the case of primates, such
a distance effect for quantities (line length in this case) has also been
found by Tudusciuc (2009). Similar results have been found for hu-
mans (this time for length and duration), see for example Fabbri et al
(2012). So both the representations resulting from number cognition
and those that are employed for the familiar quantities are very similar.
They are in fact so similar that they can be employed interchangeably,
so that infants can either make decisions based on the observed amount
or on some other observed quantity. When shown crackers for exam-
ple, infants reliably go for one cracker with a large area instead of for
two crackers with a smaller combined area (Feigenson et al, 2002). But
also in the more general case where infants are presented with squares
can they distinguish them based on contour length instead of based on
amount (Clearfield and Mix, 1999).

One may object at this point that just because the representations share
one (although a very salient one) feature, that doesn’t mean that they
are the result of similar processes. Therefore, to further improve this
argument, it is relevant that further empirical research has shown that
in fact the same neurons are used for number sense as for tasks in-
volving continuous quantities. Vallentin and Nieder (2010) and Nieder
(2013) show that this is the case for primates, whereas Jacob and Nieder
(2006) and Dormal et al (2012) have conducted studies that show that
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this is the case for humans as well. Not only then do the representations
of number cognition and those of quantities have an important feature
in common, they seem to result from the same neurons. This accords
well with one of the general theories of our number related capacities,
known as ATOM (A Theory Of Magnitude) and first put forward in
Walsh (2003). According to him, there are no separate systems for the
cognition of number and for the cognition of the different quantities.
Rather, there is just a single system that can deal with all of these dif-
ferent things at the same time. If there is such a single system, then
one would expect that the processing of time influences the function-
ing of our number cognition (since they occur at the same place, using
the same neurons). Effects of that kind are indeed observed, not just
between time and number cognition but also between time and length
and between length and number cognition (Fabbri et al, 2012). Further-
more, a large number of other predictions that have been made on the
basis of ATOM have turned out to be correct, an overview of which can
be found in Walsh (2013).

These results put an argument that relies on the similarity of the re-
sulting representations on far better footing. For now not only do the
representational vehicles resemble each other, they seem to be encoded
through the same process. Of course, there will still be somewhat of a
difference between the content of the representations, in that the repre-
sentational content between lengths and duration differs as well. Just
because they have been encoded by the same process doesn’t imply
that they represent the same thing (for one it is still impossible to com-
pare lengths with durations). It does however improve the case that
they are the same kind of representations, namely quantity representa-
tions.1

A point along the same lines is that there is a close match between the
ratio dependence of our ability to distinguish between different quanti-
ties, and the ratio scales that are characteristic of these quantities. Ac-

1Note, though, that this does not mean that number cognition also deals
with length, mass, etc. It is still exclusively the faculty that deals with whatever
underlies our ability to discriminate stimuli based on something like numerical
value (on my view, amount of objects / amount of sounds). There are, thus,
other faculties that deal with the other quantities, which happen to do so using
largely the same neurones, and the same vehicles of representation.
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cording to Weber’s law, we are able to discriminate different quantities
as long as the numerical ratio between the magnitude of the quantities
is above a certain value. This can be explained if we look at ratio scales,
which state that the numerical value assigned to a magnitude is arbitrary
up to multiplication with a constant. So, the same goes for representa-
tions; the vehicle of representation can represent the same quantity, even
though it is represented with a different value (e.g. a different point on a
line) – as long as the ratios between the different measured/represented
quantities are preserved. We arrive at the observations that have been
systematized by Weber’s law, if the vehicle of representation is some-
what approximate in the assignment of a value to a measured instance.
This imprecision can be seen as an imprecision in the value of a in the
admissible transformations on a ratio scale:

f ! af = f 0 , a > 0

Such an imprecision will reduce the discriminability between different
quantities in exact accordance with Weber’s law. Suppose that we are
looking at the case of amount of objects, and that we start out with
the natural assignment of values; 1 to one object, 2 to two objects, etc.
Then, if there is an imprecision in a , in that it can be somewhere be-
tween 1 and 2, we will at most be able to distinguish between cases
where the ratio between the magnitude of the quantities is above 1

2 . A
representation of two objects will have a value assigned to it which is
between 2 and 4, with no way of telling what it is beyond that. Then,
a representation of four objects has a value assigned to it which is be-
tween 4 and 8, again with no more precise way of telling what it is. In
this case, we can decisively say that the latter quantity is larger than the
former. Yet, if the vehicles of representation overlap, as would be the
case here with representation of two and three objects, then one can’t
be sure, based on the representations, which of the two is the larger
quantity. Reducing the imprecision in a improves the discriminability
of the faculty, and does so exactly with respect to the ratio between the
magnitude of the quantities. Saying that number cognition represents
quantities, thus helps to explain Weber’s law, in terms of the structural
features of quantities.
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2.4.2 Small and large quantites

A worry that may come up here is that the above argument only applies
to the case of our inexact representation of larger numbers/quantities.
For only in that case do we observe a distance effect; in cases where
one, two or three are represented there is no such distance effect. There
is already a good case for the point that there are two different systems
in play here, which at least removes the unwanted suggestion that this
exact grasp of smaller numbers is also a part of the faculty that deals
with magnitude. A suggestion of that kind is unwanted, because it im-
plies that we would expect to see something of a distance effect (how-
ever small) in this case as well, along with interference effects with the
processing of quantities like length and duration. That is, one would
expect there to be an effect on the processing of length if there is simul-
taneous processing of small numbers, and vice versa, if these things are
processed by the same neurones. Such effects have, to my knowledge,
not been observed though, so it is unlikely that this capacity for small
numbers is also a part of the common faculty for magnitudes posited by
ATOM.

That doesn’t necessarily mean that our grasp of small numbers is in-
deed a grasp of numbers. The arguments in favour of there being two
systems dealing with numbers (Feigenson and Carey, 2003; Mou and
van Marle, 2014) posit instead that the representation that is used for
the smaller grasp of numbers is one through object-files. Humans have
the ability to keep track of up to three objects at a time, and that abil-
ity seems to underly the exact grasp of small numbers. It also explains
why our exact grasp of number stops at three, due to our limitations
regarding the ability to keep track of objects. If this is indeed the case,
then the upshot is that in the case of small numbers there is no repre-
sentation of either number or amount. Object-files do provide for some
numerical ability, in that surprise is to be expected if an object that was
being tracked suddenly disappeared (thus accounting for cases such as
1 + 1 = 1). It does not supply the ability to compare small numbers with
larger ones, which as Mou and van Marle (2014) note is indeed the case
– infants fail to distinguish 1 from 4 because 4 is no longer represented
using object-files. In this case then there is a good alternative to the
conclusion that number cognition is cognition of numbers. The alterna-
tive theory that is sketched here is thus that number cognition falls apart
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into two systems. The first system uses object-files to implicitly repre-
sent amount (and number), but involves no representations of quantity
as such. The second system applies more generally, and represents a
kind of quantity instead of number.

Supposing for now that this second part of number cognition does in-
deed lead to representations of amount, and not of number, one thing
one would expect is that different representations underly our grasp of
symbolic number. Clearly, once we have learned arithmetic and can
comfortably use the natural numbers, there should be some kind of
representation of number underlying that capacity. If number cogni-
tion doesn’t produce representations of numbers, then it follows that
the representations it does produce can’t be used for this proper grasp
of number. Empirical results appear to support this conclusion, in that
both Lyons et al (2012) and Bulthé et al (2014) conclude on the basis
of neuroimaging that our symbolic number representations are different
from the representations that result from number cognition. From that
it seems to follow that we need some additional story to that of number
cognition to account for the representations that underly our grasp of
numbers. It also gives some further confirmation that saying that num-
bers are not an explicit part of the vehicle of quantity representations is
a reasonable thing to do. For if we did have a number representation as
an explicit part of our quantity representations, then it would seem to
be more probable that we could just use the quantity representations to
support our grasp of number.

Another result that one would expect to hold is that, since quantity rep-
resentations are already available to infants, it is easier for young chil-
dren to learn cases where one can rely on that representation than it is to
learn cases where a representation of a number is required. For exam-
ple, one would expect that children more easily learn to understand how
to use ‘three pencils’ than ‘three’. Le Corre (2008) reports that children
are indeed able to understand statements of the kind ‘three pencils plus
two pencils is five pencils’ before they can understand statements such
as ‘two plus three is five’. Without wanting to claim that this can only be
explained by the current account, it is at least something you would ex-
pect to happen if representations of amount are already available.
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2.4.3 Challenges for a quantity based account

Finally, it is important to address the challenges raised in section 2.2.
First, what needs to be explained is the ability to recognize some arith-
metical inequalities. Since quantities have a concatenation function
built in, this is not particularly difficult to account for. The arithmetical
inequalities that are recognized are simply those based on the concate-
nation function defined on the quantities, and are thus not based on the
addition function defined on numbers.

Second, it is important to give an account of our ability to perform cross-
modal comparisons. The first thing to point out here is that there has
been some research that suggests that initially number cognition pro-
cesses the different modalities in parallel (Feigenson et al, 2004; Nieder
and Miller, 2004). That would mean in the current case that the first
step that is taken in comparing cross-modally is to construct the sep-
arate modality specific representations (e.g. ‘amount of objects’ and
‘amount of sounds’). If this is correct, then the issue of cross-modal
comparisons is not one that is worrying specifically for my theory. For
if there is indeed a two-tier process, on which first modality specific
representations are generated which are then compared regardless of
modality, then the second step will have to be accounted for regardless
of what representations are generated by the first step.

Here is a suggestion, though, as to how one might be able to account
for this second step. When looking at members of native tribes in the
Amazonas, researchers have found that although they lack a grasp of
numbers that extends beyond the limits of number cognition, they are
able to construct and recognize one-to-one correspondences (Frank et
al, 2008). Presumably then, we have some way of working with one-to-
one correspondences without needing to work through the mathematics
behind it; there probably is some cognitive process that enables us to
work with one-to-one correspondences. This underlying matching pro-
cess seems to be able to do most of the work here, as almost all of the
cases in which cross-modal comparisons and ‘arithmetic’ have been ob-
served also included an explicit linking of the two modalities (e.g. one
hears a thud every time an object lands on a surface, or a matching of
voices to talking faces). In these cases then there appears to be a good
motivation for trying to find a match between the amount of sounds and
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the amount of objects, and to my knowledge there have been no suc-
cessful experiments of cross-modal comparisons with infants where no
such motivation was present (e.g. Mix et al (1997) is now interpreted as
failing to replicate the effect due to a lack of such motivation). When
infants are concerned then, it seems that a matching process, which we
have reason to think exists because of the abilities related to one-to-one
correspondences, would be able to account for the current empirical re-
sults. In the case of adults there are not always these kinds of intrinsic
motivations to look for a match (but there is always a motivation for
making the cross-modal comparisons), and sometimes what is asked
for is instead an evaluation of which set (the visually represented one
or the auditorily represented one) is greater. The matching procedure
may not be able to account for our performance on those tasks, but it
doesn’t have to. For by that time the task is consciously undertaken and
the sets are presented sequentially, so that a representation of the first is
already available when the second is presented. Perhaps one then uses
the matching procedure, where the first is greater if no such match can
be found at any point, and the second is greater if such a match can be
found with a proper subset of the second set. That may be a bit too much
too ask of the subjects though, so another option is that the representa-
tions are simply compared elsewhere, for example by first abstracting
away from the quantity representations to get number representations
(in the case of adults one can, or so it seems, reasonably expect there to
be such an abstraction procedure).

To make all of this a bit more concrete, let me work through several
scenarios, employing the view on the structure of quantity representa-
tions presented in the previous section. Take first a case where there
is a strong motivation (either intrinsic, or as the result of explicit in-
struction) to compare a set of objects with a sequence of tones. In the
case where both contain less than four elements, quantity representa-
tions aren’t needed, and the comparison will be facilitated by a test for
a match between object files (which are not modality specific, and thus
relatively unproblematic). In such a case, the objects/sounds are all rep-
resented as separate files, so the subject only needs to check whether
every object file from one set can be paired with an object file from
the other set. Here a matching procedure is a good description of what
might be going on.
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A more difficult case is where there are too many elements to use object
files, and one has to use quantity representations instead. For example,
take the case where there are five objects and five tones. Then the rep-
resentations that show up within number cognition (on the weak view)
can be written as h ,Ob jects, . . .i and h ,Tones, . . .i. Here the
spatial representations are written as if they are identical, which (as I
mentioned earlier) is not a given. However, they are likely to match
up reasonably well, since according to ATOM the same neurones are
used to generate the two representations. Furthermore, the agent will be
able to calibrate her spatial representations (based on other information,
e.g. that one person only has one voice) early on, so that they are not
too dissimilar to allow for successful cross-modal comparisons. That
calibration can rely on knowledge resulting from the, non-problematic,
cross-modal comparison based on object files. For example, the hypoth-
esis that one person only has one voice can be formed from instances
where one sees no more than three people talking at any one time. It
can then be applied to cases where more people are observed, in order
to calibrate the spatial representations underlying the different quantity
representations. Given the similarity of the spatial representations, and
the motivation to compare these, there will then be an attempt to match
the underlying spatial representations. That this is something we are
capable of doing is guaranteed by our ability to recognize one-to-one
correspondences, which on the current picture can only work if we can
compare the spatial representations underlying different quantity repre-
sentations. The ability to recognize one-to-one correspondences, and to
make more/less judgements in general, implies that there is some way
of comparing the spatial representations that form a part of the quantity
representations in the intra-modal case – even though I cannot say in
detail how this matching procedure is implemented.

Since the spatial representations for the different modalities are still of
the same kind, it seems likely that we can use this ability to compare
them also in the cross-modal case. For that it is required that the spa-
tial representations are not too different for the different modalities, but
that is guaranteed by the ability to calibrate them. Returning to the ex-
ample, the attempt to compare the underlying spatial representations
will be successful here, and as a result the conclusion follows that the
amount of objects is identical to the amount of tones. Had the compar-
ison been between h ,Ob jects, . . .i and h ,Tones, . . .i,
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then the comparison would not have resulted in a match and the con-
clusion would follow that the amount of objects is not identical to the
amount of tones. In this latter case, there are at least two possible expla-
nations for adults’ ability to also deduce that in this case there are more
tones than objects. The first option is to appeal again to our ability to
compare the underlying spatial representations, claiming that we can ei-
ther directly test which of the two represents the larger quantity, or that
we find this out by recognizing the equality between the first line and
an initial segment of the second line. The second option is to say that
in this case we abstract from the final quantity representations to arrive
at two representations that do involve numbers, and that we then com-
pare these two numbers. The second explanation can account for the
current data, but if it turns out that children are also capable of making
cross-modal comparisons with inequalities, then that would rule out that
explanation. As it stands though, there are several explanations avail-
able that account for our ability to perform cross-modal comparisons,
even though the posited quantity representations (but, importantly, not
the spatial representations that are a part of the quantity representations)
are modality specific. There is thus no reason to think that this ability
is particularly problematic for the account that I have presented here.

Overall then, the suggestion that number cognition doesn’t yield repre-
sentations of numbers is one that should be taken seriously. It seems
to accord well with the recent results pointing to a common neural sub-
strate for both number cognition and the system that produces represen-
tations of quantities such as length and duration that number cognition
also produces representations of a kind of quantity. Since it is always
tricky to infer the content of a representation from the characteristics of
the representational vehicle, this is not certain though. However, it is at
least a valid option and it also seems to explain some of the related em-
pirical results such as the lack of overlap between symbolic number rep-
resentations and the representations that result from number cognition.
As a consequence of this, it follows that one can’t justifiably claim that
number cognition gives us a kind of direct perception of numbers. In or-
der for that move to be available, one will first have to argue against the
alternative theory that I have put forward here. Given how well it seems
to conform to the empirical data that is currently available, that may
well be a rather difficult thing to do. One other reason why this may be
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difficult, is that my proposal also manages to accord with the idea that
animals do not explicitly represent number. Instead of claiming that
they have representations of abstract objects, all that my theory requires
is that they represent some feature of the world (recall the discussion on
the nature of quantities). Not only does this seem more likely to be the
case, it also explains why they have trouble with symbolic representa-
tions of numbers, and with more involved arithmetical operations (that
are not parts of the environment, as the concatenation function is). For
now, then, I will rest content with the claim that we cannot justifiably
use number cognition as the basis for an epistemology of mathematics.

64



3. Hale and Wright’s
neo-logicism
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3.1 Hale and Wright’s solution

The proposed solution to Benacerraf’s Dilemma that one finds in Hale
and Wright (2002) depends on our using implicit definitions (or ab-
straction principles – Hale and Wright (2000) argue that abstraction
principles may be viewed as a kind of implicit definition), and so on
the view on implicit definitions that is presented in Hale and Wright
(2000). They restrict themselves to the natural numbers in their current
presentation, since in that case there is already a proposed implicit def-
inition that might work. I will therefore only look at the case of the
natural numbers, and the aim will thus be to see whether their account
gives a complete epistemology (for us) as far as the natural numbers are
concerned. As I mentioned, their account is based on implicit defini-
tions, which is thus what their account for the natural numbers builds
on. In this particular case there is a readily available implicit definition,
which was already proposed (in this mathematically precise form) by
Frege. Nowadays this implicit definition is known as Hume’s principle,
and it can be stated as follows:

(HP) The number of Fs = the number of Gs $ there is a
one-to-one correspondence between the Fs and the Gs

The first reason why this particular implicit definition of the natural
numbers is interesting for Hale and Wright is that it is known to entail
the Dedekind-Peano axioms for arithmetic, provided that it is combined
with second-order logic and a large number of definitions (e.g. that
0 is the number of elements in the empty set). It thus yields every-
thing one needs, apart from the requisite definitions, to grasp the entire
natural number structure. As such it is a good candidate for a com-
plete epistemology, as far as the natural numbers are concerned, since
it does manage to cover all of our arithmetical knowledge. In princi-
ple then it seems that one could use this principle to acquire all of our
arithmetical knowledge. The second reason is that the right hand side
of the definition makes no reference to numbers, but only talks about
one-to-one correspondences, thus seemingly offering a way to get to
the natural number structure through a grasp of one-to-one correspon-
dences. So, it seems to be possible to acquire arithmetical knowledge by
using Hume’s principle without first needing to know something about
the natural numbers. In the rest of this section I will try to explain
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how Hale and Wright conceive this move from one-to-one correspon-
dences to numbers. In other words, I will be concerned with what ‘using
Hume’s principle to acquire knowledge’ means.

3.1.1 Fixing identity and application conditions

The first thing to get clear on, is how an implicit definition is supposed
to work. On the picture that is presented in Hale and Wright (2000),
an implicit definition is based on an expression of the form ‘# f ’, where
‘#...’ is used to define f . This expression is then used as an implicit
definition by stipulating that the entire expression is true, thus assigning
to f whatever meaning (and reference) it needs to have in order to make
the entire expression come out as true. It has to do more than just assign
a meaning to f though; it has to assign it in such a way that it becomes
accessible to someone who previously lacked the concept underlying
f . In the particular case of the natural numbers, Hume’s principle can’t
merely assign a meaning to ‘the number of ...’; it has to provide a way
of grasping the underlying number concept to those who don’t have it
yet. The definition thus has to be such that it “creates a pattern of use"
(Hale and Wright, 2000, p.306) for the expression that is defined. This
pattern of use will have to satisfy certain constraints; for example, it
will have to be consistent. Hume’s principle is thought of as satisfying
all of the relevant constraints, though (Hale and Wright don’t present
an exhaustive list, so this is rather based on its perceived success as an
implicit definition), and thus it creates an appropriate pattern of use for
‘the number of ...’. This pattern of use is supposed to be general, so that
it doesn’t just specify how to use the expression in the specific case that
is mentioned in the implicit definition. That means that it is supposed
to specify the general application conditions for the expression. In the
case of the natural numbers, that is done by specifying when identity
statements involving ‘the number of ...’ constructions are true. The
next thing to look at is then how from this the identity conditions of the
concept – the conditions under which two instances falling under the
concept are identical – are specified by Hume’s principle. After that it
is easier to see how one might fix the application conditions through
these identity conditions.

From the above picture on implicit definition it follows that the identity
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conditions of the concept have to be fixed through the stipulation that
the expression used by the implicit definition is true. An explanation of
how this happens is offered by Hale and Wright (based on an example
already given by Frege) in the case of a similar implicit definition, this
time related to geometry:

The direction of line a = the direction of line b $ lines a
and b are parallel

Here ‘the direction of ...’ is implicitly defined, as one would expect,
by stipulating that the above expression is true. This is again sup-
posed to specify when statements of identity between ‘the direction
of ...’ constructions are true. The explanation of how this happens is
that “because the stipulation is put forward as an explanation, its effect
is to confer upon the statements of direction-identity the same truth-
conditions as those of corresponding statements of line-parallelism."
(Hale and Wright, 2002, p.117, original emphasis) Since the relation
that obtains between two lines when they are parallel is an equivalence
relation, the truth-conditions for statements of line-parallelism can be
rephrased into truth-conditions for identity statements concerning the
direction of lines. This rephrasing into truth-conditions for identity
statements is what Hale and Wright, following Frege, call ‘recarving
the content’ of the expression or ‘reconceptualising the content’.

Hale and Wright leave it as somewhat of a mystery as to what the con-
tent that is recarved is exactly. I think though, that Yablo (2008) has a
suggestion that fits well with their account. According to him, contents
are sets of possible worlds; which means that two statements have the
same content iff they are true in the same possible worlds. This idea
is closely related to that of propositions as sets of possible worlds, but
the modality involved here is different. Usually, when people talk of
possible worlds, they talk about metaphysical modality. The relevant
modality in this instance, though, is epistemic modality, so the possible
worlds are not metaphysically possible, but rather epistemically possi-
ble. This means that in a world where astronomers had misidentified
Hesperus (it’s actually Mercury), ‘Hesperus = Phosphorus’ would have
been false. As a consequence of this, although the names may be rigid
designators, leading to the conclusion that ‘Hesperus = Phosphorus’ is
true in all metaphysically possible worlds, that doesn’t mean that it is
also true in all epistemically possible worlds.
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Yablo (2008) also suggests that we view the ‘recarving’ as a change in
the way the content is presented. This is no more than saying that the
outer form of the statements, which share the same content, is different.
The talk of ‘recarving the content’ in the case of direction statements
thus amounts to saying that the relation in the two statements is dif-
ferent (and consequently, that the objects that are related are different).
The same would hold for Hume’s principle; postulating its truth gives
you truth-conditions for statements involving ‘the number of ...’ con-
structions, because it allows one to move from the outer form of the
right hand side to the outer form of the left hand side, while preserving
the content. Since the content is preserved one knows in which cases the
identity statement is true, and therefore one acquires the identity condi-
tions for NUMBER by moving from the right-hand side to the left-hand
side. This last step, from the truth-conditions for identity statements
between ‘the number of ...’ constructions to the identity conditions of
NUMBER, is a relatively straightforward one. Two objects falling under
the concept NUMBER are identical precisely when the identity state-
ment, with the two terms referring to the two numbers in question, is
true.

The final step is that of moving from having the identity conditions
of the concept to the general application conditions. The application
conditions for these concepts are, according to Hale and Wright, not
very difficult to get once one has the identity conditions for the relevant
statements, as the acquired concept is construed as “the sortal concept
under which fall any and all objects having those identity-conditions."
(Hale and Wright, 2002, p.118) So, under the concept of direction fall
those objects which are identical iff the lines, whose directions they are,
are parallel. Similarly, in the case of Hume’s principle, one first needs
to get the identity conditions of the concept NUMBER. Then, one can
acquire the concept NUMBER by realizing that it is the sortal concept
under which fall all and only those objects which are identical iff there
is a one-to-one correspondence between the sets of which they specify
the number of elements.
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3.2 Evaluating the implicit definition story

As we saw above, there are three basic steps agents have to follow in
order to acquire the concept NUMBER, according to Hale and Wright’s
view of implicit definition. First, there is the step of inferring the truth-
conditions of the left hand side from the, previously known, truth-conditions
of the right hand side. These truth-conditions then specify when iden-
tity statements involving ‘the number of . . . ’ are true. Second, one
goes from these truth-conditions to the identity conditions for the con-
cept NUMBER. That is, from the cases when identity statements in-
volving ‘the number of . . . ’ are true, one infers when instances falling
under the concept NUMBER are identical. Finally, one makes the step
from the identity conditions of NUMBER to the application conditions
of the concept NUMBER. This move is made possible by the definition
of the concept NUMBER as “the sortal concept under which fall any and
all objects having those identity-conditions." (Hale and Wright, 2002,
p.118).

The first philosophical worries arise in making the first step, in which
one tries to fix the truth-conditions for identity statements involving ex-
pressions of the form ‘the number of . . . ’. This step is performed by
stipulating the truth of the implicit definition, such as Hume’s princi-
ple. In that step, there are two requirements that are placed on implicit
definitions (and Hume’s principle in particular). On the one hand, the
truth of the stipulated sentence has to be guaranteed (in virtue of the
stipulation). On the other hand, it also needs to assign meanings to the
expressions that are supposed to be implicitly defined through the stip-
ulation. Trueman (2014) argues that although there are ways of using
Hume’s principle that satisfy the first, and although there are ways of
using Hume’s principle that satisfy the second, there is no way of using
Hume’s principle as an implicit definition that satisfies both. Either the
kind of stipulation one uses fixes a meaning for ‘the number of ...’, and
leaves the truth of Hume’s principle uncertain (and thus also leaves the
soundness of the deduced arithmetic uncertain). Or, the kind of stipula-
tion one uses guarantees the truth of Hume’s principle but only fixes a
meaning for ‘the number of Fs = the number of Gs’ as a whole, rather
than for the intended expression ‘the number of ...’. The reason for this,
or so Trueman (2014) argues, is that in the cases where the truth of
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the principle is guaranteed, one is not justified in saying that the occur-
rence of ‘=’ on the left-hand side corresponds to identity. Because of
that, there can be no recognition of the fact that the left-hand side deals
with the identity of two singular terms. For that reason, the stipulation
fails to define the terms it was supposed to define, since it can’t specify
when statements of identity involving ‘the number of ...’ constructions
are true, because it can’t be recognized that the left-hand side is about
identity. There are several ways in which one might try to get out of this
problem, but for Hale and Wright to stick to the account presented here
(which suffers from the second problem), they will have to argue that
‘=’ can be interpreted as identity.

3.2.1 The Caesar Problem

The second place in which philosophical worries arise, is with the third
step in Hale and Wright’s account of implicit definition. This is the step
from the identity conditions of the concept to the application conditions
of the concept. A famous problem with this entire approach is known
as the Caesar problem, which was already raised by Frege. This prob-
lem is that it is not clear that the move from the identity conditions to
the application conditions manages to determine the general application
conditions. So, it is not clear how the above procedure gives us a way to
make sense of ‘Caesar is the number 0’, since ‘Caesar’ is not of the form
‘the number of Fs’. The Caesar problem is not just that Hume’s princi-
ple doesn’t tell us whether or not it is true that Caesar is the number 0, it
is the more worrying observation that Hume’s principle doesn’t give us
any way of deciding the question. And, as Heck (2005) notes, since we
do have a way of deciding the question (in the negative), it would seem
to follow from the Caesar problem that our concept of NUMBER doesn’t
stem from Hume’s principle. As the theory stands, there is indeed no
part of it that provides a way of deciding the truth-value of ‘Caesar is the
number 0’, so Hale and Wright need to provide some additional element
to fill this lacuna.

That is precisely what they have tried to do in Hale and Wright (2001),
by introducing categories, and arguing that Caesar and the natural num-
bers fall in different categories. They then argue that since Caesar is
not in the same category as the number zero, it is true to say that Cae-

71



sar is not the number zero. In order to ensure that this way of deciding
the question still follows from Hume’s principle, Hale and Wright base
their categories on what they call ‘criteria of identity’. These criteria
are just the identity conditions of the concept, but it is useful to keep
a separate terminology for the category case. For categories are not
just whatever sortal concept one comes across; they are supposed to be
maximally extensive sortals, where all of the sub-sortals (e.g. TIGER is
a sub-sortal of ANIMAL) share the same criterion of identity. Here, shar-
ing the same criterion of identity means that the identity conditions of
the sortal concepts are co-extensive. Since the implicit definitions used
link the identity conditions of the concept (through the truth-conditions
of identity statements) to the obtaining of an equivalence relation, we
can use that equivalence relation to talk about the identity conditions.
Adopting that way of talking about identity conditions for convenience,
this means that two sortals F and G share the same criterion of iden-
tity iff 8x8y(xEqFy $ xEqGy) is a (conceptually) necessary truth (Hale
and Wright, 2001, p.391). Here EqF is the equivalence relation that is
linked, through the implicit definition used, to the identity conditions for
the concept F. Furthermore, the quantifiers here are supposed to be un-
restricted, so for example 8x8y(xEqNy $ xEqPersonsy) is allowed (and
its falsity underlies the claim that numbers and persons belong to differ-
ent categories). Hale and Wright thus try to solve the Caesar problem
by constructing categories on the basis of the identity conditions of the
concepts in question. The idea is, that whenever objects fall under dif-
ferent categories, one can say that they are not identical – despite the
fact that the identity conditions don’t (explicitly) say anything about
such cases.

The main problem for this approach is that it is unclear which equiva-
lence relations have to be used to establish the categories. For example,
take the case of the concepts TIGER and ANIMAL. Tigers are animals,
and so they should, presumably, fall under the same category. The prob-
lem lies in basing this on the equivalence relations. Should we take
the equivalence relation that specifies when two tigers are identical, or
should we take the identity conditions for animals in both cases? Sup-
posing that the identity conditions for tigers just say something about
tigers, and don’t tell you when two rabbits are identical, it would seem
that the latter option has to be chosen. For otherwise it would be false
to say that 8x8y(xEqTigery $ xEqAnimaly), since the equivalence rela-
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tion given for animals would obtain between animals that are not tigers,
whereas that for tigers wouldn’t. An obvious way out of this is to try
to restrict the quantifiers, but how should they in general be restricted?
Saying that we should restrict them to the extension of the concept that
is subsumed under the other sortal would presume a prior knowledge of
which concepts are sub-sortals of which other sortals, which is precisely
what was supposed to be fixed. Furthermore, there is no obvious way
in which the quantifiers can be restricted in the case where, say, the nat-
ural numbers and persons are compared. For one thing, it wouldn’t be
clear beforehand whether ‘Caesar’ falls under the domain of the natural
numbers or not, since at this point the categories are not yet in place.
Similar problems arise when one wants to use the equivalence relation
corresponding to ANIMAL in both cases. One can only know which
equivalence relation to use for the sub-sortals once one knows what cat-
egory they fall under. In particular, when one wants to know whether
TIGER and RABBIT fall under the same category, one already has to
know that both fall under the category of (say) animals, such that one
knows that one should use the equivalence relation of animals in both
cases. Another issue with using the equivalence relation of the maxi-
mally extensive sortal concept, is that it trivializes the requirement that
8x8y(xEqFy $ xEqGy) is a (conceptually) necessary truth. Since, on
this picture, EqF and EqG are the same relations in the situation where
F and G fall under the same category, it is trivially true that they are
co-extensive, if F and G do fall under the same category.

This worry is more clearly related to Hume’s principle when one con-
siders the question whether the (natural) number zero is identical with
the (real) number zero. In order to decide an answer to this question,
it is first necessary to know whether they share the same criterion of
identity. So, one has to find out wether 8x8y(xEqNy $ xEqRy) is a
(conceptually) necessary truth. The equivalence relation that specifies
the identity conditions for the real numbers can’t be that there exists a
one-to-one correspondence between sets. So, if that equivalence rela-
tion is used for the natural numbers, then this principle will be false,
and as a consequence the (natural) number zero is not identical with the
(real) number zero, even though they seem to be identical.1 One reason

1Some philosophers deny that this is the case, e.g. Linsky and Zalta do so.
So, not allowing for these identities needn’t be a big problem, even though it
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for thinking that comparisons of this kind are possible is talk such as
‘irrational numbers are those real numbers that are not identical to any
rational number’. From the above reasoning would also follow that the
rational numbers fail to share a criterion of identity with the real num-
bers, and so that definitions of this kind are just plain wrong; no real
number would be identical to a rational number. So it seems then that
in order to ensure that the natural numbers end up in the right category,
the equivalence relation that has to be used here is (at least) that for real
numbers, which is clearly not something that is supplied by Hume’s
principle. Hume’s principle, by itself, is then again not sufficient to
solve the Caesar problem, since the categories can’t be determined until
we have the overarching equivalence relation for real numbers.

Because Hale and Wright’s solution hinges on the availability of the
right equivalence relations to establish the categories, this problem cuts
at the heart of their solution. It is impossible to establish what the max-
imally extensive sortal concept is on the basis of equivalence relations,
because one has to choose one of two options, both of which run into
problems. Either one uses the equivalence relations obtained directly
from the identity conditions of the concepts. In that case, as was il-
lustrated with the tiger and animal example, the equivalence relations
of the sub-sortals won’t be co-extensive. Therefore, there won’t be a
maximally extensive sortal concept of the kind required by Hale and
Wright. Or, one chooses the equivalence relation of the maximally ex-
tensive sortal, which will also cover the cases where instances of the
sub-sortal are identical. However, that presupposes knowledge of the
ordering of sortal concepts, before one has established the categories.
Thus, in this case, one has to already know what the categories are,
before one can start to establish the categories in terms of equivalence
relations. For without this prior knowledge of the categories one will
not know which equivalence relation to use for the sortal concepts that
are subsumed under the category. In other words, the implicit defini-
tion itself will not supply the knowledge, that is required by this option
(namely what equivalence relation corresponds to the category), to fix
the categories and thus to solve the Caesar problem. As a consequence,
Hale and Wright’s suggested solution to the Caesar problem fails, as a
result of the inability to fix the categories through the equivalence rela-

is a departure from the way mathematicians generally talk.
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tions in the supplied implicit definitions. The obvious way to rescue the
solution, by adopting a weaker requirement on the sortal inclusion of
F within G, such as changing the biconditional to a single implication
is cut off by Hale and Wright (2001, p.392) themselves. Because they
argue against such weaker characterizations of categories, there is no
clear way to get out of the current difficulties through minor alterations
of the theory either. It therefore seems to follow that, on top of the
recent additional difficulties pointed out below, Hale and Wright also
(still) have to solve the Caesar problem in its original guise.

3.2.2 Further problems in getting to the application con-
ditions

A related worry to this, but of a slightly different nature, is raised by
Cook and Ebert (2005). They point out that even if Hale and Wright
manage to solve the Caesar problem in the form of cross-category com-
parisons, they do not manage to solve the Caesar problem in the form
of cross-sortal comparisons. So, if we have two abstraction principles
that introduce objects that lie within the same category, then the ques-
tion remains how one decides whether or not two objects, each in a
different sortal, are identical. Using the equivalence relations in terms
of which the two objects are defined as interchangeable, and thus us-
ing one of them to settle matters of cross-identity, leads into issues like
the one I set out above. The other options which they look at involve
the idea that abstract objects are identical if their corresponding equiva-
lence classes/relations are identical. They give arguments why none of
these options work though, which I won’t repeat here to avoid spending
too much time on side issues. At any rate, there does not yet seem to
be a satisfactory solution to the problem of explaining for cross-sortal
comparisons.

Finally, there is a worry set out by Kim (2011) that abstraction princi-
ples fail to determine a unique concept. He uses the abstraction prin-
ciple for directions (in terms of lines being parallel) to illustrate this
problem. He lists a lot of different examples of things other than di-
rections which are identical in case the lines are parallel, only one of
which I’ll mention here, to illustrate the problem. Although it is true that
8x8y(the direction of x= the direction of y$ x is parallel to y), the same
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principle holds true in the case of slope angle. The slope angle of a line
(this holds for plane geometry only) is the angle between the line and the
positive x-axis. In this case too, it is true that 8x8y(the slope angle of x=
the slope angle of y $ x is parallel to y). The result is that defining the
concept DIRECTION by saying that it is the concept that applies to those
objects that are identical when the lines of which they are directions un-
derdetermines the concept. The definition fails, because there are sev-
eral concepts that all have those identity conditions, even though they
are clearly distinct concepts. Hale and Wright will thus have to find
some way to ensure that the concept that is picked out is unique, or at
least that there are no other, obviously distinct, concepts that also fit the
abstraction principle that is used.

3.3 Epistemic claims from Hale and Wright

3.3.1 The first interpretation – an internalist construal

All the problems related to Hale and Wright’s theory of implicit defi-
nition aside, what remains to be done is to translate Hale and Wright’s
theory into a more explicitly epistemological story, so that it can be
compared to the empirical results that are currently available. At this
point it seems that there are several ways in which one can interpret
the exact demands that Hale and Wright place on an epistemic agent.
The first of these is the most demanding, in that it requires the agent to
know the partially uninterpreted sentence that expresses Hume’s prin-
ciple. This sentence will be partially uninterpreted, because the expres-
sions ‘the number of ...’ can’t be interpreted by the agent before acquir-
ing the concept NUMBER. The sentence will thus be interpreted, apart
from the two occurrences of this expression. One reason for thinking
that the claim is that the agent knows this partially uninterpreted sen-
tence beforehand is the seemingly plausible principle that one needs
to know the sentence that expresses a definition in order to define a
term with it. If that is correct, then one automatically gets that any-
one who wants to define (or grasp) NUMBER through Hume’s principle
also needs to know Hume’s principle. Another reason for thinking that
Hale and Wright might demand that ‘using Hume’s principle’ requires
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that one knows the partially uninterpreted sentence expressing Hume’s
principle, is that using the principle implies postulating that the princi-
ple is true. On the assumption that postulating the truth of a principle
is a conscious act on the part of the agent, this seems to mean that the
agent needs to undertake an act directed at the principle. Again this
seems to imply that the agent is required to know the sentence express-
ing Hume’s principle, in this case in order to be able to postulate that
it is true. The epistemic claim will then say that if an agent knows the
partially uninterpreted sentence expressing Hume’s principle, then the
agent can acquire justified arithmetical beliefs by implicitly defining
NUMBER through Hume’s principle.

Here it might be worrisome that the agent is required to know the par-
tially uninterpreted sentence expressing Hume’s principle, even though
the agent won’t know what the left-hand side means before using it.
Since we can in fact use definitions, however, this shouldn’t be a major
obstacle for the view. There is something of a debate on whether or
not we can also use implicit definitions, but I will leave that aside here,
thus granting Hale and Wright that using implicit definitions is a viable
move. One thing that the above does suggest though, is that agents first
need to know the meaning of the right-hand side of Hume’s principle,
and then as they come to know the full, partially uninterpreted, sentence,
also (relatively quickly) come to know the meaning of the left-hand side.
That is at least how definitions usually seem to work; take for example
the implicit definition ‘The single perpetrator of these murders is Billy
the kid’, where ‘Billy the kid’ hasn’t been introduced earlier on. In this
case, even if one wasn’t familiar yet with Billy the kid, one quickly
sees that the name is supposed to refer to the murderer responsible for
a series of murders. There is no protracted gap between knowing the
partially uninterpreted sentence expressing the implicit definition and
knowing what ‘Billy the kid’ is supposed to mean. Of course, com-
pared with Hume’s principle, this is a far easier implicit definition to
follow, but it seems reasonable to think that if an implicit definition is
successful, then it doesn’t take very long for an agent to work through
it.

This first way of interpreting Hale and Wright is thus a highly intel-
lectualized one. Agents are required to know both the meaning of the
right-hand side of Hume’s principle, and the partially uninterpreted sen-
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tence expressing Hume’s principle as a whole.1 The epistemic claim is
then that once an agent has these two components, and uses them to
implicitly define NUMBER in the way described above, she acquires the
concept. That can’t be where the story ends, though, as Benacerraf’s
Dilemma requires an account of how we acquire justified mathematical
beliefs. The additional claim has to be that acquiring the concept of
NUMBER in this way also puts the agent in a position to acquire justi-
fied arithmetical beliefs. This is obvious in the case of statements of
numerical identity, since those can be reduced to statements about one-
to-one correspondences (and the presupposition is that we know what
those are). Other statements involving numbers can, presumably, be
justifiably believed on the basis of the application conditions that the
agent acquires in the process of implicitly defining NUMBER. Hale and
Wright are unfortunately silent on this latter point, but it seems that
knowing in which conditions NUMBER can be applied (or rather, when
one can truth-fully make a statement about a specific number, which
seems to come with the kind of application conditions sketched by Hale
and Wright), should be enough to support the general claim that we
can have justified arithmetical beliefs. Given, of course, that we also
acquire the required additional concepts for those arithmetical beliefs,
such as ‘plus’ and ‘times’. The interpretation then amounts to the fol-
lowing.

(1) An agent acquires justified arithmetical beliefs by first
fixing the concept of NUMBER by implicit definition. This
means that there is a process instantiated by the agent that
requires her to know the partially uninterpreted sentence
expressing Hume’s principle, which is then used to fix the
identity conditions for NUMBER using the (interpreted) right-
hand side, and from that one obtains the concept NUMBER.
Second, by applying this concept in accordance with its ap-
plication conditions, the agent acquires justified arithmeti-
cal beliefs.

1While this is the only properly internalist version of Hale and Wright’s
view under discussion, it should be stressed that this is not the weakest position
that an internalist could hold. Instead of having a knowledge requirement, an
accessibility requirement would also be acceptable for many internalists. I
will not go into such a view here, and don’t have to, since the more externalist
interpretations are even weaker.
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The epistemic claim quantifies over processes that are instantiated by
the agent, in order to determine that the agent does indeed use a pro-
cess which fixes the concept NUMBER by implicit definition. As such,
it doesn’t commit one to the further claim that there is only a single pro-
cess that will allow an agent to do so. Rather, the requirement is that the
agent instantiates some process of the right kind. Here a process of the
right kind is one which takes as input the knowledge of the partially un-
interpreted sentence expressing Hume’s principle. Then, it has to fix the
identity conditions for NUMBER in terms of the right-hand side of that
principle, yielding as output the concept NUMBER. How this works ex-
actly, and in particular how this is realized psychologically, is left open
and no unique answer to those questions is required. The further claim
that applying the concept in accordance with its application conditions
yields justified beliefs may need further development. As it is presented
here, it is probably too weak to be correct, as it doesn’t rule out cases
where one accidentally applies the concept appropriately. Some further
sophistication here is needed, but since this part of their account will not
be critically discussed here, I will leave this matter aside here. Another
thing that will be needed, is some further explication of what kind of
behaviour counts as applying the concept in accordance with its appli-
cation conditions. Hale and Wright do not give a discussion of how this
is supposed to work, so for that reason I only focus here on the different
ways in which the concept might be fixed. A proponent of any one of
the theories set forth here will have to do some further work on improv-
ing this part of the account, but they will provide a decent framework to
start with.

3.3.2 The second interpretation – a move to externalism

A second way in which one can be construe an epistemology along the
lines of Hale and Wright is by seeing Hume’s principle as something
that works in the background, licensing one to move from known, fully
interpreted, sentences about one-to-one correspondences to sentences
about numbers. This is a somewhat less demanding construal, since it
doesn’t require the agent to also know the partially uninterpreted sen-
tence that expresses Hume’s principle. Because it doesn’t require that,
it doesn’t fit quite as well with the view Hale and Wright put forward; it
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is far less clear now how the agent is supposed to postulate the truth of
Hume’s principle. There is also the issue of not knowing the sentence
that expresses the definition that is used to define NUMBER on this pic-
ture. For that reason, this second construal already fails to be a good
interpretation of the specific account that Hale and Wright put forward.
However, while it does not capture the letter of their account, it does
capture the spirit, in that it accounts for our knowledge of the natural
numbers in terms of Hume’s principle. It just happens to do so in a
more externalist way than Hale and Wright do, because Hume’s princi-
ple now no longer explicitly figures in the agent’s consciousness. It is
however, still supposed to play a role in the justification of the agent’s
beliefs (by licensing the move from one-to-one correspondence to num-
ber) and therefore it is still an account along the lines of that of Hale
and Wright.

Since agents aren’t required to know the partially uninterpreted sen-
tence expressing Hume’s principle on this interpretation, the epistemic
claims are also a bit different. They are not that different, though, since
this interpretation hasn’t dropped the demand that agents know (some
instances of) the interpreted sentence expressing the right-hand side of
Hume’s principle. It thus still involves a move from sentences about
one-to-one correspondence to the concept of NUMBER. This move is
just no longer using Hume’s principle explicitly, but instead employs the
principle only implicitly. The epistemic claim is then something along
the following lines. If one knows (instances of) the interpreted sentence
expressing the right-hand side of Hume’s principle, and on the basis of
that understanding acquires the concept NUMBER in such a way that
numbers are understood to be those objects that are identical if the sets
with that many elements are in one-to-one correspondence, then one’s
arithmetical beliefs are justified. Agents are thus still required to acquire
the concept of NUMBER in such a way that it conforms to Hume’s prin-
ciple, since the resulting concept has to be such that Hume’s principle
holds when ‘the number of ...’ is interpreted in the light of the result-
ing concept NUMBER. The agents just aren’t required to also know that
Hume’s principle knows of the resulting concept though, since they are
not required to know beforehand the partially uninterpreted sentence
expressing Hume’s principle, nor are they required to know the fully
interpreted sentence expressing the principle afterwards.
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Again, this proposal will need to be spelled out a bit more to clarify
where the justification is supposed to come from. The justification still
comes from the application of the concept NUMBER. The first part of
the account specifies how one acquires that concept, but the justifica-
tion is not conferred by the acquisition of the concept. What is required
though, is that the right concept is acquired in order for it to lead to
justified arithmetical beliefs. That this is indeed the case, is guaranteed
by the conformity to Hume’s principle. Because this conformity need
not be known by the agent, this theory already has externalist elements.
For while the conformance to Hume’s principle does play a vital part in
the explanation of why the agent ends up with justified beliefs (apply-
ing a concept of NUMBER that lacks this conformance wouldn’t result
in acquiring justified beliefs), it is not required that this conformance
is internally accessible to the agent. If one were to require that, then it
would be necessary that the agent knows Hume’s principle, and so one
would end up back at the first construal of Hale and Wright’s account.
Provided that the correct concept has been acquired, the agent can then
acquire justified arithmetical beliefs by correctly applying the concept.
Note that this requirement, that the concept is applied correctly, is not
something peculiar to this interpretation. On the first interpretation one
will also have to appeal to this, given the need to appeal to the applica-
tion conditions in the general case. ‘Correctness’ here is thus nothing
more than ‘in accordance with the application conditions of the con-
cept’. This construal then amounts to the following, where there is the
same kind of quantification over processes as in the case of the first
construal.

(2) An agent acquires justified arithmetical beliefs by first
fixing the concept of NUMBER. There thus is a process in-
stantiated by the agent that requires her to know the inter-
preted sentences expressing the right-hand side of Hume’s
principle, which are then used to fix the identity conditions
for NUMBER in terms of the existence of one-to-one corre-
spondences, and from that one obtains the concept NUM-
BER. The resulting concept NUMBER has to be such that
it conforms (and this need not be known by the agent) to
Hume’s principle. Second, by applying this concept in ac-
cordance with its application conditions, the agent acquires
justified arithmetical beliefs.
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3.3.3 The third interpretation – dropping knowledge re-
quirements

A third way in which one can construe Hale and Wright’s account is by
also dropping the requirement that the agent knows (some instances of
the) interpreted sentence expressing the right-hand side of Hume’s prin-
ciple. Instead, what would be required of the agent is that she possesses
the concept of ONE-TO-ONE CORRESPONDENCE, and thus knows when
there exists a one-to-one correspondence between two sets. That knowl-
edge can then be used to fix the identity conditions of the concept NUM-
BER, which is in turn supposed to lead to the application conditions and
thus a complete concept of NUMBER. Agents are thus not required to
know any (interpreted) sentences in order to acquire the concept NUM-
BER, but they do need to have the concept ONE-TO-ONE CORRESPON-
DENCE. Again, while this is not an interpretation of Hale and Wright’s
account, it does still follow their main thought of accounting for our
knowledge of the natural numbers in terms of our knowledge of one-
to-one correspondence. Furthermore, the basic procedures of fixing the
identity conditions of NUMBER in terms of the conditions under which
there exists a one-to-one correspondence between sets is still used, so
that it also has an analogue of Hale and Wright’s use of implicit defini-
tion. However, it is important to note that actually saying that NUMBER
is implicitly defined on this account, instead of just acquired in virtue
of one’s previous possession of ONE-TO-ONE CORRESPONDENCE, is
not a good description of the epistemic claims that make up this con-
strual.

The same basic points that applied to the second account, when it comes
to spelling it out in more detail, also apply to this third account. First,
the concept that results from the move from ONE-TO-ONE CORRE-
SPONDENCE to NUMBER has to be such that it conforms to the version
of Hume’s principle where ‘the number of ...’ is interpreted by means of
the acquired concept NUMBER. So there are also again the same exter-
nalist element, which is now slightly more prominent because the agent
has to know even less on this account, in order to acquire justified be-
liefs. Furthermore, the justification that attaches to arithmetical beliefs
is conferred by the process of applying the concept NUMBER according
to its application conditions. The account can then be summarized as
follows, with the familiar quantification over processes.
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(3) An agent acquires justified arithmetical beliefs by first
fixing the concept of NUMBER. There thus is a process in-
stantiated by the agent which requires her to possess the
concept ONE-TO-ONE CORRESPONDENCE, whose applica-
tion conditions are then used to fix the identity conditions
of NUMBER in terms of the existence of one-to-one corre-
spondences, and from that one obtains the concept NUM-
BER. The resulting concept NUMBER has to be such that
it conforms (and this need not be known by the agent) to
Hume’s principle. Second, by applying this concept in ac-
cordance with its application conditions, the agent acquires
justified arithmetical beliefs.

3.3.4 The fourth interpretation – justification without pos-
sessing concepts

Finally, there is a fourth way of construing Hale and Wright’s account
that is even less stringent, and while it is far removed from Hale and
Wright’s own account, it does still account for our arithmetical justi-
fied beliefs by appealing to one-to-one correspondences. I present it
here mostly in anticipation of the issues that will be raised in the next
section, as a natural response to them. With respect to those, the main
reason why this final interpretation is interesting, is that it not only does
away with the need to know sentences that express (parts of) Hume’s
principle, but also does away with the need to possess the concept ONE-
TO-ONE CORRESPONDENCE. The way in which this can be avoided is
by appealing not to the sentences or concepts, but merely to the under-
lying truth-conditions/application conditions. The underlying process
that makes implicit definitions work, according to Hale and Wright, is
after all an identification of truth-conditions. So, if one reduces this to
fixing the truth-conditions of sentences stating numerical identities in
terms of the obtaining of one-to-one correspondences, then we have a
very minimal account that still captures the spirit of Hale and Wright’s
account.

One way in which it can be made less mysterious how one could come
to know truth-conditions without knowing any sentences for which they
are truth-conditions, is by looking at behaviour. In particular to whether
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or not agents are able to recognize and construct one-to-one correspon-
dences between sets. Although this does mean that it is possible that
the agents wouldn’t assent to sentences about the obtaining of one-to-
one correspondences in the right situations (since they might lack the
relevant concepts to understand these sentences), if they can recognize
the existence of one-to-one correspondences, then that could be viewed
as a knowledge of the appropriate truth-conditions. If this prerequisite
is satisfied, then one can acquire the concept of NUMBER by fixing the
identity conditions of NUMBER in terms of the obtaining of one-to-one
correspondences. Thus, two numbers are judged to be identical iff the
sets of which they are the number are recognized as being in a one-to-
one correspondence. The prerequisite for acquiring the concept NUM-
BER on this account is thus that one has to be able to recognize the oc-
currence and non-occurrence of one-to-one correspondences. Whether
or not one wants to say that this knowledge amounts to knowing truth-
conditions is less important, although this ability does seem closely re-
lated to what would be the case when one knows the truth-conditions of
the sentence expressing the right-hand side of Hume’s principle.

Having cleared up what the exact prerequisites are on this account, it
is now possible to flesh out the account when it comes to its epistemo-
logical claims. The account will again consist in two steps, where there
is first a step towards a concept of number, and then a subsequent step
towards justified numerical/arithmetical beliefs. The epistemic claim
as a whole will be something like the following. If an agent can rec-
ognize occurrences and non-occurrences of one-to-one correspondence
between sets, and on the basis of that ability acquires a concept of num-
ber which is such that two numbers are identical iff there is a one-to-one
correspondence between sets with that many elements, then the agent’s
arithmetical beliefs that result from correctly applying this concept are
justified. One thus first needs to acquire the concept in the right way
(to guarantee that the resulting beliefs are arithmetical); that is, in such
a way that it conforms to Hume’s principle. The suggestion above was
that this is done by matching statements about number identity with
the conditions that obtain when there is a one-to-one correspondence
(which the agent is supposed to be able to recognize). Once the agent
has acquired the concept of number in this way, she can then get justi-
fied arithmetical beliefs by applying it in accordance with the applica-
tion conditions of the concept. This whole process can be summarized
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as follows, using again the familiar quantification over processes.

(4) An agent acquires justified arithmetical beliefs by first
fixing the concept of NUMBER. There thus is a process in-
stantiated by the agent which requires her to be able to rec-
ognize the obtaining and non-obtaining of one-to-one cor-
respondences. This ability is then used to fix the identity
conditions of NUMBER in terms of the existence of one-to-
one correspondences, and from that one obtains the con-
cept NUMBER. The resulting concept NUMBER has to be
such that it conforms (and this need not be known by the
agent) to Hume’s principle. Second, by applying this con-
cept in accordance with its application conditions, the agent
acquires justified arithmetical beliefs.

On this account then the demands placed on the agent are very low; as
far as I can see there are no plausible, less demanding, accounts avail-
able along these lines. Although that may be a virtue of the account, a
drawback is that this account places a lot of requirements on an agent
that are not necessarily internally accessible to the agent, at the time
when she acquires justified beliefs. For it makes the justificatory status
of agent’s beliefs dependent on the correspondence of their concept of
number with Hume’s principle, at a time when the agent need not even
have all the requisite concepts to come to know Hume’s principle. As
such it precludes internalists from accepting this account, which may
be seen as a drawback, especially if one’s aim is to give a solution to
Benacerraf’s Dilemma that doesn’t commit you to any general episte-
mological position.

3.4 Epistemic claims in practice

Having worked out Hale and Wright’s account, and some slightly dif-
ferent versions that try to solve Benacerraf’s Dilemma along the same
lines, it is now possible to look at the way they are affected by the
current empirical research. A good way to start here is by clarifying
what could be affected. Hale and Wright (2000, p.314) briefly discuss
something related to this, in that they argue against the possibility of
a disconfirmation of Hume’s principle. In other words, they argue that
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one can’t find cases where the number of Fs is distinct from the number
of Gs, even though there is a one-to-one correspondence between the
Fs and the Gs. Similarly, one also can’t find cases where the number of
Fs is the same as the number of Gs, even though there is no one-to-one
correspondence between the Fs and the Gs. So, we shouldn’t expect any
empirical results to challenge Hume’s principle.

Given that it’s impossible to find such a falsification of Hume’s prin-
ciple, one will have to look at more modest ways in which empirical
results might affect the proposed epistemologies. One thing that may
come to mind now are my remarks regarding the time it takes us to com-
prehend a definition, namely that this usually happens quite quickly. On
the other hand, learning the natural numbers is known to take consider-
able time. This is not a very interesting avenue to pursue, though, since
there are many reasons why it may take a long time to learn the natu-
ral numbers. For one thing, when children start learning numbers they
are still in an early stage of development, which may make it harder for
them to work through definitions. For another thing, they learn the natu-
ral numbers in steps (first learning the small numbers, and then learning
more and more of them). This does mean that the process can’t be quite
as straightforward as it appears to be in any of the above theories, in that
children don’t acquire a concept NUMBER in one fell swoop. However,
that fact alone doesn’t change anything about where the justificatory
status of our arithmetical beliefs comes from. Nor does it seem to mat-
ter for the question whether or not we employ Hume’s principle (in one
way or another) to acquire our concept of NUMBER. It is not at all in-
conceivable that initially the same procedure is followed, but only with
sets of concrete objects. For example, children might learn the number
five by recognizing one-to-one correspondences with the fingers they
have on one hand (Decock, 2008a).

3.4.1 The completeness of the first interpretation

A much more interesting question is whether or not the different inter-
pretations can give a complete epistemology. That is, whether or not
they account for the ways in which we acquire justified arithmetical
beliefs. One way in which one can approach this question is to look
at what concepts are available to those who start acquiring arithmetical
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beliefs. In this case that will be particularly useful, since that is the main
point on which the interpretations differ. Furthermore, it is clear that it
is impossible for an agent to acquire justified beliefs along the lines pro-
posed by a certain account if she can’t meet the demands that are placed
on her by that account. Of course, if an agent fails to meet the demands
that are imposed on her by a certain account, then that means that she
won’t be acquiring any justified beliefs in the way that is proposed by
that account. Such cases would thus clearly undermine the status of
the proposed account as a complete epistemology. That doesn’t mean,
of course, that the accounts are not giving a good way in which one
might acquire justified mathematical beliefs, but it does mean that the
accounts fail to account for the justified mathematical beliefs that some
of us have.

Starting then with the first interpretation, where the most stringent de-
mand is that the agent has to know the partially uninterpreted sentence
expressing Hume’s principle, and has to postulate that it is true. There
is not much empirical research needed to see that these demands can’t
be met by children that are learning the natural numbers. This is not just
true for the general case, which was already deemed to be a slight mis-
representation of the learning process. Rather, it also holds in specific
instances, such as when a child is supposed to learn ‘the number five’
by postulating that ‘the number of fingers on my hand = the number of
Fs iff the fingers of my hand are in one-to-one correspondence with the
Fs’ is true (or something like that). Since the requirement is that this
sentence is something that is actually known by the agent that uses it, it
seems quite obvious that we actually employ different strategies. Obvi-
ously, only very few people can be said to know the sentence that ex-
presses Hume’s principle, and it certainly isn’t taught to young children
at primary school. Then there is also the further point that there have
been a lot of people in the past, who also had justified arithmetical be-
liefs, but predated any explicit formulation of a sentence that expresses
Hume’s principle. Claiming that they all knew the partially uninter-
preted sentence that expresses Hume’s principle as a part of learning
the natural numbers, but collectively failed to consider it worth using in
mathematics, seems like a very implausible move to make. The most
reasonable conclusion to draw then, is that the first interpretation fails
to give a complete epistemology for arithmetic, and maybe it is never
used at all.

87



3.4.2 Completeness of the second and third interpretation

Similar remarks can be made with respect to the second construal, as
it is no more likely that everyone who has justified arithmetical beliefs
knows a large number of interpreted sentences of the form ‘there is a
one-to-one correspondence between the Fs and the Gs’. Again, there
is not a lot of empirical research into this, but since the requirement
is that the known sentences are interpreted sentences, not much em-
pirical research is needed. After all, the majority of people will be
unable to assign a meaning to ‘one-to-one correspondence’, and will
thus be unable to know the interpreted sentences. Importantly, the fact
that most people are unfamiliar with the word ‘one-to-one correspon-
dence’ doesn’t preclude them from possessing the concept, so this by
itself doesn’t rule out the third construal. One may want to defend this
second construal by finding some mathematically equivalent statement
that people do know, but here too it seems unlikely that anything that
is mathematically equivalent is known by everyone. To illustrate this
point, the formulation ‘there is a function which is one-to-one between
the Fs and the Gs’ will fail because of the need to mention ‘one-to-one’.
An even further explication in terms of domain and range may help
make the interpreted sentences even more accessible, but that doesn’t
help to make it probable that people actually know a large number of
sentences of that kind. Furthermore, one can now point out that knowl-
edge of notions such as function, domain and range tends to come much
later than arithmetical knowledge (just look at the curriculum; functions
in general aren’t taught before high school). So unless one also wants to
maintain that we don’t have justified arithmetical beliefs until we have
learned what functions, domains and ranges are, the conclusion that the
second construal gives an incomplete epistemology follows.

The third construal is even less restrictive than the second, but still runs
into some problems, despite the fact that it no longer requires people
to know particular sentences. This view still requires people to grasp
the concept ONE-TO-ONE CORRESPONDENCE well enough, for them
to be able to fix the identity conditions of NUMBER. That means, that
agents are required to know the application conditions of ONE-TO-ONE
CORRESPONDENCE. After all, these have to be used to fix the identity
conditions of NUMBER, so if the agent doesn’t know them, then she
can’t work through the acquisition process that is sketched by this third
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view. The same requirement is also placed on agents by the second
construal, although there the application conditions of ONE-TO-ONE
CORRESPONDENCE have to be known in a particular way, namely by
knowing instances of the right-hand side of Hume’s principle. Also the
first construal places this requirement on agents, as there too the view
involves fixing the identity conditions of NUMBER in terms of the ap-
plication conditions of ONE-TO-ONE CORRESPONDENCE.

More generally, any epistemology that wants to base our justified beliefs
on our applying and analyzing our mathematical concepts, will have to
require that people are able to reliably apply the relevant concepts. If
someone is unable to reliably apply a concept herself, then as a result
she will be unable to acquire knowledge from applying and analyzing
the concept. Of course, she will be able to acquire some knowledge
about the concept, most noticeably by asking people with a higher con-
ceptual competence whether or not the concept applies in a certain case.
However, when we look at ordinary people, then they are clearly able
to acquire mathematical knowledge, without deferring to experts. Even
children are able to acquire knowledge about the result of sums, and
about the result of evaluating a function (when they’re in high school),
without the need to defer to their teachers. If, then, we are to give an
epistemology that accounts for this knowledge, which is going to be
based on their conceptual competence, then they need to meet this re-
quirement. Only then will they be in a position to acquire knowledge
from employing a concept, without deferring to an authority figure. In
general, then, because people are able to acquire mathematical knowl-
edge without deference to experts, any epistemology for mathematics
that accounts for our knowledge in terms of our grasp of mathematical
concepts, will have to require that we are at least able to reliably ap-
ply the concept. Otherwise, the epistemology will fail to make sense
of the ability of children, and other agents who are not mathematicians,
to acquire mathematical knowledge without deferring to experts. For
this chapter, and the next chapter, one of the important considerations
regarding the conceptual competence of ordinary people, is thus going
to be whether or not people manage to satisfy this requirement in the
mathematical case.

This requirement is independent from views on when an agent counts
as possessing a concept, or when a concept can be attributed to an agent
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(in a case of incomplete understanding of the concept). There are many
different views on this matter, some of which are happy to attribute con-
cepts to agents even when they have very limited competencies related
to that concept (e.g. Goldberg (2002, 2007)). The reason why there is
no need to worry about these different views, is that my requirement
on the level of competency with a concept is not related to the question
whether or not the agents can employ that concept in thought, or other-
wise possess the concept. All that my argument depends on, is that they
need a certain level of conceptual competency in order for them to be
able to acquire knowledge on the basis of their grasp of a concept. This
can, in principle, be linked to a requirement on when agents possess a
concept, but there is no need to do so. I will thus remain neutral re-
garding the question whether or not we should do so, and consequently
regarding the question what the right view is on the requirements for
concept attribution and concept possession.

So, in the case of ONE-TO-ONE CORRESPONDENCE, the agent has to
at least be able to tell whether or not something is a one-to-one corre-
spondence, and do so correctly in a majority of cases. However, since a
large number of cases where ONE-TO-ONE CORRESPONDENCE is cor-
rectly applied involve mathematical functions, this would require the
agent to be able to tell whether or not a mathematical function is one-
to-one. Just being able to apply ONE-TO-ONE CORRESPONDENCE to
concrete collections of objects seems to be insufficient for the purposes
of Hale and Wright. The resulting concept of NUMBER is supposed to
be useful not just in applying it to concrete objects, but it also has an
important role to play in mathematics. So, agents have to be able to
apply the concept in those cases too, and as a result they have to know
when two mathematical sets have the same number of elements. For
that to be the case, they will need to know, on the current account, what
the application conditions are of ONE-TO-ONE CORRESPONDENCE in
the mathematical case, as well as in the concrete case. That is rather
a lot to ask though, and it seems rather unlikely that people are capa-
ble of meeting those demands. People probably don’t know when there
is a one-to-one correspondence, in general, even if they may be able
to say so about instances where they can perceptually recognize that
there is a one-to-one correspondence. This third construal is thus also
incomplete, even though it is an improvement upon the previous two
construals.
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3.4.3 The fourth interpretation as including too little

The fourth construal manages to avoid all of the above issues, since it
doesn’t place particularly strong demands on agents. It doesn’t require
them to have the concept ONE-TO-ONE CORRESPONDENCE, nor does
it require them to know the partially uninterpreted sentence expressing
Hume’s principle. As such it also seems to conform well to a suggestion
in the empirical literature by Decock (2008a,b), who entertains the idea
that our ability to recognize and construct one-to-one correspondences
underlies our grasp of the natural numbers. Although he actually talks
about our having a concept of ONE-TO-ONE CORRESPONDENCE, the
empirical literature he refers to (Frank et al, 2008; Gordon, 2004) only
shows that we are able to recognize and construct one-to-one corre-
spondences before acquiring a grasp of the natural number sequence.
This does mean that the only requirement that the fourth interpretation
places on agents (that of being able to recognize the occurrence and non-
occurrence of one-to-one correspondences) is, in general, met by them.
Whether or not people actually learn the natural numbers on the ba-
sis of one-to-one correspondence is still an open question, and Decock
(2008a) offers several avenues for further research that should help to
decide this question. It is important to note though, that the majority of
empirical researchers disagree with Decock (2008a), preferring (as he
himself notes) the position that we learn the natural numbers through
enumeration instead.

The main philosophical worry (aside from the worries mentioned in the
previous section) that can be had about this last construal at the current
stage, is whether or not the epistemology is correct. That is, whether
or not all of the beliefs that result from the described justifying pro-
cess are indeed justified. By reducing the amount of information that
is put into the concept NUMBER, to the point where it is no longer suf-
ficient for a deduction of the Dedekind-Peano axioms in second-order
logic, it becomes less probable that we can get enough out of the re-
sulting concept to justify our arithmetical beliefs. Basically, one can
worry whether being able to recognize the obtaining and non-obtaining
of one-to-one correspondences really is a sufficient basis to ground our
arithmetical beliefs. A related worry to this, is that this ability is not
sufficient to determine a concept of NUMBER that manages to accord
with Hume’s principle. Because this ability only works in cases where
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concrete collections of objects are presented, it is much more limited
than the grasp of ONE-TO-ONE CORRESPONDENCE that was required
by the third construal. As a result, one runs the risk of it seeming like
nothing more than an accident that someone ends up with a concept that
conforms to Hume’s principle, rather than that there is a principled way
of reaching such a concept from the given ability. If that really would
be merely accidental, then that would seriously undermine our ability to
acquire justified beliefs from analyzing and applying the concept. Both
of these more specific worries point back to the worry I started with,
namely that lowering the requirements on the process involved as much
as is done in the fourth construal makes it unlikely that the resulting
concept contains enough, for it to supply us with all of our justified
arithmetical beliefs. There is thus a difficult balance here, between not
wanting to require too much from agents, such that they can still meet
the requirements placed on them, and not wanting to include too little,
such that the resulting concepts contain enough for them to underlie
all our arithmetical justified beliefs. The first three construals erred on
the side of requiring too much from agents, while the fourth construal
seems to err on the side of requiring too little.

The above worry, which is that basing our concept NUMBER exclusively
on our ability to recognize the occurrence of one-to-one correspon-
dences, may be avoided by supplying the concept with other elements.
So, the main way of getting out of this problem is to give some more
elaborate story, on which our concept NUMER is not just acquired on the
basis of this one ability, but it the result of a more involved developmen-
tal process. Such a theory stands a chance of performing better with re-
spect to the two desiderata given above, of not requiring too much, and
also not including too little, because it would include other elements
than just one-to-one correspondences. While this is certainly a theory
that is worth exploring more, it is also a theory that falls outside of the
scope of the project specified at the beginning of this thesis. By in-
cluding more than just one-to-one correspondences, this more elaborate
developmental theory can no longer be classified as being neo-logicist
in spirit; something which could still be said about the fourth construal
given here. I take it that an important part of a neo-logicist epistemol-
ogy is that it bases our grasp of the concept NUMBER exclusively on
the existence of one-to-one correspondences, in one way or another. By
giving the kind of more elaborate story suggested here, the resulting the-
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ory would no longer base our grasp of the concept NUMBER exclusively
on the existence of one-to-one correspondences. Therefore, it wouldn’t
count, in any way, as a theory present in the current literature – and thus
it won’t count as a theory that falls within the scope of the discussion in
this thesis.

Finally, it is important to distinguish the current construal from a slightly
different one that is easily shown to be incorrect. This alternative would
say that being able to recognize one-to-one correspondences is all that
one needs to learn the natural numbers. The point where it goes wrong is
where one would add that this learning process is fairly unproblematic;
so that the theory says that as soon as you are able to recognize one-
to-one correspondences, you learn the natural numbers. So the theory
would say that the move from one-to-one correspondence to numbers
is one that happens in all cases where the agent is able to recognize
one-to-one correspondences. In that case the empirical results men-
tioned earlier, Frank et al (2008) and Gordon (2004), would show that
the theory is incorrect. For these studies are cases where adult members
of Amazonian tribes are shown to be able to construct and recognize
one-to-one correspondences, even though they haven’t learned the nat-
ural numbers. By making the jump form one-to-one correspondences to
numbers too unproblematic, the theory would predict that these mem-
bers have also learned the natural numbers. This is thus a slightly differ-
ent way in which it is shown that the theory doesn’t correctly say how
we acquire justified mathematical beliefs. Earlier on I mentioned cases
where a theory would be incorrect because the beliefs that would result
from the process it describes are intuitively unjustified. Here the situa-
tion is slightly different, since the current theory is incorrect because the
process it describes is supposed to yield justified beliefs in a particular
case, but fails to do so due to an absence of beliefs. The problem isn’t
that there are resulting beliefs that aren’t justified, it is rather that there
should be resulting beliefs but there aren’t any. This can of course be
remedied by saying that being able to recognize one-to-one correspon-
dences is not a sufficient condition to learn the natural numbers, but the
point remains that a theory that doesn’t say that is incorrect because of
the empirical results.

So, none of the variations on Hale and Wright’s account manage to de-
scribe the mathematical practices of ordinary people. The first three
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accounts that were discussed all fail to do so, because they place re-
quirements on ordinary people that they seem to be unable to meet. In
general, it seems unlikely that people have a knowledge of ONE-TO-
ONE CORRESPONDENCE that is thorough enough to support an appro-
priate concept of NUMBER. The fourth account manages to avoid the
issue of requiring too much, and instead runs into the difficulty of re-
quiring so little that it is no longer clear that an appropriate concept of
NUMBER can be acquired on the basis of so little. In other words, it is
not clear if it provides a suitable basis for the justification of (a large
part of) our arithmetical beliefs.
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4. The conceptual strategy
and pedagogy
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In the previous chapter I looked at, and criticized, different constru-
als of Hale and Wright’s suggested solution to Benacerraf’s Dilemma.
Most of those fell short of the empirical mark, in that they failed to give
a complete epistemology already for arithmetic. However, there was
one externalist construal that didn’t fail for the reasons that the others
did; it didn’t place overly strict requirements on agents before grant-
ing them justified arithmetical beliefs. As such, if it manages to also
meet the worries that the described process no longer manages to sup-
ply justification, then it would seem to have a good chance of providing
a complete solution to Benacerraf’s Dilemma as far as arithmetic is con-
cerned.

Here I intend to show that even if that last account is conceded to de-
scribe a process that would yield justified arithmetical beliefs, it is still
far from clear that it manages to solve Benacerraf’s Dilemma. I will do
so by looking not at the specific theory, but instead at the general strat-
egy to solving Benacerraf’s Dilemma that it instantiates. Very briefly,
this general strategy is that of tracing the justification of our mathemati-
cal beliefs back to the application of our mathematical concepts. These
concepts, in turn, are shown to be related to reality in an appropriate
way, so that it is clear why applying those concepts gives the agent jus-
tified beliefs of (platonist) mathematics. The accounts from the previous
chapter try to do so by relating the concept of number to the (observ-
able) existence of one-to-one correspondences. However, there is no
need to choose one-to-one correspondences in particular, and if one is
going to give an epistemology for all of mathematics, then many more
things will have to be found to which mathematics can be related. Pre-
suming for now that that is possible, and this will be expanded on later,
the question remains whether this general kind of approach manages to
accord with the way we learn mathematics.

That question will be the focus of this chapter, which for that reason
will be mainly concerned with research from pedagogy. However, be-
fore turning to that research and the issues it raises for the conceptual
approach, I will first look in more detail at what is currently the best
presentation of the general approach. Carrie Jenkins (2005, 2008) gives
that presentation, the main parts of which I will present in section 4.1.
There I will also look at the problems that have already been raised for
her account, and a recent suggestion as to how these problems might

96



be solved. Then, in section 4.2, I will present one of the main theories
of how students learn (advanced) mathematics. This theory focusses on
their conceptual competence, and therefore is a natural point to turn to
when it comes to the question as to how well the conceptual strategy
accords with our learning practices. Finally, in section 4.3, I will appeal
to these empirical results to raise some general issues for the conceptual
strategy, issues which thus also have to be faced by anyone who wants
to take up the last account from the previous chapter.

4.1 Jenkins’s general account

Jenkins, just as Hale and Wright, chooses to restrict her account to arith-
metic. However, because she chooses not to go into specifics, but to
just work out the general framework for a solution, her account can be
taken as a good illustration of the conceptual strategy to giving an epis-
temology for mathematics. Furthermore, she herself has more general
ambitions for the account that she presents. She thinks for example that
it can also be extended to cover set theory (Jenkins, 2008, p.1). I will
therefore present her account here as though it covers all of mathemat-
ics, even though Jenkins herself restricts it to arithmetic. Whether or not
it is indeed feasible to extend her account in this way will be an issue to
be picked up later in this section, but for the purpose of further expand-
ing on the (general) conceptual strategy this issue can be set aside for
now.

4.1.1 Jenkins’s view of concepts as representing parts of
the world

The main point of Jenkins’s account is the idea that we can acquire jus-
tified beliefs by applying and examining our concepts, but only when
they are grounded. This is motivated by the thought that for a realist
about mathematics it is not enough for us to examine just any concept
in order to acquire mathematical knowledge. We have to be certain that
the concepts that are examined also tell us something about the external
world. To illustrate this, Jenkins uses the example of a map. It is pos-
sible for us to acquire knowledge of our surroundings by examining a
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map. However, we can’t acquire that kind of knowledge just by exam-
ining any old map we happen to find. The map we are examining has
to be one that accurately depicts our surroundings, if we are going to be
successful in our attempt to learn something about them by examining
a map. Furthermore, the map has to do so in a non-accidental way, be-
cause of the requirement on knowledge that the truth of our belief is not
the result of mere luck on our part. Jenkins gives the example here of a
map of a city that was made during the second world war, but was in-
tentionally misrepresenting the city in order to hide a weapons factory.
However, due to changes in the city during the seventy intermediate
years, the map now happens to accurately depict the city. Even then,
because of the accidental nature of the accuracy of the map, we can’t
acquire knowledge of our surroundings by examining the map. The
same then goes for concepts; they have to accurately represent some
feature of the world in order to guarantee that the resulting knowledge
can be counted as mathematical by a platonist. Furthermore, it has to
represent that feature in a non-accidental way. When a concept satisfies
these two requirements it is said to be grounded, so a grounded con-
cept is a concept that is non-accidentally accurate. What is left now is
to explain what it means for a concept to be accurate, which Jenkins
does by the following definitions (here reproduced without her further
explanations).

1. I shall say that a concept refers iff it is a representation of some
real feature of the world.

2. Correct composition of concepts means composition that, nonac-
cidentally, does not smuggle in additional content.

3. Fitting concepts are concepts which either refer themselves or
else are correct compositions of referring concepts.

4. Given some purported a priori knowable proposition p, we can
say that a concept C is relevantly accurate (or, sometimes, just
accurate) iff C is fitting and neither C nor any concept from which
C is composed misrepresents its referent in any respect relevant
to our purported a priori way of knowing that p.
(Jenkins, 2008, p.126-128)

These definitions are supposed to give rise to an epistemology that is ex-
ternalist, and therefore it makes sense to give a central role to whether
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or not a concept represents some real feature of the world. We may not
be in a position to make sure that that is indeed the case, as for example
in the case of a map (provided one doesn’t start walking around, etc).
Furthermore, not all concepts have to refer to some feature in the world.
Jenkins’s view on the situation in arithmetic is that we start out with
some referring concepts, for example the concept NATURAL NUMBER
and SUCCESSOR. We then build up the rest of arithmetic by forming
compositions of these concepts, to get ADDITION, MULTIPLICATION,
PRIME NUMBER, etc. She doesn’t want to commit herself to any partic-
ular version of this view, and thus remains neutral on what the referring
concepts are in arithmetic, but she does think that this correctly iden-
tifies the relations between mathematical concepts. Finally, she holds
that any correct composition of referring concepts can lead to justified
beliefs on our part. So, it is not the case that only the compositions
that are currently used in mathematics can supply justification. Even
somewhat outlandish compositions such as TRIANGULAR CIRCLE are,
according to Jenkins, such that we can acquire justified beliefs by ex-
amining it.

Another important feature of her account is that Jenkins holds that con-
cepts need to be grounded in experience. Despite the externalist element
of her account, it is not enough that our concepts merely happen to rep-
resent some real feature of the world. It has to be non-accidental for
the agent that the concept she grasps does so, and therefore there has
to be some connection between the agent and the feature of the world
that is represented by the concept. Since Jenkins doesn’t think that we
have anything like rational insight, which would give us knowledge of
features of the external world without going through experience, experi-
ence has to supply the connection between the agent and the represented
feature of the world. There are several ways in which it might do this.
Two suggestions that Jenkins puts forward are that the concepts might
be innate, and that by being retained, even though we apply them regu-
larly to (structure) our experience, they develop the appropriate connec-
tion to experience. Another option would be that the concepts are ac-
quired through some appropriate response to experience. For example,
one might want to argue that acquiring the concept NATURAL NUMBER
through experiences of one-to-one correspondences between different
collections of objects is an appropriate response to those experiences.
The accounts looked at in the previous chapter could do precisely that,
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using Hume’s principle as the reason why the response would be ap-
propriate; the response would be appropriate because the obtaining of
one-to-one correspondences is directly linked to facts about the number
of objects present.

4.1.2 Problems about extending Jenkins’s account

Naturally, Jenkins’s account is not without its problems, and I will here
look at two of the issues that have been raised for the account. The first
targets the claim that this account can be applied outside of arithmetic,
by arguing that it can’t be successfully applied to set theory. The sec-
ond issue is more general, and targets the idea that composed concepts
can also supply us with justified beliefs whose subject matter fits with a
platonist view of mathematics. Starting with the first issue that has been
raised, Roland (2010) argues that Jenkins’s account can’t be applied to
set theory because experience cannot distinguish between the concepts
CLASS and SET. The problem is that the two are coextensional in finite
cases, and thus that experience will never come up with a case where
the two concepts differ. There are of course cases where the two dif-
fer, since proper classes aren’t sets, and it is true to say for sets but not
classes that every set/class is an element of another set/class. However,
none of these cases can be experienced by us, since none of them are
finite. As a result, it would seem that both the concept SET and the con-
cept CLASS counts as an appropriate response to the same experience,
and thus that it is indeterminate which of the two occurs in our be-
liefs. The idea here is that we acquire from experience some grounded
concept that we can use in our beliefs regarding set theory. However,
because experience fails to distinguish between SET and CLASS, it is
indeterminate which of these concepts matches up with the grounded
concept that we acquired from experience.

Supposing that Roland is right in saying that it is indeterminate which
of the two concepts we have acquired from experience, one might won-
der why that indeterminacy is a problem, given that both concepts will
do equally well, at least as far as the natural and social sciences are con-
cerned. The reason why it is so problematic is that this indeterminacy
undermines knowledge, and thus the entire epistemology. For whether
one employs the concept SET or the concept CLASS makes a difference
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to the truth-value of some of the beliefs involving the acquired grounded
concept, such as that everything falling under the concept is an element
of something else also falling under the concept (which is true for sets
but not for classes). For these beliefs it would be entirely accidental
whether they are true or not, because it is a matter of luck whether the
grounded concept that we are employing is the concept SET or the con-
cept CLASS. Since this is precisely the kind of luck that undermines
knowledge, it follows that there are some parts of set theory that cannot
be known by an agent, as long as one sticks to Jenkins’s requirement that
knowledge only comes from examining grounded concepts. As Roland
(2010) also points out, it is important to keep in mind that the issue here
is that we can’t acquire a determinate concept of SET that is grounded
in experience; the problem is not that we can’t acquire the concept SET
at all. As Jenkins needs such a determinate, grounded, concept of SET
for her solution to work for set theory, it follows that her solution in its
current form can’t be applied to set theory.

4.1.3 A worry about composition of concepts

The second problem, raised by Forrai (2011), is more general than the
first, in that it targets concept composition and not just the applicabil-
ity of the account to some (central) part of mathematics. He bases his
criticism on the point that, for mathematical knowledge to accord with
a platonist view, it has to be the case that the concepts used to acquire
that knowledge are non-empty. He then argues that while referring con-
cepts manage to satisfy this requirement, it is not generally the case that
correct composition produces concepts that satisfy the requirement. For
example, when we take the composed concepts BELEPHANT (applying
to all and only blue elephants) and AETHER, we have two examples
of concepts that are correctly composed of referring concepts. How-
ever, both of these concepts are empty. There are no blue elephants,
nor is there anything such as aether, despite the fact that the concepts
are correctly composed out of referring concepts. Therefore, examin-
ing these concepts will fail to give one any knowledge of the external
world.

The problem that is raised by Forrai is then that correct composition by
itself fails to guarantee that we can use the resulting concepts to acquire
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knowledge of the external world. Jenkins needs composition in order to
account for a lot of our mathematical knowledge, such as for example
our knowledge of prime numbers. Yet, this doesn’t seem to be a prob-
lem for her view specifically. Mathematics has a lot of concepts that are
correctly composed, even though they are empty. For example, the con-
cept LARGEST NATURAL NUMBER is correctly composed, but empty.
So, Forrai’s requirement that all correctly composed concepts are non-
empty is simply not a reasonable requirement to place on mathematics.
If we want to acquire knowledge of mathematical objects, then it is in-
deed necessary to figure out whether or not the concepts we use to do so
are non-empty, but correct composition will not be sufficient to deter-
mine that. As such, Jenkins’s account will need to be amended slightly,
in that she needs to add that the correctly composed concepts also need
to be non-empty, for them to give us knowledge about the mathematical
objects that exist according to a platonist position. Spelling out how
this affects her epistemology, and if we are required to know that com-
posed concepts are non-empty, may be a tricky thing to do. However, it
doesn’t seem to be a principled difficulty for Jenkins’s view that com-
posed mathematical concepts may be empty. This is simply a general
fact about mathematical concepts, as it is for other concepts such as
AETHER and BELEPHANT.

4.1.4 An attempt to solve the two worries

Recently Sjögren and Bennet (2014) have attempted to deal with the
two problems presented here, although they do so by rejecting one of the
parts of Jenkins’s account. They choose to give up the thesis that we can
only acquire justified beliefs of the world by examining concepts that
are empirically grounded. It is clear how this avoids the first problem,
which was that we can’t acquire a determinate, grounded, concept of
SET. If one is no longer restricted by the requirement that the acquired
concept is empirically grounded, then it is no longer a problem that ex-
perience by itself doesn’t distinguish between SET and CLASS. Sjögren
and Bennet (2014) instead appeal to the Carnapian idea that these con-
cepts result from a further refinement of the intuitive concept that we
acquire from experience. Precisely because that intuitive concept is not
rigorous enough, and easily leads one into the famous paradoxes of set
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theory, it is needed to refine the concept. These refinements, introduced
thus not as a response to experience, but for technical reasons, then
yield the concepts SET and CLASS that are used in mathematics nowa-
days. This doesn’t explain yet why examining these concepts gives us
justified beliefs about the world, but Sjögren and Bennet (2014, p.838)
think that it might be possible to explain that by appeal to the connec-
tion between experience and the initial concept. This means that some
further explanation needs to be given as to why conceptual refinement
would preserve that connection with the world, something which they
leave for a later occasion.

The second problem is solved not directly by giving up the link be-
tween grounding and justification, but a possible solution is made avail-
able by that move. One of the ways to get out of the second problem
is to draw a distinction between mathematical composed concepts and
non-mathematical composed concepts. Although they do not work this
out in detail, Sjögren and Bennet (2014, p.837) think that it is possi-
ble to do so by appeal to the technical refinement found in the case
of mathematical concepts. The idea here is that technical refinement
by axiomatization, and often up to categoricity, is peculiar to mathe-
matics. Whether every mathematical concept is refined in that way is
not obvious, though, and even if that is the case nowadays, it certainly
wasn’t true 150 years ago. It is thus not at all clear that this kind of
technical refinement is a good feature to take as the defining feature of
mathematical concepts, since axiomatization and characterization up to
categoricity are fairly recent developments in mathematics.

Another reason why it might not be a proper defining feature, even
when taken as saying that axiomatizability and characterisability up
to isomorphism are the defining feature, is that there seem to be non-
mathematical examples that display these features. An example worked
out in chapter six is that of Linsky and Zalta’s ontology. Their ontol-
ogy is structured by axioms, and can presumably be characterized up
to isomorphism. They are not, strictly speaking, doing mathematics,
though, because their ontology encompasses every abstract object, and
not just mathematical objects. Even if it turns out that axiomatizability
and characterisability up to isomorphism a good defining feature, it is
still not a full solution to the problem of explaining why mathematical
composed concepts can yield knowledge of the world. Some further

103



explanation will be needed as to why conceptual refinement in this way
makes the resulting mathematical concepts appropriately different. On
top of that, we also need an explanation as to why in particular this
difference is relevant, and how it can help to solve the problem. The
remaining question is thus what it is about this kind of refinement that
guarantees that the mathematical concepts it produces are non-empty,
even though there are empty mathematical concepts.

While still far from giving a working alternative to Jenkins’s account,
the ideas from Sjögren and Bennet (2014) do show that the issues raised
here accrue to the specifics of her account, and not to the general ap-
proach. The general approach can now be characterized more clearly,
taking into account the common features of the different accounts dis-
cussed so far. The main feature of the conceptual strategy is that it tries
to account for a large part of our mathematical knowledge (it is un-
clear how it deals with knowledge acquisition through proof exactly) in
terms of the application and examination of our mathematical concepts.
The main challenge for this strategy is to explain why we can acquire
justified beliefs about the world, and not just about our concepts, as a
result of examining our concepts. Jenkins tries to explain this by ap-
pealing to the notion of grounding, thus relating our possession of the
concepts that are examined to our experience. Hale and Wright can be
seen as trying something similar, by relating our possession of the con-
cept NATURAL NUMBER to one-to-one correspondence. If one adds to
this a story of how this interacts with our experience, such as the last
account from the previous chapter suggests, then we again have some
attempt at explaining why examining our concepts gives us knowledge
of the world. So far then the problems found in the literature, and those
which I raised in the previous chapter, have been related to the specific
explanations that are given as to why we should think that examining
our concepts gives us justified mathematical beliefs that fit a platonist
conception. The rest of this chapter will be concerned with raising a
different kind of problem, namely one that directly attaches to the aim
of explaining a large part of our mathematical knowledge in terms of
the application and examination of our mathematical concepts.
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4.2 Stages of conceptual competence

Before I can work out the problems that attach to the conceptual strat-
egy, it is important to look at the empirical research done within ped-
agogy regarding the conceptual competence of students in high school
and university, regarding mathematics. The part of the research that I
will be presenting here is known as APOS Theory, which stands for
Action Process Object Schema Theory. It is currently one of the ma-
jor theories within pedagogy, and is specifically aimed at the question
how well students grasp mathematical concepts. The main part of the
theory is a description of the different levels of conceptual competence
that are generally found in students, of which they have so far identi-
fied four. These four levels are called the Action, Process, Object and
Schema stage, and hence the name APOS Theory. The presentation of
the theory here is based on that in a recent book by Arnon et al (2014),
which collects and summarizes a lot of the research. Further references
to that research can also be found there, as well as more details re-
garding the current developments and the application of the theory in
education. It should be noted that APOS Theory is currently one of two
approaches to characterizing how people learn mathematics, the other
theory being that of Pirie and Kieren (1989). They give a slightly dif-
ferent description of the stages of conceptual competence, mainly with
more focus on axiomatization and properties of mathematical objects.
Since they also identify the stages that APOS Theory deals with,1 it
is not important to discuss the two theories separately here. For, they
agree, to a large extent, on the descriptive picture of the stages of con-
ceptual competence. Where they disagree is on the explanation of how
learners move between the different stages, and what steps are critical
in furthering mathematical understanding (they also differ somewhat in
research methodology). In fact, there is still a lot of disagreement on
this part of the theory, as, for example, Sfard (1991) and Gray and Tall
(1994) give yet other theories on how the transitions are made. Since all
that is needed for my arguments is that the descriptive claims are cor-
rect, and given that on this part the theories agree to a very large extent,
it will do to only discuss APOS Theory (which is the simpler theory of

1Pirie and Kieren’s theory recognizes four different units, each of which is
made up out of two layers. These four units correspond almost perfectly to the
stages that are recognized by APOS Theory (Meel, 2003, p.163-164).
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the two).

4.2.1 Concepts and conceptions

Underlying the different stages of conceptual competence is a distinc-
tion between concepts and conceptions. Within the theory, this dis-
tinction is made in the following way, as described by McDonald et al
(2000, p.78).

We distinguish between conception and concept as the first
is intrapersonal (i.e., the individual’s idea or understanding)
and the latter is communal (i.e., a concept as agreed upon
by mathematicians)

However, this way of explaining what a mathematical concept is is al-
ready strongly biased towards a view of mathematics as a social con-
struction, which is fairly prevalent among the researchers in this field
(e.g. Font et al, 2013; Lengnink and Leufer, 2010). As a result it doesn’t
sit well with the conceptual strategy, which starts from a platonist/realist
understanding of mathematics. Therefore, I think it is better to stick to
a more general distinction between concepts and conceptions, which
doesn’t restrict one to any particular view of mathematics. In that case,
one remains neutral about what concepts are, and thus also about what
mathematical concepts are exactly. However, it is possible to distin-
guish the two by saying that conceptions are what constitute an agents’s
grasp of a concept. For example, if we take the concept SET, then al-
though there is only one concept, different agents may grasp it in dif-
ferent ways, and to different degrees. In other words, they may have
different conceptions of the same concept. Generally speaking, these
conceptions, because they characterize the particular way in which an
agent grasps a concept, will not be shared by individuals, but they can
be grouped together. This grouping together of conceptions is precisely
what APOS Theory aims to do, and the different stages it identifies are
supposed to correspond to the different kinds of conceptions that are
usually displayed by individuals.

APOS Theory thus tries to classify the conceptions that agents have,
but it can’t (at the current state of science) do so by directly investigat-
ing agents’ conceptual competence. Instead, it does so by describing
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the abilities of the agent, when it comes to applying and examining the
concept that is grasped in virtue of her having that conception. The dif-
ferent stages of conceptual competence are then individuated in terms
of the abilities of the agents, generally in terms of what kinds of math-
ematical problems they can solve. This point is important to ward off
an initial objection to appealing to this kind of research in a criticism of
the conceptual strategy. As Jenkins (2008) stresses repeatedly, it is not
necessarily relevant for the conceptual strategy what the causal history
is that lead to our possession of the concepts. This is a parallel point
to that which is more easily made in the case of belief. The causal his-
tory of a belief need not be relevant for its justificatory status; how a
belief arises and whether or not it is justified are two separate questions.
Similarly in the case of concepts, whether examining them yields justi-
fied beliefs about the world is a different question from how we came
to possess those concepts. So, if APOS Theory dealt with the causal
history of our concepts, then it would be questionable if it is relevant
for the conceptual strategy. However, because it deals instead with how
well people grasp mathematical concepts, and classifies this in terms of
what problems can be solved, it manages to avoid this objection. The
classification in terms of conceptual abilities is particularly important in
doing so, as this corresponds quite well with what justified beliefs we
can form. Since conceptual abilities are in this context nothing more
than what allows students to correctly solve specific kinds of problems,
and solving such a problem presumably produces a justified belief, there
is a close connection between what APOS Theory investigates and the
conceptual strategy. APOS Theory, because it deals with our grasp of
concepts, and classifies them in terms of what beliefs can justifiably be
held based on a certain kind of conception, can thus not be dismissed as
irrelevant for the conceptual strategy.

4.2.2 Action conceptions

Now that it is clear what APOS Theory is studying, it is possible to
start characterizing the different stages of conceptual competence that
are identified by the theory. I will start with the most limited kind of
conception, and go through progressively more advanced stages of con-
ceptual competence. In doing so, I will deviate somewhat from the
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presentation that the empirical researchers are giving, partly to make it
fit in better with the common usage of terms by philosophers, but also
to make the theory more philosophically precise.

The first, and most restrictive, kind of conception is called an Action
conception. On such a conception, an agent has the ability to carry out,
step by step, certain procedures (either on physical objects, or on math-
ematical arguments). Usually the set of procedures that can be followed
by the agent is limited, and she is only able to follow the procedure by
explicitly executing each step. That means that the agent has to either
mentally perform the steps one by one, or in some cases even that she
has to write out each of the steps.

For example, an agent might have an action conception of FUNCTION.
In that case she is able to evaluate functions that are explicitly given
to her, by explicitly performing the substitution of the variable for the
supplied argument. One such case would be when the agent is given
the function f (x) = 3x+1, and is asked to evaluate the function for the
argument 3. Then the agent first has to perform the substitution f (3) =
3[x/3] + 1, to get to f (3) = 3 ⇤ 3+ 1, then to f (3) = 9+ 1 and finally
f (3) = 10. Importantly, agents with an action conception of FUNCTION
can only evaluate a function when supplied with an explicit expression
of the function, and can only think about the value of the function for
specific arguments (so nothing general about e.g. the relation between
the domain and the range of the function). This means that the beliefs
that an agent can justifiably hold regarding functions will also be very
limited. Presumably they will be something like the following: that f(3)
is 10, where the reference to the function is de re. This avoids assuming
that the agent is already capable of thinking in terms of arguments, and
what the function does to the arguments, in a general manner (which
would be suggested by making the specification of the function a part
of the content of the agents’s belief).

As another example, take an action conception of INTEGRAL. In that
case, agents can follow a procedure to estimate the value of a definite
integral (for a specified curve) by subdividing the area under the curve
into small rectangles, and using them to estimate the area under the
curve. Here, the agent may form beliefs about the approximate area
under the curve, or if the agent isn’t familiar with the idea of an area
under a curve, then beliefs about the approximate value of this expres-
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sion, which would refer to the written form of the integral. In this case
too, the procedure will have to be followed explicitly, step by step, and
the resulting beliefs will be very limited, in that the concept in question
won’t show up in the content of the beliefs.

4.2.3 Process conceptions

The second kind of conception, which improves upon but doesn’t signif-
icantly extend the abilities of the agent when compared with an action
conception, is called a process conception. According to APOS The-
ory, a process conception is the result of the ‘interiorization’ of an ac-
tion conception. I use scare quotes here, because APOS Theory doesn’t
attach any significance to the term; on the theory it is just a name for
whatever it is that takes one from an action conception to a process con-
ception. On this conception, the agent is still only able to follow the
procedures that she could follow on the basis of her action conception,
but she no longer needs to do this explicitly, and she need not supply
specific values on each of the input steps anymore. As a result, she is
able to think in more general terms of that which the processes oper-
ate on. For example, in the case of FUNCTION the agent is capable of
constructing a general transformation for a given function. That means
that she no longer needs to explicitly perform the substitution and sub-
sequent evaluation steps. Rather, she is now in a position to see that
f (x) = 3x+ 1 transforms the input value by multiplying it with 3 and
adding 1. That thought requires the agent to leave the input value un-
specified, and to imagine what she would do were she given a specific
input value. Whether or not it is also important to understand what a
variable is, is left unclear by the empirical research. However, it may
well be that at this point the agent only works with an intuitive idea of
leaving input unspecified, especially if the researchers are correct that
being able to do so is a general feature of one of the stages of develop-
ing a full grasp of a mathematical concept. That would also fit with the
kind of phrasing that is used by the researchers, which is a conditional
one. In the case of function, they say that the agent is capable of un-
derstanding what output a function would yield for some (unspecified)
input. What the content of the additional beliefs is exactly will depend
on what other concepts the agent possesses, but for example one can
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expect agents to have beliefs such as that f multiplies x with 3 and then
adds 1. This still avoids direct mention of the FUNCTION concept, but
it may nevertheless be an inadequate formulation of the belief due to
the direct reference to x. One may thus need to attribute more complex
contents to make sense of the abilities of the agent, involving INPUT or
VARIABLE, but importantly one still doesn’t need to attribute the con-
cept FUNCTION to the agent.

Taking as a second example again the case of INTEGRAL, a process
conception here is a similar improvement upon the ability to follow the
procedure in terms of which the action conception is characterized. On
such a conception, the agent is able to see how one determines the Rie-
mann sum for some partition and function. Thus, the agent is able to
see what the Riemann sum would be, were she given some partition and
function. As a result, she is also able to see that the Riemann sum better
approximates the area under the curve if one decreases the length of the
subintervals. Process conceptions thus constitute an improvement over
action conceptions, although the agent is still limited in terms of her
abilities. Although she no longer needs to follow the procedure(s) in a
step by step fashion, she still has to follow the procedures. As a result,
she is not yet able to apply the procedure(s) outside of the domain for
which they were specified in the action conception. Here too, there is
no need yet to attribute the concept INTEGRAL or RIEMANN SUM to the
agent, precisely because the beliefs of the agent are still related to the
procedure from the action conception.

4.2.4 Object conceptions

The third kind of conception, an object conception, does significantly
extend the abilities of the agent, when compared with a process or ac-
tion conception. According to APOS Theory, that is not quite what
happens, though, as they claim that the procedure(s) from the first two
conceptions are no longer directly available on an object conception.
Rather, an object conception allows agents to operate on instances of
the concept, and thus to view them as occurring in the argument place
of other operations. APOS Theory then posits that agents are able to
switch between an object conception and a process conception by ‘en-
capsulating’ (from process to object) and ‘de-encapsulating’ (from ob-
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ject to process). It seems much more reasonable to hold that an object
conception extends, but doesn’t replace, the abilities that the agent has
on a process conception. I can’t see a good reason why the ability to
see something as occurring in the argument place of other operations
would be a problem for also treating it as something which can receive
arguments. For example, in the case of FUNCTION, just because it is
possible to see a function as occurring in argument place (e.g. one is
able to compose functions) doesn’t mean that one can no longer evalu-
ate functions. Once one has an object conception, it is also possible to
see instances of the concept as occurring as arguments for other kinds
of procedures. For example, it is in the case of FUNCTION then possible
to form sets of functions, and to more generally apply transformations
to functions. When it comes to these transformations there is still an
observed cognitive difference between applying an operation to an in-
stance of the concept (‘coordination’) and getting a new operation by
taking the inverse of an already available operation (‘reversal’). In the
case of function, this is the difference between applying a function to
the output of another function, and thus composing the two, and taking
the inverse of a function. Both are instances of a function that occurs
in argument place, though, and both operations can be performed once
an agent has an object conception, so the characterization of an object
conception in terms of also being able to see instances of the concept as
occurring in argument place isn’t affected by the fact that not all opera-
tions are cognitively the same. The only conclusion that this observation
warrants is that there is not a single cognitive operation that underlies
our various abilities that involve instance of a concept as occurring in
argument place. That in itself is not enough to argue for the need to
reverse to a previous conception, a conclusion which seems inappro-
priate if the different conceptions are viewed as stages of conceptual
competence (which should be cumulative).

To illustrate an object conception a bit more, I’ll look again at the case
of the concept INTEGRAL. Once the agent has an object conception
of INTEGRAL, she is able to perform operations on the Riemann sum.
Most importantly, she is then able to take the limit of the Riemann sum
as the length of the subintervals goes to zero. Thus, she will be able to
determine the value of the integral at this point, provided of course that
the limit exists. In general, it seems as though this is the point at which
it becomes necessary to attribute the concept to the agent, which the
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agent grasps through the object conception in question. For example,
when composing two functions, it seems reasonable to say that the agent
forms beliefs of the form that the composition of f and g is h. Just
because the agent has all of the abilities that attach to the concept (e.g.
evaluating functions and seeing functions as able to occur in argument
place) doesn’t necessarily mean that the agent has full mastery of the
concept, though. Perhaps some specific knowledge is required for that,
e.g. one may need to know that functions are classically conceived of
as sets of ordered pairs in order to master the concept. Having an object
conception of a concept is not the same as having a perfect grasp of that
concept.

4.2.5 Schema conceptions

APOS Theory claims that there is a fourth and final stage of conceptual
competence, which is when an agent has a schema conception. They
even subdivide this into an intra-stage schema conception, an inter-stage
schema conception and a trans-stage schema conception. The general
idea is that schema conceptions combine several other conceptions into
one picture, thus organising the agent’s grasp of several concepts under
one banner. However, while this may be a cognitively significant step
for an agent to make, it doesn’t constitute a further step in the grasp of
a single concept. In broad outlines, my criticism of viewing this as a
further stage in the development of one’s grasp of a concept is that in
fact schema conceptions only serve to help us grasp other, more gen-
eral, concepts, and thus not to better grasp the specific concepts that
go into it.1 As such, it doesn’t constitute a further step from an object
conception in the grasp of a concept, but instead it describes a differ-
ent way in which an agent might come to grasp a concept. To start
with an intra-stage schema conception, these are really nothing more

1This might be less pressing if some form of holism about concepts is
true. In that case, though, it will still be the case that there is a more general
concept grasped through a schema conception, which isn’t grasped on the basis
of the other conceptions. A new concept is introduced by a schema conception,
which is why it should be viewed as a way of grasping that new concept, and
not as (primarily) a way of further improving one’s grasp of the antecedent
concepts
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than whatever particular conception one had beforehand, only now the
researchers view it as falling under a more general concept. For exam-
ple, “In the case of the function concept, an individual at the Intra-stage
tends to focus on a single type of function and the various activities
that he or she could perform with it" (Arnon et al, 2014, p.114). That
means that in such a case an agent has a conception of a more restricted
concept, for example that of REAL-VALUED FUNCTION, and nothing
more. She may have several such conceptions, but doesn’t relate them
to each other, and so this stage is just the initial stage of an agent grasp-
ing several concepts. It doesn’t constitute anything new over the kinds
of conceptions that we have already seen.

The second kind of schema conception, the inter-stage schema concep-
tion, is characterized by the fact that agents start to consider relations
between different conceptions that they have. Again this is best illus-
trated by an example from the case of FUNCTION. “As an individual
considers possible analogies among operations on different types of
functions, as Processes, he or she may construct a relation among them
and recognize types of functions as instances of the same sort of activ-
ity, for example, as a means of constructing new functions from known
ones." (Arnon et al, 2014, p.116) At this stage agents thus recognize
that there are similarities between the more specific function concep-
tions that they have. For example, they might recognize that there are a
lot of similarities between the concept REAL-VALUED FUNCTION and
TRUTH FUNCTION. However, merely recognizing similarities between
different concepts doesn’t improve one’s grasp of those concepts. In
particular, it doesn’t improve the competencies that have been used to
characterize conceptions so far. It is not as though the agent is now
able to employ the concept of, say, REAL-VALUED FUNCTION in a new
way. Instead, what seems to be the case here is that the agent is slowly
working up to a general concept FUNCTION, under which these differ-
ent, more particular, concepts are placed. On that interpretation, this is
not a conception of any of the old concepts, but it is rather a conception
of a new concept, and thus shows that not all concepts are acquired by
going through the action, process and object stages.

Finally, there is the trans-stage schema conception, which is no more
than the stage at which the agent has managed to grasp the general con-
cept, and is clear on how the more particular concepts are related to
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that general concept. While this may allow the agent to then perform
general operations on functions, it still doesn’t add anything to the prin-
cipled abilities that she has on an object conception of one of the more
particular concepts. It just allows her to come to know these more gen-
eral operations, but performing them on the particular concepts wasn’t a
problem as far as her conception of those concepts is concerned.

To illustrate this again with the case of FUNCTION, consider the follow-
ing passage. “At the Trans-function stage, an individual can construct
various systems of transformations of functions such as rings of func-
tions and infinite dimensional vector spaces of functions. The coherence
of the function Schema consists of the recognition that any function has
a domain set, a range set and a process that transforms objects in the do-
main set to objects in the range set" (Arnon et al, 2014, p.118). While
this doesn’t add anything principled to the abilities that the agent has for
the specific object conceptions, it does solidify the grasp she has on the
general concept FUNCTION. So, while the schema conception shouldn’t
be seen as a further step from an object conception, it should be seen as
comprising a second way in which an agent can acquire a mathemati-
cal concept. This second way is described by the different stages of a
schema conception that have been discussed, and these should thus be
seen as parallel to the action, process and object conceptions. In gen-
eral it will be convenient to restrict attention to these latter three, since
they are by far the most common. Schema conceptions of one sort or
another only come into play when general concepts are concerned, and,
according to the current state of research, those are only rarely grasped
by non-mathematicians. Furthermore, because of their generality, and
thus the requirements they place on agents to already grasp a range of
other concepts, it is relatively rare for agents to have schema concep-
tions.

4.3 Problems for the conceptual strategy

Since the previous section explained in detail what stages of conceptual
competence one can expect, and with the additional note that usually
people get stuck at a process conception when they are taught mathe-
matics in school, it is now possible to use these results to raise some

114



general issues for the conceptual strategy. In order to do so, it is im-
portant to see to what extent people can be said to grasp a concept
when they have an action or process conception. Recall here the dis-
cussion regarding the need for some level of conceptual competency
before agents can autonomously acquire knowledge about what counts
as an instance of that concept. The upshot of that discussion is that at
the very least one has to be able to, in a majority of cases, correctly
judge whether or not something falls under a concept, in order to be
able to acquire knowledge that a specific thing is an instance of the
concept. So, if people cannot meet this requirement, then this prevents
them from acquiring knowledge through the application of a concept.
Since the conceptual strategy turns on the application and examination
of concepts, this would seriously undermine the strategy. For if those
are the only ways to acquire justified mathematical beliefs (ignoring
proof, which isn’t helpful in these cases either – see chapter seven),
then the conclusion would be that defenders of the conceptual strategy
have to maintain that we can only autonomously acquire mathematical
knowledge in a very limited number of cases. While this may be ac-
ceptable on some occasions, it also helps raise the issue whether there
is enough content in these concepts, for them to serve as a foundation
for all of our mathematical knowledge.

4.3.1 Acquiring knowledge from concepts

A very clear case to look at in relation to whether or not one meets
the minimal requirement on conceptual competence, on an action and
process conception, is that of SET. In this case, the procedure that an
agent follows is that of collecting elements together according to some
condition to form a set (Arnon et al, 2014, p.48-49). Importantly, these
elements cannot themselves be sets when an agent still has an action or
process conception, because she is not yet able to think of sets as occur-
ring in argument place (so, as elements of another set). There is also not
much of a difference between an action and a process conception, ex-
cept that on a process conception an agent is also able to think about the
operation of forming a set in general, without explicitly thinking of all
of the elements of the set. It is thus certainly not the case that agents are
completely incompetent when it comes to sets when they have an action

115



or process conception, but their competence is very limited. They can’t
perform operations on sets, nor can they recognize sets which contain
other sets as elements. In fact, they are likely to either say that these are
not sets, or to act as if the elements of the nested set are also elements
of the outer set. They will thus, on both an action and a process concep-
tion, make systematic mistakes in a very large number of cases (since
it is not as though sets of sets are uncommon) (Arnon et al, 2014, p.48-
49). Furthermore, it turns out that often students only have a conception
on which finite sets can be recognized; infinite sets cannot be seen as
sets (Zazkis and Gunn, 1997). It thus seems quite likely in this case that
agents will at least fail the minimal requirement for SET, since also all
of the sets of sets, and sets of sets of sets, etc. fall under that concept,
and because in a lot of cases where people have these conceptions they
are only able to think of finite sets.

Agents thus fail to meet the general requirement in the case of sets, in
that they are not able to reliably apply the concept in general. How-
ever, they are able to reliably apply the concept in a limited number
of cases, namely those of finite sets, which don’t include other sets
among their elements. So, presumably, agents can autonomously ac-
quire knowledge about these sets, to some extent. So, it may be un-
problematic to say here that the only kind of mathematical knowledge
these agents can autonomously acquire, regarding sets, is that certain
finite sets are sets. Maybe we don’t count these agents as having any
other knowledge of sets than this (or, at least, as not having any other
non-testimonial knowledge of sets). So, it may not be a very serious
problem for defenders of the conceptual strategy, such as Jenkins and
Hale and Wright, that agents have these limited capacities on an action
and process conception.

That agents have these limited capacities, does help to raise a more gen-
eral point, which is worrisome for these accounts. As the pedagogical
research shows, there are many different stages of grasping a concept,
and all of these stages come with different competencies on the part of
the agent. It is not at all the case that there is a straightforward way of
saying that if someone grasps the concept SET, then she knows certain
things about sets. The general problem, then, is for theories that follow
this strategy to be more specific about the level of conceptual compe-
tency they require, and the kinds of things that need to be included in an
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agents’s conception for her to be able to acquire certain kinds of math-
ematical knowledge. Even if agents have an object conception of SET,
that still leaves open a range of competencies, each of which might de-
scribe the competencies of the agent. For example, she may be able to
perform some operations on sets, such as nesting them, but not others,
such as taking the complement of a set, when a superset is given.

A challenge for a defender of a theory that adheres to the conceptual
strategy, is thus to be much clearer about what is required for knowl-
edge on the basis of a concept. Only when we have such a more specific
story, is it possible to determine whether agents who have the knowl-
edge discussed by the account, also have the conceptual competencies
required by them from the account. To return to Jenkins’s account, the
problem with that view is that there is no mention of different concep-
tual competencies at all. Applying and examining a concept that meets
all her criteria, will still not give us mathematical knowledge, if we
don’t grasp that concept well enough. Given the proliferation of dif-
ferent competencies regarding mathematical concepts, and the fact that
people are generally unlikely to have a perfect grasp of these concepts,
that presents a problem for Jenkins. All she has available to her is the
idea that a concept needs to be grounded, which means that it is non-
accidental for an agent that a concept she grasps represents a real feature
in the world. Yet, on an action and process conception of SET it is not at
all clear that her concept is so grounded, at least not for sets in general.
Similarly, just because a concept is grounded, it doesn’t follow that it is
grasped well enough for the agent to acquire knowledge regarding every
respect of that concept. There may still be gaps in an agents’s grasp of
the concept, that prevent her from acquiring certain kinds of knowledge
on the basis of that concept. The account that Jenkins presents is simply
not clear enough regarding the different ways to grasp a mathematical
concept, to work in the case of ordinary people. The same point can be
made for the account of Hale and Wright, which talks about the grasp
of the concept NUMBER in a completely unqualified manner.

4.3.2 Indeterminacy relating to the grasped concept

While it is already a big problem for the conceptual strategy that there
are all these different ways of grasping a concept, with resulting dif-
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ferences in conceptual competence, there is a further problem to be
raised here. That problem is that it is not at all clear, especially when an
agent doesn’t have an object conception, which concept is grasped by
the agent, in virtue of her conception. Let me now illustrate why there
is also a worry about the determinacy of the concept grasped in virtue
of a conception.

To take up the same case as Roland (2010) when he raises indetermi-
nacy problems for Jenkins’s account, consider again the concepts SET
and CLASS. In that case, the question is whether someone who has one
of these conceptions is able to make the distinction between SET and
CLASS, that is whether it is possible to determine which of these two
is grasped in virtue of the agent’s conception. The answer, as long as
the agent has an action or process conception, has to be no. As I men-
tioned earlier, in general the kind of conception people have for sets
is one on which only finite sets can be recognized as sets (Zazkis and
Gunn, 1997). Since SET and CLASS are coextensive in finite cases, it
follows that it is impossible to distinguish between the two on these
conceptions. That is not to say that there are no conceptions on which it
is possible to determine which of the two concepts is grasped in virtue
of that conception. Rather, the point is that as a matter of actual fact
there are a lot of people with conceptions that are such that it can’t be
determined whether the concept SET or the concept CLASS is grasped
in virtue of them.

Indeterminacy problems also show up in the case of FUNCTION, again
in the cases where agents have action or process conceptions of the
concept. For in those cases the agents are unable to see functions as
the kinds of things that can occur in argument place. So, their concep-
tions will be completely indeterminate when it comes to the behaviour
of functions when they do occur in argument place. That means that
other concepts, which are coextensive with the FUNCTION concept we
are used to when it comes to evaluating functions, but differ when it
comes to the behaviour of occurrences in argument place, will be indis-
tinguishable from the concept FUNCTION on action and process concep-
tions. For example, one might have a concept CLASSICAL FUNCTION
on which functions are identical with sets of n-tuples that are many-
one. Then one might have another concept COMPUTABLE FUNCTION,
under which only those functions that can be computed by an algorithm
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fall. Since the two will behave identical in terms of the evaluation of
functional expressions (for those functions that can be evaluated by the
agent), it will be impossible to tell them apart on an action or process
conception. However, the two are clearly distinct, since there are func-
tions falling under CLASSICAL FUNCTION that do not fall under COM-
PUTABLE FUNCTION; not every set of n-tuples that is many-one yields
a function that is computable.

Generally speaking then, there is at least one kind of indeterminacy
present in the case of action and process conceptions. As a result of
the fact that agents can’t think of instances of concepts as occurring in
argument place on an action or process conception, the behaviour of oc-
currences in argument place is left underdetermined. Because of this, it
will usually be possible for several concepts to agree on the cases that
the agent can evaluate based on her conception, even though these con-
cepts disagree on other cases, specifically those where their instances
occur in argument place. Because theoretical identifications, such as
those of functions with algorithms, are cases where an instance of the
concept occurs in argument place, they are prime candidates for points
on which the candidate concepts differ. So, at least as long as the proce-
dures that the agent can follow on an action or process conception fail
to determine the extension of the concept, there will be indeterminacy
as to what concept is grasped by the agent in virtue of her conception.
Such an indeterminacy will, as in the case of the objection raised by
Roland (2010), prevent the agent form acquiring knowledge, at least in
those cases where the different concepts she might be grasping differ
(because then it would be merely accidental that her resulting belief is
true). Note that this need not be restricted to those cases where instances
of the concept occur in argument place, but that it also extends to sim-
pler cases. For example, in the case of FUNCTION, the agent will be
unable to acquire knowledge about whether or not a classical function
that is not a computable function falls under the concept for which she
has a conception.

The indeterminacy problems will be less worrying once agents have
an object conception, since in that case they will also be able to work
through cases where instances of the concept occur in argument place.
However, there too there is no guarantee of categoricity. It doesn’t fol-
low from the fact that agents are able to compose functions, and cal-
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culate the inverse of a function, that they can determine whether the
concept they are grasping is CLASSICAL FUNCTION or COMPUTABLE
FUNCTION. In fact, it is quite likely that even agents with an object con-
ception will fail to be able to distinguish the two. It certainly isn’t a pre-
requisite to having an object conception that the agent knows whether
(classical) functions that are not effectively calculable fall under the
concept that she is grasping. While this is not something the agent
couldn’t possibly come to know, it thus is something that most agents
can’t come to know on their current conception. They can refine their
conceptions even further, but in most cases they seem to manage quite
well even despite being in a position where it is indeterminate what
concept they are grasping.

This is again a problem for the view defended by Jenkins, as this helps
to show that there are certain things that agents simply cannot come to
know, based on their conceptual competence. Maybe Jenkins just wants
to respond by denying that agents might know those sorts of things in
some other way, but it is still a problem that needs to be addressed some-
how. It can be viewed as a more specific case of the first problem, in
that this forces defenders of the conceptual strategy to be clearer on the
limits of mathematical abilities resulting from the grasp of concepts.
The indeterminacy that results from some conceptions limits the kinds
of mathematical knowledge, and justified mathematical beliefs, that can
be acquired on the basis of the agents’s grasp of a concept. The chal-
lenge is, to deal with these limits in a good way, something which has
not yet been done by the accounts of Jenkins and Hale and Wright. They
seem to assume, that it is clear what concept is grasped by an agent, and
thus that it is unproblematic to say that her concept (in the case of Hale
and Wright) conforms to a set of axioms. Clearly, that is not gener-
ally the case, and this is something that an epistemology that applies to
ordinary people will have to take into account.

Summing up then, the current accounts that can be seen as falling under
the conceptual strategy, are not developed well enough. They have not
taken account of the fact that there are many different ways to grasp a
concept, not all of which lead to a wide range of competencies related to
the concept. The account presented by Jenkins, because it is so unspe-
cific about particular concepts, doesn’t run into any concrete problems
as a result of this. However, it is still an account that is unable to ac-
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count for the differences in conceptual competence across agents, and
for the effects of the indeterminacy that results from their often incom-
plete grasp of mathematical concepts. Hale and Wright are similarly
unable to account for the effects of the differences in conceptual com-
petence, and as such present an epistemology that can’t be readily ap-
plied to non-mathematicians. If we were to take these theories literally,
they would be skeptical regarding ordinary people, as they simply fail to
meet up to the requirement of grasping a mathematical concept, that is
placed on them by these epistemologies. After all, the grasp of the con-
cept should be good enough, according to the letter of these theories,
that we can come to know e.g. everything that is known about arith-
metic by examining and applying our concepts. It is more charitable to
say that these theories simply overlooked the difference in conceptual
competence, and as a result of that are not yet able to describe the math-
ematical practices of ordinary people, even if these may be describable
in terms of their conceptual competencies.
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5. Parsons’s mathematical
intuition
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Charles Parsons defends a version of the idea, now widely known through
Gödel’s statement of it, that mathematical intuition plays an important
role in the epistemology of mathematics. Gödel claims that this fac-
ulty of mathematical intuition is something like perception. The basic
idea is thus that mathematical intuition gives us some (direct) way of
acquiring justified mathematical beliefs, as perception does for us in
the case of beliefs about the external world. The main problem with
this way of giving an epistemology for mathematics, is that it is not at
all clear what mathematical intuition is supposed to be exactly, nor is
it obvious that we have anything like it. Parsons’s account has as its
main aim to make the faculty of mathematical intuition less mysterious,
and to make it more likely that we do indeed have such a faculty. As a
basis for his account, Parsons holds a structuralist view of mathemati-
cal objects (e.g. Parsons, 2004), along with some other views on what
mathematical objects are that we have to look at before turning to his
epistemology.

5.1 Parsons’s account

5.1.1 The underlying ontology

In terms of the basic ontological theory that Parsons endorses, he counts
as (in his own words – several different names for the versions of struc-
turalism are used) a non-eliminative structuralist. Two other defenders
of non-eliminative structuralism are Resnik (1981) and Shapiro (2000).
Such a theory takes the basic idea of structuralism, that objects are
exhausted by their structural relationships, as a way of characterizing
mathematical objects.1 It contrasts with the other kind of structural-
ism, known as eliminative structuralism, in that it doesn’t attempt to
do away with (reference to) mathematical objects. Eliminative struc-
turalism, best known in its form as modal eliminative structuralism,
tries to avoid reference to mathematical objects by appealing instead

1There are issues with how exactly this idea should be spelled out. For
example, does this mean that all first-order properties of mathematical objects
are structural properties? For a discussion on these matters, see e.g. MacBride
(2007) and Shapiro (2006).
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to the structures in which these objects are placed. On a modal version
of eliminative structuralism, this avoidance is attempted by saying that
mathematics isn’t about any actually existing structures. Rather, math-
ematics is supposed to be about possible structures, as a result of which
one can avoid the thesis that mathematics has any ontological commit-
ments with respect to which structures exist (in the actual world). Non-
eliminative structuralism doesn’t attempt to avoid this type of reference,
and instead just uses the idea behind structuralism to get a better grasp
of what mathematical objects are. Thus, while eliminative structural-
ism is a nominalist position, non-eliminative structuralism does counte-
nance the existence of (abstract) mathematical objects, and therefore it
counts as a platonist position.

As a result of Parsons’s structuralist ontology, his epistemology only
needs to worry about structural features of mathematical objects. Be-
cause, according to his ontology, the only fundamental features of ob-
jects are their structural features, there is no need to worry about any
other kinds of features that mathematical objects might have. Know-
ing the structural features is all one needs to know, in order to know all
of the mathematical aspects of mathematical objects. The main thing to
account for, as a result, is our knowledge of structures as a whole. Math-
ematical objects in isolation, such as the number two, are only known
through their relations with other objects in a mathematical structure,
such as the natural number structure. Hence, the focus is not on how
one acquires beliefs about a specific mathematical object, i.e. a specific
place in a structure.

Aside from Parsons’s adoption of a structuralist framework, there is an-
other ontological position of his that is relevant for the epistemology
that he proposes. This position is his division of objects into three kinds:
concrete, quasi-concrete and pure abstract objects (Parsons, 2008). Con-
crete objects are the familiar tables, chairs, etc; roughly, those objects
that causally interact with us and are the objects of sense-perception
(note that mathematical intuition does not count as a kind of sense-
perception). The novelty of this division lies in the inclusion of quasi-
concrete objects. “What makes an object quasi-concrete is that it is of a
kind which goes with an intrinsic, concrete “representation," such that
different objects of the kind in question are distinguishable by having
different representations." (Parsons, 2008, p.34) The paradigm example
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that Parsons uses is that of word-types, which are readily recognized
as soon as one comes across a word token. For example, when one
sees

Stockholm

the immediate reaction is not to look at it as a concatenation of letters.
Instead, one sees it as a word-token of a certain word-type. While the
word-token is concrete, and has a particular location in space and time,
the word-type cannot be classified as a concrete object. At the same
time, it is essentially linked with the tokens that instantiate the type, and
thus with a concrete representation. As a result, word-types are classi-
fied as quasi-concrete. Other examples of such quasi-concrete objects
are often types, and Parsons’s favourites are letter-types and sentence-
types, to show that there are quasi-concrete objects that we encounter
on a daily basis.

The last kind of object that is recognized by Parsons is the pure abstract
object. “Pure abstract objects have no intrinsic concrete representation,
and they are characterized not by conditions relating them to concrete
objects of a specified kind but by conditions of a highly abstract char-
acter" (Parsons, 2008, p.36). Examples of pure abstract objects are pure
sets and the natural numbers. In general then, mathematical objects
are pure abstract objects, and this means that there is no direct link
between the mathematical objects and the concrete objects that we per-
ceive. The ‘conditions of a highly abstract character’, in terms of which
they are characterized, will presumably be the structural relations in
which they are supposed to stand to other objects in some mathematical
structure. That, at least, provides the best fit with his structuralism, and
these structural relations also seem to have the demanded abstract char-
acter. The interest for the epistemology that Parsons has to give is thus
how one can reach these abstract objects. As we will see, though, Par-
sons chooses to start with giving an epistemology for a particular kind
of quasi-concrete object. These quasi-concrete objects are those of the
stroke language, to which I now turn.
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5.1.2 The stroke language

The epistemology that Parsons has developed is restricted to arithmetic,
and based on a particular model of the natural numbers consisting of
quasi-concrete objects. This model is known as the stroke language,
and it consists of strings of strokes, so of strings of the form |||. The
shortest string is that consisting of just one stroke, |, which can be taken
as the 0 of the natural number sequence. The model is based on Hilbert’s
construction of the stroke-string language for finitistic arithmetic, and it
is such that one can formulate the Dedekind-Peano axioms in terms of
the stroke language. The only axiom that is not directly taken from the
stroke language is the induction schema, because Parsons thinks that
we don’t base our knowledge of that axiom on the stroke language. The
axioms that have to be formulated in terms of the stroke language then
are (ignoring here the axioms dealing with identity):

1. Zero is a natural number

2. Zero is not the successor of any natural number

3. Every natural number has a successor that is a natural number

4. Different natural numbers have different successors

If we reformulate these in terms of the stroke language, it is not just a
matter of replacing zero with |. The reason is that the stroke language
is supposed to give us a model that is quasi-concrete, and not one that
references pure abstract objects. So, if we were to leave in the reference
to natural numbers, we would merely introduce a new system of nu-
merals referring to pure abstract objects. Parsons chooses to go instead
for a model of arithmetic that has as its domain the string-types, which
are quasi-concrete objects. For example, the type that is instantiated by
the stroke string-token || is a quasi-concrete object. By formulating the
Dedekind-Peano axioms in terms of what counts as a stroke string, one
obtains a structure of stroke strings that has the same structure as the
natural number sequence. In other words, one can guarantee that the
sequence of stroke string-types is an w-sequence. The resulting formu-
lation of the axioms then is (due to Jeshion (2014)):

1. | is a stroke string

2. | is not the successor of any stroke string
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3. Every stroke string has a successor that is also a stroke string

4. Different stroke strings have different successors

Together with (an appropriate second-order formulation of) the axiom
of induction, the axioms for identity and some definitions, this then
gives one a model of arithmetic that is based on stroke strings. This
model is importantly different from the natural number sequence itself,
because the objects of the model are not natural numbers. That is, the
domain is not made up of pure abstract objects. For the stroke string-
types are essentially linked with their tokens, which makes them quasi-
concrete objects. Since the natural numbers are pure abstract objects,
it follows that a direct identification of the stroke string-types with the
natural numbers is out of the question (objects cannot belong to two
kinds on Parsons’s account). The idea behind the epistemology, which
is to follow, is then that it is less problematic to explain our knowledge
of the quasi-concrete objects than it is to explain our knowledge of pure
abstract objects. At the same time, it has to be reasonable to suppose
that one can subsequently use this knowledge of quasi-concrete objects
to get to the pure abstract objects. That is why it is important that one
can formulate, and see the truth of, the Dedekind-Peano axioms for the
stroke language. Presumably, once one knows this model of arithmetic,
one can then use (what is known in the literature as) Dedekind abstrac-
tion to get to the natural number structure from the stroke string-type
model of arithmetic. That step is not unproblematic, as for example
Linnebo and Pettigrew (2014) discuss several difficulties that are faced
by non-eliminative structuralists that appeal to Dedekind abstraction. I
will here set aside this further step of abstraction and any issues that
attach to it, to focus on the same thing Parsons focusses on: how one
acquires knowledge of the stroke string model of arithmetic.

5.1.3 Intuition of stroke strings

The final part of Parsons’s epistemology of arithmetic is an account
of where our knowledge of the stroke string-type model of arithmetic
comes from. His answer to this is basically that we acquire this knowl-
edge through mathematical intuition. While he doesn’t explain what
mathematical intuition is exactly, he has done a lot of work to try to
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make the idea less mysterious than it is in Gödel’s work. To do so,
Parsons makes a distinction between two different kinds of intuition:
intuition of and intuition that (Parsons, 2008, §24). The difference be-
tween the two kinds lies in what is intuited. In the case of intuition of,
what is intuited is an object of some sort, although this seems to apply
in particular to quasi-concrete objects. In the case of intuition that, what
one intuits is not an object, but rather that a certain proposition is true.
To give two examples, one might have an intuition of the type that is
instantiated by ||||, and an intuition that | is a stroke string. The more
basic of the two kinds is intuition of, as it is through (e.g.) the intuition
of | that one is in a position to see the truth of | is a stroke string through
an intuition that. The main thing that Parsons needs to account for, then,
is what intuition of is, and why we should think that we have anything
of the sort.

At this stage the examples that were given of quasi-concrete objects
become relevant. The point that one ‘sees’ the word-type, instead of
just an inscription, when one looks at ‘Stockholm’, is supposed to show
that we regularly encounter intuitions of quasi-concrete objects. The use
of ‘sees’ is because this intuition is facilitated by the visual perception
of the word-token, even though the intuition of this word-type is not an
instance of (visual) sense-perception. Intuition of is thus closely related
to sense-perception, but it is not exactly the same. The main difference
between the two is that for intuition of a type it is necessarily the case
that one sees the token as a token of a certain type. For example, in
the case of ‘Stockholm’, one can’t have an intuition of the word-type
unless one sees the token inscription as a token of that word-type. This
contrasts with perception where, according to Parsons, there is no need
to see what is perceived through sense-perception as anything. One can
have sense-perceptions of a table , without necessarily seeing that table
as a table. There is no need, in the case of sense-perception, to subsume
what is perceived under a type. That doesn’t manage to distinguish
intuition of from seeing as, and in that case the difference merely seems
to be the kind of objects they apply to. In the case of intuition of, only
quasi-concrete objects can be intuited (one can’t, for example, have an
intuition of a cat, nor can one have an intuition of the number two).
Seeing as, on the other hand, only applies to concrete objects; I can see
a cat as a cat, but I can’t see a word-token as a type. I can, of course,
see a word-token as an instance of a type, but that would again be to
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see it as a particular kind of concrete object, namely as an instance of a
type.

One of the important reasons in favour of thinking that we have this
kind of intuition, is that several truths seem obvious to us, and that this
obviousness is best explained by an appeal to intuition that, through
which we come to know these truths. Another reason for Parsons is that
“consciousness of objects that in the usual classification count as ab-
stract is pervasive and commonplace and closely intertwined with per-
ception." (Parsons, 2008, p.155) These objects are of course Parsons’s
quasi-concrete objects, and the examples mentioned above are supposed
to back up precisely this point. His argument then appears to be one of
inference to the best explanation: because the presence of a faculty of
intuition best accounts for the obviousness of some truths, and the per-
vasiveness of a type of consciousness, we should accept that there is
such a faculty of intuition, responsible for these phenomena.

5.1.4 Intuitive knowledge of axioms

Supposing that we accept that there is such a faculty of intuition, all
that is left for Parsons is to explain how our mathematical knowledge is
grounded in this faculty. He does so by arguing that we can know the
Dedekind-Peano axioms, in their reformulated version, through mathe-
matical intuition. Furthermore, he claims that mathematical induction
preserves intuitive evidence, so that the status of ‘intuitive knowledge’
can be transferred from the axioms to other parts of arithmetic, through
a use of induction (Parsons, 2008, §43). Going through the axioms then,
it is not too difficult to argue that the first (| is a stroke string) is intu-
itively known. In this case, all one needs is to have a, reliably produced,
intuition of |, as a stroke string-token in the sequence.

The second (| is not the successor of any stroke string) is more involved.
To know this, one has to recognize that to be a successor, a stroke string
needs to consist of at least two strokes, i.e. a concatenation of strokes.
Since there is no such concatenation of strokes in the case of |, it follows
that it cannot be the successor of any stroke string. Knowing that a
successor needs to consist of at least two strokes need not be trivial
though, since in this case one has to know something about all stroke
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strings. In particular, what one needs to know is that there is no stroke
string consisting of less than two strokes, which is also a successor. That
involves quantification over all stroke strings, and is thus something
more taxing than what is needed to come to know the first axiom. This
may not be possible as a direct result of mathematical intuition, but
Parsons allows for the possibility that some reasoning is required to
arrive at the axioms.

The fourth (Different stroke strings have different successors) is equally
problematic for Parsons. In this case, one will have to recognize that
in a case where two strings are of different lengths, adding a stroke
at the end of both strings will give you two strings that are again of
different lengths. Here the problematic of how to think about the two
strings one starts with is the same as that in the case of the third axiom,
for which these issues have already been raised in the literature. For,
one needs to know that this axiom will hold for any two strings, which
again is not something that intuition seems to be able to deliver by itself.
Presumably, though, an answer to this problem in the case of the third
axiom will generalise to also solve the issue with this axiom.

The third axiom (Every stroke string has a successor that is also a stroke
string) has been the subject of much debate. Both Page (1993) and Hale
and Wright (2002) have objected to this part of Parsons’s account, ar-
guing that it is impossible to have intuitive knowledge of this particular
axiom. These worries have been addressed in Jeshion (2014), who of-
fers amended versions of the two ways in which we might know the
third axiom, according to Parsons. The first way is to imagine an ex-
emplar string without its internal structure (e.g. || . . . |) and then to
recognize that one can add another string to the end (to get || . . . ||).
Because the internal structure is here left out, the result that one comes
to know through this thought-experiment, is that regardless of the ex-
act string stroke, one can always add another stroke. In other words,
for every stroke string one can add another stroke in order to obtain its
successor, which is also a stroke string. Importantly, for this thought-
experiment to work, it can’t be the case that one imagines no particular
stroke string at all. For in that case, while it will be true that one hasn’t
represented the internal structure of the stroke string, it is also dubious
whether one has imagined a stroke string at all. Instead, one should
imagine a string of a definite size, but do so without representing its
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size in the imagination. This means that one has to imagine a string, but
only represent its front and tail. For example, one will have to imagine
a string which consists of 34 strokes, while only representing some-
thing such as ‘|| . . . ||’ (Jeshion, 2014, p.340-341). To what extent this
thought-experiment is helpful before one has basic arithmetical knowl-
edge is somewhat unclear, as it might be required to know something
about the number 34, before one is in a position to imagine a string
which consists of 34 strokes – as there does not seem to be an option of
discharging the reference to a number in terms of the actual string that
is imagined. Because one is not representing 34 separate strokes, there
needs to be something else that makes it the case that one is imagining
a string that consists of exactly 34 strokes. Perhaps it is possible to ex-
plain this in some way that doesn’t require the agent to already know
something about the number 34, but otherwise Jeshion and Parsons can
retreat to the second way of knowing the third axiom, which doesn’t
lead to worries of this kind.

The second way in which one might know the third axiom is similar to
the first, but doesn’t rely on one’s not representing the internal structure
of a stroke string. Instead, one perceives or imagines an exemplar stroke
string, with its internal structure fully articulated. Then, one recognizes
that it is possible to add one more stroke to the exemplar string, thus
constructing its successor. Finally, one realizes that the possibility of
adding one more stroke does not rely on the number of strokes in the
original stroke string. As a result, one comes to know that it is possible
to extend any stroke string in this way, thus arriving at the third axiom.
What is important to realize in this case, is that not all of the steps use
intuition. In particular, the part of the thought-experiment where one
has to realize that the possibility of adding one more stroke does not rely
on the number of strokes in the original stroke string isn’t based on an
intuition. That is not a problem for Parsons’s account though, because
he doesn’t claim that intuitive knowledge is knowledge based solely
on intuition (recall that induction isn’t intuitively known, but merely
transfers intuitive evidence).

Now that the reasons for thinking that the reformulated Dedekind-Peano
axioms are intuitively known are clear, all that remains is to sketch
how the rest of arithmetic is supposed to follow. As we have already
seen, Parsons thinks that applications of mathematical induction pre-
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serve intuitive evidence. Furthermore, he holds that with appropriate
definitions, the basic arithmetical operations are intuitively known to be
well-defined. For example, “addition reduces simply to concatenation
of strings, and one can hardly doubt that it is intuitive in the required
sense" (Parsons, 2008, p.255).1 The thought seems to be that, given
the intuitive knowledge of the axioms and the knowledge that the stan-
dard operations are well-defined, we can acquire intuitive knowledge of
arithmetic in general. That intuitive knowledge need not be immediate
(i.e. it might include reasoning from the axioms and definitions), but it
would still count as intuitive by Parsons’s standards. This gives us the
following epistemic claim:

(Strong) In order to acquire justified arithmetical beliefs
about the quasi-concrete model, one has to acquire intu-
itive knowledge of the axioms of that quasi-concrete model.
Then, on the basis of the further intuitive knowledge that
the operations in the model are well-defined, one acquires
justified beliefs through performing these operations on the
objects of the model.

Another option is that Parsons holds that all of the work on showing that
the axioms are intuitively known is merely supposed to show that our
other, direct, intuitions of arithmetical truths are properly grounded. On
this version, justification for most of our arithmetical knowledge comes
directly from intuition, and thus doesn’t pass through the axioms and
definitions. The demonstration that these axioms and definitions can be
intuitively known, is then merely supposed to further argue for the claim
that mathematical intuition is indeed capable of giving us arithmetical
knowledge. This gives us a weaker analogue of the previous epistemic
claim:

(Weak) In order to acquire justified arithmetical beliefs about
the quasi-concrete model, one has to use the faculty of math-
ematical intuition to intuit the truth of the relevant belief.
That this gives justified beliefs is guaranteed by the pos-

1This is only the case when one takes | to be the number one, otherwise one
has to remove one stroke from the concatenated string. Jeshion (2014) actually
forgets this, and thus gives examples that are incorrect (|+ ||=||| instead of the
correct |+ ||=||).
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sibility of acquiring intuitive knowledge of the (reformu-
lated) Dedekind-Peano axioms.

In addition to this intuitive knowledge of the (reformulated) Dedekind-
Peano axioms, it will on both accounts also be necessary to know (strong),
or be in a position to know (weak), the induction axiom. This knowl-
edge need not be intuitive, but if Parsons is going to use the axioms
to ground our arithmetical knowledge, then the induction axiom cannot
be left out. The next section will pick up the question which of these
interpretations is the more charitable, seen from a perspective of the
empirical adequacy of the theory.

5.2 Issues of Completeness

The previous section outlined several features of Parsons’s account that
give rise to issues when one starts to consider if he has given a complete
epistemology for arithmetic. At the outset, it has to be noted that Par-
sons never claimed that he has given a complete solution the question of
how we acquire mathematical knowledge. Nor has he claimed that the
stroke language, and the epistemology that accompanies it, is enough
to account for our arithmetical knowledge (as we saw, there is a need
for some type of abstraction to reach the natural numbers). However,
that doesn’t preclude a discussion regarding the extent to which Parsons
has succeeded in giving such a solution, and in particular whether it has
made any inroads into the problem at all.

5.2.1 Alternatives to strokes

An obvious place to start is with the stroke language that features so
prominently in Parsons’s account. The point to be made here is, of
course, that people don’t actually start to learn arithmetic by intuiting a
stroke string model of arithmetic. While this point is obvious, it is also
rather uncharitable towards Parsons. His appeal to the stroke string lan-
guage is best seen as an illustration of the type of model with which our
knowledge of arithmetic starts. As far as the account is concerned, any
quasi-concrete model in which it is possible to formulate the Dedekind-
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Peano axioms will do. Whether the model consists of stroke strings, or
strings of stars, or something else, is not important. So, a better way of
looking at the use of the stroke string language is to ask whether there
is anything of that sort that is used by people when they learn arith-
metic.

One thing that is very important in the early development of numerical
skills is counting, and as a result the list of numerals. Children generally
know the numerals up to ten at an early age, and then slowly develop
a grasp of which numbers correspond to which numerals. Currently, it
seems as if children learn this gradually, from a state where they know
the numerals but have no idea which numbers they designate. Then,
they learn the meaning of ‘one’, evidenced primarily by their ability
to respond correctly to the question to ‘give one object’. In several
stages, they subsequently learn the meaning of ‘two’, ‘three’ and ‘four’,
each of these stages being characterized by success at the task of ‘give
n objects’. A few months after children have managed to succeed at
the ‘give four objects’ task, they learn what is termed the cardinality
principle. Learning this principle means that children succeed at the
‘give n objects’ task for every numeral they know (for all of this, see
e.g. Sarnecka and Carey, 2008; Sarnecka and Lee, 2009; Sarnecka and
Wright, 2013). The sequence formed by the numerals, which are at this
point words that the child can repeat in the appropriate order, this form a
good candidate for something like the stroke strings. At the very least,
this accords well with one of the concluding remarks made by Robin
Jeshion: “[m]odels of arithmetic that are accessible to intuition account
for one piece of the story of our knowledge of number, one that is el-
ementary and likely developmentally early – both psychologically and
historically." (Jeshion, 2014, p.348) The list of numerals is, according
to current empirical research, the main focus of early development of
our knowledge of number (again, see Sarnecka and Carey, 2008). So,
one would expect that if quasi-concrete models of arithmetic play a role
in our knowledge of number, then it would be in connection with the
sequence of word-types that is the list of numerals.

If the numeral list is going to function in this way as a starting point
for our knowledge of arithmetic, then it can’t be the case that it only
does so when children have learned the cardinality principle. For once
children have reached that stage, they have become able to act on the
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basis of the one-to-one correspondence they constructed between the
numerals and the set that was counted – as evidenced by their ability to
correctly respond to ‘give n tasks’ for arbitrary n (provided they know
the numeral).1 That means that at this stage children are already one
step ahead of Parsons’s account, as they are already in a position to
act on the basis of the one-to-one correspondences, which may just be
enough for them to understand what a cardinal number is. Claiming
that it is only then that the numeral list is used as a model of arithmetic
makes one wonder whether the numerals themselves are seen as a model
of arithmetic, or rather whether the numerals are used to refer to the
numbers, which are seen as giving a model of arithmetic. If the latter
is the case, then we can’t speak of a model of arithmetic using quasi-
concrete objects, since the objects that figure in the model will be the
natural numbers themselves. If the former, then there would seem to be
no good reason why children don’t see the numeral list as such a model
before they have learned the cardinal principle. We should thus look for
a quasi-concrete model of arithmetic earlier on, when the numerals are
not yet linked to the numbers. At that stage, the numeral list itself really
is just a sequence of quasi-concrete objects to which one can apply the
Dedekind-Peano axioms.

The problem with having to see the numeral list as a model of arithmetic
at a stage before children have learned the cardinality principle (when
they’re under 4), is that at this stage they know only a short initial seg-
ment of the numeral list – usually up to ‘ten’. That is a problem, because
there is no clearly iterated operation in the numeral list, especially not at
that point. While it is clear to children that the numerals designate spe-
cific numbers (Sarnecka and Gelman, 2004), it is not evident that they
can perform any of the two thought-experiments that are supposed to
yield the intuitive knowledge of the third axiom. In the case of the first
thought-experiment, there is a problem with the demand to represent the
numeral without representing its place in the sequence. Unlike with the
stroke language, the place of numerals in the sequence is not directly
represented, except in the temporal ordering evident when one recites

1This is a weaker interpretation of their abilities than is generally given by
the psychologists, who claim that children at this stage know what the mean-
ing is of the numerals. Being able to act on one-to-one correspondences also
seems to be able to explain the current data, though, and it gives a weaker
interpretation of children’s abilities at this stage.
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the numeral list. So, perhaps this demand reduces to representing a nu-
meral without representing its place in the temporal order. However,
because its place in the temporal ordering is so clearly indicated by the
word, it is not obvious that this is possible. Regardless of whether this
difficulty can be solved, there is a larger issue that affects both of the
thought-experiments. This issue is that it is not clear that the place in
the numeral sequence doesn’t matter for one’s ability to construct a suc-
cessor. Children at this stage have a limit to their knowledge of the
numeral list, such that it’s actually true that there is a numeral for which
they can’t give a successor. Because one doesn’t perform exactly the
same operation each time, children thus do not seem to be in a position
to have intuitive knowledge of the third axiom.

A defender of Parsons’s account may now want to object that, while the
numeral list isn’t used early on, it is used later on as a step to our arith-
metical knowledge. At this later stage, one does know enough of the
numeral list to know that we can, in principle, always find a successor.
Perhaps one wants to switch from the word-types to the types of the ara-
bic numerals, in which case it is even clearer that we can always find a
successor, which is also an arabic numeral. However, at this stage peo-
ple already have knowledge of arithmetic, and actively use the numerals
to refer to numbers. Once one opts for developmentally later stages, the
need for an intermediate stage, where one works with a model of arith-
metic consisting of quasi-concrete objects, is removed. At that point,
children already have knowledge of arithmetic, which must have arisen
in some other way. Wanting to apply Parsons’s account to a later stage
of development only leads to the conclusion that his account is useless
at that stage; some other account is then already needed to account for
the knowledge of arithmetic present at the later stage.

The numeral list, while initially promising, is thus not a good basis for
a quasi-concrete model of arithmetic. Aside from this list, there do not
appear to be any other good candidates, as for example sets of objects
do not seem to be structured rigorously enough. In particular, sets of
objects do not seem to have a unique successor function. While the nu-
meral list still has this feature, there doesn’t seem to be a unique way
to go from a set of two objects to a set of three objects. Of course, one
has to add one object, but this can be done in several ways. One can
vary, at least, the type of object added, the position where the additional
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object is placed, and properties of the object such as its colour. Perhaps
though, one can find some alternative to the stroke language that is ac-
tually used. The above however, should have showed that it is going
to be difficult to find something that has both the same structure and is
known well enough, so that one is in a position to have intuitive knowl-
edge of the appropriately reformulated Dedekind-Peano axioms. As far
as completeness of the account goes, unless this difficulty is solved,
it would follow that practically no one actually acquires mathematical
knowledge in this way. The rest of this section will concern itself with
another issue related to completeness, which has to do with the two
possible interpretations of Parsons’s account.

5.2.2 The interpretations of Parsons’s account

The previous section ended with two ways in which one could interpret
Parsons’s account. The first was that it requires people to acquire in-
tuitive knowledge of the (reformulated) Dedekind-Peano axioms, and
knowledge of the induction axiom, first, and that they can only then ac-
quire arithmetical knowledge (within the model of the stroke language).
The second allowed for direct intuitive, arithmetical, knowledge across
the board. It did however, require that people are in a position to come
to know the (reformulated) Dedekind-Peano axioms, and the induction
axiom, so that the justification of their beliefs could not be questioned.
An even weaker version of the latter would be one on which the re-
quirement that people are in a position to come to know the Dedekind-
Peano axioms is removed, and which therefore just claims that people
can have direct, intuitive, knowledge of quasi-concrete models of arith-
metic. This would not be a proper interpretation of Parsons’s account,
especially given the amount of time he spends on establishing that we
can have intuitive knowledge of the Dedekind-Peano axioms. It is, how-
ever, an account that builds on Parsons’s work on the de-mystification
of mathematical intuition. So, while this third option is not a proper in-
terpretation of Parsons’s account, it is one that will have to be discussed
in the current setting. So, this third option is:

(Mere intuition) In order to acquire justified arithmetical
beliefs about a quasi-concrete model, one merely needs to
exercise one’s faculty of intuition. This faculty is such that
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it gives us justification, even if it can’t supply us with intu-
itive knowledge of the (reformulated) Dedekind-Peano ax-
ioms.

Starting with the first account (Strong), there is a simple reason why
it fails to account for the way ordinary people acquire mathematical
knowledge, aside from the issues raised earlier on in this section. That
reason is that people do not know axioms, and consequently don’t ac-
quire arithmetical knowledge through them. As we will see in a later
chapter (eight), people have only a very limited knowledge of math-
ematical induction. While this is not one of the axioms that can be
intuitively known according to Parsons, it still plays a very crucial part
in arithmetic. Without it, a large part of arithmetic is inaccessible, and
so the account that is offered will have a very limited scope. Aside
from that, it can be questioned whether people actually do acquire their
arithmetical knowledge by reasoning from the Dedekind-Peano axioms,
and a bunch of definitions. While, to my knowledge, there hasn’t been
any research into whether this actually goes in, it seems fairly obvi-
ous that this is not the case. People are certainly unable to state the
Dedekind-Peano axioms, and they also don’t seem to reason from them
in a conscious way. While they are certain to know (the reformulated
versions of the proposition) that 0 is a natural number, and can probably
figure out that the other (reformulated) Dedekind-Peano axioms (aside
from the induction axiom) are true, that doesn’t mean that they actually
employ these axioms to arrive at their other arithmetical knowledge. It
is mainly this last claim, which is also a part of the first interpretation
of Parsons’s account, that seems to be false for the majority of people,
if not for everyone.

The strong interpretation therefore cannot give an accurate description
of how people acquire their arithmetical knowledge. The question that
remains is whether there is any difference between the second (Weak)
and third (Mere intuition) option, when it comes to the completeness
of the proposal. This will depend most of all on how strong the re-
quirement is that people are in a position to know the (reformulated)
Dedekind-Peano axioms. A natural reading would be that people have
to recognize the truth of these propositions when they are presented to
them, something which (at least in the case of arithmetic) they appear
to be able to do. The only thing that separates the two versions, then, is
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the interpretation of the constraint with respect to the induction axiom.
As we will see, even people with an undergraduate degree with a large
emphasis on mathematics often fail to master mathematical induction.
So, when one requires that people can know the induction axiom, the
question is how exactly we should interpret the ‘can’ here. In a sense,
they are able to know the induction axiom, since mathematicians clearly
have a good grasp of mathematical induction. On the other hand, they
are also unlikely to be in a position where they can learn the induction
axiom very easily, as is evidenced by the failure of undergraduate stu-
dents to fully grasp the axiom. So, if one goes for a very strict reading
of ‘can’, the two versions will differ with respect to completeness. For
most people are unlikely to meet the demands of such a strict reading;
demands which are not placed on them by the third account offered
here. If, on the other hand, one goes for a sufficiently weak reading of
‘can’, the two accounts will be indistinguishable with respect to com-
pleteness.

5.3 Correctness worries

The previous section left us with two accounts (Weak and Mere intu-
ition), both of which fail to place any overly strong demands on agents.
Since the two, on a reading of ‘can’ that is not overly strict, are af-
fected the same way by the worry raised here, I will treat them as one
account for convenience. That account states, basically, that people ac-
quire arithmetical knowledge through mathematical intuition, as is evi-
denced by the obviousness some arithmetical truths have. The evalua-
tion of this account depends on how exactly one construes the relation
between the obviousness of arithmetical truths and the faculty of math-
ematical intuition. As we saw, mathematical intuition is posited as the
best explanation of the perceived obviousness. That, however, leaves at
least two options for the nature of mathematical intuition. Either one
has a prior idea of what mathematical intuition is, and claims that it
is this specific faculty that is the best explanation of the phenomenon.
Or, the claim is that mathematical intuition is that faculty which best
explains the obviousness, without any pre-conceived ideas about what
else mathematical intuition is. On the latter option, mathematical intu-
ition is clarified through the observed obviousness of some mathemat-
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ical truths. In effect, it is then seen as whatever it is that leads to this
perceived obviousness. As an interpretation of Parsons, I think that the
latter interpretation is the more plausible one, since there is no other,
independent, characterization of mathematical intuition. As a conse-
quence, whatever we find that best explains the obviousness of some
arithmetical truths, that faculty will be the one Parsons calls mathemat-
ical intuition. So, there are now two accounts left:

(1) Justified arithmetical beliefs about quasi-concrete mod-
els are acquired through an exercise of mathematical intu-
ition. This faculty of mathematical intuition accounts for
the perceived obviousness of the truths that are believed as
a result of it, but is at the same time specified independently
from this explanatory role.
(2) Justified arithmetical beliefs about quasi-concrete mod-
els are acquired through an exercise of mathematical intu-
ition. This faculty of mathematical intuition accounts for
the perceived obviousness of the truths that are believed as
a result of it, and is defined as whatever psychological fac-
ulty best fulfils this explanatory role.

Both of these accounts rely on an explanation of the perceived obvious-
ness of truths, an explanation for which is suggested in the following
subsection.

5.3.1 Intuition that and number cognition

The faculty that best seems to explain the obviousness of the truths
Parsons discusses appears to be number cognition,1 which raises prob-
lems for both accounts given above. This is problematic because, as we
have seen in chapter two, number cognition need not give us arithmeti-
cal knowledge. One of the reasons for thinking that number cognition
has this explanatory character is that, as for example Jeshion (2014,
348) says explicitly, the observed obviousness does attach to statements
about the stroke language, but not to statements involving numerals.

1Recall that number cognition is a specific faculty, studied by psycholo-
gists, and discussed in detail in chapter two. It shouldn’t be confused with
cognition of number, despite the (by now misleading) name.
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So, it is perceived as obvious (by Jeshion and Parsons) that |||| contains
more strokes than ||, but it is not perceived as obvious that 3 > 1. This
corresponds very well to the fact that number cognition operates in the
case of non-symbolic representations of magnitude, but not (or at least
far less) in the case of symbolic representations of magnitude.

Furthermore, the cases where number cognition is known to be func-
tioning have the same kind of obviousness. We immediately see that
there are three squares here: ⇤⇤⇤. Similarly, number cognition al-
lows for the kind of behaviour that is easily described as recognizing
arithmetical errors, even in infants. Since adults, whose intuitions are
in question here, have somehow coupled number cognition to an un-
derstanding of the natural numbers, it is not surprising that they can
recognize basic arithmetical equivalences on the basis of number cog-
nition. For example, Jeshion mentions the transparency of ||| plus ||
equals |||| (2 + 1 = 3, recall that a single stroke stands in for zero).
However, as one would expect if number cognition was the underlying
cause of this transparency, this decreases as the stroke strings become
longer. For example, ||||||| plus |||||||| equals |||||||||||||| (6 + 7 = 13)
is far from transparent or obvious. If one chooses even longer strings,
this will only get worse.1 The same happens to another example that is
appealed to by Parsons, involving successor. While it is true that, as he
says, it appears obvious that ||| is the successor of ||, this is no longer the
case for longer strings. For example, one will need to count the number
of strokes in the following strings to verify that it is true that ||||||||||| is
the successor of ||||||||||.

The above cases strongly suggest that what underlies the obviousness
of the truths that Parsons has appealed to, is number cognition. Given
the similar structure between these truths, and the ones that have al-
ready been researched by the psychologists, it thus seems reasonable
to say that number cognition currently gives the best explanation of the
obviousness of these truths. Furthermore, we have a reasonably well-
developed understanding of number cognition, and we lack any other
faculty of the sort (as far as psychologists can currently tell). Depend-
ing on which of the two accounts one favours, this has different conse-

1Before the reader starts worrying that these instances of addition are prob-
lematic for number cognition, recall that they could be accounted for using the
concatenation defined on quantities.
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quences for a defender of Parsons’s approach to giving an epistemology
for mathematics.

5.3.2 Consequences

On the first interpretation, on which intuition that is an independently
specified faculty, the result of the above discussion is that mathematical
intuition and number cognition are two competing explanations of the
perceived obviousness of these specific arithmetical truths. This version
of the theory therefore doesn’t make any claims about what number cog-
nition is supposed to give us, at the cost of leaving it a mystery what kind
of psychological faculty mathematical intuition is. That is not to say that
the first account isn’t affected by the fact that number cognition seems
to best explain the perceived obviousness of these arithmetical truths.
The situation on this view is namely that intuition that and number cog-
nition are two competing hypotheses, when it comes to an explanation
of the perceived obviousness of some truths. If number cognition turns
out to be the best explanation, then the view on the first interpretation
can’t be complete, because number cognition (and not intuition that)
will be used. In other words, intuition that will no longer be the best
explanation of the perceived obviousness of some truths, and thus there
is no longer any reason to think that we employ such a faculty. Fur-
thermore, on this interpretation, we are lacking an explanation of what
intuition that is, besides the faculty that accounts for the obviousness of
some truths. So, not only are there worries about the completeness of
this version of the account, it also raises the question (again) as to what
mathematical intuition is supposed to be, and why exactly we should
accept that there is such a faculty. For, at the moment, there is no clear
phenomenon that forces us to posit a faculty of mathematical intuition,
because we have a good alternative explanation of the obviousness of
the truths that Parsons appeals to. So, not only will Parsons have to
give another specification of mathematical intuition, he will also have
to identify another reason why we need to accept that there is such a
faculty as mathematical intuition.

On the second interpretation of the relation between mathematical in-
tuition and the observed obviousness of some truths, there are resulting
claims about the role of number cognition. These claims follow from
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the fact that this account identifies mathematical intuition with what-
ever faculty best explains the perceived obviousness of the arithmetical
truths. As a result, the above subsection leads to the conclusion that
mathematical intuition is to be identified with number cognition. This
means that Parsons’s intuition that is actually the faculty of number cog-
nition. Now there is a difference in the knowledge that is claimed to be
acquired, and the knowledge that, for the reasons given earlier, number
cognition delivers us. Because of the identification between intuition
that and number cognition, the conclusion has to be that this version
of the account seems to be incorrect (in the technical sense given ear-
lier). The reason for this is that the account claims that intuition that,
i.e. number cognition, gives us arithmetical knowledge. However, as
we have seen, this is not a claim that is justified at the moment. Fur-
ther empirical evidence might decide in Parsons’s favour, but as matters
stand this account makes a claim that is unjustified, given the possibility
of interpreting number cognition in a way where it can’t supply us with
justified arithmetical beliefs.

It has to be stressed here that, while the part of the account involving
intuition that might be incorrect, this doesn’t say anything about intu-
ition of. Intuition of, in the case of quasi-concrete models of arithmetic,
merely supplies our grasp of the objects that form the domain of the
model. So, while it is necessary for us to have intuitions that certain
things are true in this model, in itself it isn’t intended to supply us with
arithmetical knowledge. All intuition of is supposed to supply us with is
a grasp of | as a token of a stroke string type, and that is not contested by
the identification between intuition that and number cognition. Whether
or not we do have something like intuition of quasi-concrete objects is
another matter, which I will not go into here. For now, it is merely im-
portant that Parsons’s claims about intuition of are not affected by my
arguments against his claims about intuition that.

5.3.3 Summary

To summarize, the various versions of Parsons’s account all fall short of
the empirical mark. There is a general worry in finding an alternative to
the stroke language, which is both actually used and fits all the structural
requirements. Then, more specifically, there are worries for each of the
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versions of Parsons’s account looked at here. The first interpretation,
on which one has to acquire arithmetical knowledge through axioms,
was argued to be incomplete because of the limited knowledge people
have of axioms, and the even more limited amount of cases where they
acquire knowledge through axioms. The second interpretation might
run into the same problems, but only does so when the requirement
that people can know the axioms is given a strong reading. On a weak
reading, it becomes (for all current intents and purposes) equivalent to
the third version of the account, on which people acquire knowledge di-
rectly through intuition that, irrespective of any (possible) knowledge of
the axioms. These accounts face worries of either correctness or com-
pleteness. If they are interpreted such that they equate intuition that and
number cognition, then it follows that they may be incorrect, because of
the viability of the interpretation of number cognition presented in chap-
ter two. If, on the other hand, they are interpreted such that intuition that
and number cognition are competing hypotheses, then they seem to lose
the competition with number cognition, resulting in the conclusion that
the accounts are not complete. Taken together then, there seem to be
some serious worries related to Parsons’s account as soon as one looks
at whether or not it might give an accurate depiction of the way people
acquire arithmetical knowledge.
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6. Linsky and Zalta’s use of
descriptions
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6.1 Linsky and Zalta’s account

Linsky and Zalta defend an accont which, like Parsons’s account, relies
heavily on an underlying conception of the ontology of mathematics.
Here I will look specifically at the Platonist account that they have de-
fended in Linsky and Zalta (1995), and the epistemology they sketch in
that paper. This is an important restriction to the scope of the investi-
gations, as Linsky (2005) mentions that Zalta later on changes his mind
about the platonist interpretation of the underlying ontology. Slightly
later than that, Zalta (2007) himself indicates that he is in favour of
a unification of the different strands in the philosophy of mathematics
(structuralism, fictionalism, etc.), viewing all of them as different inter-
pretations of the same underlying ontology. Such a restriction doesn’t
preclude a more general applicability of the arguments that will be given
here. The alternative interpretations that Zalta offers, such as the nom-
inalist interpretation in Bueno and Zalta (2005), do not alter the under-
lying epistemological story in any way that precludes the applicability
of the arguments that are to follow. Because these alternative interpre-
tations preserve the underlying epistemological story, and structure the
ontology of mathematics by the same principles as in the case of a pla-
tonist interpretation, it is to be expected that my arguments here will
generalize to all of the interpretations given by Zalta.

6.1.1 A plenitude of abstract objects

The basis for Linsky and Zalta’s account is the thesis that for every con-
dition on properties, there exists a corresponding abstract individual. In
this respect it is similar to other philosophies of mathematics that claim
that every possible mathematical object exists, such as that of Balaguer
(1995) and Resnik (1981), which are discussed in the introductory text
to part I. Before expanding on this feature of their ontology, though, it
is first important to look at the two types of predication on which the
ontology is based. One of these two is the familiar kind of predication,
formalized in the usual way as Pa, which they call exemplification. Ex-
emplification is such that for every object, an object either exemplifies
that property, or it exemplifies the complement of that property. For ex-
ample, for every object it is either true that that object is physical, or it
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is true that that object is non-physical. This contrasts with the second
type of predication, which is called encoding, where this need not be the
case. Encoding is formalized as aP, which reads ‘a encodes P’, and dif-
fers from exemplification in that objects need not encode either a prop-
erty or its complement. Some objects, namely concrete objects, don’t
encode anything at all. In turn, those objects that do encode properties,
need not be such that they either encode a property, or its complement.
Abstract objects can encode but a single property, which makes encod-
ing different from exemplification. Another important feature of encod-
ing is that it is possible for abstract objects to encode properties that
cannot be exemplified at the same time. So, it is possible for there to be
an abstract object that encodes the properties ‘being square’ and ‘being
round’ at the same time. Because encoding doesn’t imply exemplifica-
tion, such an object is still possible, despite the fact that the properties
can’t be exemplified by the same object at the same time.

The ontological picture that is built on these two types of predication
is based on three formalized principles. They are reproduced below,
with the use of A!x as a predicate, which says of x that it is an abstract
object.

1. For every condition on properties, there is an abstract
individual that encodes exactly the properties satisfy-
ing the condition.

9x(A!x&8F(xF $ f)), where x is not free in f

2. If x possibly encodes a property F, it does so neces-
sarily.

⌃xF !⇤xF

3. If x and y are abstract individuals, then they are iden-
tical if and only if they encode the same properties.

A!x&A!y ! (x = y $8F(xF $ yF))

The first principle is the comprehension principle for ab-
stract objects; the second principle says that what an ab-
stract object (possibly) encodes is essentially encoded; and
the third principle is the identity principle for abstract ob-
jects. (Linsky and Zalta, 1995, p.536)
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These three principles together form their account of abstract objects,
which thus has a unique abstract object corresponding to any condition
on properties. Such a condition on properties can be very simple, such
as that F is either ‘being square’ or ‘being round’, or it can be more
complicated. Such a more complicated condition on properties is what
Linsky and Zalta use to give a more specific ontology for mathemat-
ics. For these more complicated conditions on properties, they need a
further technical notion of truth in a theory. This is based on a prior
notion of theorem-hood, and thus on a prior relation of logical conse-
quence (encoding of propositions is closed under logical consequence).
Those notion help determine which propositions are encoded by a the-
ory, which are just those propositions that are theorems of the theory
(i.e. those propositions that are provable in the theory). They then de-
fine truth in a theory in the following way:

a proposition p is true in a theory T (‘T ✏ p’) if and only if
T encodes the property being such that p. Formally:

T ✏ p =d f T [lyp]

(Linsky and Zalta, 1995, p.539)

So, Linsky and Zalta use a consequence of their comprehension prin-
ciple, that theories are abstract objects (but not mathematical objects;
if these are taken as objects that can be instantiated by the variable oc-
curring in the schema for a definite description given below), to define
when a proposition is true in a theory. Since theories are identified by its
theorems, and not by any particular axiomatizations, this works. The-
ories are simply those abstract objects that encode all and only those
propositions that are theorems of that theory. With this definition in
hand, it is possible to express that certain propositions are true in the
case of specifically mathematical theories. This is exactly what Linsky
and Zalta use it for, effectively identifying mathematical objects with
those abstract objects that encode precisely the properties that they ex-
emplify, according to the mathematical theory to which they belong.
Linsky and Zalta denote variables for mathematical objects, because
they are tied to specific theories, as kT . Importantly, the variable kT
only ranges over objects in the domain of a mathematical theory T. As
a result, the abstract object that is the theory cannot be referred to using
one of these definite descriptions; only the objects in the domain of a
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mathematical theory can be referred to in this way. Those objects can
be referred to (but not defined) by instances of the following schema
for a definite description (guaranteed to refer due to the comprehension
principle and the identity conditions on abstract objects):

kT = iy(A!y&8F(yF $ T ✏ FkT ))

So, the number 2 of Peano arithmetic is the abstract object that en-
codes precisely those properties that it exemplifies in Peano arithmetic,
such as ‘being the successor of 1PA’. Mathematical objects are thus de-
scribed in terms of the theories that they belong to, and as a result, if
one chooses a different theory, one is describing a different mathemat-
ical object. Thus, the number 2 of Peano arithmetic is different from
the number 2 that occurs in a theory that includes the real numbers.
Because of the comprehension principle, and the principle stating the
identity conditions on abstract objects, as soon as there is a difference
in the properties that satisfy the condition in the definite description,
one ends up describing different abstract objects. So, as soon as one
changes something in a mathematical theory, one as a result, describes
different mathematical objects. These changes in theory need not even
lead to a consistent theory, since Linsky and Zalta are happy to accept
abstract objects that encode properties that, taken together, are inconsis-
tent. This was already seen in the case of the abstract object encoding
both ‘being square’ and ‘being round’, a feature that is also observed in
the case of more strictly mathematical objects.

6.1.2 An epistemology based on descriptions

Now that we have seen the basic structure of Linsky and Zalta’s ontol-
ogy for mathematics, it is possible to look at the epistemology they base
on this ontology. This epistemology makes essential use of the definite
descriptions that are used to describe mathematical objects. Reference
to mathematical objects, usually something very problematic, is thus
very simple to explain for Linsky and Zalta, because of the specific
structure they have attributed to the ontology. As a result, it is impos-
sible to refer to a mathematical object (or, for that matter, any abstract
object) which has properties that are in some way not directly accessi-
ble. This contrasts with the case of concrete objects, which exemplify
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many properties (such as their atomic composition) which we can only
find out about after intensive research. That is not to say that it is partic-
ularly easy to figure out which properties mathematical objects encode,
but it is to say that all of the properties they encode can be deduced from
the definite description used to refer to them.

Linsky and Zalta thus analyze all of our reference to mathematical ob-
jects in terms of definite descriptions. This is clear from their decision
to analyze names of abstract objects in terms of the definite descrip-
tions we saw earlier.1 This raises the question what exactly is needed to
succesfuly employ the definite descriptions to refer to a mathematical
object. Linsky and Zalta say that all one needs is to understand the de-
scriptive condition, but that leaves several options open. A very strong
interpretation would be that one needs to know precisely which proper-
ties are encoded by the object one tries to refer to. In that case, not only
does one need to know the theory that the object belongs to, one also
needs to know precisely what is true in that theory about the object in
question. That gives the following account of reference:

(Strong reference) In order to refer to a mathematical ob-
ject, one needs to use a definite description which specifies
the properties encoded by the mathematical object. In order
to do so, one has to know all of the properties encoded by
the mathematical object.

Another, weaker, interpretation is to view this as saying that one needs
to understand that the object referred to encodes all of the properties
that a specific theory (which one has in mind) attributes to that object.
In this case, all one would need to know is which theory the object is
supposed to belong to, and what place it has in that theory. This gives a
slightly different account of reference:

(Weak reference) In order to refer to a mathematical object,
one needs to use a definite description which specifies the
properties encoded by the mathematical object. In order
to do so, one has to know the theory to which the object

1This analysis is to be interpreted as explaining the descriptive function
of names in terms of the description given above. Thus, the way in which
names describe mathematical objects is by their being equivalent to definite
descriptions which can be used to describe mathematical objects.
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belongs, and sufficiently many properties of the object to
identify it within that theory.

For example, to refer to the number one of Peano arithmetic, all one
would need to know is that the relevant object belongs to Peano arith-
metic, and is (in that theory) the successor of the number zero. The
even weaker interpretation, where one would only need to know which
theory the object is a part of, seems to be too weak. For if one wants to
refer to a specific object, one will have to know enough such that one
actually succeeds in picking out a particular object. If all one knows is
that the object belongs to a specific theory, then that won’t be enough
to pick out a particular object of that theory (unless the theory only has
one object in its domain). Merely understanding that the condition in
the definite description refers to some object of Peano arithmetic won’t
be enough to refer, especially to do so with a rigid definite description,
to a specific number. This third interpretation is thus too weak, because
based on what a subject would know on this theory, the referent is left
indeterminate. Since Linsky and Zalta want the reference to be with
rigid definite descriptions, such indeterminacy cannot be admitted. So,
either one has to know all of the properties encoded by a mathematical
object one wants to refer to, or one has to know the theory it belongs
to, and sufficiently many properties to identify the object within that
theory.

Leaving aside the issue of how exactly to interpret Linsky and Zalta’s
theory of reference for now, the rest of their epistemology is fairly
straightforward. According to them, our mathematical knowledge is
based on our access to mathematical objects, and is thus directly facili-
tated by the definite descriptions used to refer to mathematical objects.
However, here too there are several ways of interpreting the exact epis-
temology that is given by Linsky and Zalta. Because the success of
the definite descriptions depends on the comprehension principle and
identity conditions, these play a major role in facilitating us with math-
ematical knowledge. It is therefore not surprising to see Linsky and
Zalta make a remark about the prominence of these principles. “The
comprehension and identity axioms of principled Platonism [the on-
tology presented above] are the link between our cognitive faculty of
understanding and abstract objects." (Linsky and Zalta, 1995, p.547)
And again, “our cognitive faculty for acquiring knowledge of abstracta
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is simply the one we use to understand the comprehension principle."
(Linsky and Zalta, 1995, p.547) This raises the question of what role
is played by the comprehension and identity axioms in the acquisition
of mathematical knowledge. Especially the second quote suggests that
these axioms play an active role, as does Linsky and Zalta’s insistence
that the comprehension principle is synthetic and known a priori (they
don’t use the more neutral ‘knowable’).

If there is indeed an active involvement of the comprehension and iden-
tity axioms, then the most plausible way of construing this is that people
have to know these axioms in order to acquire mathematical knowl-
edge. That way, they also know that the definite descriptions they are
(presumably) using refer, and thus that they can acquire mathematical
knowledge through the use of these definite descriptions. This would
be an internalist way of construing the justification that is acquired for
one’s mathematical beliefs. For on it, one has to know all of the parts
of one’s justification, namely not only that the definite descriptions re-
fer, but also why they refer.1 This version of their account can then be
summarized as follows:

(Strong knowledge) Agents can acquire justified mathemat-
ical beliefs on the basis of their reference to mathematical
objects. In order to do so, though, they need to know that
their reference is successful, and thus they need to know the
principles governing the ontology of Linsky and Zalta.2

Since this is such a demanding interpretation of Linsky and Zalta’s ac-
count, a weaker interpretation might be a more charitable one. While
there might be room for an interpretation where one only needs to know
the comprehension principle (and not the identity conditions), it is more
interesting to look directly at an interpretation on which one doesn’t

1This is not the only internalist way of construing justification, though.
Many internalists would also be happy with an accessibility requirement in-
stead of a knowledge requirement. I won’t discuss such an account here, since
the externalist account is weaker than such an alternative internalist account.

2It should be stressed that this is merely a rough sketch for an epistemic
claim. Clauses for the non-accidentality of the truth of the belief, and so on,
will have to be included. It does, however, capture the basic idea that underlies
the fully worked out version, and as a result that final version will be amenable
to the same criticisms as this rough version.
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have to know any of the principles governing the ontology of Linsky and
Zalta’s account. On such an account, the truth of these principles merely
assures that the justifying process instantiated (that of acquiring justi-
fied beliefs through the reference to mathematical objects) manages to
succeed in giving us justified beliefs about mathematical objects. Here,
then, the principles of the ontology have merely a facilitating role. Be-
cause these principles are true, it is possible to acquire justified beliefs
and knowledge in the way Linsky and Zalta describe. However, there is,
on this weaker version, no need to know why the descriptions that are
used manage to refer to mathematical objects. As a result, this version
is more externalist, since there are parts of the justification that function
in the background, without the need for them to be internally accessible
to the agent. This weaker interpretation thus is:

(Weak knowledge) Agents can acquire justified mathemat-
ical beliefs on the basis of their reference to mathematical
objects. Their ability to do so is dependent on the truth of
the principles governing Linsky and Zalta’s ontology, but
the mere success of reference is enough for agents to ac-
quire justified beliefs.

The basic structure of Linsky and Zalta’s epistemology is thus as fol-
lows. First, one has to understand the descriptive condition that is used
to refer to whatever mathematical object one aims to acquire knowledge
about. Then, once one understands that condition, one is able to refer to
that mathematical object. That access to the object is then used to an-
alyze it, through which one acquires justified mathematical beliefs and
mathematical knowledge. As we have seen, there are at least two ways
to interpret the preconditions to the two main steps here (of referring
and acquiring knowledge). Either one needs to know all of the prop-
erties encoded by the mathematical object one is referring to, or one
only needs to know the theory the object belongs to and the defining
characteristics, within that theory, of the object referred to. Then, when
it comes to acquiring knowledge, there are again at least two options.
Either one has to know the comprehension and identity axioms, or one
doesn’t have to know them – in which case their truth merely functions
to guarantee that the definite descriptions refer.
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6.2 (In)Completeness of the account

The previous section gave several options for an epistemology that is
based on Linsky and Zalta’s platonist ontology for mathematics. Now
that we have a clearer picture of their theory, let me briefly return to my
reason for thinking that the restriction to their platonist interpretation is
unproblematic, and that the following arguments generalize to all of the
versions of their theory. As I mentioned earlier, the nominalist interpre-
tation of the ontology doesn’t change the epistemological story. Now
that this story is clear, it is possible to expand a little on this. Bueno and
Zalta (2005) present a nominalist version of the above account, but do
so by changing very little. Their account is given in the light of Jody Az-
zouni’s theory (Azzouni, 2012), on which there is a distinction between
the truth of existentially quantified statements and ontological commit-
ment. This difference is exploited by Bueno and Zalta, by applying it
to the interpretation of the existential quantifier in the comprehension
principle. They thus keep the principles governing the ontology, as well
as the definite descriptions as a way of acquiring mathematical knowl-
edge, although in this case that knowledge will not be about (existing)
mathematical objects. Because they keep all of the elements looked at
above, and only change the interpretation of the existential quantifier,
all of the arguments below will also apply to this interpretation of Lin-
sky and Zalta’s account. There is thus a good reason to think that the
restriction to the platonist account doesn’t preclude the applicability of
the arguments to other construals of the underlying ontology.

One obvious argument against the completeness of one of the versions
of the theory of Linsky and Zalta has to be mentioned. When one takes
the strong interpretation of the acquisition of mathematical knowledge,
it is required that people know the comprehension and identity axioms
before they can acquire mathematical knowledge. Obviously, this is a
requirement that people cannot live up to, as even mathematicians are
unlikely to know that Linsky and Zalta’s comprehension and identity
axioms hold. Even when one were to restrict this to the more modest
demand of knowing what the ontology of mathematics is like, will it
be the case that people fail to live up to the demands of the account.
For as Linsky and Zalta say so often, even among philosophers there
is a widespread tendency to think of mathematical objects as existing
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in a sparse way, i.e. as thinking that not every abstract object that can
be described exists. Non-philosophers, who are unlikely to have given
any thought to the ontology of mathematics, are thus also likely to think
of mathematical objects in some other way than Linsky and Zalta do.
Aside from this, it is not clear that such a weakened demand can still
play the role that the axioms are supposed to play on the strong ver-
sion. Merely knowing that every possible mathematical object exists
is not enough to guarantee that the definite descriptions refer, because
this knowledge on its own doesn’t guarantee that there is a unique ab-
stract object for every condition on properties. The informal statements
of all of the axioms taken together may suffice, but again, it is highly
unlikely that people know these, and even more unlikely that all of their
mathematical knowledge is based on them. The strong interpretation of
the acquisition of knowledge, is therefore not going to lead to anything
close to a complete epistemology of mathematics.

6.2.1 Preliminary knowledge for reference

Before starting on worries related to completeness, it is important to get
a philosophical worry out of the way, which might prevent a full un-
derstanding of Linsky and Zalta’s account. This worry would be that,
since we need to know at least the defining characteristics of the ob-
ject we want to refer to, we would already need to have knowledge of
that object, before we succeed in referring to it. If that were the case,
then Linsky and Zalta would need to provide us with some other way of
acquiring knowledge of mathematical objects, which accounts for this
initial knowledge of mathematical objects. However, because of the na-
ture of their ontology, such preliminary knowledge of mathematical ob-
jects is not required. Since the comprehension principle guarantees that
there is an object for any condition on properties, all that is required is
to know which properties the object that is being referred to is supposed
to encode. Whatever condition we come up with, there will be an object
that encodes precisely the properties that satisfy that condition. So, the
only preliminary knowledge we need to have is of the properties, and
there is no need for any preliminary knowledge that directly involves
the object. There is still a problem of how we acquire that knowledge
of the properties, but there is no need to go into that issue in order to
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raise worries for Linsky and Zalta’s account.

One might now be worried that this solution only works as long as one
doesn’t consider theories. A good reason for such a concern is that theo-
ries encode precisely those propositions that are theorems of the theory.
Since these propositions, in many cases, do talk about the objects that
are in the domain of the theory, one might think that in order to know
what theory the objects belong to, one already has to know something
about the objects. It may seem possible to give the same reply as above.
Because any theory that one can come up with, even inconsistent theo-
ries, make up abstract objects, it is possible to refer to one by specifying
which propositions should be true in it. There is still a problem, though,
with explaining how the concepts occurring in the propositions were
acquired by the person who is employing them. These are decidedly
mathematical concepts, and if they must be acquired before one can
start to refer to mathematical objects, it would seem that they must be
acquired without any knowledge of their instances. While this doesn’t
need to present insurmountable problems, an important gap in Linsky
and Zalta’s account consists in the lack of any explanation as to how we
manage to grasp these propositions, before we have any mathematical
knowledge. This gap can be avoided by going for the first option related
to reference, and thus to say that one needs to know all of the properties
encoded by the object one wants to refer to, such that the right object is
picked out. In that case, one can refer to objects, and acquire knowledge
of them, without having to go through propositions about mathematical
objects first. While this avoids the current worries, this approach is not
without it’s problems either.

From a perspective of completeness, the stronger interpretation seems
unlikely to help in making it likely that people actually acquire math-
ematical knowledge in the way Linsky and Zalta describe. For on
this interpretation they need to know every property that is encoded
by the mathematical object they want to refer to. Given the very lim-
ited knowledge people tend to have of the mathematical objects they
acquire knowledge about, as evidenced by the research from pedagogy
described in chapter,four it is doubtful that anyone will be able to mea-
sure up to that standard. For example, when it comes to sets, a lot of
people go through (and possibly get stuck in) a learning stage where
they can’t recognize that sets can occur as elements in other sets. So,
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the demand that people are aware of every property that is encoded by
the mathematical object they want to refer to seems far too strong, if
one aims for a complete epistemology. Even if it would not be required
that people know every property that is encoded, but only the most im-
portant ones, it would still seem to be the case that there are examples
(such as that of sets) where people can’t live up to such a demand. Fur-
thermore, it is not clear that Linsky and Zalta can lower their demands
in such a way, because of the nature of their ontology. The shorter list
of properties that one would have to know on this version is going to be
such that there is an abstract object encoding precisely those properties.
So, without a reference to the theory to which the object is supposed
to belong, it seems as though one would end up referring to that object,
and not to the one with more properties which one was trying to refer to.
So not only does such a weakening of the interpretation seem to be inef-
ficacious, it may even be impossible without an appeal to the theory to
which the object is supposed to belong. Such an appeal to theories leads
one back into the above worries though, which was the initial reason to
prefer the current kind of interpretation.

Aside from the above worries related to propositions, there are also in-
dependent worries about completeness related to an interpretation of
the preconditions of reference in terms of theories. For not only is it
unlikely that people are familiar with all of the properties that are en-
coded by the mathematical objects they refer to, it is also unlikely that
they are familiar enough with the theories to which these object belong.
We can take here the familiar example of number theory, where people
generally do not know the induction axiom, or otherwise have a faulty
knowledge of the axiom. The odds of them being familiar with any
of the axiomatizations of the theory are thus quite high. Linsky and
Zalta, however, stress that they do not view theories in terms of axiom-
atizations, but instead identify them in terms of the propositions that are
theorems of the theory. Going for such an approach, where one has to
know the theorems of the theory instead of an axiomatization, doesn’t
seem to help get out of the current issue, though. Given the earlier dis-
cussion of the lack of knowledge people have of the properties of math-
ematical objects that they refer to, it quickly follows that they have a
similar lack of knowledge of the theories to which these objects belong.
If people are not even aware that sets can be nested, then their knowl-
edge of the theorems of any form of set theory will also be limited. An
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appeal to theories thus doesn’t seem to alleviate the completeness wor-
ries that were already observed in the case of people’s knowledge of the
properties encoded by objects.

One of the remarks in Zalta (2007) might offer a reply to these wor-
ries, since he makes claims about what happens in the case of ‘ordi-
nary and naive’ claims about mathematical objects. According to him,
such claims are to be interpreted as if they are about more precisely
defined mathematical objects. For example, claims about the natural
numbers are to be interpreted as if they are claims about the Fregean
natural numbers. This means that number is defined along the lines
of Hume’s principle, such that ‘the number of Fs’ denotes the abstract
object that encodes precisely those properties whose extensions are in
one-to-one correspondence with the extension of F. Unfortunately, Zalta
doesn’t explain why such an interpretation should be accepted, nor why
it should be the Fregean natural numbers that form the interpretation of
ordinary mathematical claims. Furthermore, it is not at all clear how
people succeed in referring to these abstract objects on Zalta’s theory,
without them understanding the condition that occurs in the definite de-
scription. As the theory is presented in Linsky and Zalta (1995), there
is no room for such an interpretation, without either an additional epis-
temology or some argument as to how they are managing to meet the
preconditions on the definite descriptions that are required by the cur-
rent epistemology.

6.2.2 Using definite descriptions

While there are, as we have just seen, already problems when it comes
to the preconditions on reference that are placed on agents, there is a fur-
ther worries that can be raised, which also relate to Linsky and Zalta’s
theory of reference. This further worry is that the reference to mathe-
matical objects appears to be very unstable, because any change in the
properties that are mentioned in the definite description leads to refer-
ence of a completely different mathematical object. Reference, then,
is fairly unstable on Linsky and Zalta’s view, because it seems that as
soon as someone forms a new belief that a mathematical object has
some property not ascribed to it earlier on, she will be referring to an-
other mathematical object. In fact, the instability that will be seen is of
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a kind that has often been used as an argument against semantic holism.
While this has turned out not to be a general feature of semantic holism,
it is taken to be a strong argument against versions that do lead to such
instability (Pagin, 2006). Linsky and Zalta’s account happens to lead to
exactly that kind of instability, with all of the associated problems. The
exact extent of this instability will depend on how exactly one interprets
the process of reference. If people do this without reference to theories,
but exclusively in terms of properties that the mathematical object is
supposed to encode, then any changes in properties will be directly re-
flected in the reference of the definite description. So, any mistakes on
the part of the subject may turn out not to be mistakes at all, due to a
shift of reference.

As a working example for this instability, take the case of someone who
tries to refer to the number one from Peano arithmetic. Assume also
that she is interested in prime numbers, and thus knows the definition of
prime numbers (and applies this definition to the numbers that form the
domain of Peano arithmetic). As a first case, assume that all her beliefs
about the number one from Peano arithmetic are correct, and that she
has enough of them to succeed in referring to the number one, using
the definite description suggested by Linsky and Zalta. In this case, one
of her beliefs will be that the number one is not a prime number. She
is thus successful in referencing the same number that mathematicians
refer to when they are working in Peano arithmetic. As a second case,
suppose that the agent retains all of her old beliefs about the number
one, but mistakenly comes to believe that the number one is a prime
number. In that case, she will try to refer to the number that encodes
all of the propositions she believed in the first case, except that now
the number encodes that one is a prime number. Importantly, the num-
ber she comes to refer to does still encode that the standard definition
of prime numbers applies to it. Thus, since encoding is closed under
entailment, the number she refers to will also encode that one is not a
prime number. As a result, this one mistake has resulted in the refer-
ence to a number which belongs to an inconsistent system – one where
it is true that one is a prime number and that one is not a prime num-
ber (note that there is indeed such a mathematical object on Linsky and
Zalta’s view). Consequently, the shift in reference is a rather dramatic
one, as there are a lot more things true of the number referred to in the
second case, than of the number referred to in the first case.

161



A more stable situation results in the case where one construes the pre-
conditions of reference as including a theory and identifying informa-
tion. In that case, mistakes regarding the properties that are supposed
to be encoded by the object referred to can be accommodated, because
there may be no object in the theory that encodes precisely those prop-
erties. In that case, it may be possible to maintain the reference to the
object despite the mistake, although Linsky and Zalta do not have any
explicit account of how this works (they merely claim that mistakes can
be accommodated). Take again the example from above, and assume
that the change in belief about the number one does not take place on
the level of the theory. Thus, the agent still uses Peano arithmetic to fix
the theory, but incorrectly believes that the number one, as occurring
in that theory, is a prime number. Here there seem to be two options:
either this is taken as an identifying feature of the number, or it is not
perceived as such.

If the new belief, that one is a prime number, is supposed to help identify
the number within Peano arithmetic, then it seems that there will be
a failure of reference (because there is no such number within Peano
arithmetic). If the belief is not supposed to help identify the object
within the theory, then we can interpret the belief that the number one
is a prime number as a mistake on the side of the agent. In that case,
she manages to refer to the right number (in virtue of the right beliefs
about the theory and the identifying information), but after that she has
a belief about that property that is mistaken.

Another scenario here, is that the mistake happens to be such that there
is an object encoding precisely the resulting properties. For example,
one might mistakenly believe that the number one is such that it is the
successor of the successor of zero. In that case, one will probably suc-
ceed in referring to the object commonly denoted with ‘the number
two’, thus effecting a shift in reference. Finally, if there is a mistake
with respect to the properties that are encoded by the theory (i.e. the
propositions that are theorems of the theory), then there will also be a
shift of reference. This shift of reference will be larger than that in the
other cases, since with a change in theory all of the objects in the do-
main of the theory are changed. Here, taking up the previous example,
and supposing that the belief that one is a prime number goes into the
specification of the theory, the same scenario will occur as that which
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we saw in the previous paragraph.

So, the use of definite descriptions leads to an instability of reference, on
both of the versions of Linsky and Zalta’s account of reference to math-
ematical objects. One may now wonder, though, why this instability of
reference would be a problem for the account. The problem, particu-
larly for non-mathematicians, is that there is no guarantee, in general,
that they know all of the properties that are supposed to be encoded, nor
do they know enough about the theories to which the objects belong.
They may even include properties that are not supposed to be encoded,
either in the description of the objects, or in the description of the the-
ory. As a result, it is likely that people end up referring to different
mathematical objects than mathematicians do. In fact, it is likely that
everyone ends up referring to different abstract objects, because they
all attribute slightly different properties to these objects. These objects
will be fairly similar, in that they will be a reasonable overlap in the
properties that they encode. However, the objects are still different, and
so, strictly speaking, people will be talking about different things when
discussing e.g. the number two.

Such a difference in the objects referred to, even if they are very similar,
is problematic from the point of view of communication. Presumably,
we can legitimately disagree about whether or not something holds of
a mathematical object. This will be difficult, however, if we are think-
ing about different mathematical objects – something which may well
be the case, as a change in ascribed properties implies a change in the
denoted object. So, it is hard to see that we legitimately disagree about
the properties of a mathematical object, as such disagreement may well
imply that we’re actually talking about different objects. Testimony will
also be very difficult, because testimony is supposed to be a transferral
of knowledge from the speaker to the hearer. As long as testimony is
considered to be such a transferral of knowledge, or justified beliefs, the
instability of reference will make testimony in the case of mathematics
very difficult. For, if two people ascribe slightly different properties to
a mathematical object, then they will be talking about different mathe-
matical objects. In that case, the content of their beliefs will be different,
and as a result it will be difficult to see how we can still talk of a trans-
ferral of knowledge here. To illustrate, if the speaker says that there is
milk in the kitchen, and the hearer forms the belief that there are cookies
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in the kitchen, then the hearer doesn’t come to know, or justifiably belief
that there are cookies in the kitchen, on the basis of the testimony of the
speaker. This kind of scenario will, as a result of the instability of refer-
ence, often occur in the case of mathematics, and as a result testimonial
knowledge will be very difficult to have on the current theory. So, the
instability of reference is a problem because it will make testimonial
mathematical knowledge much more difficult than it is. Furthermore, it
may present a problem in the continuity of the knowledge of a single
person. If a person changes her mind regarding the properties encoded
by a mathematical object, then she will afterwards have beliefs about
a different mathematical object (or theory). One runs the risk of hav-
ing to say that the change of reference effects a shift in belief contents,
which in turn results in her having beliefs about two different objects,
which she is likely to treat as if all of them are about the same object.
As a result, this internal shift of reference may also problematize in-
ferential knowledge for the agent. For, if there is a shift in her belief
contents, then her previous belief that ‘2 is the successor of 1’ can’t be
used with her later belief (where the content of ‘2’ has shifted) that ‘3 is
the successor of 2’ to conclude that ‘3 is larger than 1’. After all, there
is a mismatch in the content of the beliefs here, so the two beliefs do
not together entail that 3 is the successor of the successor of 1. Form-
ing inferential knowledge on the basis of beliefs acquired at different
points in time may thus be difficult, as a result of the possibility that the
content of the beliefs doesn’t match. These points go against viewing
Linsky and Zalta’s account as properly describing how ordinary people
manage to refer to mathematical objects. In doing so, they undermine
the completeness of the account, as it would only be complete if it suc-
cessfully describes the processes people employ to refer to, and acquire
justified beliefs about, mathematical objects.

6.2.3 Summary

We have seen that there are various problems with Linsky and Zalta’s
account, which preclude it from giving a complete epistemology. While
I haven’t looked here at the weak interpretation of their account of
our acquisition of mathematical knowledge, the strong interpretation
was seen to be overly demanding. The weak interpretation, because it
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doesn’t place any demands on agents except that they acquire knowl-
edge via the definite descriptions, was only indirectly criticized. This
indirect criticism was made by looking at the two interpretations of Lin-
sky and Zalta’s account of definite descriptions, both of which were
found to be too demanding. On the one hand, people seem to be in-
capable of meeting the preconditions placed by Linsky and Zalta on
successful reference to mathematical objects. On the other hand, Lin-
sky and Zalta’s theory gives a way of referring to mathematical objects
that makes it easy for people to change the object they are referring
to. That causes problems related to testimony and beliefs of one person
across such changes of reference, problems which don’t seem to arise
in ordinary mathematical practice. Linsky and Zalta’s theory, like the
others looked at, thus seems to be incapable of giving us a complete
epistemology of mathematics.
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Part II

Anti-Realist Semantics

167





Overview of anti-realist
theories
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Now that we have seen that realist epistemologies do not yet manage
to satisfy the further requirement that I have placed on them, it is time
to turn to the anti-realist semantic theories. This part of the thesis is
considerably shorter than the part on platonist epistemologies, mostly
because there are fewer variations among anti-realist theories. Keeping
constructivism to the side, there are currently three approaches to the
philosophy of mathematics, all of which are counted as nominalist. The
first approach, most famously worked out in Field (1980), is that of
offering a reformulation of applied mathematics, such that there is no
longer any quantification over mathematical objects in the reformulated
version. This approach thus tries to eliminate reference to mathematical
objects, to, in a sense, explain away mathematics. According to Field, in
this work, mathematics is merely a convenient shorthand for something
that can be said just as well, though in a more cumbersome way, without
talk of mathematical objects. Nowadays, though, there are good reasons
to think that Field’s project cannot be carried out for every case where
mathematics is applied in science. In particular, there are good reasons
to think that Field’s project cannot be carried out for the application
of mathematics within quantum mechanics (Malament, 1982). As a
result, along with a host of other problems that attach to the program,
surveyed in MacBride (2007), there is now a general consensus that
Field’s project is unsuccessful.

There is another kind of theory that falls under this approach, not actu-
ally taken up by anyone, along these lines. According to that theory, we
can dispense with mathematics by simply replacing any scientific theory
which appeals to mathematics by the set of nominalistically acceptable
sentences that are entailed by the theory. Melia (2000) argues that this
kind of theory will not, in general, be able to express as many things as
can be expressed in terms of a language that allows quantification over
mathematical objects. In particular, he presents two mereological the-
ories, a nominalist theory, and a theory that extends the first by adding
quantification over sets and functions. The nominalist theory implies
that everything is made up out of atoms, and that there are infinitely
many atoms. However, it does not imply that there are regions (mere-
ological sums of atoms) that are both infinite, and coinfinite (i.e. the
complement of the region is infinite). It fails to entail this, because the
theory that Melia gives has models on which there are no such regions.
The realist theory, however, does entail that there is such a region, as
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the result of a one-to-one correspondence between regions and the or-
dinals (the even ordinals correspond to a region that is both infinite and
coinfinite). Importantly, Melia also proves that the nominalist theory
is complete, and on that basis that the realist theory doesn’t entail any
sentences in the nominalist vocabulary that are not in the nominalist
theory. The result is, then, that we have an example of a realist theory
that has fewer models than the corresponding nominalist theory, even
though there is no difference in the set of sentences, in the nominalist
vocabulary, that are entailed by them. The realist theory thus has con-
sequences that are relevant to the nominalist (the existence of a certain
kind of concrete region) that do not follow from the equivalent nomi-
nalist theory. In general, then, this first kind of nominalist theory is no
longer defended in the current literature, and is therefore not discussed
further in this thesis. Instead, nominalists nowadays choose to defend a
theory of either the second, or the third kind, listed below.

The second approach follows the first approach in the project of giving
a reformulation of the content of our mathematical beliefs, assertions,
etc. They differ from the type of reformulation given within the first
approach, though, in that they don’t try to eliminate reference to math-
ematical objects by rephrasing parts of mathematics. They also try do
away with reference to mathematical objects, but they try to do so by
giving wholesale, rather than piecemeal, reformulations. Another im-
portant trait of the kinds of reformulations offered under this second
approach, is that they don’t do away with the mathematical character of
the beliefs, assertions, etc. For example, the reformulation that is of-
fered by Leng (2007) uses the notion of proof to defuse any reference to
mathematical objects. So, a belief that ‘1 + 1 = 2 is true’ will be refor-
mulated as ‘it is true that there is a proof of 1 + 1 = 2’. The latter says
something about what it is that follows from the axioms of, presum-
ably, Dedekind-Peano arithmetic, and thus doesn’t have to say anything
about the numbers qua mathematical objects. Most of these theories
will be discussed in chapter seven, but there is an exception that needs
to be discussed here. The reformulation that is offered by Melia (2000)
doesn’t fit very well with the arguments that are raised against the other
nominalist reformulations, and therefore I will briefly indicate where I
think the problems are with that account.
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Melia (2000) suggests that when scientists articulate a theory, they do
so by asserting sentences that quantify over mathematical objects, in
addition to which we should understand that they also hold that there
are no mathematical objects. So, they might assert that ‘this rod is 2
metres long, but there is no such thing as the number ‘2”. To go from
this to a semantics for mathematics proper, the obvious thing to do is to
just apply this same reformulation to mathematical sentences. We then
don’t just believe that ‘1 + 1 = 2’, but that instead we believe some-
thing like ‘1 + 1 = 2, but there are no mathematical objects’.1 He thus
suggests that we don’t fiddle around with the mathematical part of the
content of our beliefs and assertions, but that we instead add some-
thing that removes any reference to mathematical objects. Importantly,
as a result, the reformulation he gives doesn’t require that agents have
mathematical concepts regarding which, in general, they are not able
to autonomously acquire knowledge (in chapter seven we will see that
practically every other reformulation that follows this approach does ex-
actly that). For that reason, the arguments raised against other positions
fail to apply to the theory presented by Melia.

There are still two points to be raised, though, unfortunately inconclu-
sive because of a lack of relevant empirical evidence. The first point has
to do with the way in which Melia tries to eliminate reference to math-
ematical objects. The construction he uses is one that he takes from
common expressions such as ‘everyone was at the party, except John’.
In these cases, we assert something about a domain in the first part of
the sentence, to then take back a part of the assertion by reducing the do-
main in the second part. We do the same thing in the context of science;
asserting that ‘this rod is 2 metres long, but there are no mathematical
objects’ is a roundabout way of saying something about the properties
or relations that are the truth-makers of quantity statements (cf. chapter
two). All of these cases, however, are such that only a part of the do-
main is removed; we never seem to restrict the domain in such a way
that it becomes empty. While it sounds alright to say that ‘everyone was
at the party, except John’, it sounds very strange to say that ‘everyone

1Perhaps not in these exact words; Melia only suggests this as the formula-
tion we need to use to express the right proposition. That proposition needn’t
be expressible in more direct terms, according to Melia, so this is the best we
can do when it comes to explicating the content of our underlying beliefs.
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was at the party, except for everyone’. This might just sound odd for
Gricean reasons, but that in itself might be enough to criticize Melia’s
suggestion. If it is so strange to first assert something about a domain,
and to then restrict the domain such that it is empty, why don’t we think
that our mathematical assertions, which are supposed to do exactly this,
are strange in this way? Furthermore, we might ask what content is left,
after we have restricted the domain in such a way that it is empty. Does
it even make sense to employ this construction when the restrictions
are this radical? Saying yes to this question on the basis of the use we
make of it elsewhere doesn’t seem to cut it, because none of these other
uses restrict the domain in such a way. Similarly, appealing to instances
where mathematics is applied (Melia, 2000, §6) doesn’t solve the issue
of what to do with cases of pure mathematics. ‘1 + 1 = 2, but there is
no such thing as the number 1 or the number 2’ sounds odd, something
which our ordinary beliefs and assertions that ‘1 + 1 = 2’ don’t seem
to have. A first point, therefore, is that the construction that Melia uses
is not clearly analogous to the cases in which we use something sim-
ilar, and that his construction sounds odd, in a way that our ordinary
assertions don’t.

The second point that can be raised against Melia’s account has to do
with the question whether the semantics manages to capture the beliefs
of both mathematicians and non-mathematicians. If we are going to say
that people have mathematical beliefs that are exclusively of the form
‘p, but there are no mathematical objects’, then they should at least
believe that there are no mathematical objects (Knowles and Liggins
(forthcoming) raise this kind of argument specifically in the context of
scientists). As far as I know, there hasn’t been any serious empirical
research yet into how people think about mathematical objects. Any
definitive argument of this form will thus have to await such empiri-
cal research, but it is possible to point out that it seems unlikely that
ordinary people believe that there are no mathematical objects, simply
because it is unlikely that they have concerned them with the ontologi-
cal question in the first place.

A more important point along these lines, though, can be made on the
basis of some current theories of concept acquisition. A fair number of
these theories, both nativist theories (e.g. Ryder, manuscript) and learn-
ing theories (e.g. Weiskopf, 2008) claim that we acquire concepts by
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positing that there is something that explains the correlation of proper-
ties observed in instances of the concept. On their theories, this doesn’t
just mean that a concept is posited. It means, more specifically, that a
concept is posited along with the claim that there are instances falling
under that concept. Of course, this doesn’t work for concepts such as
UNICORN, but those might be explained as complex concepts, acquired
on the basis of primitive concepts such as HORSE. Assuming that not all
mathematical concepts are complex, and that the acquisition procedure
of some such mathematical concepts can be explained along the lines
of Ryder (manuscript), Weiskopf (2008), or some such theory, it would
seem that acquiring a mathematical concept involves positing that there
are instances falling under the concept. This may just be a reason to re-
ject these theories of concept acquisition, but if not, then it puts pressure
on the idea that people believe that there are no mathematical objects.
There are thus several reasons to doubt that the theory presented by
Melia (2000) gives a semantics that captures the contents of the beliefs
of both mathematicians and non-mathematicians, even though it gets
a lot closer than other nominalist theories of this variety. In order to
determine with more certainty whether or not his semantics manages to
account for the beliefs of both mathematicians and non-mathematicians,
we will have to await the empirical research. However, there seem to be
some reasons for doubting that Melia’s theory manages to do so – the
first reason I gave was principled, the second more with an eye towards
ordinary people.

The third nominalist approach is quite different from the first two, in
that it tries to avoid reformulating the content of our mathematical be-
liefs and assertions. One version of this approach instead denies that
the Quinean criterion of ontological commitment holds, i.e. it denies
that quantification over mathematical objects commits us to saying that
there really are mathematical objects. Jody Azzouni (1994, 2012) de-
fends this approach, and so far he is the only one to do so by denying
Quine’s criterion. Naturally, his position is unaffected both by the argu-
ments against the reformulation of content that are made in chapter six,
as well as by the arguments raised against Melia’s and Field’s positions
above. That is because on Azzouni’s view, there is no need to reformu-
late the content of our beliefs and assertions; these contents are true in
their original form. However, because of the rejection of the Quinean
criterion, the truth of these contents doesn’t commit us to a platonist
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position.

Despite this avoidance of a platonist position, the difficulties that Az-
zouni has to face are still those that normally attach to a platonist posi-
tion. While it is often thought that Azzouni can easily solve the episte-
mological problems that attach to mathematics (e.g. Bueno, 2014), he
actually provides an epistemology that is just as biased towards profes-
sional mathematicians as the epistemologies offered by platonists. Ac-
cording to Azzouni (1994), mathematical structures are given by their
axiomatizations, and all mathematical knowledge is acquired through
proof. However, as chapter seven will make clear, people are gener-
ally incapable of autonomously acquiring knowledge of the existence
of proofs. So, if the only way to acquire mathematical knowledge is
through proofs, then that will make it impossible for almost anyone, ex-
cept professional mathematicians, to acquire mathematical knowledge.
Azzouni has to provide us with a better epistemological story than that
all mathematical knowledge is acquired through proof, one that does fit
with what ordinary people are capable of doing. The problems are not
related to the semantics, then, because the semantics that Azzouni gives
is the same as that of the platonists. The problems, somewhat unexpect-
edly for a nominalist position, are epistemological. So, we can see that
Azzouni too fails to give an accurate description of actual mathematical
practice.

Another version of this third approach is defended by Rayo (2013) and
Donaldson (2015).1 They hold that by giving axioms, which specify
the basic truths about terms not yet introduced, we can start acquiring
knowledge about these new terms. If we specify a set of coherent ax-
ioms, then, according to Rayo (2013) and Donaldson (2015), we can
interpret the new terms such that the axioms come out as true. It need
not be the case that our laying down the axioms is what makes them
true; but as long as the axioms are coherent, there is a guarantee that
they can be interpreted such that they are true. This theory faces epis-
temological issues very similar to those faced by Azzouni. According
to Rayo (2013), the only way in which we can acquire justified beliefs

1Strictly speaking, this needn’t be a nominalist theory – they might also
defend something along these lines as a platonist theory. However, since it can
be a nominalist theory, and as such looks very much like Azzouni’s theory, I
discuss their position here as a nominalist position.
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(excepting, perhaps, testimony) is by deducing that these beliefs are
true given the axioms we laid down. So, here we can make exactly the
same point as we made in Azzouni’s case, namely that ordinary people
don’t (and probably even, can’t) acquire justified mathematical beliefs
in this way. Donaldson (2015) offers an epistemology that is already
more promising, as he has already pointed out that Rayo’s epistemol-
ogy doesn’t work in the historical case (i.e. for the point in time where
mathematics was not yet axiomatized). Instead, people are justified in
believing a mathematical proposition in so far as they can, and have,
ensured that the proposition is coherent with the mathematical theory to
which it belongs. One way to ensure coherence with the mathematical
theory is to deduce the proposition from the axioms, but it is not the only
way. Here the question, though, is to what extent people are required
to consciously ensure that their mathematical beliefs are coherent (that
there is a model in which all their beliefs are true) (Donaldson, 2015,
p. 1815). Presumably, they do not have a concept of COHERENCE –
or CONSISTENCY – that is rigorous enough for us to base our justifica-
tion of mathematics on. So, if people are required to consciously test
for coherence, then they will not be able to acquire justified beliefs on
Donaldson’s theory.

Perhaps, though, all that is required is that they are in fact using a
method that ensures the coherence of their mathematical beliefs, with-
out their knowing that this is part of what the method is doing. One
way in which Donaldson suggests that people might convince them-
selves of the coherence of their mathematical beliefs, is by constructing
a toy model of these beliefs (Donaldson, 2015, p. 1816). The exam-
ple he gives is that of Parsons’s stroke language, for the case of arith-
metic. However, as we have seen in chapter 4, people don’t actually
use Parsons’s stroke language, and there do not seem to be any good
alternatives that are being used. In general, people do not seem to con-
struct models, nor do they seem to engage in any practices which can
be seen as making it likely for them that there is such a model. So,
it seems that as long as people are required to test for coherence, they
will fail to live up to the expectations of the epistemology that has been
given. Perhaps this can be made slightly stronger, by pointing out that
even teachers seem to fail to test for the coherence of their mathemati-
cal beliefs, and can have incoherent mathematical beliefs (see e.g. the
mistakes teachers make related to mathematical induction, in chapter
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7). So, the deference to teachers may not solve the issue of ensuring co-
herence either, because they themselves are often found lacking in this
respect. Sure, continuing this chain up to professional mathematicians
does ensure that the chain of testimonial knowledge starts from an agent
who is likely to test for coherence of her mathematical beliefs, but there
are two questions for such a solution, which tries to say that ordinary
people ensure coherence by deferring to mathematicians. First, there
is a question whether there are not too many errors introduced in this
chain, such that it will not be likely enough that the resulting beliefs are
in fact coherent. Second, one can wonder to what extent this testimonial
chain occurs, i.e. whether it is indeed the case that there is such a chain
of testimony up to mathematicians, on which ordinary people base all of
their mathematical beliefs. Irrespective of these points, it simply doesn’t
seem to be true that ordinary people have all their mathematical knowl-
edge from testimony. In other words, non-mathematicians are capable
of acquiring justified mathematical beliefs, and mathematical knowl-
edge, without needing to rely on testimony. That is not to say that there
is no deference to mathematicians at all; rather, it is to question whether
there is always such deference to mathematicians, as fundamental jus-
tification for all of the mathematical beliefs that non-mathematicians
have.

One more point can be made with respect to these theories, all of which
try to avoid reformulating our mathematical beliefs. A tempting onto-
logical position for these theories to take is that mathematical objects
are social constructions. This position preserves their status as anti-
realist theories, while also making sense of, for example, how one can
guarantee that laying down coherent axioms is sufficient to guarantee
the truth of these axioms – a claim made by Rayo (2013) and Donald-
son (2015). In that case there might, aside from the epistemological
worries from above, also be some semantical worries. For, in this case
it will be true that before we laid down the axioms, or introduced the
terms, there were no truths about these mathematical objects. However,
we do have the distinct impression that mathematical truths are atem-
poral, e.g. that it has always been the case that 1+1 = 2. Logan (2015)
raises this challenge, arguing that, at least within Priorian tense logic,
it is not possible to give a semantics which makes it true that mathe-
matical truths both weren’t true before we introduced the terms, and
have always been true, once we introduced the terms. In other words,
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he raises the issue that it is not possible to have a Priorian semantics
that both makes it true that at some point we did something to make
mathematical statements true, while at the same time making it true that
(as we seem to think) mathematical truths are atemporal. This worry
can be avoided by giving up that mathematical truths are atemporal, as
Donaldson already notes, although that will involve taking some of our
mathematical claims as not literally true.

The final kind of anti-realist position that will be discussed is that exem-
plified by constructivist theories. These theories take a different starting
point from nowadays more conventional philosophies of mathematics,
by taking the epistemology of mathematics as central. They then give an
ontology and semantics based on their epistemology, which is unfortu-
nately similarly biased towards professional mathematicians as the epis-
temology that Azzouni gives. Discussing in detail the semantic theory
that is given by constructivists is the goal of chapter eight. Importantly,
this will be a discussion of the semantic theory as given by the construc-
tivists. This is only one version of proof-conditional semantics, and
other options will be set aside. This is done because none of those other
versions have been developed yet, at least for the specific case of math-
ematics. As such, the arguments that are given in chapter eight, while
showing that the current version does not yet meet the requirement that
the semantics captures the mathematical beliefs of non-mathematicians,
do not rule out that there is another kind of proof-conditional semantics
that does manage to satisfy this requirement. However, since such an
alternative has not yet been proposed, it falls outside of the scope of my
thesis to consider such alternatives.
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7. Reformulated mathemat-
ical content

179



7.1 Introduction

In this chapter I will be arguing against the kind of characterization of
the object of propositional (epistemic) attitudes we can take towards
mathematical statements that is given by most nominalist philosophies
of mathematics. Another way in which one can formulate this, is that
my argument concerns their characterization of the content of mathe-
matical statements (cf. Azzouni (2011)), and I will be using these two
formulations interchangeably throughout the chapter. When it comes
to the content of mathematical statements, nominalists tend to devi-
ate from a literal interpretation, since they usually want to allow for
mathematical knowledge, even though on a literal interpretation posi-
tive mathematical statements (so those that require that certain mathe-
matical objects exist) are either false or meaningless (depending on how
one deals with failure of reference).

In part for that reason, nominalists tend to give some alternative way
to interpret mathematical statements. What is generally focussed on is
what a mathematician expresses when he makes a mathematical state-
ment, and in that case one can either say that the content of her utterance
is different than one would expect on a face-value reading or her attitude
is different than one may expect. The case looked at here is somewhat
different, though, in that I am instead, in the case of content, looking
at somewhat fixed attitudes – belief and knowledge – and how a nom-
inalist might account for those. The idea is that these attitudes, and in
particular knowledge, involve truth in an important way and therefore
are likely to present difficulties for someone who can’t use the standard
notion of truth. Furthermore, it is uncontroversial to say that we do have
mathematical knowledge and thus this is something that the nominalist
needs to account for.

There is a worry that may come up regarding my interpretation of the
theories I discuss. I focus on an interpretation of these views as sug-
gesting a change in the content of our beliefs, such that our true mathe-
matical beliefs and mathematical knowledge match what we intuitively
take to be true and known. There are two ways in which this can be
interpreted. Either, one views this as offering a reformulation of math-
ematical contents, on which, e.g., when we say that ‘I know that 2 + 2
= 4’ what is expressed is ‘I know that there is a proof of 2 + 2 = 4’. Or,
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one views this as merely a shift in the kind of knowledge we have, such
that it is false to say that we know that 2 + 2 = 4 (since this is literally
false), but true to say that we know that there is a proof of 2 + 2 = 4.
Both interpretations account for the intuition that we have some mathe-
matical knowledge, and match the claims of the theorists discussed that
we have knowledge that is somehow related to mathematics. The dif-
ference between the two interpretations lies solely in whether or not it is
true to say that we know 2 + 2 = 4. Because that is the only difference in
these interpretations, my arguments apply to both interpretations. I will
present the views here under the first interpretation, as that interpreta-
tion has the virtue of preserving the idea that we do have knowledge of
mathematical statements. The worry would be that this misrepresents
the theorists that I am attacking, and that they should instead be inter-
preted along the second interpretation that has been suggested. If so,
then I ask the reader to read ‘reformulation’ instead as indicating that
we know something else, but related – instead of reading it as indicating
that what we know has a different, non-literal content. My arguments
will then apply equally well to that view, because the content in virtue
of which we count as having mathematical knowledge is the same on
either view.

In the case of belief and knowledge there are two options for changing
them in order to account for the intuition that we have some kind of
mathematical knowledge. One can accounting for it by changing the
object of the attitude, or by changing the attitude. I will focus at chang-
ing the object of the attitude, as that is the route that has been chosen in
the literature. It also seems to be the easiest option to argue for. As an
example of difficulties with changing the attitude, changing knowledge
to something that is no longer factive is problematic, as the resulting
attitude simply won’t be counted as knowledge any more. The alter-
native strategy of changing the attitudes to e.g. ‘belief that p is true in
fiction M’ is also more dubious, as the general view is rather that belief
is a propositional attitude best phrased as ‘I believe p’; so without ex-
plicit reference to truth. It will thus depend on one’s specific view on
belief whether truth (explicitly) figures in belief at all (Schwitzgebel,
2014). Changing the attitude will have to come with a lengthy story on
what the attitude is like in general, but it may ultimately be a feasible
project. Here, though, I won’t look further at the strategy of changing
the attitude, and instead focus on the idea that one can account for math-
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ematical knowledge and belief by changing the object of the attitude. I
will then be arguing that all of the current accounts, which take this
strategy, are unable to account for the mathematical knowledge of ordi-
nary people. They are thus not yet in a position to accurately describe
the mathematical practices of ordinary people.

In this chapter then, I will begin with a presentation of some of the ac-
counts that characterize content using the notion of proof (section 7.2).
This will provide a good case study for what I take to be one of the
general issues that reformulations of content tend to suffer from: over-
complicating the content. To argue for this in the case of reformulations
using the notion of proof, I will argue that the majority of people are
unable to autonomously acquire knowledge of the existence of proofs
(section 7.3). From that it follows that, on the proposed reformulation,
they can’t have mathematical beliefs or knowledge. Finally, I will go
through several other nominalist accounts that propose a reformulation
of the content of mathematical statements. In those cases too, I will
argue that the resulting content is too complicated, and again is such
that it leads to the conclusion that most people can’t have mathematical
beliefs or knowledge (section 7.4).

7.2 Reformulating in terms of proof

Among nominalists there are several suggested notions of content, some
of which are spelled out in terms of proof. I will here summarize some
of the accounts that have such a characterization of content, leaving a
discussion of a similar approach to meaning for the next section. Al-
ready Goodman and Quine (1947) have the idea to use the consequence
relation to deal in a nominalistic way with parts of mathematics. They
do not yet explicitly suggest that one could explain meaning and the
object of (epistemic) attitudes in terms of it, as they prefer to give nomi-
nalistically adequate translations or use syntax. However, later philoso-
phers have picked up on this idea and have suggested to use the de-
ductive relations that hold between mathematical statements as a tool
to account for meaning and content. As using deductive relations to
account for content is the same as using the notion of proof to account
for content, these accounts are the ones relevant for the discussion here.
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While deductive relations hold both in cases where there are proofs from
assumptions, and proofs where there are no open assumptions, the case
that is particularly interesting for these theories is that of proofs with no
open assumptions. Within that group, the most relevant proofs are those
from the axioms of a theory, as we will see in particular in the case of
Leng’s account. Those proofs are their best candidate as a replacement
for the idea that something is true in a theory, even if it may not be a
perfect replacement for that notion.

One answer that uses deductive relations can be found in Mary Leng’s
work: who starts by rejecting the view that we have mathematical knowl-
edge, when the content is literally interpreted. “If mathematical knowl-
edge is knowledge of the properties such [mathematical] objects have,
then, according to the fictionalist, we have no reason to believe that
we have any such knowledge." (Leng, 2007, p.84) Instead, “the fic-
tionalist considers that the methods of pure mathematics . . . provide
us with knowledge of logical consequence – even though she rejects the
claim that these methods give us any genuine mathematical knowledge"
(Leng, 2007, p.87). So, as an alternative answer to what our mathemati-
cal knowledge consists in, Leng suggests that it is knowledge of deduc-
tive relations. According to her, the fictionalists “need to account for
our knowledge of the consistency of those theories, and for our knowl-
edge of what follows logically from their axioms." (Leng, 2007, p.84)
She thus needs to account for mathematical knowledge using either of
these two, and deductive knowledge is the best candidate. So, if I know
e.g. ‘2 + 2 = 4’ then I know something about the deductive relations that
hold of this mathematical statement. In this particular case that may be
something like ‘there is a proof within standard arithmetic of the state-
ment 2 + 2 = 4’. Or, if I have just constructed a proof of this from the
axioms of Peano arithmetic then it would be the more informative ‘. . .
is a proof in Peano arithmetic of ‘2 + 2 = 4”. In the case of knowledge
then, the object of the attitude is not the literal interpretation of ‘2 + 2
= 4’ that has to do with some relation that holds between the number
2 and the number 4. Rather, the object of my attitude has to do with
the deductive relations – my knowledge is about the existence of a de-
duction. Similarly, my mathematical beliefs will be about the deductive
relations that hold. One reason for thinking this is that there shouldn’t
be a gap between belief and knowledge in terms of the object of the
attitude. It can’t be the case that my (justified) belief that snow is white
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has a different object (is about something else) than my knowledge that
snow is white. Whatever the differences between belief, justified belief
and knowledge are, they can’t lie in the object of the attitude. For all of
these three notions are thought of as beliefs, and there doesn’t seem to
be anything about the combination of being justified, true and whatever
is needed to avoid Gettier cases, that suddenly causes the underlying
belief to change its’ content. The content of mathematical statements
on Leng’s account is thus spelled out in terms of deductive relations,
and that is precisely the object of our (epistemic) attitudes. I can’t see a
principled reason to distinguish the epistemic attitudes from the propo-
sitional non-epistemic attitudes in terms of the object of the attitudes,
but even if there is such a distinction to be made then this won’t matter
for the points made in this chapter.

Another kind of account that follows this general strategy is that pre-
sented in Bueno (2009). He also presents a fictionalist view on the
philosophy of mathematics, on which mathematical objects are created
in the same way fictional characters are created.

Mathematical entities are created when comprehension prin-
ciples are put forward to describe their behavior, and when
consequences are drawn from such principles. Second, math-
ematical entities thus introduced are also dependent on (i)
the existence of particular copies of the works in which
such comprehension principles have been presented (or mem-
ories of these works), and (ii) the existence of a community
who is able to understand these works. (Bueno and Zalta,
2005, p.71)

He then accounts for mathematical knowledge by saying that “[k]nowledge
of mathematical entities, just as knowledge of fictional entities in gen-
eral, is the result of producing suitable descriptions of the objects in
question and drawing consequences from the assumptions that are made."
(Bueno and Zalta, 2005, p.73) We thus first need to have a description
available of the mathematical objects, which in this case is not done
by axioms (which are the basis of deductive knowledge on Leng’s ac-
count), but by comprehension principles. Then, on the basis of these
descriptions, we can acquire mathematical knowledge by drawing con-
sequences from these descriptions. One way of understanding the con-
tent of the resulting knowledge, is that it includes a mention of the de-
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ductive relation between the result and the comprehension principle. In
that case, Bueno offers a reformulation of our mathematical knowledge
in terms of these deductive relations, even though these are deductive
relations from comprehension principles, and not from axioms. This
reading of Bueno is further reinforced by his later writings. For ex-
ample, he says in ? that all that matters for a nominalist is deductive
knowledge. “Whether mathematical objects exist or not, once certain
mathematical principles are introduced and a given logic is adopted,
the issue arises as to what follows from such principles. This is the
scope of mathematical “knowledge" on a nominalist setting." (?, p.365)
Again, “On this approach to mathematical “knowledge", the existence
of mathematical objects, relations, or structures plays no role. What
matters is what can be derived from the relevant principles, assuming a
given logic." (?, p.366)

While the above interpretation seems to be the best for Bueno’s current
position, he also makes some remarks that suggest a different interpre-
tation. “Our knowledge of mathematical objects is then obtained by
examining the properties that these objects have, and by drawing conse-
quences from the comprehension principles." (Bueno and Zalta, 2005,
p.71) Examining the properties that objects have may just be the same
as drawing consequences from comprehension principles, in which case
a reformulation using proof is still available to Bueno. Yet, it may also
be different, in which case a different reformulation may be more ap-
propriate. In this case, a reformulation involving fiction is appropriate,
in accordance with remarks that Bueno makes about a fiction operator
being present in mathematical language.

The fictionalist is not introducing a fiction operator to math-
ematical statements. The statements are used in the context
of principles that characterize the properties of the relevant
mathematical objects. In this sense, the fiction operator?in
the form of the comprehension principles that specify a cer-
tain domain of objects? is already in place as part of mathe-
matical practice. The fictionalist is not adding a new item to
the language of mathematics. Properly conceptualized, the
fiction operator is already there. (Bueno and Zalta, 2005,
p.76)

This suggest, rather, that a reformulation of the content of our mathe-
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matical knowledge in terms of a proposition being true in a fiction is
more appropriate. Such reformulations will be discussed in section 7.4,
in particular in relation to some of Field’s views. For now, it suffices that
Bueno will fall in either of these camps, both of which are discussed.

7.3 Ordinary people and proof

As we saw in the previous section, one way for a nominalist to try to
account for the idea that we have mathematical knowledge, is for her
to reformulate the content of our mathematical beliefs in terms of the
existence of proofs. In order to argue that this kind of account fails to
work for ordinary people, all that is needed is for them to lack beliefs
about the existence of proofs. While it seems clear to me that most peo-
ple don’t have a lot of beliefs that involve mathematical proof, some
empirical support is probably helpful as a support for this point. So,
in this section I will be setting up an argument from the competence
people have when it comes to establishing that there exists a proof for a
proposition. Basically, the argument will be that given the competence
that ordinary people have, they are not able to autonomously acquire
knowledge about the existence of proofs. So, on the current account, it
would follow that ordinary people have to rely entirely on professional
mathematicians for their mathematical knowledge. I take it that ordi-
nary people, although limited in their mathematical capacities, are still
able to acquire some mathematical knowledge autonomously. In other
words, ordinary people do not get all of their mathematical knowledge
through testimony. This will help establish that not all of their mathe-
matical knowledge has a content along the lines suggested by the the-
ories discussed in the previous section. For, knowledge with that kind
of content will, according to the argument below, have to be acquired
through testimony.

The relevant empirical research here, is coming from the pedagogical
sciences. Before discussing this research, there are two important re-
marks to be made. First, this research only establishes a descriptive
claim (recall also section 4.2), namely how we can describe the concep-
tual competences of students, when it comes to their reasoning about
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proofs. The following results are thus claims about how we can, accu-
rately, describe these abilities. They are not claims about how students
are thinking about proof themselves, as there is not even a guarantee
that they are consciously reflecting about proof to any great degree. The
claims are also restricted to the reasoning abilities of students with re-
spect to the existence of proofs, and are not intended to make claims
about their general mathematical reasoning abilities. The limitations
regarding proofs mentioned here need not be problematic, as is argued
in ?. Because my argument only has to do with reasoning about the
existence of proofs, there is no need to worry about these complications
for empirical research regarding general mathematical reasoning abil-
ities. Nor am I making claims about the rationality of relying on the
ways in which students obtain conviction that a mathematical proposi-
tion is true; all I am claiming, is that their abilities in establishing that
there is a proof of a proposition are limited.

Second, while this research is related to questions about whether or not
these students posses, or can be attributed a concept of PROOF, noth-
ing in my argument will depend on whether or not these students lack
a concept of PROOF (recall section 3.4.2). This is important, because
on a kind of concept externalist view defended by e.g. Burge (1979)
and Peacocke (2015), it need not be true that the students that I discuss
lack a concept of PROOF. In fact, on the theory defended by Gold-
berg (2002, 2007), these students do meet the attribution conditions of
PROOF. The reason why this is unimportant, is that I am only making
claims about the competencies of ordinary people, and use these claims
to argue that they lack the capacity to autonomously acquire knowledge
about the existence of proofs. If they also lack a concept of PROOF,
then so much the better for my point (since then they can’t form any be-
liefs about proofs). However, my argument here only depends on their
lacking a capacity for which grasping a concept is a necessary, but not
a sufficient, condition. So, there is no need to go into the intricacies of
when one grasps, or can be attributed, a concept, for me to make my
argument.

With these remarks in mind, there are two types of competency with
proof that are usually found in undergraduate students who have had
a fair amount of teaching in mathematics. Usually, these are students
that have taken a program to become school teachers in mathematics, or
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mathematics majors who have later on taken interest in teaching at high
schools. Their capacities relating to proof are, usually, either authori-
tative, or empirical (Almeida, 2001; Basturk, 2010; Harel, 2002; Muis,
2004; Palla et al, 2012). In the authoritative case, students are unable
to decide for themselves whether or not something is a proof. The only
cases in which they can answer the question whether or not a given se-
quence of steps is a proof for a proposition, is when they have learned
from an authority (their teacher, the book) what the correct answer is.
Furthermore, they can only produce proofs for a proposition when they
have learned a proof for that proposition, which was presented as such
by an authority.1 So, the descriptive claim in this case is that these stu-
dents can only reason about proofs in cases where they have learned
from an authority that there is a proof for a proposition, or that some
particular proof is a proof for a proposition. Because of the need to ap-
peal to an authority, students displaying this kind of behaviour are un-
able to autonomously acquire knowledge about the existence of proofs,
in a large number of cases. That last qualification is important, because
performing simple arithmetic, e.g. establishing that ‘1 + 1 = 2’, can
be seen as a way of proving that these results hold. So, these students
may have the ability to prove these very simple results. Yet, anything
more complex than that, and this already goes for general statements
about the natural numbers or statements within calculus, and they will
be unable to autonomously acquire knowledge about the existence of
proofs. Since we do also ascribe knowledge to them in these cases, and
think that they can acquire knowledge in these cases, my argument still
holds.

In the case where the capacities of students are empirical in nature,

1Basturk describes students with capacities of this kind. “The findings have
also showed that the students’ studying methods for exams based on imitative
reasoning which can be described as a type of reasoning built on copying task
solution (or proof), for example by looking at a textbook or course notes proof
or through remembering a proof algorithm. The students said that they tried
to memorise proofs by rewriting them many times before exams. Moreover
they had a lack of self-confidence in constructing a proof never seen. It can
be asserted that they employed memorised reasoning (or proving), one of the
types of imitative reasoning, which consists of recalling a complete answer
(proof) by memory or writing down (or saving) the proof." (Basturk, 2010,
p.295)
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there is a more extensive type of reasoning about proofs. Students of
this kind will autonomously decide whether or not something is a proof
for a proposition, and will autonomously answer questions that ask for
a proof of a proposition. However, their answers can be described as
based on the same kind of reasoning as is prevalent in the empirical sci-
ences. They will say that an argument which verifies a number of cases,
but doesn’t verify all of them, still counts as a proof. At the same time,
they also count some genuine proofs as not being proofs, because they
don’t explicitly verify any (or not sufficiently many) cases. Similarly,
when asked to produce a proof, these students will give as an answer
a verification of a few cases, which generally falls short of proving the
proposition they were asked to prove.1 While this is less clearly a case
where the students are unable to autonomously establish that there is
a proof for a proposition, it is still a case where they lack this capac-
ity. The problem here is that the way in which they decide whether or
not something is a proof makes it a mere case of luck when they are
correct. In other words, the way in which these students reason about
the existence of proofs is unreliable, because mathematical proofs are
usually not a set of explicit verifications of (a few) cases. Since this
kind of reliability, or absence of luck, is generally thought to be a nec-
essary condition for knowledge, it follows that these students are unable
to acquire knowledge about the existence of proofs in general. In par-
ticular, they are unable to do so in a large number of cases (e.g. cases
of general statements about numbers) where we do ascribe knowledge
to them. Here the same qualification is in order as above, as these stu-
dents may also, with minimal instruction, be able to autonomously ac-
quire knowledge about the existence of proofs of simple arithmetical

1Almeida describes students with this kind of capacity. “The evidence re-
veals that pupils’ views of proof are generally empirical. Apart from a few,
most pupils view justification as verifying by empirical evidence." (Almeida,
2001, p.59) “They appear to believe that the consistency of a set of confir-
mations is sufficient to justify statements, that such evidence will provide a
‘guarantee from counterexamples’ . . . Typical perceptions of these pupils about
justification or explanation are: ‘I don’t know how to justify it, it’s just that I
can give you more examples.’ ‘I don’t know how to explain it, the only thing
is to give evidence to prove it, that should ( . . . ) speak for itself.’ ‘I don’t
know how I’d go about actually explaining it to them unless just (by) giving
them more evidence.’" (Almeida, 2001, p.58-59).
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sentences.

To make my argument here somewhat clearer, it might help to have a
similar case, taken from the philosophical literature. I have some con-
ceptual competence regarding the concept ELM. For example, I know
that elms are trees, and that they are not evergreens. I have acquired this
knowledge through testimony, as I am unable to reliably distinguish
elms from other trees, such as beeches. As a result, I am not able to
say of a group of trees that there is an elm among those trees. Whether
this is because I am completely unable to tell elms from other trees (the
authoritative case), or because I am mistaken about the identifying fea-
tures of elms (the empirical case), the point remains that I am unable
to reliably tell whether or not there is an elm present among a group
of trees. As a result, I am unable to autonomously acquire knowledge
about whether or not a given group of trees contains an elm. In other
words, I cannot autonomously acquire knowledge about the existence
of elms. Of course, I can acquire knowledge of this kind through tes-
timony, and that is plausibly the only source for my current knowledge
of elms. My argument with respect to proof, is that it is not plausible
that testimony is the only source for the mathematical knowledge of or-
dinary people. Yet, on a proposal that reformulates the content of our
mathematical knowledge in terms of proof, that is exactly what follows
from the above empirical research. Keep in mind, also, that this em-
pirical research looked at fairly sophisticated subjects, who had studied
mathematics for a few years. So, the capacities related to proof of most
ordinary people will certainly not be any better than that discussed here,
and is probably going to be worse.

To sum up, accounts that reformulate the content of our mathemati-
cal knowledge in terms of proof are unable to account for the mathe-
matical knowledge of ordinary people. While I think that this already
follows from the intuitive idea that ordinary people don’t, as a matter
of fact, have many beliefs about proofs, I also gave a more principled
argument for this claim. This argument starts with the observation that
ordinary people are, to some extent, able to autonomously acquire math-
ematical knowledge. Yet, their capacities when it comes to reasoning
about proofs can be accurately described in such a way as to entail the
claim that ordinary people are unable to autonomously acquire knowl-
edge about the existence of proofs. Since, on the current account, ac-
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quiring mathematical knowledge just is acquiring knowledge about the
existence of proofs, it follows that on this account it is impossible for or-
dinary people to autonomously acquire mathematical knowledge. This
conflicts with my earlier observation, and so it also conflicts with the
mathematical practices of ordinary people. Hence, these theories can-
not account for (the bulk of) the mathematical knowledge of ordinary
people.

7.4 Are these generally problematic cases?

In the previous section I have set up a problem for reformulations of
content that involve proofs. A natural question to ask now is whether
these cases also present problems for other accounts of these notions.
I suspect that they do, in the case of some other nominalist accounts
and even in the case of a particular platonist account. In order to il-
lustrate how these cases could present problems for other approaches, I
will here look at two alternative nominalist accounts, as well as a pla-
tonist account on which the content of mathematical sentences is refor-
mulated, and argue that these accounts also make mathematical content
too complicated.

7.4.1 Field’s fictionalism

I will start here with the account of Field (1989), who suggests that
we treat mathematical objects along the same lines as we treat fictional
characters. That is, according to Field mathematical statements aren’t
true, but they can be said to be true in the same way that sentences are
true about fictional characters.

the sense in which ‘2+2=4’ is true is pretty much the same
as the sense in which ‘Oliver Twist lived in London’ is true:
the latter is true only in the sense that it is true according to
a certain well-known story, and the former is true only in
that it is true according to standard mathematics. Similarly,
the fictionalist believes that 2+2=4 only in the sense that
he or she believes that standard mathematics says that (or,
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has as a consequence that) 2+2=4 . . . the fictionalist who
regards the comparison as reasonably apt will find it natural
to say that he doesn’t literally believe that 2+2=4. (Field,
1989, p.3, original italics)

So, whether or not a mathematical statement is true in this sense de-
pends on a certain fiction, just like the truth of statements about Hamlet
depends on the story of the ill-fated prince of Denmark. It seems rea-
sonable then to use this alternative kind of truth to supply the objects
of our (epistemic) attitudes regarding mathematics. On such a construal
the object of an (epistemic) attitude towards a mathematical statement
is going to involve the story of standard mathematics. After all, I don’t
know something about the actual world, but rather my knowledge is
about the story of standard mathematics. This seems to be exactly what
Field is suggesting here, as he is even saying that these are the kinds of
propositions that a fictionalist will believe. When we have mathemati-
cal beliefs, and acquire mathematical knowledge, the contents of these
beliefs are going to be of the form ‘p is true in standard mathematics’,
or perhaps ‘p is true in the story of standard mathematics’.

Here the same kind of argument can be made, as was made for the
case of proof. Again, it seems clear to me that people don’t actually
know very much about what is part of standard mathematics. If that
doesn’t convince, then it is possible to again argue that ordinary people
aren’t able to autonomously acquire knowledge about what is true in
standard mathematics. Here the most plausible story seems to be that
someone has learned through testimony about the distinction between
standard and non-standard mathematics, and has also learned that the
mathematics she knows (arithmetic, calculus, etc.) belongs to standard
mathematics. She is then able to tell whether something is true in stan-
dard mathematics, on the basis of her ability to tell whether something
is true in arithmetic, calculus, etc. Where this story fails, is that it is
unlikely that many people have actually heard about the difference be-
tween standard and non-standard mathematics. Unfortunately there is,
to my knowledge, no empirical evidence to back up this claim. Yet,
it does seem like a reasonable claim to make. Children are not taught
anything about there being such a thing as non-standard mathematics in
or before high school. Since that is where, for most people, their math-
ematics education stops, they would have to get this difference between
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standard and non-standard mathematics from elsewhere. No source,
apart from working mathematicians, presents itself. So, since ordinary
people don’t tend to interact with working mathematicians enough to
learn about this difference, I expect that they are unaware of there being
such a difference. As a result, they can’t autonomously come to know
that something is true in standard mathematics, because they have never
heard of standard mathematics.

A natural thing to wonder, now, is whether it is sufficient if one re-
moves the ‘standard’ part from the reformulation. So, to say instead
that ordinary people know, for mathematical propositions p, ‘p is true
in the fiction of mathematics’. While this reformulation is accessible
to ordinary people, it is indeterminate. There are many different math-
ematical theories, and on a nominalist view there doesn’t seem to be
much room to argue that one of these stories is in the privileged posi-
tion of being the story of mathematics. All of these theories are false,
so that doesn’t provide one with a criterion for distinguishing a spe-
cific theory. The obvious way of arriving at a single theory, is to talk
about the standard theory, but, as we just saw, that is problematic. I’ll
look at some other attempts of arriving at a single theory below, but
there is one last suggestion that needs to be discussed here. Perhaps
the concept of MATHEMATICS that ordinary people have just is that of
ORDINARY MATHEMATICS, even though they are unaware of this. In
that case, they would be able to have mathematical knowledge whose
content is along the lines suggested above. That would mean, though,
that were they presented with non-standard mathematical theories, they
wouldn’t count them as falling under their concept of MATHEMATICS.
This seems unlikely, as they are probably disposed to accept anything
that looks similar to the mathematics they know, and presumably ev-
erything presented to them by mathematicians, as falling under their
concept. So, the extension of their concept will also encompass non-
standard mathematics, thus making it probable that their concept is not
that of STANDARD MATHEMATICS in disguise.

7.4.2 Yablo’s nominalism

Secondly, I will look at the view expressed in Yablo (2001). He calls
his position relative reflexive fictionalism, which is characterized by the
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fact that there are two ways in which mathematical assertions may be
understood. They can be understood as made in either an engaged, or
in a disengaged manner.

Any real nominalist will want to be both of these characters.
He will want to be disengaged when speaking to philoso-
phers (“there being no numbers at all, the number of even
primes is 0"), and engaged when doing mathematics (“4,
6, 8, . . . being composite, the number of even primes is
1"). This is a kind of relativism, and so reflexive fictional-
ism modified to allow for it will be called relative reflexive
fictionalism. (Yablo, 2001, p.83)

The usual, engaged, way in which we make mathematical statements
is thus as though they are metaphors, but that doesn’t mean we can’t
make mathematical statements literally – it’s just that philosophers are
the only people that do so. So, when uttering ‘there are no prime num-
bers’ literally, I express a truth according to Yablo, but when uttering it
figuratively I express a falsehood. The literal case is thus fairly straight-
forward when it comes to content, as it will probably be no more than a
face-value construal of the two. But, because there are no mathematical
objects on Yablo’s view, there will be a somewhat different distribution
of what the literal truths and falsehoods are (e.g. ’there are no numbers’
is literally true and ’there are infinitely many prime numbers’ is literally
false).

The more interesting case, that of our figurative, disengaged, use of
mathematical statements, is also a bit trickier. According to Yablo the
figurative truth has to do with a game that we play when practicing
mathematics. So, he talks about “make believe games G, where it is
understood that different such games can be played with the same sen-
tences and will be as the occasion demands. Changes in the game we are
playing with S make for changes in real content" (Yablo, 2001, p.82).
As he sees it, there is a game G which is standard mathematics and
according to which there exist lots and lots of mathematical objects.
The game that we play when speaking figuratively is a second one, G*,
which is such that in it we imagine that the numbers and other mathe-
matical objects are assigned to the things we imagine exist when we are
engaged in G.
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G is basic if acceptability in G is a function of how things
really are; these are the games we have been talking about
so far. G* is parasitic if acceptability in G* depends on
how things are imagined to be when playing some other
game (as it might be, G). The engaged nominalist is speak-
ing parasitically. He is playing a G* in which numbers are
assigned to the entities imagined to exist when playing G =
the ?applied? game in which numbers are assigned to enti-
ties that are really there. The numbers as they are imagined
to be in G include just one that is even and prime; G* as-
signs 1 to the so-and-so?s iff there is only a single so-and-so
among the numbers as they are imagined to be in G; hence
G* assigns 1 to the even primes. (Yablo, 2001, p.83)

Thus, ‘2 is even’ is true in the figurative case if the number 2, imagined
such as it is in G, is even. Here then our figurative way of speaking
allows for a reference to how mathematical objects are imagined to be.
Again it is natural to take up this alternative kind of truth to form a
basis for the objects of our (epistemic) attitudes. On such an account
then the content is formulated in terms of games, to be precise the game
G* of imagining that the world contains all of the mathematical objects
posited by G. In this case then, the content of a belief is not simply p,
but rather it is of the form that p is true according to G*. Since the game
G* is the central concept here, it is important to keep in mind that it is
not just any game. It is specifically the game of imagining that standard
mathematics correctly described the world. Finally, it is important to
establish that the content is indeed of this form. Yablo seems to affirm
this in a footnote:

I am relying here on a perhaps-too-subtle distinction be-
tween (i) saying S meaning: in the game, S, and (ii) saying
it meaning: S (pssst?judge this by its faithfulness to reality
as we are supposed to imagine it when doing arithmetic). (i)
makes life simpler. Our subject matter is always the same:
the world as it is. But (ii) better captures how it feels to
say that there are infinitely many primes. I feel myself to
be talking not about the practice, but the objects. (Yablo,
2001, p.84, fn.11)
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I take this to mean that it is unproblematic to interpret Yablo as saying
that the content of our knowledge is of the form ‘p is true in game G*’.
Presumably, the second interpretation he gives is intended to convey
the idea that the meaning of the terms occurring in p are also differ-
ent from their meaning on a face-value construal. These terms are not
incurring ontological commitments, something which is not as clear on
the first interpretation, as that interpretation doesn’t make it explicit that
the terms in the proposition should be interpreted in a non-standard way.
Yet, since Yablo doesn’t object to that version, I will stick to this sug-
gestion.

Once we are clear on what the game in terms of which the content is
reformulated is supposed to be, it is also easy to see that this refor-
mulation runs into the same difficulties as Field’s reformulation. Here
too, people have to be in a position to acquire knowledge about what is
true in game G*. In this case that requires them to be able to acquire
knowledge about what is true in standard mathematics. Since ordinary
people are unable to meet the requirement for standard mathematics, it
follows that they are also unable to meet the requirement in the case
of the game G*. After all, G* is the game in which we pretend that
standard mathematics correctly describes the world. Ordinary people
are thus unable to autonomously acquire knowledge about the game
G*, and are consequently unable to autonomously acquire mathemati-
cal knowledge.

7.4.3 Variations on Field’s and Yablo’s reformulations

Reformulations that use ‘the story of standard mathematics’ or ‘the
game of standard mathematics’ are thus problematic, but why should
this bother someone who holds this kind of view? An initial response to
this difficulty might be to retreat instead to a position where the relevant
story or game is the one that corresponds to the story or game that the
agent in question knows. This will clearly lead to many different sto-
ries and games, and thus to many different contents across agents, but
it will guarantee that the content will be available to each agent. This
raises problems with respect to how we are able to understand each
other, and how we are able to properly disagree when it comes to math-
ematics. For if what enters into the content is whatever story that the

196



agent knows at that time, then there is no guarantee that this story will in
any way conform with the ‘standard’ story of mathematics. It may very
well be that the story happens to be inconsistent, because of a structural
mistake made by one of the agent’s mathematics teachers. In that case
the agent will only have true mathematical beliefs, regardless of what
her mathematical beliefs are. Another situation that may occur is that
the agent only knows some non-standard story. In that case the content
of her beliefs and knowledge will be different from those of the other
agents. As far as that agent is concerned, she might also only hold true
beliefs, but it still seems as though the other agents would disagree with
her and will try to convince her that she is wrong. Given the mismatch
in content on this account, it is not at all clear how to properly account
for this disagreement, though.

Moving from ‘the story of standard mathematics’ or ‘the game of stan-
dard mathematics’ to whatever story or game an agent happens to know
thus runs into difficulties, because of the arbitrariness that is introduced.
One of the advantages of using ‘the standard story’ is that there is a guar-
antee that the content matches across agents, and that the story is consis-
tent. One could try to stick to this advantage by using instead something
like ‘the part of the standard story that the agent knows’. This would
probably manage to minimize the issues of disagreement, and would
altogether solve the worries about inconsistent stories or games. A first
issue here is that appealing to the part that is known may be too strong,
as the agents’ beliefs need not concern any part of mathematics about
which the agent knows something. It seems perfectly feasible for an
agent to have some isolated beliefs about, say, category theory, without
having any mathematical knowledge of category theory. What would
have to be a part of the content would thus have to be ‘the part of the
standard story that the agent believes’. One worry that is still present
on this account, in relation to the content of beliefs and knowledge, is
that this content will still vary wildly between different people. For by
appealing to the part of the story that is known in the content, this means
that the content will change every time someone acquires a new belief
about mathematics that happens to match up with the standard story.
They may have mathematical knowledge and beliefs on this picture, but
they needn’t know which beliefs count as knowledge, as only the truth
on the part of the standard story they know matters for whether or not
a belief can count as knowledge. Furthermore, both approaches that
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appeal to the story the individual knows run the risk of making math-
ematical testimony nearly impossible. The basic idea of testimony is
that it is a way of transmitting knowledge from one person to another.
However, if the speaker and hearer know a slightly different story, then
this idea isn’t followed – the content of their mathematical knowledge
will never align, and so they can’t transmit any mathematical knowl-
edge by way of testimony. So, moving to ‘the part of the standard story
that the agent believes’ has as a result that the agent doesn’t know what
mathematical knowledge she has. It also runs the risk of making math-
ematical testimony nearly impossible. Even more worrying is the fact
that it also seems to give a circular characterization of the content of the
agent’s beliefs. For in order to know whether the content of her beliefs
matches up with the standard story, one needs to already know what
those contents are. However, in order to know what the contents are,
one needs to know (on this reformulation), which of her beliefs match
up with the standard story. So, in order to determine the content of her
beliefs one needs to already know what those contents are.

As a last attempt, one might try to use a more generic formulation to
supply the content of mathematical beliefs and knowledge. So, one
might want to put some basic constraints on the kinds of stories or
games that can figure in the content, a thought which might be inspired
by the view in Field (1980) that all that matters for mathematics is that
it is conservative (doesn’t allow us to prove anything we couldn’t al-
ready prove before we started using mathematics).1 These constraints,
which are added to the content on top of the basic element of ‘true in a
game/story’, are invariably going to involve the notion of proof though,
as one of the absolute minimal constraints is that the stories or games
need to be consistent. Not having that constraint runs you into difficul-
ties, since in practice people do have inconsistent views on mathemat-
ics. Adding the constraint is also problematic though, as it may directly
stating something about proof. In other words, ‘consistent story / game’
will yield a reformulation on which ordinary people are unable to au-
tonomously acquire mathematical knowledge. A response to this could

1Note, though, that Field (1980) isn’t presenting a view here on which the
content of our mathematical beliefs is reformulated, in the way in which the
theories I argue against here do so. So, the suggestion here should not be
understood as reflecting a view that Field actually held.
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be to say that CONSISTENCY is not defined in terms of PROOF, but is in-
stead a primitive concept. Such a response doesn’t seem to help, though,
since it is no more likely that ordinary people can autonomously acquire
knowledge about whether something is a part of a consistent story, in
the mathematically rigorous sense. Even if that isn’t so, then it is still
possible to point out that people don’t actually know anything about
consistency; e.g. they don’t know that Dedekind-Peano arithmetic is
consistent. So, they don’t have mathematical knowledge that things are
true in consistent stories, because they don’t know that these stories are
consistent.

7.4.4 Balaguer’s reformulation using standard models

Finally, Balaguer (1995) presents a platonist philosophy of mathemat-
ics whose nominalist equivalent, given in Balaguer (2009), also offers a
reformulation of the content of our mathematical beliefs. The platonist
theory doesn’t require a reformulation of the content, as it doesn’t have
problems with the facticity of knowledge, in contrast to the nominalist
theories. His platonist theory proceeds from the thesis that every math-
ematical object that possibly could exist actually does exist (Balaguer,
1995, p.304). For that reason any consistent mathematical claim (thus
describing a collection of objects that possibly could exist) is true, as
the objects it describes exist and do indeed have that property. To still
account for the idea that mathematicians are doing more than testing for
consistency to determine the truth of a sentence, he holds that “mathe-
maticians do not just speak of truth simpliciter." (Balaguer, 1995, p.316,
original emphasis) Rather, mathematicians talk about truth in the stan-
dard model, where what counts as the standard model is determined by
us. For example, a model of arithmetic on which there is a number
that is larger than all standard numbers is counted by us as being non-
standard. Balaguer can then just say that, on the platonist theory, the
content of our mathematical knowledge is p, which is true because it
is true in the standard model. So, on that interpretation, mathematical
truth just is truth in the standard model, and as a result there is no need
to mention the standard model in the content of the belief. His fiction-
alist theory cannot make such a move, and so that theory does need to
offer a reformulation of the content of our knowledge.
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Since Balaguer has already introduced a new notion of truth, it is to be
expected that he uses a similar notion to account for our mathematical
knowledge on his nominalist theory. In that case, he introduces a notion
of correctness, as follows.

A pure mathematical statement S is correct iff, in the story
of mathematics, S is true in all the part of the mathematical
realm that count as intended in the given branch of mathe-
matics; and S is incorrect iff, in the story of mathematics, S
is false in all intended parts of the mathematical realm; and
if, in the story of mathematics, S is true in some intended
parts of the mathematical realm and false in others, then
there is no fact of the matter as to whether S is correct or
incorrect. (Balaguer, 2009, p.149-150)

He may then opt for two ways of formulating the content of our math-
ematical knowledge. He may either say that when we know a math-
ematical proposition p, we don’t just know p, but we do know that p
is correct. Or, he can say that we know that p is true in the story of
mathematics. Either of these options will help him escape the problems
with the idea that knowledge is factive, and so both formulations are
acceptable. They also run into the same issue, namely that most peo-
ple are not able to autonomously acquire knowledge about the truth of a
proposition in all intended parts of the mathematical realm. Which parts
are intended is something that they, presumably, leave up to authority
figures to decide. While there is, as far as I know, no empirical research
related to this, it does seem plausible that if a non-mathematician is told
that a certain part of the mathematical realm was also intended, then
she would readily accept that. In other words, ordinary people do not
seem to have some way of deciding, for themselves, which parts of the
mathematical realm were intended by the story of mathematics they are
working with. That is problematic, because on both suggestions for the
content, it is crucial that people know what the intended parts of the
mathematical realm are, for them to be able to determine whether or not
a proposition is correct / true in all intended parts. This theory too, then,
has difficulties with accounting for the intuition that ordinary people are
able to autonomously acquire mathematical knowledge.
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7.5 Conclusion

Having gone through various ways in which one might account for the
object of our (epistemic) attitudes regarding mathematics by offering a
reformulation, it seems that a large number of these attempts run into
difficulties when it comes to describing the mathematical knowledge
ordinary people have. In general, my point can be taken as the sim-
ple claim that ordinary people do not in fact have knowledge with the
kind of content that the nominalist attributes to them. Yet, that claim
itself, while I consider it as being clearly true, has also been given
some support by independent considerations. These were, generally,
that the reformulations suggested are such that they preclude ordinary
people from autonomously acquiring mathematical knowledge, some-
thing which they seem to be capable of.

In the case of proof-based approaches to content the issue is that a lot of
people with mathematical beliefs and knowledge are not good enough
at dealing with proof, in order to acquire knowledge about the existence
of proofs without recourse to authority. Similar issues arise for other at-
tempts to reformulate the object of (epistemic) attitudes, as the previous
section showed. Appealing to some story or fiction of standard mathe-
matics fails to produce the right results, because it doesn’t seem to be
necessary for someone to be aware of the distinction between standard
and non-standard mathematics to have mathematical knowledge. This
in turn leads to further issues when one tries to come up with an alterna-
tive way of giving a nominalist account based on stories or games. The
conclusion then is that these theories are not yet in a position to account
for the mathematical practices of ordinary people.
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8. Semantics in terms of
proof
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8.1 Introduction

The previous chapter looked at the case where one reformulates the
content of mathematical beliefs in terms of proof, and this chapter will
focus on what happens when one tries to give a semantics for mathemat-
ics in terms of proof. While this is not quite as general a trend among
philosophers of mathematics as reformulating the content of mathemati-
cal beliefs is, it is still a strategy that plays an important role in one of the
main approaches to the philosophy of mathematics. So far I have looked
at platonist and nominalist philosophies of mathematics, this chapter
differs from that, in that here I will look at the third (recent) tradition,
namely constructivism. This approach to the philosophy of mathematics
takes an entirely different turn from the other two approaches, in that it
chooses to deny that mathematical truths are mind-independent (some-
thing which, in general, both platonists and nominalists accept). This
means that, according to a constructivist, the only mathematical truths
that there are are mathematical truths which are knowable by us. This
may also means that a constructivist holds that mathematical objects are
mind-dependent, but this is not a necessary element of a constructivist
view.

Because of the central role that constructivists give to epistemology,
they also give an important role to one of the major ways in which we
acquire mathematical knowledge, namely to proof. They, just as the
fictionalists looked at in the previous section, choose to reinterpret the
content of our mathematical beliefs in terms of proof (although they
would not themselves say that this is a reinterpretation). After hav-
ing given such a formulation of our beliefs, they go one step further.
They also choose to interpret the meaning of mathematical statements
in terms of proof (again, this is not perceived as in any way deviating
from the usual analysis). It is not entirely clear whether constructivists
are the only ones who want to do so, as nominalists generally don’t dis-
cuss what kind of semantic theory they want to give for mathematics.
At the moment though, constructivism is the only theory which explic-
itly chooses to abandon a truth-conditional semantics, and to adopt a
proof-conditional semantics. That is not to say that it wouldn’t be a
logical move for nominalists to try to make a proof-conditional seman-
tics work. Especially for the fictionalists, who already use the notion
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of proof to reinterpret the content of our mathematical beliefs, it would
make sense to try to avoid appeal to truth in the semantics as well. In
this chapter, however, I aim to argue that moving to a proof-conditional
semantics is not such an attractive move as it at first appears. I will ar-
gue that it, just as the reformulations from the previous chapter, makes
matters too complicated for the majority of people. As such, it places
the meaning of mathematical statements out of reach for the ordinary
non-mathematician. It thus clashes with the fact that most people do
understand something of mathematics, and that it is not at all the case
that people in general fail to understand whatever mathematical state-
ment is presented to them. At the very least, everyone with an education
will understand such mathematical statements as 1+ 1 = 2. In section
8.4 I argue, though, that on a proof-conditional semantics as it has been
constructed so far, that would not be the case.

8.2 Giving a proof-conditional semantics

While the different constructivists do have different views on the phi-
losophy of mathematics, they all tend to agree on the basic properties
of the underlying semantics. For that reason, it is not necessary to
work through all of the different (current) versions of constructivism,
since all of them present a proof-conditional semantics with the same
basic requirements on speakers, for them to know the meaning of a spe-
cific statement (I will set out these requirements in detail in the next
section). Still, it may be useful to be aware of the different kinds of
views that have recently been defended. So, Martin-Löf (2013), van der
Schaar (2011) and Sundholm (1997) defend one version of construc-
tivism. Two other versions can be found in the recent work of Dag
Prawitz, a first in his somewhat older Prawitz (2006a) and a second in
his more recent Prawitz (2006b), Prawitz (2009) and Prawitz (2012).
Yet another version, closer to that of Prawitz than that of Martin-Löf,
can be found in Dummett (1991). Finally, a historical overview of some
positions defended by the early constructivists/intuitionists can be found
in Sundholm (1983). Aside from the constructivist viewpoint there is
also some other work done on proof-theoretic semantics, such as for
example Došen (2015), who also provides further references. These
positions do of course all differ in terms of how the notion of proof is
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defined exactly and what is emphasized. For the purpose of illustrat-
ing what a characterization of meaning in terms of proof would look
like though, it is not important to look at all of the variants that one
finds in the literature. Instead, I will work out the position that has been
defended by Sundholm as a good representative for what current proof-
conditional semantics look like. The main deviation from the other ap-
proaches is the use of type theory in the semantics, which is not found
in the work of, for example, Dag Prawitz. Note that although I will
be taking my cue from constructivism here, it is also possible to give
a proof-conditional semantics without having a constructivist philoso-
phy of mathematics in the background. So, it will be relevant to know
that recently there have been attempts to formulate a proof-conditional
semantics for (fragments of) natural language (Francez and Dyckhoff,
2010). Perhaps even more relevant is one of the motivations given for
this approach to semantics in that paper, where the authors deem that
it is not as ontologically committing as a truth-conditional semantics in
that it doesn’t require one to use models, possible worlds, etc. These
are exactly the kinds of things a nominalist wants to get rid of, so a
proof-conditional semantics would appear to be very attractive from a
nominalist standpoint.

Returning now to constructivism, on Sundholm’s version of construc-
tivism the notion of meaning is spelled out in terms of an understanding
of mathematical truth as the existence of a mathematical proof. That is,
a mathematical statement A is true if and only if there exists a proof of
A. The defining feature of this characterisation of truth is that ‘exists’
here should be understood such that one can only draw that conclusion
if one actually possesses a proof of A. Since truth is defined in terms of
proof, the meaning of mathematical statements (their truth-conditions)
reduces to the ‘proof-conditions’ of mathematical statements. That is,
the conditions under which a statement is true are spelled out in terms
of when something is a proof of that statement. These conditions are
quite different from truth-conditions, already before one looks at the de-
tails. Truth-conditions specify a kind of property that statements have;
namely, that a statement is true in these cases and false in these other
cases. Proof-conditions do not specify a kind of property, but rather
specify a kind of relation between statements and potential proofs; namely,
when a proof is a proof for that statement. Proof-conditions thus in-
volve two elements, proofs and the statement for which they specify the
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meaning, whereas truth-conditions only involve the statement itself. In
other words, one can manifest knowledge of the meaning of a statement
by assenting to the statement under the right conditions, on a truth-
conditional framework. On a proof-conditional framework, however,
one can’t manifest this knowledge in this way, and instead has to as-
sent to a potential proof being a proof of the statement, under the right
conditions.

What proof-conditions are supposed to do then is to specify what a proof
has to be like, in order to prove the statement for which it specifies the
meaning. To give an example of how that might work, here is how the
constructivist views the meaning of logical conjunction. Conjunction
is given meaning on this picture by the natural deduction rules, in par-
ticular the introduction rules. However, the particular deductive system
is unimportant for the meaning of statements, so proof-conditions are
not spelled out in terms of any particular deductive system. Rather, the
final structure of a proof is important, which can most easily be seen by
looking at the natural deduction rule:

...
a : p

...
b : q

(a,b) : p^q

This specifies the meaning of conjunction in the following way. Ac-
cording to the deduction rule, a proof of a conjunctive statement is an
ordered pair of a proof of the first conjunct and a proof of the second
conjunct (‘a : p’ is to be read as ‘a is a proof of p’). The proof-conditions
for a^ b are thus that something is a proof only when it is an ordered
pair of this kind (and that general structure is independent of the deduc-
tive system used). Note that this does manage to distinguish different
conjunctive statements, as the preceding proofs of a and b are going to
be different for different conjunctive statements. And, of course, this
is not the only way in which one can prove a conjunctive statement.
For example, you can also prove p^q via conjunction elimination from
r ^ (p^ q). The latter proof will not necessarily yield a neat ordered
pair in accordance with the meaning stipulation given above. To ac-
count for this, the constructivist makes the distinction between canoni-
cal and non-canonical proofs. A canonical proof is one that is formed
in such a way that its last step is the applications of an introduction
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rule. By requiring this, it is guaranteed that canonical proofs will have
the right outer structure (so in the case of conjunction, that they will
be an ordered pair of proofs of the conjuncts). All of the proofs that
diverge from this are called non-canonical proofs, and have to be such
that they can be reduced to canonical proofs.1 So in the example where
you deduce p^q from r^(p^q) you can e.g. reduce the proof by skip-
ping the last conjunction introduction (from r and p^ q to r^ (p^ q))
and elimination. Having this distinction available, we can now say that
the meaning of a mathematical statement is specified in terms of what
counts as a canonical proof for that statement.

In general then, one can try to account for meaning in terms of proof by
saying that the meaning of a statement is given by its canonical proof-
conditions. Accounts in the current constructivist literature diverge in
two directions, when it comes to what it means to understand a math-
ematical statement; that is, what it means to know the meaning of a
statement.2 On the first of these two accounts one says that knowing the
meaning of a statement is the same as being able to recognize a proof
of that statement. On the second, somewhat weaker, account, knowing
the meaning of a statement is the same as knowing what counts as a
proof (i.e. knowing the canonical proof-conditions).3 As of yet there
are no weaker accounts present in the literature, even though it may be
possible to spell out a weaker account – no such attempt is made here

1While this is known to work in predicate logic, it is already harder to
maintain this distinction in the case of Peano arithmetic. Mathematical in-
duction, as it is usually conceived, is an elimination rule which establishes a
universally quantified statement, but without it being reducible to a canonical
proof of a universally quantified statement. While this may be amended by
changing the induction rule, it does show that it is not clear that this distinction
can be upheld in general. None of my arguments will depend on this, though.

2They presuppose that understanding a statement is knowing the meaning
of the statement. Pettit (2003) challenges this assumption, but even with a
weaker theory of what understanding is, my arguments seem to work. In that
case, my arguments show that ordinary people are completely unable to know
the meaning of mathematical statements, which should be more than sufficient
for worries about the constructivist approach to semantics.

3Here I will interpret this literally, as requiring that people have explicit
knowledge of the canonical proof-conditions. Chapter nine will discuss some
weaker variants of this claim.
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though. These approaches need not be of interest only for a construc-
tivist, as a nominalist might just as well wish to avoid talk of truth in
the case of meaning. As such, this case seems to present an attractive
template for a proof-theoretic approach to meaning. As I will argue in
the next section though, it is not without problems.

8.3 The requirements on speakers

When it comes to the above approach to meaning, there is already an
argument somewhat similar to the one I will be setting up below against
the view that understanding a mathematical statement is the same as be-
ing able to recognize a proof of that statement. That argument, put for-
ward in Pagin (2009), is based on the idea that a mathematical statement
can have a proof that involves parts of mathematics that are unrelated to
the statement itself. He argues specifically that the ability to recognize a
proof goes against the idea that the semantics should be compositional,
while remaining simple enough for it to be feasible that this is how peo-
ple understand mathematical statements. A good example of a case like
that is Fermat’s last theorem, which states that for integers a, b and c,
the formula an + bn = cn has no solution for integer values of n larger
than 2. This has recently been proved by Andrew Wiles, but only by
using a lot of very advanced mathematics such as the theory of ellipti-
cal curves.1 Since the theory of elliptical curves does not belong to the
arithmetical language within which Fermat’s last theorem is stated, the
resulting semantic theory could only be compositional if the composi-
tion function was so complicated that it couldn’t be used by anyone,
even professional mathematicians. It requires that agents have knowl-
edge, in order for them to understand a statement, which is not required
for them to understand the constituents of the statement, or anything

1As I understand it, several mathematicians who have a good understand-
ing of Wiles’ proof believe that there is also a proof of Fermat’s last theorem
that only uses number theory. Here I will stick to using Fermat’s last theorem
as an example, even if it doesn’t conceptually require quite as much as Wiles’
proof does; the reader can substitute other examples if that is preferred. For
even if this example eventually turns out to be a bad example, there will be
other cases, thanks to Gödel’s incompleteness theorems, where the proof of a
statement is conceptually more demanding than the statement itself.
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similar to that. The semantics, if we also require that it is such that
people are able to recognize proofs, can then only be compositional if
the composition function is very complicated, and includes all this ex-
tra mathematics. Since it would be so complicated, it would follow that
practically no one can use this composition function, and thus that prac-
tically no one, not even mathematicians, would understand Fermat’s last
theorem. Yet we do think that many people understand this theorem, so
this kind of semantics can’t give a good description of the meaning of
mathematical statements.

Here I will try to set up a more general argument, which is aimed against
the identification of knowing the meaning with knowing the canonical
proof-conditions, but doesn’t challenge the compositionality of the se-
mantics. Importantly, this argument differs from Pagin’s argument in
that it doesn’t need the thesis that knowing the meaning of a statement
requires knowing parts of mathematics that do not occur in the state-
ment. Rather, my argument will be that even if a proof-conditional
semantics of the sort given by the constructivists is compositional, and
not too complex for mathematicians, then it will still give an account
of meaning that places requirements on ordinary people that are too de-
manding for them to satisfy. It is, as a result, also less general – I do
not rule out that proof-conditional semantics may be correct for profes-
sional mathematicians. Pagin’s arguments, on the other hand, also rule
out that a proof-conditional-semantics with the requirement that people
are able to recognize a proof when they see one, manages to describe
the knowledge of the meaning of mathematical statements of profes-
sional mathematicians. As a first step in my extended argument, I will
expand somewhat on what proof-conditions for particular statements
would be like, or at least what would have to be a part of them. To be
clear, this is going to be an explanation of what requirements have to
be met for people to be able to know the proof-conditions of a partic-
ular statement. Just putting these requirements together will not give
you the proof-conditions, but they will specify what building blocks are
needed to give the proof-conditions of a particular mathematical state-
ment.

First of all, because proof-conditions specify a relation between proofs
and statements, it is required that an agent has a general idea as to what
a proof is. In order to know anything about this relation for particular
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statements, one will have to know what the two relata are, and thus what,
in general, a proof is. This is the part of the semantics that tends to be
described in detail. For example, this is where Prawitz (2012) and Sund-
holm (1997) differ, as they have a different understanding of the notion
of proof. Prawitz (2012) views validity as something which is spec-
ified through rules only after all of the statements have been formed,
whereas Sundholm (1997) appeals to the existence of proofs in the for-
mation rules of statements (e.g. p ! q is a statement if, given a proof of
p, we know that q is a statement). The general requirement that agents
know what a proof is, is found for both versions though. Thus, while
the versions differ over the characterization of proof, they do not dif-
fer with respect to the requirement that agents know what, in general, a
proof is.

Second, turning to particular statements, at the very least the proof-
conditions will have to specify what the outer form is that a canonical
proof needs to take for that particular statement. Within a natural de-
duction framework, that means that the kind of inference rules that may
be used will have to be a part of the proof-conditions. It is possible
to state this without explicitly talking about rules. Prawitz, for exam-
ple, specifies canonical proofs in terms of the structure of the resulting
proof (a proof of a conjunctive statement is an ordered pair of proofs,
etc.). While this may not mention rules specifically, it does require the
same kind of knowledge, namely knowledge of which types of infer-
ences can be made. Here I will continue talking of inference rules, for
convenience. Presumably, the non-logical axioms that are part of the
atomic systems to which the atomic subformulas of the statement be-
long should also be mentioned, if these subformulas do indeed belong
to an atomic system (e.g. arithmetic). For, a sequence of formulas such
that each formula follows from the preceding via valid inference rules
need not be a proof. If the starting point is not a collection of axioms,
then despite the validity of all of the steps the end result won’t amount
to a closed proof. Instead, it will only amount to a proof from certain
assumptions – but what seems to be needed here is a closed proof. Just
as truth-conditions are not the conditions under which a statement is
true given that some other statements are also true. The axioms that
one needs to know will not be logical axioms, as the proof-conditions
are supposed to be neutral with respect to the deductive system that is
used. That doesn’t exclude the relevant non-logical axioms, though, so
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that one will still need to know e.g. the Peano axioms, in order to know
the proof-conditions of arithmetical statements. It will vary, depend-
ing on the particular mathematical statement, just how much is needed.
For very simple arithmetical statements such as ‘1 + 1 = 2’ it may be
sufficient to know some of the Peano axioms, but not the induction ax-
iom. For universally quantified arithmetical statements, it will already
be necessary to know the induction axiom. Those are the statements I
will be taking up here, as there is for those statements still a strong intu-
ition that many people do know the meaning of these statements. This
thus provides us with a good lower limit of the knowledge required
of agents by a proof-conditional semantics of the current type. That
doesn’t mean that this also gets us a higher limit to the requirements,
which might not even exist. Fermat’s last theorem is a good example
of a case where the requirements may be very much higher. My ar-
guments here should thus be taken as establishing a lower limit to the
knowledge required to know the meaning of mathematical statements,
which intuitively are understood by almost everyone.

From the above, I take it that proof-conditions will encompass a set con-
taining inference rules and a set containing relevant non-logical axioms.
So, proof-conditions will have to include at least enough inference rules
and non-logical axioms such that you have everything you need1 in or-
der to know whether a specific (alleged) proof counts as a proof for the
statement in question (but this need not amount to a decision procedure).
So, not every non-logical axiom or inference rule that you could use will
have to be a part of the proof-conditions, but you will still need knowl-
edge of a fair amount of inference rules and axioms. A minimal case
would be, for a particular statement with subformulas from an atomic
system, that one knows the non-logical axioms that are relevant to the
atomic system, and the inference rules of predicate logic. The case I

1It is hard to be precise about which inference rules and axioms you need
exactly, but it will have to encompass at least some different ways of proving a
statement. Clearly, proof-conditions shouldn’t say that something only proves
a statement if it is identical to some specific proof. At the same time, one also
wants to avoid the need to account for every conceivable proof, in particular
due to the option to add an unrelated proof with a conjunction introduction and
a subsequent elimination. There is no need to resolve this issue here though,
as my argument will only rely on inference rules and axioms that will clearly
have to figure in the proof-conditions.
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will work with is that of a universally quantified arithmetical statement,
where the proof-conditions will at least include the Peano axioms, the
induction axiom, and the inference rules of predicate logic. Whether
more is needed, because one could also prove arithmetical statements
in more elaborate systems, is not something I will take up here. Impor-
tantly, this is just a specification of the minimal components of a proof-
condition, on the basis of which the proof-condition is formed. As can
be seen from the discussion in the previous section, proof-conditions
are not just summing up these components, which would obviously be
insufficient to determine the meaning of any particular statement.

Perhaps one wants to object to the need for including the axioms and in-
ference rules that one needs to prove a statement into the proof-conditions.
One reason for thinking that this is already requiring too much is that
you could try to formulate ‘canonical proof’ in such a way that it is
nothing more than a requirement on the outer form of the proof. As can
be seen from the previous section, ‘canonical proof’ as such doesn’t re-
quire anything about how one fills in the outer form. Perhaps then we
can get by with mentioning just the last inference(s) and ‘valid deriva-
tion’ in the proof-conditions. However, this raises the question ‘what
counts as a valid derivation for this particular statement?’. The answer
will be spelled out precisely along the above lines; so in terms of valid
inference rules and admissible starting points. Appealing to a valid
derivation (or a valid argument, etc) doesn’t help, since it is nothing
more than a brief way of stating the conditions mentioned in the previ-
ous paragraph. One can of course simply say that the proof-conditions
of a statement are that a proof has to be a valid derivation of that state-
ment. But this doesn’t say anything informative, as it is like saying that
the truth-conditions of a statement are that for it to be true it has to be
true. Something more than that is needed to specify the meaning of a
particular statement, and hence the need arises to reference the admissi-
ble inferences and the non-logical axioms. What, of course, needn’t be
given by the proof-conditions, is a procedure that allows one to recog-
nize whether something is a proof of a statement (that requirement was
rejected above). All the proof-conditions need to do, is specify under
what conditions something counts as a proof of a particular statement.
They need to determine which potential proofs are a proof of the par-
ticular statement, but needn’t give a procedure for deciding if this is the
case.
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8.4 The limited capacities of speakers

The first problem for the identification of knowing the meaning with
knowing the proof-conditions now arises from the need to know the rel-
evant nonlogical axioms. For most non-mathematicians are unlikely to
know any axioms (or at least are unlikely to know them as axioms).
It may not be required to know the proof-conditions to know what an
axiom is, but knowing that there are certain admissible starting points
for a derivation does seem to be required.1 Given how long it took
for mathematicians to develop the axiomatic system we have today, it
seems rather unlikely that we already tacitly know those axioms. The
Peano axioms, to stick to the particular case of universally quantified
arithmetical statements, took over 2000 years to be formulated, so it
would be very odd if actually anyone who understands basic arithmetic
knows the Peano axioms. It is certainly not the case that one develops
an understanding of the Peano axioms just from performing arithmetical
calculations. For slightly more advanced parts of mathematics this point
may be clearer. A lot of high school students have to learn rudimentary
calculus, but they will be hard pressed to give proofs or to even tell you
what one could use as a starting point for a proof. On top of this there
is of course the historical consideration of what the meaning of mathe-
matical statements was in times when there were no axiomatic systems
or rigorous derivations around. Back then people clearly didn’t know
the relevant axioms as starting points for derivations. This historical
point may be less of a worry, in that it doesn’t seem too counterintu-
itive to say that they meant something else. However, the contemporary
point seems to me to be quite worrying; if we need to know axioms
to know proof-conditions then it seems that on a proof-theoretic view
of meaning a lot of people will altogether fail to know the meaning of
mathematical statements. Yet, we do think that ordinary people under-
stand a fair amount of mathematical statement, such as a large number
of arithmetical statements.

1Although this isn’t explicitly stated in the constructivist literature, there is
an explicit statement in the natural language case. On that approach “grasping
the meaning involves . . . possessing a finite collection of sentences G . . . from
which S is canonically derivable in the ND-system [Natural Deduction sys-
tem]" (Francez and Dyckhoff, 2010, p.450).
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To further strengthen the contemporary point, empirical research from
the pedagogical sciences (the usual remarks on the claims being de-
scriptive apply – see chapters 3.4.2, 4.2 and 7.3) can be used to see that
already the Peano axioms provide problems for the majority of peo-
ple. Naturally, the problems aren’t with the axioms that say that 0 is
a natural number, and that each natural number has a unique succes-
sor, etc. Rather, the problems with the Peano axioms are caused by
the inclusion of the induction schema in the axioms. If it is indeed
correct that one needs to know the relevant non-logical axioms before
one can understand the meaning of a mathematical statement, then al-
most everyone should know the Peano axioms, and thus the induction
schema as defined on the natural numbers. Since we also think that we
have a rather good understanding of statements from basic arithmetic,
one would thus expect that not only does everyone know the induc-
tion schema, they should also know it quite well. That, however, turns
out not to be the case, as in fact even recently educated mathematics
teachers struggle with the induction schema. These mathematics teach-
ers, who have been educated either to teach at primary or at secondary
schools, have also received courses that explicitly treat the induction
schema. Therefore, they are to be expected to perform even better when
it comes to their knowledge of the induction schema, when compared
with non-mathematicians that haven’t trained to become mathematics
teachers.

I will here rely mostly on the findings of Stylianides et al (2007), and for
the case of high school students see Palla et al (2012). More research,
with the same findings, is cited by them, but the cases presented here
should already serve to make the point that people generally fail to have
a good grasp of the induction schema. For although these teachers are
capable to recognize the general form of an application of the induction
schema, they make systematic mistakes on very elementary points. For
example, “she [an education track student about to become a mathe-
matics teacher] said that the proof of the implication P(k) ! P(k+ 1)
guaranteed the existence of a natural number x for which the statement
is true." (Stylianides et al, 2007, p.156) Or yet another student (a math-
ematics major this time), who “considers invalid the proof of the im-
plication . . . because the truth of the equation hasn’t been checked for
n = 1." (Stylianides et al, 2007, p.156) It seems then that even teachers
don’t necessarily know the induction schema for the natural numbers
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(i.e. they don’t know how to prove things by mathematical induction),
so it is even less likely for those who have only received mathematics
up through high school that they know the induction schema. Since the
induction schema is central to proving universally quantified arithmeti-
cal statements, one would need to know the induction schema in order
to be able to know the proof-conditions of universally quantified arith-
metical statements. Importantly, these are statements of which we think
that most people know what they mean, even if their general knowledge
of mathematics is very limited. Since people are so bad at mathematical
induction, it would follow from that, that they would also be unable to
know the proof-conditions of arithmetical statements. Consequently, on
a proof-conditional semantics, the majority of people would be unable
to know the meaning even of universally quantified arithmetical state-
ments, which conflicts with the intuition that these people do know the
meaning of those statements.

There is also a second problem for a proof-conditional semantics of
the kind given by the constructivists, which has to do with the required
knowledge of inference rules. One ingredient that appears in all of the
characterizations of canonical proof that are extant in the literature in-
volve the inference step that has to be applied in order to get the correct
outer form of the proof. There is generally a demand that this last step is
the application of an introduction rule, so the proof-conditions will have
to mention what inference rules can be used in the final step of a proof.
That means that knowing the meaning of a statement will imply that one
also knows what inference rules could be used as the last step of a proof
for that statement. Here too though, people don’t seem to measure up
to the demands placed on them by a proof-conditional semantics. Take
the example of implication introduction, according to which one may
only conclude that p ! q if one has a derivation of q from p. Although
there is unfortunately no direct research on how well this introduction
rule is understood, there is a systematic kind of mistake among univer-
sity students and mathematics teachers (with undergraduate degrees in
mathematics) that is closely related to the introduction rule.

Before presenting these mistakes, it is important to note that these cases
are only problematic, if we do still think that these people know the
meaning of statements involving implication. Maybe their mistakes are
so fundamental, that we, as a result, think that they don’t know the
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meaning of statements involving implication. Here are a few reasons
for thinking that we shouldn’t draw that conclusion, but note that these
reasons are not sufficient to conclude that people really do understand
statements with implications. First, there is the point that the errors that
have been observed are widespread. If being mistaken about inference
rules in the below way is sufficient for failing to understand statements
with implications, then this will have widespread consequences. We
frequently use statements that involve implications, so this conclusion
would yield a very skeptical result about how well people understand
the statements that they frequently use. This is a reason for thinking
that people do understand statements with implications, because they do
seem to perform quite well in their general use of these statements. They
tend to be asserted in logical points of a conversation, and don’t gener-
ally generate any puzzlement in hearers. We would, if we claim that
these mistakes are sufficient reason to count people as not understand-
ing statements with implications, be attributing a misunderstanding to
people that has gone largely unnoticed, despite it being very common.
A second reason for thinking that people do understand statements with
implications, is that there is another central kind of inference that they
do tend to perform reliably. People are generally good at reasoning via
modus ponens, despite the mistakes they make when reasoning with
implications. They seem to have mastered the elimination rule for im-
plication, even though they haven’t mastered all of the inference rules
pertaining to implication. So, there are at least two reasons to still count
these people as knowing the meaning of statements with implications,
even though they make mistakes that prevent them from knowing what
counts as a proof of a statement with implications. That the latter claim
is true, is what I will try to make likely now.

Knuth (2002) and Stylianides et al (2004) describe experiments where
university students and mathematics teachers are presented with differ-
ent kinds of proofs involving implication, and specifically contraposi-
tion. One of their findings is that a lot of these students and teachers
make the incorrect inference from p ! q to ¬p ! ¬q, instead of to
¬q ! ¬p. They do so not just in cases where they are presented with
a formal argument, but also in cases where they are presented with ver-
bal arguments (so the problem doesn’t seem to be their knowledge of
the symbolisms). If they had had a robust knowledge of implication
introduction, then they should have been in a position to realise that
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p ! q doesn’t guarantee that there is a derivation of ¬q from ¬p. Thus,
they should have been able to see that the inference from p ! q to
¬p ! ¬q is invalid, because one is not allowed to introduce ¬p ! ¬q
on the basis of the information present in p ! q. Furthermore, there
are several cases where students explicitly deny the correct inference,
from p ! q to ¬q ! ¬p (Stylianides et al, 2004, p.148-149). While
these scenarios are admittedly slightly more complicated than that of
just applying implication introduction, it does show that even students
who have received training in propositional logic find it difficult to rea-
son correctly about implications, at least in combination with negation.
Since, even on reflection, the students persist in mistakes that could be
rectified based on the introduction rules of implication and negation, it
seems likely that they are also not flawless when it comes to their knowl-
edge of the introduction rules for implication and negation. So even in
the case of knowing the introduction rules people don’t generally mea-
sure up to the standards set by a proof-conditional semantics. That is
problematic, so long as we think that people do know the meaning of
statements with implications.

In conclusion, there are two reasons why the semantics that is currently
proposed by constructivists is unattractive. Both lead to the conclusion
that a large part of the population will be unable to understand the mean-
ing of mathematical statements, which intuitively they do know, if the
suggested semantics were to be correct. The first reason is that proof-
conditions have to mention non-logical axioms, and knowledge of these
non-logical axioms is quite rare among non-mathematicians. Already
in the case of arithmetic, people fail to know the Peano axioms, be-
cause they tend not to know the induction axiom. The second reason
is that proof-conditions have to mention introduction rules, but these
are not generally known by people. My example here was implication,
in which case systematic mistakes about contraposition made it likely
that people fail to know the introduction rule. Of the two arguments,
I take the first to be the more convincing, since there it really is clear
that people also know the meaning of the sentences, which according
to proof-conditional semantics they can’t know. This may also be the
case for the second argument I gave, but there it is less obvious that
people also know the meaning of the relevant sentences. I don’t think
that it is possible to successfully defend the current version of proof-
theoretic semantics as one that gives an accurate depiction of the way
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ordinary people understand mathematical statements, given all of these
problems that attach to it. That doesn’t mean, though, that it is as a result
completely impossible to give some kind of semantics that uses proof
instead of truth. Such a semantics will have to place significantly lower
demands on agents, and will therefore have to look quite different from
the current proposals. So, simply because there is not yet anything that
approximates such a semantics, I will not try to discuss how successful
such an attempt might be.
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Part III

The general project
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9. Background assumptions
and method
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9.1 Introduction

The claim that underlies the main arguments in my thesis is that the
philosophy of mathematics should not only provide a model of the prac-
tices of professional mathematicians, but that it should also model the
practices of ordinary people. This claim was made with respect to epis-
temologies, where I required that they are non-skeptical both for math-
ematicians and for non-mathematicians. It was also made for semantic
theories, where I required that they should be able to account for the
mathematical beliefs of both mathematicians and non-mathematicians.
My argument for placing these requirements on a philosophy of mathe-
matics is, basically, that the philosophy of mathematics should account
for every case in which an agent is doing mathematics. If the philoso-
phy of mathematics fails to account for some such case, then it is in an
important sense still incomplete. For, in such a case, there is still a way
of doing mathematics that has not been described and/or explained by
the philosophy of mathematics. In other words, there is still a facet of
mathematics that is missing from the analysis that is given. Not only
that, if we were to count the philosophy of mathematics as complete,
even though it doesn’t describe these practices, then a consequence will
be that those mathematical practices are not countenanced by the phi-
losophy of mathematics. So, the philosophy of mathematics will say
that it is not possible to acquire mathematical beliefs and knowledge
in the way that this is done in those practices, because as a complete
philosophical theory it should cover all of the ways in which one might
acquire mathematical knowledge and beliefs, as epistemology should
cover all of the ways in which we might acquire knowledge. As a re-
sult, saying that a certain philosophy of mathematics is complete has
the empirical consequence that only practices that are in accord with
the theory can deliver mathematical beliefs and knowledge. These em-
pirical consequences of the philosophy of mathematics, namely that we
can’t acquire mathematical beliefs and knowledge in a certain way, are
then falsified by the fact that there are actually practices along those
lines, which do count as mathematical. We therefore have to view the
philosophy of mathematics as incomplete when it fails to account for
some mathematical practices, if it is not to have false empirical conse-
quences. That the philosophy of mathematics is in fact in incomplete in
this way, in the case of the practices of ordinary people (children, adults
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who have not studied mathematics, and perhaps even some adults who
have taken an undergraduate education in mathematics), is one of the
two main claims that I defending in this thesis. For that argument to
work, though, it is important that we can indeed see these people as
doing mathematics. In other words, if it can be argued that these non-
mathematicians are doing something that only looks like mathematics,
but isn’t the same as doing mathematics, then there is no reason to think
that the philosophy of mathematics should account for those practices.
The claim that the philosophy of mathematics should concern itself with
the practices of ordinary people thus stands and falls with the claim that
ordinary people are doing mathematics. A defence of the claim that or-
dinary people are doing mathematics is thus in order, and is the subject
of section 2 of this chapter. There, I will also discuss some of the other
objections that may be raised against my project – objections that have
to do with rational reconstruction and changes in content.

While the most important thing to argue for is that ordinary people are
doing mathematics, there are a few other, general issues, that need to
be dealt with. First of all, it is important to deal with a worry that
may arise as a result of my discussion of proof-conditional semantics in
chapter eight. There I argued that proof-conditional semantics, as it is
currently formulated, is not in a position to account for the mathematical
beliefs that ordinary people have. This might lead to a worry that the
position I have taken there is too negative about the idealization that
is a natural part of doing semantics. For, we should surely not reject
truth-conditional semantics simply because ordinary people do not have
the concept POSSIBLE WORLD. I will take up this worry in section
3, and there I will argue that there is an important difference between
truth-conditional and current proof-conditional semantics, in virtue of
which the first may give a good description of the beliefs of ordinary
people, and the second may not. Finally, in section 4, I will compare
my approach to another kind of approach that uses empirical research,
known as experimental philosophy. That should help clarify the exact
way in which I have been using empirical research, and why, as a result,
this way of using empirical research can’t be criticized in the way the
experimental philosophy’s methods have been criticized.
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9.2 Ordinary people doing mathematics

The basic argument in favour of the claim that ordinary people are doing
mathematics, is that they have beliefs whose content seems to be clearly
mathematical. Ordinary people have beliefs about numbers, functions,
triangles, circles, integrals, etc. Not only that, they also seem to have a
fair amount of knowledge with contents of this kind. Admittedly, they
do not know as much mathematics as ordinary mathematicians do, nor
do they understand mathematics as well as mathematicians do. Ordi-
nary people, for example, will know something about prime numbers,
but they will not know the definition of prime numbers that is currently
used by mathematicians in algebraic number theory (a is prime iff a
divides b⇥ c implies that a divides b or that a divides c (Tappenden,
2008, p.278)). Furthermore, ordinary people will generally not under-
stand why it is the case that the mathematical methods they use work.
As an example, one of the things that is usually taught in high schools
is the procedure of calculating the value of an integral by taking the
primitive of the relevant function. Consequently, there will be a fair
amount of ordinary people who have some knowledge that involves an
integral. People will know what the rules are for finding the value of
an integral, and they may know the value of an integral of a specific
function, for a specific interval. However, they are unlikely to know the
reason why the procedure they know manages to deliver the value of
an integral. In other words, it is not very likely that these people also
understand why the procedure they have learned manages to yield the
value of the integral, as the relation between that value and the primi-
tive of the function is left completely mysterious. There is, thus, a clear
difference in the mathematical abilities of ordinary people and mathe-
maticians, as one would expect. The main question, then, is whether
this is enough to count ordinary people as doing something other than
mathematics.

A very extreme case, which will serve as a good starting point of a dis-
cussion of the consequences of the lack of understanding of ordinary
people, is that of people with savant syndrome, who display mathemat-
ical skills. “Savant syndrome is a rare, but extraordinary, condition in
which persons with serious mental disabilities, including autistic disor-
der, have some ‘island of genius’ which stands in marked, incongruous
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contrast to overall handicap." (Treffert, 2009, p.1351) Sometimes this
‘island of genius’, i.e. the particular skill at which they excel, occasion-
ally even by the standards of people with no mental disability, is related
to mathematics (more frequently the exceptional skill is related to mu-
sic). One of these mathematical skills that is sometimes reported, is the
ability to detect whether or not a number is a prime number. This skill
can be very advanced, as for example the case of twin savants who were
able to produce, reliably, a 10-figure prime number within 5 minutes.
Yet, these twins had only very limited capabilities in working with ad-
dition, and had no understanding of multiplication (Horwitz et al, 1965,
1969). There are several such cases in the literature, which don’t seem
to be explained by either memorization or calculating (Welling, 1994).
One explanation that has been suggested for this ability (as of yet, there
is still fairly little research into the workings of savant syndrome) is
that, instead of calculating, savants of this type engage in some kind
of pattern detection. In the case of prime numbers, this pattern detec-
tion has to do with the detection of a lack of a pattern, in that there is
no factorization for prime numbers. Importantly, this pattern detection
ability doesn’t seem to be especially mathematical, and is usually char-
acterized as a case of enhanced perceptual functioning (Mottron et al,
2009). In this case, then, there is absolutely no understanding of the
underlying mathematics, nor is there any kind of (vocalized) conscious
appraisal of the procedure that is used to form the belief. Yet, these sa-
vants do seem to respond to a mathematical feature of prime numbers,
namely their lack of a kind of pattern. So, here the question whether or
not we should count people as doing mathematics is particularly diffi-
cult; on the one hand, they do reach mathematical results, yet, on the
other hand, they do not exhibit any kind of mathematical understand-
ing. They can recognize that there is a pattern underlying the structure
of the natural numbers, but, especially in cases where the savant has
no knowledge of addition and multiplication, don’t view this pattern in
terms of the appropriate functions. It seems, then, that one can go either
way in classifying savants. Either one focusses on the fact that savants
are sensitive to a kind of pattern that is, as a matter of fact (even though
this is not recognized by the savants), mathematical. As such, by being
sensitive to a mathematical pattern, they count as doing mathematics.
Or, one focusses on the fact that savants do not seem to have any under-
standing of the underlying procedure, and often only recognize prime
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numbers as being the ones that are ‘special’. In that case, it may be
tempting to say that savants should not be counted as doing mathemat-
ics, because they have no understanding of the underlying mathematics,
nor do they seem to follow a procedure that can be (appropriately1) de-
scribed in mathematical terms.

Discussing the case of savants is helpful, because it shows what rea-
sons we may have for denying that someone is doing mathematics, even
though the resulting beliefs that she obtains have a mathematical con-
tent. The two main reasons that I gave for thinking that savants should
not be counted as doing mathematics, is their lack of understanding,
and the absence of a mathematical description for the procedure that
they use to arrive at their beliefs. Especially the latter seems to be a
good reason for saying that someone doesn’t count as doing mathemat-
ics. To give a few other examples, consider the following two cases.
Dave is a normal adult, who has some mathematical knowledge, but
has never studied mathematics in any depth. One day, Dave hears from
his friend, who is a professional mathematician, that the Fermat’s last
theorem is true, and thus Dave comes to know this. However, while
Dave does now know a mathematical truth, Dave should, intuitively,
not be counted as having done mathematics, in coming to know this
truth. As a second case, look again at Dave. In this case, Dave is hit
on the head in a special way, and as a result Dave comes to believe that
Fermat’s last theorem is true. While Dave now has an additional math-
ematical belief, that doesn’t mean that we should count being hit on the
head in this way as ‘doing mathematics’. What seems to be the reason
for not counting these cases as cases where Dave was doing mathemat-
ics, is that the procedure that led to Dave forming his belief, cannot
be described in mathematical terms. So, had Dave produced a proof,
something which can be described in mathematical terms (even thought
this will be a very high-level description of the ongoing cognitive pro-
cesses), then we would have counted Dave as doing mathematics.

As for the lack of understanding, this is something that is allowed for
by the above cases – one doesn’t need to understand much about mathe-
matics to acquire a mathematical belief by being hit on the head. These

1Recall that number cognition has been described in mathematical terms,
but that it turned out that we cannot say, at the moment, that this is an appro-
priate description of what is going on.
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cases are still somewhat less extreme than the savant case, where the sa-
vant sometimes doesn’t even have the concepts MULTIPLICATION and
PRIME NUMBER (though she does have a concept co-extensional with
PRIME NUMBER). She only recognizes that some numbers do not ex-
hibit the same structural features as the other numbers. Still, we might
be able to find some analogous cases, where there is a lack of under-
standing, even though a procedure is followed that can be described
in mathematical terms. The best example here, seems to be that of a
computer which is performing a mathematical calculation. In that case,
the computer is following a procedure that can be described in math-
ematical terms, but presumably the computer has no mathematical un-
derstanding. As such, it seems that, even though a computer delivers
the right answer, and follows an appropriate mathematical procedure in
arriving at the answer, we are not inclined to say that the computer is
doing mathematics. To give a more extreme example, a calculator will
give correct results to arithmetic problems, but has no understanding at
all of the underlying mathematics. As a result, we are not at all com-
pelled to think that the philosophy of mathematics should account for
the workings of a calculator.1 These examples, while clear cases where
one can’t speak of ‘doing mathematics’, may not showcase the need
for understanding very clearly, because computers and calculators also
lack beliefs. This point needn’t be different from the one I’m making:
even if computers and calculators had purely syntactic beliefs (imagine
a child following the syntactic rules, and having only beliefs regarding
the syntax), then we would still classify those cases as ones where no
one is doing mathematics. Having appropriate mathematical beliefs is
what matters, which requires some minimal grasp of mathematical con-
cepts – so some mathematical understanding of what is being done. So,
what we seem to require from someone before we count them as doing
mathematics, are at least two things: they should follow a procedure

1It may be tempting to appeal here to the availability of a reductive expla-
nation of the workings of a calculator, in order to explain why we don’t feel
like counting a calculator as doing mathematics. However, if we had an anal-
ogous explanation of the way humans do mathematics (i.e. if physicalism in
the philosophy of mind is true), then that in itself wouldn’t be sufficient that
none of us is doing mathematics. So, the existence of this kind of reductive ex-
planation doesn’t seem to be a good basis on which to deny someone as doing
mathematics.
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which can be appropriately described in mathematical terms, and they
should at least have some, relevant, mathematical understanding.

The important question, now, is whether or not ordinary people do man-
age to measure up to these standards, as otherwise it seems as though
we shouldn’t count them as doing mathematics. First of all, can we
count ordinary people as following a procedure that can be appropri-
ately described in mathematical terms? If the descriptions of concep-
tual competence from APOS Theory (see chapter four) are appropriate
descriptions, then the answer to this question is: yes, they can be so
described. At least in the more complex cases that APOS Theory has
looked at, our conceptual competence seems to be appropriately de-
scribed on the basis of the kinds of mathematical operations we can
perform. Especially since, on this theory, the first stage of learning
a concept is characterized by learning an explicit mathematical proce-
dure, it seems that ordinary people do manage to meet this first require-
ment on being counted as doing mathematics. There is less explicit
support for basic arithmetic, multiplication, etc., but here too children
are taught explicit procedures (e.g. addition with carry-on and multipli-
cation as repeated addition). So, it seems reasonable to expect that, as a
general rule, ordinary people (children, adults who are not professional
mathematicians) do still satisfy the requirement that the procedure they
follow in forming a mathematical belief can be appropriately described
in mathematical terms.

Secondly, it is important to figure out to what extent people can be said
to understand the underlying mathematics, and whether this is sufficient
for them to count as doing mathematics. As already pointed out, ordi-
nary people do not, generally, have a full understanding of the math-
ematics that they are working with. They often have an incomplete
understanding of the mathematical concepts that they are working with,
but they do generally have some understanding (even if their compe-
tence is restricted to an action conception). So, the question is whether
we can count people with an incomplete understanding of mathematical
concepts, as still doing mathematics.

Here a historical point may be helpful, as it is certainly not the case
that professional mathematicians always had a complete understanding
of the concepts they were working with. One example that has been
discussed in the literature on incomplete understanding (Smith, 2015),
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is that of Newton and Leibniz’s use of the concept DERIVATIVE. Their
conceptions, while reasonably well developed, are not well-developed
enough to define the derivative in all cases. They thus lacked some un-
derstanding of what a derivative is, to the point where it is indeterminate
which concept they were grasping. This scenario is analogous to that
which we saw in chapter four, where people grasp a mathematical con-
cept, but not well enough for it to be determinate which concept they
are grasping. Since we do not seem to be inclined to say that Newton
and Leibniz were not doing mathematics, as a result of their incomplete
understanding of their subject matter, it seems that we have no reason
to say that ordinary people aren’t doing mathematics, as a result of their
incomplete grasp of their subject matter. Requiring that someone has
a complete grasp of the mathematical concepts she is working with,
before counting her as doing mathematics, is thus too strong of a re-
quirement. Not only will that rule out ordinary people, it will also rule
out mathematicians as eminent as Newton and Leibniz, who also didn’t
fully grasp the mathematical concepts that they were working with. Per-
haps they did grasp the concept DERIVATIVE better than those ordinary
people who have learned about derivatives in high school, but it seems
far less likely that their grasp of DERIVATIVE was significantly better
than the grasp of ADDITION that most people have.

Even so, ordinary people do grasp even more complicated mathemati-
cal concepts to some extent, and are not so mathematically incompetent
that they have no mathematical understanding beyond basic arithmetic.
Where exactly we should draw the line, with respect to their mathemat-
ical abilities, is a difficult question. However, saying that the require-
ment on mathematical understanding should be placed such that ordi-
nary people don’t count as doing mathematics at all, seems to be placing
requirements on ‘doing mathematics’ that are too high. In the absence
of further reasons for denying that ordinary people are doing mathemat-
ics, it thus seems that it is plausible that they are, in some cases, doing
mathematics. Perhaps they do not always have enough understanding
to be counted as doing mathematics, even though they autonomously1

reach a mathematical result, but they still have enough understanding

1To avoid cases such as those where they acquire a mathematical belief
on the basis of testimony, where they shouldn’t be counted as having done
mathematics.
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in a large number of cases, the prime example being simple arithmetic.
My claim that ordinary people are doing mathematics thus seems to be
in good standing, even if it turns out that it doesn’t hold for every case in
which ordinary people autonomously form mathematical beliefs.

Now that the central claim on which my arguments rest has been de-
fended, it is important to also consider a few of the responses that
philosophers might want to give, to try to avoid the conclusion that the
current theories fail to do something which they should do. A first such
response, is that the current theories are merely trying to give a rational
reconstruction of our mathematical practices. That is, the current theo-
ries are merely giving a (somewhat idealized) description of the current
practices, such that we can see that these practices are indeed rational.
Note that, for a rational reconstruction to be useful, it is important that
the reconstructed version is not too remote from our actual practices – if
we show that some completely different kind of mathematical practice
is rational, then that doesn’t tell us much about the rationality of our
mathematical practices. As such, we can say that the current theories
don’t seem to manage to give a rational reconstruction of the practices
of ordinary people. As we saw, they often place requirements on ordi-
nary people that they cannot meet, and which are not particularly easy
for them to meet either.

For example, the semantics that is offered by nominalists which in-
volves a reformulation of mathematical beliefs in terms of proof, does
not seem to be in a good position to reconstruct the practices of ordi-
nary people. Given their general competences in the case of PROOF (i.e.
their near complete lack of any such competence), it is very difficult for
ordinary people to come to meet these requirements, and so describing
their practices in this way doesn’t seem to capture them well enough to
allow for informative judgements about the rationality of their practices.
So, as far as reconstructions go, the current theories do not seem to be
very successful in giving a reconstruction of the practices of ordinary
people, on the basis of which we can conclude that their practices are
rational.

Still, one might now say that all that the current theories are trying to
do, is that they want to give a rational reconstruction of the practices
of professional mathematicians. The arguments that I have presented
here, therefore do not show that there is anything wrong with these the-
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ories, with respect to the aim they have set for themselves. If this is
indeed the aim of these theories, then it would be correct to say that I
have not shown that these theories somehow fall short of achieving their
goal. However, what I have tried to show is that this is not the only goal
that should be achieved. In addition to describing the practices of pro-
fessional mathematicians, we should also want theories to describe the
practices of ordinary people, because they are also doing mathematics.
So, while I may not have shown that the current theories fall short of
the goal that they have set themselves, what I have tried to show is that
there is a further goal, which they should also achieve, and which they
haven’t achieved as of yet. Perhaps, then, it is true that the current the-
ories are perfectly adequate for describing the practices of professional
mathematicians. However, that doesn’t mean that we shouldn’t supply
a further theory, or some elaboration on the existing theories, which
manages to describe the practices of ordinary people. So, appealing to
rational reconstruction as the goal is not sufficient to show that there
is not also this further requirement on theories, which has not yet been
met by them.

A second response, also trying to show that there is nothing wrong with
the current theories in the philosophy of mathematics, is to say that
the content of mathematical beliefs, and the way in which those are
justified, are completely different from those of ordinary people (with-
out denying that ordinary people sometimes entertain properly mathe-
matical contents). However one wants to spell out the reason for this
change in content, the result is that we will need different descriptions
and explanations for the mathematical practices of professional mathe-
maticians and those of ordinary people. This can, as with the sugges-
tion regarding rational reconstruction above, then be used to argue that
the current theories are not lacking in their description of the practices
of professional mathematicians. For, mathematicians have completely
different beliefs, and justify them in completely different ways; ways
which are correctly described by one’s favourite theory in the philoso-
phy of mathematics. Here I will mount essentially the same response to
this argument, as I gave above in the context of rational reconstruction.
So, while this shows that we can still view current theories as correctly
describing the practices of professional mathematicians, it doesn’t show
that these theories shouldn’t also describe the practices of ordinary peo-
ple. Current theories are still incomplete, but, in virtue of a view on
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which the content of the beliefs of mathematicians are relevantly differ-
ent, can be salvaged to some extent.

My arguments therefore do not show that the current theories in the phi-
losophy of mathematics are wrong, nor do they show that they haven’t
captured an important part of mathematical practice. Rather, my argu-
ments merely show that there is another aspect to mathematical practice,
which the current theories have not yet managed to describe. That con-
clusion isn’t undermined by saying that there is a difference between the
content of the beliefs of mathematicians and the content of the beliefs
of ordinary people. It is only alleviated somewhat, because this opens
up the possibility that the current theories are still correctly describing a
part of our mathematical practices; the only problem then is that they do
not yet manage to correctly describe all of our mathematical practices.
That does mean that, on a weak interpretation of Benacerraf’s dilemma
(see chapter one), it is possible to solve the dilemma without account-
ing for all of our mathematical practices. In that case, my arguments
should be taken as pointing to a further desideratum for a philosophy of
mathematics, which has yet to be satisfied. On a strong interpretation
of the dilemma, however, my arguments do show that the dilemma has
not yet been solved, because there is a part of our mathematical practice
that has not been accounted for. Which of these two is to be preferred,
is something that I remain neutral on, as the important thing for the cur-
rent point is that accounting for our actual mathematical practices is an
important desideratum for a philosophy of mathematics – regardless of
how that desideratum relates to Benacerraf’s dilemma.

Finally, one might want to respond that even though the beliefs that
ordinary people have seem to have a mathematical content, they actually
do not have such a mathematical content. That kind of response is much
more direct than the previous two, and it manages to directly target
my claim that ordinary people are also doing mathematics. One way
to support such a response is to appeal to the kind of reformulation
of mathematical beliefs that Field (1980) has given. However, as we
already saw in the introduction to part II, it is now widely agreed upon
that that project cannot be carried out. That is not just because of an
issue of scope, as in that case one might still argue that it can be carried
out for sufficiently many cases to cover all of the mathematical beliefs
that ordinary people have. Rather, there is a wide range of arguments,
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which are listed in MacBride (2007), and one of these worries is that
Field doesn’t manage to dispense with mathematical entities even in the
simpler cases.

While a denial that ordinary people entertain mathematical contents
based on a Field-type reformulation has little chance of succeeding, a
more limited type of reformulation may be more successful.1 Ordinary
people do not entertain particularly complicated mathematical contents,
even if we grant a face-value reading of all of their mathematical claims.
So, the reformulation needed may be a very limited one. The most im-
portant part of such a reformulation is to offer an alternative interpre-
tation to the beliefs and claims that ordinary people make, which are
related to numbers. A good candidate here are the numerals, which can
fulfil almost exactly the same role as the numbers. So, when someone
believes that ‘2 + 2 = 4’, then she actually believes something about
the numeral system she uses. Similarly, her belief that there are three
apples is actually a belief that the numeral ‘3’ is appropriately related
to the collection of apples (or something along those lines). As long
as people are familiar enough with the features of the numeral system,
such as which steps to make in the numeral list when one encounters
the ‘+’ sign, they can get a long way without having any beliefs about
numbers. In other cases, such as evaluating functions or calculating a
derivative, the appeal to notation is less convincing (because there are
fewer similarities between the notation and the mathematical notions),
but still possible. In those cases too, the claim would be that people are
not actually working with the mathematical concepts, but are merely
following an algorithm at the notational level. For example, one may
only have beliefs about a ‘derivative’ of the sort that when presented
with a notation of the form ‘xn’ the derivative is to be written as ‘nxn�1’.
The challenge, then, is for me to argue that ascribing such merely nota-
tional beliefs is not sufficient to account for the mathematical abilities
of ordinary people.

To start with the restricted case of numbers, there is one ability that may
help decide matters in favour of people having beliefs about numbers,
instead of numerals. This is the case of different numeral systems, and
in particular the recognition that the respective numerals are denoting
the same thing. So, people may say that ‘5’ denotes (or, somewhat

1My thanks to Marco Panza for pointing out this objection.
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sloppier, is) the same number as ‘V’. High school students, at least, are
taught the binary system, and so are to be expected to display this kind
of behaviour with respect to, say, ‘2’ and ‘10’. This kind of recognition
of numerals denoting the same number is an important datum, because it
gets quite close to a recognition that there is something that the numerals
refer to. However, it can also be explained as people merely noting
an equivalence between numeral systems (cf. Linnebo, forthcoming),
and so leaves open a numeral-based interpretation. At the same time,
though, noting such an equivalence between numeral systems gets very
close to noting something about the denoted numbers. It would thus
be surprising if it is true for everyone without a further background in
mathematics, that they do note this equivalence, but fail to have beliefs
about numbers. Another point in favour along these lines, is that we
rarely treat just the symbols, and not what they denote. In cases where
we do act in this way, it is often remarked upon explicitly, e.g. by the
use of scare quotes. When only the notation is important, we tend to
treat strings of symbols differently. No such deviation from normal
practice is observed in the case of numerals, though, as we treat these
just as we would a proper name. Maybe they are indeed taken purely
by themselves, and not as referring to numbers, but showing this up to
my opponent, as prima facie there is no relevant difference between the
treatment of numerals and other proper names.

My arguments against an interpretation of people’s numerical beliefs in
terms of a numeral system are not conclusive, and keep open the pos-
sibility that an interpretation based on numerals is appropriate in some
cases. What should be questionable now, though, is that such an inter-
pretation holds for everyone that I have counted as falling among the
‘ordinary people’. Since this is a rather large group, a decent number of
whom have received high school mathematics, I doubt that every one of
these people lacks properly mathematical beliefs. That is not to say that
one of these people has beliefs with a content that matches the beliefs
of a professional mathematician, but it is to say that it is unlikely that
none, or very few, of these people have beliefs about numbers, instead
of about numerals. Getting more conclusive results here may be tricky,
but a start would be to see if people grasp the difference between a num-
ber and a numeral. If so, it is even more likely that they can work with
both concepts, and so that they have some beliefs involving numbers.
Similar remarks apply to the more complicated cases: we don’t seem to
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treat these in any way that would suggest that we are only working with
them at the syntactic level. Here too, tests to see if people recognize
the difference between the notation and the underlying concepts would
help to rule out any suggestion that we only deal with notation. The
main point, though, is that for this objection to be worrying, it needs to
be shown that a majority, if not all, of the people who are not profes-
sional mathematicians only work at a syntactic level when they engage
in (what looks like) mathematics. While they may be able to manage
in their daily life with working on the syntactic level, one would expect
there to be some indication that they are indeed doing this, if it is such
a widespread phenomenon. There does not seem to be any such indica-
tion (e.g. people don’t seem to think that ‘29’ is composed of ‘2’ and
‘9’), so at this stage it seems reasonable to stick to the prima facie inter-
pretation of ordinary people’s practices as being properly mathematical.

9.3 Truth-conditional and Proof-conditional se-
mantics

There is one more general worry about my requirements on theories that
needs to be discussed. One may worry that my requirement on seman-
tic theories is to stringent, because it would rule out truth-conditional
semantics. The reason for thinking this is that truth-conditional seman-
tics formulates its theory by appeal to a concept which ordinary peo-
ple don’t have. Ordinary people lack the concept POSSIBLE WORLD,
so truth-conditional semantics can’t require of these people that they
know the truth-conditions of a statement, if this means that they know
in which possible worlds a statement is true. Still, one may now ob-
ject, truth-conditional semantics may make use of this concept as an
idealization; this approach to semantics shouldn’t be rejected because
people lack the concept POSSIBLE WORLD. I fully agree with such an
objection, and take it that if my requirement does imply that we should
reject truth-conditional semantics for this reason, then there is probably
something wrong with my requirement. Therefore, this section is ini-
tially aimed at showing that the requirement I have placed on semantic
theories does not imply that we should reject truth-conditional seman-
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tics, for this reason. The second thing to show, in this section, is then
that even though my requirement doesn’t imply that truth-conditional
semantics fails to describe the mathematical beliefs of ordinary people,
it is still true that proof-conditional semantics fails to do so.

Truth-conditional semantics, in its attempt to model the meaning of our
statements, characterizes meanings of statements in terms of the con-
ditions under which those statements are true. It then appeals to pos-
sible worlds, by modelling the conditions under which a statement is
true in terms of the possible worlds in which a statement is true. If
we take this to mean that knowing the meaning of a statement is the
same as knowing in which possible worlds the statement is true, then
it would follow that this cannot accurately describe the knowledge of
meanings that ordinary people have. For, these ordinary people lack the
concept POSSIBLE WORLD, and therefore cannot know in which possi-
ble worlds a statement is true (because they cannot have beliefs about
possible worlds).

However, there is no need to interpret truth-conditional semantic theo-
ries in this literal way. We can interpret this in a weaker way, as saying
that the talk of possible worlds is merely an idealised description of a
kind of knowledge that people do have. So, we can say that the talk
of possible worlds is modelling the kind of knowledge of the situations
in which a statement is true, which ordinary people do have. Truth-
conditional semantics thus doesn’t require people to know something
about possible worlds, but it does require people to know something
about the situations in which a statement is true. That knowledge can be
either explicit (in which case people have to have the concept TRUTH),
or tacit (which avoids even the requirement of grasping TRUTH). In the
latter case, what is being modelled by truth-conditional semantics is the
ability that people have to assent to a statement in the appropriate con-
dition. Thus, it models a kind of tacit knowledge of when a statement is
true. Both of these cases avoid the requirement for ordinary people to
grasp the concept POSSIBLE WORLD, and so truth-conditional seman-
tics is not ruled out by my requirement, on the basis of its appeal to
possible worlds.

While the above alleviates the worry that the requirement I placed on
semantic theories rules out truth-conditional semantics for bad reasons,
it does raise the issue whether my arguments against proof-conditional
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semantics still hold up. Given that I just argued that a concept that
plays a large role in truth-conditional semantics need not be grasped by
people, for that semantics to describe their beliefs, can we not do the
same kind of thing for proof-conditional semantics?

Note, though, that we need to do a little more than this for proof-
conditional semantics: the strategy will need to avoid the need for or-
dinary people to know the relevant non-logical axioms and inference
rules, as that requirement caused the issues that were raised in chapter
eight. If the situation were strictly analogous to that of truth-conditional
semantics, then we would be able to avoid these requirements by say-
ing that people should have tacit knowledge of the proof-conditions of
a statement. In other words, people should have the ability to assent
to a possible proof being a proof of a particular statement, for the right
possible proofs. However, people are not able to do this if they do not
know the relevant non-logical axioms and introduction rules. For, with-
out knowing the relevant axioms people will not be able to determine
if the possible proof has no unclosed assumptions. Furthermore, with-
out knowing the introduction rules people will not be able to determine
whether one can make the step from the last part of the proof to the con-
clusion of the proof. People therefore cannot assent to a possible proof
being a proof of a particular statement without knowing the relevant
non-logical axioms and inference rules. Not only that, this suggestion
basically amounts to reverting to the condition that people have to rec-
ognize a proof when they see it, a condition which was independently
criticized in chapter eight (following Pagin (2009)). For, in order for
people to assent to the claim that a possible proof is a proof of a state-
ment, they will have to be able to recognize that the possible proof that
is presented to them is indeed a proof of the statement whose meaning
they know. Thus, appealing to tacit knowledge of proof-conditions in
the way that this was done for truth-conditional semantics doesn’t help
the defender of proof-conditional semantics. There are, however, two
other options that have been suggested in the literature.

The first alternative, is to stick to the kind of tacit knowledge that is re-
quired by the above suggestion, but weaken the requirement by chang-
ing the kinds of things people need to be able to assent to. On this
view, defended in Prawitz (1977), it is not important that people have
the ability to assent to the right possible proof being a proof of the state-
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ment whose meaning they know. Instead, people have to assent to the
statement under the right conditions, and they have to assent to infer-
ences made to and from this statement, when these are correct. This is
strictly weaker than the above suggestion, and seemingly manages to
avoid the requirement that people should know the relevant non-logical
axioms for statements belonging to atomic systems. Whether or not that
requirement is actually removed, will depend on the extent to which
people have to be able to assent to inferences. If all they need to be
able to assent to is that the inferential step is correct, then there is no
need to know the relevant axioms as long as the inference is elemen-
tary. For arbitrary inferences, it will be necessary to know the relevant
non-logical axioms in order to be able to assent to the correctness of
the inferential step. In either case, there is still the requirement that
people should know the relevant inference rules, which, as we saw, is
not met (in general) by ordinary people. Furthermore, in this case peo-
ple will not only need to know the relevant introduction rules, but they
will also need to know the relevant elimination rules. As a result of
this further demand, it becomes necessary for ordinary people to as-
sent to inferences such as those by mathematical induction, for them to
count as knowing the meaning of arithmetical statements. As we saw
in chapter eight, though, ordinary people, and even a fair amount of un-
dergraduate students studying to become mathematics teachers, are not
competent in working with mathematical induction. They will, as a re-
sult, assent to the wrong inferences, and thus even they will fail to meet
the requirements that this weaker interpretation of proof-conditional se-
mantics places on them.

The second alternative, found in Prawitz (2009), is to try to go for a
more general characterization of the kind of ability required from peo-
ple. Prawitz there talks of grounds, instead of merely of proofs. Corre-
spondingly, there is no talk of introduction rules, but only of grounding
operations, which take the grounds we have for the premises of an in-
ference into a ground for the conclusion of that inference. The sugges-
tion is then that proof-conditional semantics is using these notions to
model our more general reasoning practices, which is thought to be un-
problematic, as ordinary people do clearly engage in reasoning of some
sort. While this kind of general strategy may help in applying proof-
conditional semantics to statements that are not mathematical (Pagin
(2012) raises some problems for the general success of this theory in
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describing the way ordinary people reason), it doesn’t seem to help in
avoiding the requirements that it has placed on agents for knowing the
meaning of mathematical statements. For, at least for a constructivist,
the grounds for mathematical statements are going to be proofs. In other
words, the kind of reasoning ability that is relevant for the meaning
of mathematical statements is mathematical reasoning; not some other
kind of reasoning which may be employed in other areas. As a result,
the required ability is no different from that which was required above;
people will still need to know the inference rules that are relevant for
mathematical statements, or, at least, they will need to show that they
are able to assent to inferences that accord with these rules. That, how-
ever, is something that ordinary people are not able to do, as we saw
above.

We can thus conclude two things in relation to my requirement on se-
mantic theories within the philosophy of mathematics. First of all, it
doesn’t rule out a truth-conditional semantics for mathematics, on the
basis of the use that these theories make of possible worlds. That is
not to say that truth-conditional semantics may not run into other kinds
of difficulties. Rather, it is to point out that truth-conditional semantics
theories are not ruled out by what is clearly a bad reason for doing so.
As such, this helps avoid an objection that might be raised against the
requirement that I’ve placed on semantic theories. Secondly, I showed
that a similar kind of move, when made in the context of a proof-
conditional semantic theory, does not manage to avoid the problems
raised in chapter eight. So, I gave some further support for the claim
that proof-conditional semantics, as it has currently been constructed, is
not able to account for the mathematical beliefs of non-mathematicians.

9.4 Experimental Philosophy

The last thing to consider in this chapter, is the exact way in which I have
been using empirical research. I will do so by contrasting my method
with another empirically based method that has recently emerged in phi-
losophy, known as experimental philosophy. Experimental philosophy
has received several criticisms in the past few years, and part of the aim
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of this section is to show that my methods cannot be criticized in the
same way. At the same time, contrasting my approach with that of ex-
perimental philosophy may help to further clarify the general structure
of my arguments. It will, hopefully, also help to highlight the fact that
my arguments are not exactly showing a disagreement with the current
theories. I am not, as I have tried to show in the first section, trying to
argue that the current theories are not getting anything right. In fact, I
am more than happy to say that the current theories are successful in
modelling the mathematical practices of professional mathematicians.
All that I take my arguments to show, is that there is some further as-
pect of mathematics, which has not yet been successfully modelled by
the current theories. My arguments thus only call for an extension of
the current theories, and not necessarily for a replacement of these the-
ories with something completely new. However, and this was the second
claim which I stated in the introduction, this doesn’t mean that giving
such an extension is going to be easy.

These general remarks aside, it is important to get clear on the con-
trasting approach to using empirical research in philosophy. Knobe and
Nichols (2008) give a general statement of the aims of experimental phi-
losophy. They view experimental philosophy as an approach that works
alongside more mainstream philosophical approaches. According to
them, the use of empirical research, which is what characterizes this ap-
proach, is important because philosophy should also help describe the
way things actually are. So, they “are concerned with questions about
how human beings actually happen to be." (Knobe and Nichols, 2008,
p. 3) The method they choose is one where “experimental philosophers
proceed by conducting experimental investigations of the psychological
processes underlying people’s intuitions about central philosophical is-
sues." (Knobe and Nichols, 2008, p. 3) So, they are interested in what
intuitions people actually have, and thus how people actually use some
of the concepts that philosophy is interested in. For example, an exper-
imental philosopher might be interested in examining whether or not
people are inclined, as the philosophers are, to say that an agent has no
knowledge when she finds herself in a Gettier case. In this way, they
are trying to figure out what our ordinary, non-technical, concepts are.
Then, the idea seems to be that philosophy, when theorizing about these
concepts, should provide us with theories that describe these ordinary
concepts, and not some technical notion. Note that this is already a
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difference in approach, as experimental philosophers thus seem to have
the goal of changing the current theories such that these theories accord
with their empirical research. They don’t seem to allow for the option
that there are several appropriate philosophical theories, e.g. one for
the ordinary language concept KNOWLEDGE and one for the technical
concept KNOWLEDGE that philosophers are usually trying to model. I,
on the other hand, have not given any reasons for thinking that such a
situation is undesirable. I have only shown that we should have a the-
ory that also manages to describe the mathematical practices of both
mathematicians and non-mathematicians. That doesn’t rule out that our
theories should do other things as well, such as modelling an ideal situ-
ation which we should strive for.

As a result of the idea of experimental philosophy that our theories
should only describe the actual world, their methods are often used to
challenge existing philosophical theories (rather than to argue that they
are incomplete). Philosophical theories often rely on intuitions for part
of their support, and these intuitions tend to be the things that experi-
mental philosophy targets. It does so in two ways. Either, experimental
philosophers produce statistical evidence that these intuitions are not
found in a large part of the population, which is not philosophically
educated. Or, experimental philosophers produce evidence that an in-
tuition is based on an emotional, rather than a rational, process. This
first method directly challenges the validity of the supporting intuition,
whereas the second method tries to challenge the status of the intuition
as a proper basis for a philosophical theory. Since experimental philoso-
phers do take these methods to show that there is something wrong with
current philosophical theories, it seems that my above gloss of their
approach was correct. These methods try to show not just that these
theories need to account for something more than they are currently ac-
counting for; instead, they try to show that the entire theory should be
changed. Still, despite this clear difference between my approach and
that of experimental philosophers, it will be helpful to look at the most
influential responses to the criticisms raised by experimental philoso-
phy.

A worry that has been raised against experimental philosophy, for ex-
ample in Sosa (2007), is that their methods need not reliably track the
intuitions of ordinary people on the exact issue that interests philoso-
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phers. It may be that ordinary people, or just those that disagree with
the intuitions of philosophers, fill in the details of the hypothetical cases
in a different way. Another option is that there are several concepts
that can be referred to with the same word (Sosa thinks, for example,
that ‘knowledge’ might refer to both ANIMAL KNOWLEDGE and to RE-
FLECTIVE KNOWLEDGE). In either case, there is an explanation of the
answers on a questionnaire that doesn’t imply that they have intuitions,
on the issue that interests philosophers, that differ from the intuitions of
philosophers. These two worries are, thus, that there are several con-
cepts in play, and that philosophers are trying to describe a different
concept from the one that ordinary people use when answering the ques-
tionnaires they are given by experimental philosophers. This worry can
be related to the argument about the contents of mathematical beliefs
differing between mathematicians and non-mathematicians. Because
I am not claiming that the theories in the philosophy of mathematics
should only model the way in which ordinary people do mathematics,
nor that there cannot be any difference in the way mathematicians and
non-mathematicians are doing mathematics, this worry doesn’t apply to
my approach. In other words, because I am not trying to show that the
current theories aren’t modelling something worthwhile, but am only
trying to show that there is something more which they should be mod-
elling, there is no need to worry about this kind of criticism.

Another type of methodological worry has been raised by Bengson
(2013), who argues that the answers on questionnaires are likely to cor-
respond to hunches and guesses, rather than intuitions. So, this third
worry is that these empirical studies do not elicit intuitions, but instead
track something else. Since these worries all have to do with the ques-
tion whether or not we can rely on surveys to elicit the right intuitions,
they are easily seen to be irrelevant for the project I have been pursuing.
In this case the worry seems to be more restricted, and fails to apply to
my approach simply because I have not been talking about intuitions.
It is true that the pedagogical research which I have been citing uses
questionnaires (but only as part of their methodology; these are always
supplied with interviews), but these questionnaires were testing some-
thing completely different. There appears to be no readily available
alternative to conceptual competence when it comes to explaining how
well people perform in reasoning with a concept, so hence there is no
immediate need to worry about arguments against the methodology of
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these studies.

A last argument against experimental philosophy is known as the Expert
Defense. This argument, pushed for example by Williamson (2011),
draws a distinction between the intuitions of laymen, and the intuitions
of professional philosophers. The basic argument is that philosophers
are trained to work with thought experiments, and intuitions about cases
in general, and thus become experts in handling these. Hence, seeing
what the intuitions are of ordinary people is irrelevant (or far less rele-
vant), because those ordinary people lack the expertise that is required
for one’s intuitions to be reliable indicators of the truth. The status of
intuitions of philosophers is thus higher than that of the intuitions of
ordinary people, because philosophers are more skilled than ordinary
people in dealing with thought-experiments and intuitions. This argu-
ment seems similar to the suggestion made in the first section, that we
should think that there is a relevant difference between the practices of
mathematicians and non-mathematicians. While experimental philos-
ophy, in its aim to challenge current theories, cannot allow for those
kinds of differences, they do not pose a problem for my theory. For, my
arguments are not intended to show that the current theories do not suc-
cessfully model the practices of mathematicians. If they were intended
to do so, then such a difference between the practices (e.g. due to a
change in the content of mathematical beliefs) would have been prob-
lematic. Given that my project is much more limited than that, it is not
possible to criticise it along these lines.

The main difference between the two approaches, and the reason why
my approach cannot be criticised in the same way, seems to be the dif-
ference in the goal of the two approaches. Whereas experimental phi-
losophy tries to challenge the existing philosophical theories, I merely
try to show that there is more work for them to do. As a result, my argu-
ments to the effect that the current theories fail to model the practices of
ordinary people are unproblematic, because they are not trying to chal-
lenge the current theories. All they are doing is that they point to a way
of doing mathematics which has not been appropriately described. That
makes no claim about how well the theories have done with respect to
what seems to have been their goal so far: describing the mathematical
practices of mathematicians. Because of this difference in aim, there
are ways to criticize experimental philosophy which fail to apply to my

245



approach, even though both approaches appeal to empirical research as
having an important role to play in philosophical theorizing.
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10. Conclusion
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In this thesis, I have been arguing for three theses. First, that the current
theories in the philosophy of mathematics do not yet manage to describe
the mathematical practices of ordinary people. Second, that there is no
trivial, or easy, way to change these theories such that they do manage
to do so. Third, that because the first two hold, there is something lack-
ing in the current theories within the philosophy of mathematics. The
first thesis has been explicitly discussed throughout the thesis, where
I looked at a representative sample of different accounts. All of these
theories were found to be such that they place requirements on ordinary
people that cannot be met, or that they describe a process that isn’t, or
can’t be, instantiated to acquire mathematical knowledge. The second
thesis, on the other hand, has been argued for only implicitly. The claim
that the theories cannot be easily modified, has been defended in virtue
of the many weaker versions of the theories that I’ve discussed. Often,
when there were several versions discussed, the strongest version pre-
sented the most plausible interpretation of the literature. So, given that
the weaker versions, which often retained something of the spirit of the
account taken from the literature, also failed, I take it that I’ve also de-
fended the claim that we can’t describe the mathematical practices of
ordinary people in virtue of a straightforward adaptation of one of the
current theories. The third thesis, then, was again argued for explicitly,
in the previous chapter. The defence there was based on the idea that if
ordinary people are doing mathematics, then those practices should be
accounted for by the philosophy of mathematics. It may be useful for
the reader to briefly sum up what approaches were considered, and what
my general arguments were. In doing so, I will retrace the structure of
the thesis, and thus treat realist theories first, and anti-realist theories
second.

In the case of platonist / realist theories, there are five general approaches,
if one counts that of Jones (2015) separately, to giving an epistemol-
ogy that have played an important role in the current literature. These
are:

1. Epistemologies on the basis of psychological faculties that have
been researched empirically

2. Epistemologies on the basis of reference through abstraction

3. Epistemologies on the basis of our grasp of mathematical con-
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cepts

4. Epistemologies on the basis of mathematical intuition

5. Epistemologies on the basis of reference through definite descrip-
tions

The first approach, that of basing an epistemology on known psycho-
logical faculties, runs the least risk of placing requirements on ordinary
people that they cannot meet. Yet, the one theory that has followed
this approach, has not managed to describe account for the mathemat-
ical knowledge that ordinary people have. As we saw, the issue with
this particular account, which relies on number cognition to supply us
with justified mathematical beliefs, is that it has not yet produced ad-
equate reasons for thinking that the faculty they selected can give us
justified arithmetical beliefs. Number cognition, as far as we currently
know, might not provide us with representations of natural numbers.
An interpretation on which number cognition gives us, less-structured,
quantity representations instead accords just as well with the current
data. As a result, an epistemology that relies exclusively on number
cognition, cannot yet justifiably claim that number cognition gives us
justified arithmetical beliefs.

The second approach, which relies on abstraction procedures, was dis-
cussed in various places. The most extensive discussion was that of
Frege abstraction, in the guise of Hale and Wright’s theory of implicit
definition (chapter three). There was also a brief discussion of Dedekind
abstraction in the introduction to part I. The issues raised for this kind
of strategy are, first of all, general philosophical issues. The kinds of
structures people start from in the case of Dedekind abstraction, are not
sufficient to determine a unique mathematical structure as the outcome
of the abstraction procedure. Similarly, the implicit definitions that are
used in Frege abstraction fail to determine the resulting mathematical
structure. The worries are also more specific, though. Dedekind ab-
straction might want to appeal to axioms, but as we have seen, ordinary
people do not know axioms. Frege abstraction can’t even appeal to the
standard implicit definitions, such as Hume’s principle, because ordi-
nary people do not know these. As a result, the resources which are
available to a theorist are much more limited than they are when they’re
describing the practices of professional mathematicians. The indeter-
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minacy worries are thus harder to solve in these cases.

The third approach, that of explaining justification on the basis of our
grasp of mathematical concepts, had similar issues with indeterminacy.
Here the problem was that ordinary people do not seem to grasp mathe-
matical concepts well enough, for it to be determinate which mathemat-
ical concept they are grasping. A more general challenge for defenders
of accounts that follow this strategy, is to take into account the fact that
there are many different levels of conceptual competence. The level of
competence that is required by the accounts as they stand, tends to be
something like a full grasp of the concept. Since ordinary people don’t
tend to have such a high level of conceptual competence, they fail to live
up to the expectations of these theories. What is needed, then, is a more
detailed account of how the different levels of conceptual competence
interact with the epistemology, and only then is a more detailed eval-
uation of these accounts possible. Still, as they stand, these accounts
cannot describe the mathematical practices of ordinary people.

The fourth approach, which appeals to mathematical intuition, was seen
to have difficulties in describing the practices of ordinary people in two
places. First, the appeal to the stroke language that is made by Parsons
is hard to match up with a structure that is actually used by ordinary
people. As we saw, the numeral list does not provide a good struc-
ture to start from, and there are no obvious alternatives. More worry-
ing, though, is that mathematical intuition, as described by Parsons and
Jeshion, seems to be based on the psychological faculty of number cog-
nition. That means that there is either no clear role for mathematical
intuition to play (as it is conceived now), or that mathematical intuition
is the same as number cognition. In both cases, it is hard to say that
mathematical intuition accounts for the justified mathematical beliefs
that ordinary people have.

Finally, there is the approach that tries to give an epistemology by set-
ting up reference through definite descriptions. One theory that takes
this approach is that of Linsky and Zalta, which was discussed in chap-
ter six. While there are some peculiarities to this theory due to their
ontology, there are still a few general arguments that were made there.
First, there is a problem with the kind of preconditions for reference
that follow from this kind of theory. People will need to know enough
in order to uniquely pick out the right mathematical object, which is a
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rather strong requirement to place on them. Furthermore, he resulting
reference is quite unstable – any shift in the properties that are ascribed
to the mathematical objects and the reference may shift. That in turn is
problematic for communication and inferential reasoning, making them
much more difficult than they seem to be.

In general, then, we can say that the current realist theories in the philos-
ophy of mathematics are not well equipped to explain the mathematical
knowledge that ordinary people have. They tend to require too much
from these people, either because that is needed to solve indeterminacy
worries, or because they want a certain faculty to deliver justified beliefs
of a kind that the faculty is not equipped to handle. That doesn’t mean
that these theories don’t work at all, as especially theories which only
have to deal with indeterminacy worries might still manage to describe
the practices of professional mathematicians. For example, the grasp of
mathematical concepts of professional mathematicians will, in general,
be very good. So, perhaps an epistemology which relies on one’s grasp
of concepts will do better in describing the mathematical practices of
professional mathematicians (note that there is still the historical point
that e.g. Newton and Leibniz didn’t grasp the concept DERIVATIVE very
well). So, we can say that for realist epistemologies my two claims have
been properly defended; for all of the main, current, theories it has been
argued that they fail to describe the mathematical practices of ordinary
people. It has also been shown that going for a weaker version, while
at the same time staying close to the claims made in the literature, is
not enough to describe the mathematical practices of ordinary people.

Part II looked at anti-realist theories, which also come in several vari-
eties. The discussion there was divided between one of nominalist posi-
tions, and one of constructivist theories. We saw that there are basically
three kinds of nominalist theories in the literature:

1. Theories that try to dispense with talk of mathematics

2. Theories that reformulate talk of mathematics, to eliminate onto-
logical commitment to mathematical objects

3. Theories that avoids reformulation altogether

The first and third approach didn’t receive as thorough a discussion as
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the second approach, which is currently by far the most popular. As for
the first, defended by Field (1980), the main problem for that approach
is that it is unlikely that it will succeed (MacBride, 1999, cf.). Even
if it does manage to dispense with all talk of mathematics, in cases
where it is applied to science, that still leaves the problem that these
reformulations will be so complex that they’re likely to be out of reach
of ordinary people. As for the third approach, which is found in the
work of Azzouni (1994), the problem there was that he fails to provide
an epistemology that manages to describe the mathematical practices
of ordinary people. The only epistemology he gives, namely, is one on
which mathematical knowledge is acquired through proving theorems.
Since ordinary people, in general, do not know what a proof is, this
epistemology cannot describe the mathematical practices of ordinary
people. The same argument was made for the similar looking theory of
Rayo (2013) and Donaldson (2015), although the latter’s epistemology
is not clearly lacking. The suggestion that people are justified in so
far as they manage to establish the coherence of a mathematical theory,
will have to be subjected to further empirical research to be able to give
a definitive answer as to whether or not it describes the mathematical
practices of ordinary people.

The second approach was treated more extensively, and a large num-
ber of theories that exemplify it have been discussed. For most of
these theories, there were problems related to the complexity of their
reformulations. For these theories, the issue was that the reformula-
tions they offer include concepts that people don’t grasp well enough
to allow for autonomous knowledge regarding that concept. As a re-
sult, the reformulated content is such that ordinary people will be un-
able to autonomously acquire knowledge of the truth of those kinds of
contents. These reformulations thus imply that ordinary people cannot
autonomously acquire mathematical knowledge, even though there is a
strong intuitive pull to think that ordinary people are capable of doing
this. However, not every reformulation that has been proposed does so;
as we saw, the theory presented by Melia (2000) doesn’t add much com-
plexity to the content of our beliefs. The construction he does propose,
is one which seems to work in the case of scientific beliefs involving
mathematics, but less clearly so for mathematical beliefs. Furthermore,
his construction also requires that people believe that there are no math-
ematical objects. While this gives a reason to doubt that the theory
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manages to describe the mathematical practices of ordinary people, it
is far from conclusive. Here too, more empirical research is needed in
order to be able to give a definitive answer.

The last kind of anti-realist theory discussed, constructivism, was dis-
cussed in chapter eight. The topic of that discussion was the semantics
that is given by constructivists, which is a kind of proof-conditional
semantics. The specific type of semantics that they give, on which
knowing the meaning of a sentence is the same as knowing its proof-
conditions, was seen to place standards on ordinary speakers that are
hard for them to meet. Proof-conditions will, as we saw, have to include
at least axioms of the atomic subsystems to which the terms occurring
in the statement belong. Furthermore, proof-conditions require some
knowledge of inference rules that can be used to arrive at the statement,
as a conclusion of a proof. Already in a simple case, namely that of
arithmetic, this leads to requirements that cannot be met by ordinary
people. As a result, people cannot know the canonical proof-conditions
of a sentence, and since there are no clear weaker requirements in the
literature (chapter nine looked at these), it follows that the current ver-
sions of constructivism are not yet able to describe the mathematical
practices of ordinary people. After all, ordinary people do know the
meaning of arithmetical statements, even though they are not able to
know the proof-conditions of these statements.

The above gives a brief summary of the first two parts, and in doing so
presents the core of my argument in favour of the need for more atten-
tion to ordinary people in the philosophy of mathematics. To complete
this argument, I had to argue that describing the mathematical practices
of ordinary people is in fact something we should want our theories to
do (i.e. the third thesis). Otherwise, this dissertation would give some
limitations of current theories, with no clear reason why we should care
about these limitations. As an example, current philosophical theories
may not be able to describe what is going on in a calculator, but that is
hardly something that we should care about. The reason for that, is that
calculators aren’t ‘doing mathematics’, whereas ordinary people (or so
I argued in chapter nine) are. So, the mathematical practices of ordi-
nary people are properly mathematical, and as such show us a facet of
mathematics that the philosophy of mathematics should try to capture.
Calculators, on the other hand, are not showing us a way of doing math-
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ematics; they are only showing us that we can construct a machine that
is able to execute algorithms. For that reason, there is no need for the
philosophy of mathematics to describe the way in which a calculator
functions.

So, ordinary people are doing mathematics, and as a result the philos-
ophy of mathematics should try to describe the mathematical practices
of ordinary people (as we saw, rational reconstruction or content change
isn’t going to affect this conclusion). At the same time, I have argued
that the philosophy of mathematics doesn’t currently manage to de-
scribe the practices of ordinary people, and that there is no straightfor-
ward way to get these theories to do so. This means that these theories
fail to do something that they should do, but it is important to be clear
on just how bad this is for these theories. As I tried to show in chapter
nine, this doesn’t mean that the current theories are completely wrong.
In fact, it doesn’t even show that we should change the current theories,
in order to describe the practices of mathematicians. So, my arguments
aren’t showing that the current theories aren’t partially correct. All that
they are showing, is that there is an aspect of mathematics, about which
they are not yet correct. This is not unexpected, given that so far there
has been very little attention paid to this part of mathematics. There is
thus very little wrong with the current theories, at least in so far as can
be concluded from my arguments, but there is still an important gap that
has to be filled. As matters stand, we are unable to account for the math-
ematical practices of the vast majority of the population. The next step
is thus, to try and develop theories that are able to describe these prac-
tices as well. To what extent those theories will interact with the current
theories, which are more focussed on professional mathematicians, will
depend on the extent to which one wants to distinguish between these
ways of doing mathematics. There may be an important difference be-
tween the different mathematical practices, as a result of which there is
but little interaction between these two theories. If, on the other hand,
mathematicians retain some of the practices that they used during their
childhood and adolescence, then an investigation into the mathematical
practices of ordinary people may also help in further understanding the
mathematical practices of mathematicians.

The basic conclusion of my thesis is, thus, that there is a need for a
new kind of research into the philosophy of mathematics. As matters
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stand, we have very little understanding of the mathematical practices
of ordinary people. Specifically, it is unclear how they can manage
to do mathematics, in a fairly autonomous way, with the limited re-
sources that they have. Answering that question will hopefully give us
an even better understanding of mathematics, as it is certain to give us
a more complete picture of the kinds of mathematical practices that are
possible. Another, related, question is to what extent the mathematical
practices of ordinary people differ from the mathematical practices of
professional mathematicians. These may be completely different, but it
doesn’t seem as thought this is necessarily the case. An answer to this
question will determine how important this work will be for understand-
ing the mathematical practices of professional mathematicians. It may
not be important for that study at all, such that the current theories are
all that we need to understand what professional mathematicians are do-
ing. Yet, it may also be that professional mathematicians make do with
less than the current theories say they do, in which case we also need to
look at their mathematical practices in a different way. These are both
big questions, which will undoubtedly take a lot of further research to
answer. Answering these questions will no doubt help in figuring out
how we should account for the mathematical practices of ordinary peo-
ple. I have not tried to say anything positive with respect to how we
should account for these practices, and so this is another thing to be left
to future research. Maybe we need a theory that offers several ways
in which one might arrive at justified mathematical beliefs, and maybe
we need a strong split between the description of practices of ordinary
people and the description of practices of professional mathematicians.
Currently, I have no idea, and so this is not why this dissertation is im-
portant. I take this dissertation, instead, to be important mainly in that it
manages to establish all these questions as important, and unanswered.
The aim is thus the relatively modest one of setting up a new research
field, as compared to the much less modest aim of arguing against ev-
erything that has been done within an already existing research field.
Hopefully, that is exactly the way in which these arguments are taken;
as attempting to extend the field, instead of as undermining or radi-
cally changing it. For the former is something I may have managed to
do, whereas the latter is something that has in no way been established
here.
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Svensk sammanfattning



I den här avhandlingen försvarar jag tre enkla teser om det nuvarande
läget inom matematikens filosofi:

1. Rådande teorier inom matematikens filosofi misslyckas med att
beskriva lekmäns matematiska praktik.

2. Det finns inget trivialt eller enkelt sätt att revidera dessa teorier så
att de förmår beskriva lekmäns praktik.

3. Givet (1) och (2) gäller att rådande teorier misslyckas med att
åstadkomma något de borde lyckas med.

Innan vi ger oss in på argumenten för dessa teser är det viktigt att bli klar
över deras räckvidd. De uttalar sig inte om i vilken utsträckning matem-
atikens filosofi förmår beskriva professionella matematikers praktik. De
säger heller inget om någon lösning på Benacerrafs dilemma, givet att
detta dilemma renodlat förstås som en utmaning för den som vill förk-
lara hur matematisk kunskap i allmänhet är möjlig. Jag tar alltså inte
ställning till något annat än hur icke-matematikers praktik beskrivs. Det
hindrar inte att jag reser vissa generella invändningar mot ett antal posi-
tioner (t.ex. Linsky och Zaltas bruk av bestämda beskrivningar), invänd-
ningar som måste bemötas av dessa positioners försvarare för att de ko-
rrekt ska kunna beskriva matematikers praktik. Jag diskuterar dock inte
generella invändningar för varje behandlad position och avstår därför
från att inta en sammanfattande ståndpunkt när det gäller hur adekvata
nuvarande förslag är i sin beskrivning av professionella matematikers
praktik.

Jag argumenterar explicit för den första och den tredje tesen och im-
plicit för den andra. Den första försvaras på grundval av en genomgång
av ett representativt urval av rådande teorier inom matematikens filosofi.
Jag menar att de diskuterade positionerna antingen innebär att lekmän
måste tillskrivas förmågor som de faktiskt saknar, eller att position-
erna beskriver en process som inte rimligen kan sägas vara det sätt
på vilket matematisk kunskap erhålls. Jag argumenterar för den andra
tesen genom att redovisa flera tänkbara revisioner - vanligen försvagade
versioner - av de behandlade teorierna, men visar att samtliga får prob-
lem av ovan nämnda art. Vi kan förmoda att om det finns mindre om-
fattande revisioner av rådande teorier som gör dem rättvisa, så kommer
dessa att likna de diskuterade alternativen. Eftersom inget av de senare
lyckas ge en adekvat beskrivning av lekmäns matematiska praktik ser



jag i detta ett försvar av min andra tes.

Så långt en övergripande beskrivning av argumentationen i avhandlin-
gens första två delar. Den tredje delen tar upp några bakgrundsfrå-
gor, och avhandlingens underliggande antagande - att lekmäns matem-
atiska praktik är något som matematikens filosofi bör redogöra för -
försvaras där. Detta antagande ligger till grund för min tredje tes, då
denna tes förutsätter att matematikens filosofi bör inbegripa en behan-
dling av lekmäns matematiska praktik (och att det finns en sådan prak-
tik). Jag kommer här att i mer detalj summera de argument som up-
ptar de första två delarna, vari behandlas såväl realistiska positioner
(enligt vilka det finns medvetandeoberoende matematiska objekt om
vilka medvetandeoberoende sanningar gäller) som anti-realistiska po-
sitioner (som förnekar någon av de båda aspekterna hos realistiska syn-
sätt).

När det gäller realistiska teorier finns det i litteraturen fem tongivande
generella tillvägagångssätt - om man räknar Jones (2015) som en sep-
arat strategi - för att formulera en kunskapsteori för matematik. Dessa
är:

1. Kunskapsteorier som baseras på psykologiska förmågor som har
undersökts empiriskt

2. Kunskapsteorier som baseras på referens genom abstraktion

3. Kunskapsteorier som baseras på vårt behärskande av matematiska
begrepp

4. Kunskapsteorier som baseras på matematisk intuition

5. Kunskapsteorier som baseras på referens genom bestämda beskrivningar

Det första angreppssättet, som grundar kunskapsteorin på kända psykol-
ogiska förmågor, är det som i minst utsträckning riskerar att ställa oupp-
nåeliga krav på vanliga människor. Dock har den enda teori som repre-
senterar detta tillvägagångssätt inte lyckats presentera en kunskapsteori
som kan sägas ge en adekvat beskrivning av lekmäns praktik. Prob-
lemet med detta specifika förslag (utarbetat av Jones, 2015), som förli-
tar sig på antalskänsla (number cognition) som grund för rättfärdigade
av matematiska övertygelser, är att det ännu inte presenterats adekvata
skäl att tro att förmågan i fråga kan ge oss välgrundade övertygelser



inom aritmetik. Såvitt vi nu känner till behöver inte antalskänsla in-
begripa representationer av naturliga tal. En alternativ tolkning enligt
vilken antalskänsla i stället inbegriper mindre strukturerade represen-
tationer av kvantitet stämmer lika väl med befintliga data. Kvantiteter
är mindre strukturerade än de naturliga talen då de är kompatibla med
olika skalor; de kan bäddas in i mängden av reella tal på olika sätt.
Allt som spelar roll för de här relevanta kvantiteterna är att ordnings-
följd och additiva relationer bevaras. Multiplikation med en konstant
är då möjlig och därmed olika men lika goda inbäddningar. Trots sin
mindre utmejslade struktur erbjuder representation i termer av kvan-
titeter utrymme för alla de förmågor som har observerats, och detta kan
vara vad antalskänsla består i. Det är lätt att på detta sätt förklara våra
färdigheter med avseende på addition och subtraktion, då kvantiteter
har en väldefinierad konkateneringsoperation. Det är svårare att förk-
lara hur representationer av kvantiteter tillåter intermodala jämförelser.
Detta kan dock förklaras om olika representationer av kvantiteter kan
korreleras med varandra, vilket åtminstone är möjligt. Vi har alltså en
rimlig alternativ teori om vad antalskänsla består i, enligt vilken den inte
har något med matematiska tal att göra. Givet detta kan en kunskap-
steori som uteslutande förlitar sig på antalskänsla inte med goda skäl
hävda att antalskänsla faktiskt ger oss välgrundade aritmetiska över-
tygelser.

Det andra tillvägagångssättet, som utgår ifrån abstraktionsprinciper, diskuteras
på flera ställen i avhandlingen. Den mest utförliga diskussionen be-
handlar fregeansk abstraktion (Frege abstraction), i den form den ges av
Hale and Wrights teori om implicita definitioner (kapitel tre). Ett fler-
tal svårigheter för fregeansk abstraktion reses, varav det mest påtagliga
är att Hale och Wright inte har lyckats finna en lösning på Caesar-
problemet. Problemet består i att förklara hur vi med utgångspunkt
ifrån en implicit definition av de naturliga talen kan utesluta att Cae-
sar är talet noll. Jag argumenterar för att den lösning på problemet Hale
och Wright presenterar inte är godtagbar då den antingen ger fel re-
sultat eller kräver att vi har förhandskunskap om just det som behöver
visas (att Caesar och tal tillhör olika kategorier). I introduktionen till
del 1 förekommer en kortfattad diskussion av Dedekinds form av ab-
straktion (Dedekind abstraction). Problemen för denna typ av strategi
är främst av allmän filosofisk natur. De sorters strukturer människor ut-
går ifrån vid Dedekinds form av abstraktion är inte tillräckliga för att



etablera en unik matematisk struktur som resultat av abstraktionspro-
ceduren. På liknande sätt kan inte heller de implicita definitioner som
brukas i fregeansk abstraktion unikt bestämma de resulterande matem-
atiska strukturerna. Det finns även mer specifika komplikationer. Efter-
som, som nämnts ovan, folk i allmänhet inte har kunskap om axiom, kan
inte Dedekinds form av abstraktion åberopa sådana (vid beskrivningen
av lekmäns praktik), vilket man kan tänkas önska göra. Freges form
av abstraktion kan inte åberopa ens gängse implicita definitioner, såsom
Humes princip, eftersom lekmän saknar kunskap om dem. De resurser
som är tillgängliga för att redogöra för lekmäns praktik är alltså mycket
mer begränsade än de som kan åberopas vid beskrivningen av profes-
sionella matematikers praktik. Av denna anledning är problemet gäl-
lande obestämdhet svårare att hantera i det förra fallet.

Den tredje strategin, som avser att förklara rättfärdigande med hänvis-
ning till vår förtrogenhet med matematiska begrepp, möter också prob-
lem med obestämdhet. I detta fall är problemet att vanligt folk inte
tycks behärska matematiska begrepp tillräckligt väl för att det ska vara
entydigt bestämt vilket begrepp de faktiskt tillämpar. En mer allmän
utmaning för försvarare av denna strategi är att utveckla en teori som
tar hänsyn till det faktum att det finns olika nivåer av begreppslig kom-
petens. Så som förslagen nu är formulerade tycks det vara ett nära nog
fullständigt behärskande av begreppet i fråga som krävs. Eftersom lek-
män vanligtvis inte behärskar de relevanta begreppen till fullo kan de
inte heller leva upp till de krav dessa teorier ställer på dem. Faktum
är att de flesta människor har en väldigt begränsad begreppslig kompe-
tens när det gäller matematik. Jag presenterar den bästa redogörelsen
för begreppslig kompetens som så här långt står att finna i litteraturen
om forskning kring matematikundervisning. Det visar sig ofta att män-
niskor befinner sig på en nivå av begreppslig kompetens där de inte ens
inser att instanser av ett matematiskt begrepp kan förekomma på ar-
gumentplats. Lekmän misslyckas med andra ord regelmässigt att upp-
fylla kravet på fullständig kompetens med avseende på matematiska be-
grepp. Vad som behövs är således en mer detaljerad redogörelse för hur
förekomsten av olika nivåer av begreppslig kompetens återverkar på vår
kunskapsteori, och endast då vi har denna är en mer fullödig värdering
av den här diskuterade strategin möjlig. Som förslagen utifrån detta per-
spektiv nu är formulerade förmår de inte beskriva lekmäns matematiska
praktik. Det förefaller dessutom vara en långt ifrån enkel uppgift att



utarbeta en teori som tar i beaktande olika nivåer av begreppslig kom-
petens, och som även svarar mot våra intuitioner om vilka välgrundade
övertygelser de olika nivåerna medger.

Den fjärde strategin, som åberopar matematisk intuition, visar sig få
svårigheter med att beskriva lekmäns praktik i två avseenden. För det
första är Parsons åberopande av streckspråk (stroke language) svår att
förena med någon struktur som faktiskt utnyttjas av lekmän. Som visas
utgör listan över räkneord (the numeral list) ingen lämplig struktur att
utgå ifrån. Barn känner inledningsvis till enbart en liten del av listan
över räkneord och tycks därför inte vara i stånd att utifrån denna veta
att varje räkneord har en efterföljare. När de sedan vet detta har de redan
erhållit mer avancerade aritmetiska färdigheter, uppvisande en del kom-
petenser som är centrala för att hantera kardinaltal (de kan korrekt svara
på uppmaningen att ge n objekt). Detta är särskilt problematiskt efter-
som det inte finns något uppenbart alternativ till listan över räkneord.
Än mer oroande är dock att matematisk intuition, så som den beskrivs av
Parsons och Jeshion, tycks vara grundad i den psykologiska kapaciteten
för antalskänsla. Parson och Jeshions huvudsakliga karakterisering av
matematisk intuition är att det är vad som utgör vår bästa förklaring
av vissa sanningars upplevda självklarhet, så som att ||| innehåller fler
streck än |. Emellertid tycks denna upplevda självklarhet bäst förklaras
av antalskänsla, vilket också ger oss en god förklaring av varför vi inte
upplever detta slag av självklarhet inför större tal, så som att |||||||||
innehåller fler streck än ||||||||. Frågan är då hur vi ska hantera detta
resultat. Ska matematisk intuition likställas med antalskänsla eftersom
matematisk intuition består i vad det nu är som bäst förklarar den up-
plevda självklarheten? Om så är fallet är påståendet att matematisk intu-
ition skänker rättfärdigande åt aritmetiska övertygelser inte tillräckligt
välgrundat i ljuset av mina argument gällande antalskänsla. Om så inte
är fallet behöver vi en alternativ karakterisering av matematisk intuition,
och en annan psykologisk förmåga som skänker oss rättfärdigade arit-
metiska övertygelser på föreskrivet sätt. Någon sådan förmåga har vad
jag vet inte hittats, så även detta alternativ leder till svårigheter för en
försvarare av denna sorts kunskapsteori.

Vi har slutligen strategin som försöker lösa den kunskapsteoretiska frå-
gan genom att åberopa referens såsom fixerad genom bestämda beskrivningar.
En teori av denna art har lanserats av Linsky och Zalta och denna diskuteras



i kapitel sex. Deras teori uppvisar vissa egenheter på grund av den
föreslagna ontologin, men jag presenterar några generella argument i
det kapitel som behandlar användandet av bestämda beskrivningar som
grund för matematikens kunskapsteori. För det första uppkommer ett
problem med den sorts förutsättningar för referens som genereras av
denna typ av teori. Talaren behöver ha tillräcklig kunskap för att unikt
kunna ange rätt matematiskt objekt och detta är ett tämligen hårt krav
att ålägga människor i allmänhet, i synnerhet om kravet är att kunna
ange samtliga egenskaper det åsyftade objektet har. I det senare fallet är
det inte mänskligt möjligt att referera till de matematiska objekt vi vill
referera till (med hjälp av bestämda beskrivningar). Ett svagare villkor
är att man enbart behöver veta vilken teori objektet tillhör, tillsammans
med de unikt identifierande egenskaperna hos objektet. Även detta är
dock ett tungt krav att uppfylla eftersom fullständiga specifikationer av
de relevanta matematiska teorierna (axiomatiseringar är förmodligen de
mest tillgängliga specifikationerna) än så länge är kända av endast ett
fåtal människor. Det första problemet med detta slag av kunskapste-
ori är således att det kan vara omöjligt för människor i allmänhet att
uppfylla villkoren för referens till matematiska objekt genom bestämda
beskrivningar.

Den andra, och allvarligare, invändningen är att den referens som resul-
terar är påtagligt instabil. Minsta revision vad gäller de egenskaper som
tillskrivs matematiska objekt kan innebära ett skifte av referens. Exakt
hur känslig referensen är för förändring beror på hur man mer exakt
tänker sig den specifikation som åberopas i den bestämda beskrivnin-
gen. Om den specifikation som krävs är enligt den svagare tolkningen
- där teori och ytterligare identifierande information behöver anges -
sker inte alltid ett referensskifte. Emellertid sker även i detta fall ref-
erensskiften mycket lätt. Detta genererar i sin tur problem för kom-
munikation och slutledningar då dessa blir avsevärt svårare än vad de
förefaller vara.

Vi kan således generellt säga att hittills formulerade realistiska teorier
inom matematikens filosofi är dåligt rustade att redogöra för den matem-
atiska kunskap lekmän besitter. Teorierna i fråga tenderar att ställa
för höga krav på vanliga människor, antingen för att detta behövs för
att komma tillrätta med obestämdhet, eller för att teorierna hävisar till
en given förmåga (faculty) att leverera välgrundade övertygelser av ett



slag som förmågan i fråga inte är rustad att leverera. Denna slutsats
innebär inte att dessa teorier är alldeles misslyckade, då i synnerhet
de teorier som endast möter problem gällande obestämdhet kan tänkas
beskriva professionella matematikers praktik korrekt. Eftersom exem-
pelvis matematikers kompetens gällande matematiska begrepp mestadels
är väldigt hög kan kanske en kunskapsteori som utgår ifrån begrepp-
slig kompetens ha en större möjlighet att lyckas när det handlar om
beskrivningen av professionella matematikers praktik (kvarstår gör dock
den historiska invändningen att t.ex. Newton och Leibniz inte förstod
begreppet DERIVATA särskilt väl). Vi kan då säga att mina två påståen-
den har givits ett adekvat försvar; det har visats vara fallet att samtliga av
dagens tongivande teorier misslyckas med att beskriva lekmäns matem-
atiska praktik. Det har också visats att alternativet att utforma en sva-
gare version - en som ändå håller sig nära de påståenden som görs i
litteraturen - inte innebär en tillräcklig revision för att beskriva vanliga
människors matematiska praktik.

I del II synar jag anti-realistiska teorier, och också dessa påträffas i
olika varianter. Diskussionen är tvådelad där den ena delen behandlar
nominalistiska positioner och den andra rör konstruktivistiska teorier.
Som visas föreligger i grunden tre sorters nominalistiska teorier i litter-
aturen:

1. Teorier som försöker eliminera matematisk terminologi

2. Teorier som omformulerar matematiska satser för att undvika on-
tologiskt åtagande visavi matematiska objekt

3. Teorier som undviker ovanstående former av revision

Det första och tredje alternativet diskuteras inte lika utförligt som det
andra, vilket för närvarande är det populäraste angreppssättet. När det
gäller det första alternativet, som försvaras av Field (1980), är det hu-
vudsakliga problemet helt enkelt att det är osannolikt att det kommer
att lyckas (MacBride, 1999, cf.). Även om man förmår eliminera alla
matematiska uttryck i vetenskapliga sammanhang så kvarstår problemet
att sådana omformuleringar kommer att vara så komplexa att de troligtvis
är utom räckhåll för människor i allmänhet. När det gäller det tredje al-
ternativet, såsom det presenteras i arbeten av Azzouni Azzouni (1994),
är problemet att denne misslyckas med att tillhandahålla en kunskap-
steori som förmår beskriva lekmäns matematiska praktik. Anledningen



till detta är att det enda epistemologiska förslag han presenterar är att
matematisk kunskap erhålls genom bevisandet av teorem. Eftersom lek-
män i allmänhet inte självständigt kan erhålla kunskap om existensen
av bevis kan inte detta förslag till kunskapsteori beskriva vanliga män-
niskors matematiska praktik. Samma argument riktas mot den liknande
teori som lanserats av Rayo (2013) och Donaldson (2015), även om den
senares kunskapsteori inte är uppenbart bristfällig. Donaldsons förslag
att människor har berättigade övertygelser i den utsträckning de kan
förvissa sig om koherensen hos en matematisk teori, behöver underkas-
tas ytterligare empirisk prövning innan det kan avgöras om den är adek-
vat för att beskriva lekmäns matematiska praktik. Det finns emellertid
viss anledning att tro att lekmän inte, när de ställs inför en matematisk
teori, kontrollerar dess koherens (vilket de behöver göra enligt Donald-
son). De tycks inte vara angelägna att utarbeta en modell för teorin,
eller något likvärdigt. Dock är dessa slutsatser långt från konklusiva,
och empiriska undersökningar krävs för att avgöra hur väl denna teori
lyckas.

Det andra tillvägagångssättet behandlas utförligare, och ett stort an-
tal teorier som exemplifierar det diskuteras. Flertalet av dessa teorier
möter problem relaterade till komplexiteten hos de resulterande omfor-
muleringarna. Svårigheten i dessa fall ligger i att de föreslagna omfor-
muleringarna gör bruk av begrepp som människor i allmänhet inte har
tillräcklig förtrogenhet med för att de ska kunna ha självständig kun-
skap om begreppet i fråga. Som en följd av detta är det omformulerade
innehållet sådant att lekmän är oförmögna att självständigt erhålla kun-
skap om sanningsvärdet hos detta slag av innehåll. Komplexiteten hos
dessa omformuleringar innebär alltså att lekmän inte självständigt kan
erhålla matematisk kunskap, vilket svär mot den starkt intuitiva tanken
att de är kapabla till detta.

De specifika ståndpunkter jag diskuterar är sådana som erbjuder en om-
formulering antingen i termer av bevis eller i termer av normal matem-
atik (standard mathematics). Det första fallet, där bevis åberopas, är ett
där mitt argument finner gott stöd i empiriska data. Studier har visat
att såväl vanliga människor som blivande matematiklärare generellt sätt
är oförmögna att självständigt tillägna sig kunskap angående existensen
av bevis. Om då matematisk kunskap kräver av människor att de vet att
det finns ett bevis för en proposition så kan inte lekmän ha självständigt



erhållen matematisk kunskap. De är då helt beroende av auktoriteter
för sin matematiska kunskap; vilket är ett scenario som inte tycks öv-
erensstämma med hur det faktiskt är.

Mina argument mot ståndpunkter som avser att omformulera matema-
tisk kunskap i termer av normal matematik (uppfattad som berättelse,
fiktion eller spel) utgår ifrån liknande överväganden. I dessa fall kan
lekmän sakna tillräcklig kompetens vad gäller begreppet NORMAL MATEM-
ATIK för att avgöra om ett givet stycke matematik är normalt eller inte.
Allt som krävs är att människor är bekanta med distinktionen och vet
att de delar av matematiken de vanligtvis sysslar med är normal matem-
atik. Det är emellertid osannolikt att lekmän är klara över distinktionen
i fråga, vilket innebär att det är osannolikt att de har kunskap om normal
matematik, snarare än om matematik i allmänhet.

Nu är det dock inte så att alla föreslagna omformuleringar är av ovan
nämnda slag; som framgår innebär den teori som presenteras av Melia
(2000) inte någon påtaglig ökning av komplexiteten hos innehållet i
våra övertygelser. Den konstruktion Melia föreslår tycks fungera väl
i fallet med vetenskapliga övertygelser som inbegriper matematik, men
det är mindre klart att den fungerar även för rena matematiska över-
tygelser. Det är vidare så att hans konstruktion kräver att människor
tror att det inte finns matematiska objekt. Även om detta i sig är en
anledning att betvivla att teorin förmår beskriva lekmäns matematiska
praktik är den långt ifrån slutgiltig. Här är det återigen så att ytterligare
empirisk forskning behövs för att ge ett definitivt svar.

Den återstående varianten av anti-realism, konstruktivism, diskuteras i
kapitel åtta. Ämnet för diskussionen där är den semantik som föres-
lås av konstruktivister, vilket är en sorts bevisvillkors-semantik (proof-
conditional semantics). Den specifika typ av semantik de presenterar,
enligt vilken kunskap om en sats mening är detsamma som kunskap om
satsens bevisvillkor, visar sig ställa krav på lekmän som de har svårt
att möta. Bevisvillkor behöver, som visas, inbegripa åtminstone axiom
för de atomära subsystem som de termer som förekommer i satsen till-
hör. Dessutom kräver bevisvillkor viss kunskap om slutledningsregler
som kan användas för att härleda satsen i ett bevis av den. Redan i ett
så enkelt fall som aritmetik leder detta till krav som inte kan uppfyllas
av lekmän. Följaktligen kan inte vanliga människor ha kunskap om de
kanoniska bevisvillkoren för en sats, och eftersom det inte formulerats



klara och svagare villkor i litteraturen (kapitel nio behandlar detta) följer
att hittills formulerade versioner av konstruktivism inte lyckas beskriva
lekmäns matematiska praktik. Det är trots allt så att lekmän känner
till meningen hos aritmetiska satser, och detta utan att känna till dessa
satsers bevisvillkor.

Ovanstående ger en kortfattad summering av avhandlingens första två
delar, och presenterar kärnan i mitt argument för behovet av att i högre
grad uppmärksamma vanliga människor inom matematikens filosofi.
För att slutföra detta argument (m.a.o. att argumentera för den tredje
tesen) behöver jag göra gällande att en korrekt beskrivning av lekmäns
matematiska praktik faktiskt är något vi bör önska av våra teorier. I
annat fall skulle denna avhandling i och för sig ange begränsningar för
nuvarande teorier, men utan att presentera någon anledning att fästa nå-
gon vikt vid dessa begränsningar. Följande kan belysa situationen: nu-
varande matematik-filosofiska teorier kan kanske inte beskriva vad som
pågår i en kalkylator, men detta är knappast något vi behöver bekymra
oss om. Anledningen till detta är att kalkylatorer inte ’bedriver matem-
atik’, medan vanliga människor (detta argumenterar jag i alla fall för i
kapitel nio) gör det. Skillnaden ligger i att människor, men inte räkne-
maskiner, erhåller övertygelser som resultat av en process som rim-
ligen kan beskrivas i matematiska termer, och vilken inkluderar viss
förståelse av den underliggande matematiken. Således är lekmäns matem-
atiska praktik något genuint matematiskt, och visar oss en aspekt av
matematik som matematikens filosofi bör fånga. Räknemaskiner, å an-
dra sidan, uppvisar inte ett sätt att bedriva matematik; de påminner
oss endast om att vi kan tillverka maskiner som kan utföra algoritmer,
utan att de därmed har något av den förståelse eller de övertygelser
som vi finner hos vanliga människor. Av denna anledning föreligger
inget behov av att matematikens filosofi beskriver hur en kalkylator
fungerar.

Det är alltså så att lekmän sysslar med matematik och därför bör matem-
atikens filosofi försöka beskriva lekmäns matematiska verksamhet. Denna
slutsats påverkas inte av argument som handlar om rationell rekonstruk-
tion. Ett sådant argument skulle hävda att matematikens filosofi inte
behöver beskriva matematisk praktik korrekt, utan endast ge en rekon-
struktion som visar att denna praktik är rationell. Jag har i och för sig
inte presenterat något argument mot denna ståndpunkt, men den kan



ändå inte undvika min slutsats, detta för att nuvarande teorier inte för-
mår ge en rationell rekonstruktion av lekmäns matematiska utövande
– deras redogörelser är för långt ifrån dessas praktik för att medge ett
omdöme om rationaliteten hos praktiken. Argument som utgår ifrån att
lekmäns verksamhet skiljer sig från professionella matematikers (ex-
empelvis för att innehållet i övertygelserna skiljer sig åt mellan grup-
perna) underminerar heller inte slutsatsen. En sådan skillnad mellan
praktikerna skulle innebära att matematikens filosofi inte kan ge en
beskrivning som fångar alla matematiska praktiker men detta förändrar
inte det faktum att det finns ett sätt att bedriva matematik som ännu inte
beskrivits korrekt. Det är inte heller så att förekomsten av en sådan
skillnad påverkar min poäng att detta sätt att bedriva matematik faktiskt
bör beskrivas korrekt av matematikens filosofi. Den slutsatsen kan till-
bakavisas enbart genom ett argument som visar att lekmän faktiskt inte
utövar matematik. Emellertid har sådana argument förhoppningsvis un-
derminerats av mina argument för uppfattningen att vanliga människor
sysslar med matematik.

För att återvända till avhandlingens huvudtes så har jag argumenterat för
att matematikens filosofi för närvarande inte förmår beskriva lekmäns
praktik, och att det inte finns något uppenbart sätt att rätta till denna
brist. Detta innebär att teorierna i fråga misslyckas med att göra något
de bör göra, men det är viktigt att inte överdriva vidden av problemet.
Som jag försöker visa i kapitel nio innebär inte denna slutsats att de nu-
varande teorierna är felaktiga i alla avseenden. Exempelvis innebär den
inte att nuvarande teorier behöver ändras för syftet att beskriva matem-
atikers praktik. Mina argument utesluter med andra ord inte att nu-
varande teorier är partiellt korrekta. Allt mina argument visar är att det
finns en aspekt av matematik som teorierna i fråga ännu inte återger
korrekt. Detta är inte oväntat eftersom väldigt lite uppmärksamhet har
ägnats åt denna aspekt av matematiken så här långt. Det är således
tämligen lite som är fel med nuvarande teorier, åtminstone utifrån vad
mina argument visar, men det finns dock en påtaglig lucka som behöver
fyllas. I dagens läge saknar vi en redogörelse för den matematiska verk-
samhet som den stora majoriteten ägnar sig åt. Nästa steg är således att
försöka utveckla teorier som förmår beskriva även detta. I vilken ut-
sträckning dessa teorier kommer att överlappa nuvarande teorier, vilka
har huvudfokus på professionella matematiker, kommer att bero på i
vilken grad man vill särskilja dessa olika sätt att bedriva matematik.



Det kan finnas avsevärda skillnader mellan de olika verksamheterna, i
vilket fall överlappningen mellan teorierna blir ringa. Om å andra sidan
matematiker bevarar några av de tillvägagångssätt de använde sig av
under sin barndom och sina ungdomsår så kan det tänkas att en under-
sökning av lekmäns matematiska praktik också kastar ljus över matem-
atikers praktik.

Den grundläggande slutsatsen i min avhandling är alltså att matem-
atikens filosofi har behov av en ny form av forskning. För närvarande
har vi ytterst lite förståelse av vanliga människors matematiska praktik.
Mer specifikt är det oklart hur dessa kan klara att ägna sig åt matematik,
och detta på på ett någorlunda självständigt sätt, med de begränsade
resurser de har. Lyckas vi reda ut detta så har vi förhoppningsvis en
ännu bättre förståelse av matematik, och vi har då tveklöst en mer kom-
plett bild av vilka sorters matematisk praktik som är möjliga. En annan
relaterad fråga gäller i vilken utsträckning lekmäns matematiska verk-
samhet skiljer sig ifrån professionella matematikers. De båda skulle
kunna vara radikalt olika men vad det verkar är det inte nödvändigtvis
så. Ett svar på denna andra fråga skulle avgöra hur viktigt det här pre-
senterade arbetet är för förståelsen av professionella matematikers prak-
tik. Det kan tänkas helt sakna betydelse för detta syfte, i vilket fall nu-
varande teorier är fullt tillräckliga för förståelsen av vad professionella
matematiker gör. Det kan emellertid förhålla sig så att professionella
matematiker gör bruk av mindre krävande resurser än vad nuvarande
teorier hävdar, och i så fall behöver även deras praktik ses i ett annat
ljus. Det här är två stora frågor som det utan tvivel kommer att behöva
ägnas mycket vidare forskning åt för att besvara. Jag ser denna avhan-
dling som viktig huvudsakligen i det att den påvisar att dessa frågor är
viktiga, och obesvarade. Syftet är således relativt modest och består i
att anvisa ett nytt forskningsområde, detta att skilja från det betydligt
mindre modesta syftet att argumentera mot allt som hittills gjorts inom
ett redan existerande forskningsområde. Det är förhoppningsvis i den
mindre modesta andan som dessa argument emottas; såsom strävande
att utvidga forskningsfältet snarare än som ett försök att underminera
eller radikalt förändra det. Det förra är något jag kan ha lyckats up-
pnå, medan det senare är något som inte på något vis har etablerats här.
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