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Abstract 

Children begin school with different number-related competences, typically due to 

variation in geographical location and familial circumstances. This variation, which 

necessarily creates inequity of opportunity, prompts the question, what number-related 

experiences are necessary if the first year of school is to prepare children equally and 

adequately for their learning of the mathematics? To address this question we 

summarise recent work on the development of an eight dimensional framework, which 

we have called foundational number sense (FoNS) that characterises those necessary 

learning experiences. We then show how FoNS can be simply operationalised for 

analysing the learning opportunities offered grade one students in five European 

contexts. The results indicate that FoNS, as an analytical tool, is not only cross-

culturally sensitive but has the propensity to inform developments in curriculum, 

assessment and teacher education. 
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Introduction 

The quality of a child's basic number understanding is known, internationally, to 

be a strong predictor of later arithmetical competence (Aubrey and Godfrey, 

2003; Aunola et al., 2004). For example, simple counting skills have been 

implicated in the arithmetical competence of students in Canada, England, 

Finland, Flanders, Taiwan and the USA respectively (LeFevre et al., 2006; 

Aubrey and Godfrey, 2003; Aunola et al., 2004; Desoete et al., 2009; Yang and 

Li, 2008; Jordan et al., 2007). Also, children who start school with a poorly 

developed understanding of number remain low achievers throughout school 

(Geary, 2013). In this paper, focusing on the first year of schooling and from an 

international perspective, we examine the competences research has shown will 

both avoid later difficulties and ensure later success. 

Underpinning much research in this area has been the concept of number sense, 

which has rarely been defined adequately (Griffin, 2004), due to psychologists 

and educators working with different conceptualisations (Berch, 2005). This 

problem has been exacerbated by psychologists, typically working in general 

cognition or learning disabilities, also employing different definitions. That said, 

our reading reveals three distinct but related perspectives on number sense, 

which here we label preverbal, applied and foundational. 

Preverbal number sense reflects those number insights that are innate to all 

humans and comprises an understanding of small quantities in ways that allow 

for comparison (Ivrendi, 2011; Lipton and Spelke, 2005). For example, young 

babies can discern 1:2 but not 2:3 ratios (Feigenson et al., 2004). This numerical 



ICMI Study 23 

125 

 

Sayers and Andrews: Foundational Number Sense 

discrimination, which “becomes more precise during infancy” (Lipton and 

Spelke, 2005, p.978), is independent of formal instruction and develops innately 

as a consequence of human, and other species’ evolution (Dehaene, 2001; 

Feigenson et al., 2004). 

Applied number sense concerns those number-related competences that make 

mathematics sensible and prepare learners for an adult world (McIntosh et al., 

1992). It underpins many curricular specifications and much of the material 

written on number sense (See, for example, Anghileri, 2000). 

Foundational number sense (FoNS), the primary focus of this paper, comprises 

those understandings that require instruction during the first year of school 

(Ivrendi, 2011; Jordan and Levine, 2009). Unlike preverbal number sense, it is a 

“construct that children acquire or attain, rather than simply possess” (Robinson 

et al. 2002, p. 85). Unlike applied number sense, it does not seek to facilitate a 

world beyond school but underpins later arithmetical and mathematical 

competence. It has been argued that these basic number competences are to the 

development of mathematical competence what phonic awareness is to reading 

(Gersten and Chard, 1999). 

Materials and Methods 

In this paper we summarise the key components of FoNS. Our intention was not 

to construct an extensive list of characteristic learning outcomes, as found in 

Berch (2005) or Howell and Kemp (2006), but a concise conceptualisation that 

would support a range of activities, including developments in curriculum, 

teacher education or assessment, as well as cross-cultural classroom analyses. In 

so doing we aimed to see beyond how different curricular traditions frame such 

matters (Aunio & Räsänen, 2015). To achieve these objectives we exploited, in 

an atypical manner, the constant comparison analysis advocated by grounded 

theorists. Peer-reviewed research articles and book chapters typically addressing 

grade one students’ acquisition of number-related competence were identified. 

These were read and FoNS-related categories identified. With each new 

category, previous articles were re-examined for evidence of the new. This 

approach, placed, for example, rote counting to five and rote counting to ten, 

two narrow categories discussed by Howell and Kemp (2005), within the same 

broad category of systematic counting. Among the works examined in this 

process were Aubrey and Godfrey, 2003; Aunola et al., 2004; Berch, 2005; 

Booth and Siegler, 2006; Clarke and Shinn, 2004; Dehaene, 2001; Desoete et 

al., 2009; Gersten and Chard, 1999; Gersten et al., 2005; Griffin, 2004; Howell 

and Kemp, 2005; Hunting, 2003; Ivrendi, 2011; Jordan et al., 2006, 2007; 

Jordan and Levine, 2009; Lipton and Spelke, 2005 LeFevre et al., 2006; Lembke 

and Foegen, 2009; Malofeeva et al., 2004; Noël, 2005; Thomas et al., 2002; Van 

de Rijt et al., 1999; Yang and Li, 2008). In the following, to avoid repetition and 
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save space, each component is summarised independently of the literature on 

which it is based. However, no single reference underpins all components. 

Number recognition: Children recognise number symbols and know their 

vocabulary and meaning. They can identify a particular number symbol from a 

collection of number symbols and name a number when shown that symbol;  

Systematic counting: Children are able to count systematically and understand 

notions of ordinality and cardinality. They count to twenty and back, or count 

upwards and backwards from arbitrary starting points, knowing that each 

number occupies a fixed position in the sequence of all numbers. 

Awareness of the relationship between number and quantity: Children 

understand not only the one-to-one correspondence between a number’s name 

and the quantity it represents but also that the last number in a count represents 

the total number of objects. 

Quantity discrimination: Children understand magnitude and can compare  

different magnitudes. They use language like bigger than or smaller than. They 

know that eight represents a quantity that is bigger than six but smaller than ten. 

An understanding of different representations of number: Children understand 

that numbers can be represented differently, including the number line, different 

partitions, various manipulatives and fingers. 

Estimation: Children can estimate, whether it be the size of a set or an object. 

Estimation involves moving between representations of number; for example, 

placing a number on an empty number line. 

Simple arithmetic competence: Children perform simple arithmetical operations, 

which Jordan and Levine (2009) describe as the transformation of small sets 

through addition and subtraction. 

Awareness of number patterns: Children extend and are able to identify a 

missing number in a simple. 

In sum, our literature review identified eight distinct but not unrelated FoNS 

categories. The fact that they are not unrelated is important as number sense 

“relies on many links among mathematical relationships, mathematical 

principles..., and mathematical procedures” (Gersten et al. 2005, p. 297). In 

other words, without the encouragement of such links there remains the 

possibility that children may be able to count but not understand, for example, 

that four is bigger than two. 

Having derived an eight component FoNS-related entitlement for grade one 

students, it was important to examine whether the framework would identify 

FoNS-related opportunities in grade one classrooms in varying cultural contexts. 

Piloting in this way would allow for instrument refinement and an evaluation of 
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its sensitivity to cultural nuances. In the following we summarise recent case 

studies, each undertaken in different European contexts and with different 

mathematical topics, in which we have evaluated the efficacy of the FoNS 

framework. The first examined the teaching of sequences in English and 

Hungarian lessons (Back et al., 2014), the second the development of students' 

conceptual subitising in Hungary and Sweden (Sayers et al., 2014), while the 

third teachers' use of the number line in Poland and Russia (Andrews et al.,  

2015). 

None of the examined lessons, which were typical of their teachers' practice, 

were captured with a FoNS-related analysis on mind, but all proved amenable to 

one. Each lesson, derived from previously collected and unrelated data sets, had 

been video-recorded for research or teacher education purposes, and all teacher 

utterances recorded. Each teacher, against local criteria, was construed as 

effective. All recordings were supplemented by transcripts of all the utterances 

made by teachers themselves and as much students talk as the recordings 

allowed. Each lesson was viewed repeatedly by two researchers, and, in the 

manner of the Mathematics Education Traditions of Europe (METE) project 

(Andrews, 2007), lesson episodes were scrutinised for evidence of FoNS 

components. This approach allows for episodes to be multiply-coded according 

to which components were observed. Thus, as found by the METE project team, 

uncomplicated analyses based on frequencies (Andrews, 2009) and complex 

analyses based on the interactions of codes in each episode (Andrews and 

Sayers, 2013) are made possible. 

As data derived from different projects in five different countries, ethical 

procedures and permissions were managed according to local norms. In all 

countries permission from school principals and participating teachers was 

obtained by means of letters confirming the right of teachers to withdraw 

without notice or reason and anonymity. With respect to the Hungarian, Polish 

and Russian students, all parents, at the point at which their children entered 

their school, had signed to agree their child’s participation in ethically conducted 

classroom based research. In England and Sweden, parental permission letters 

explained the projects and, alongside the promise of minimal classroom 

disruption, guaranteed the same protective principles as above. 

Results 

In the following we present the pilot case studies introduced above. Space 

prevents a detailed summary, not least because it would normally be necessary 

to offer images to show how classroom tasks played out. That said, we believe 

that sufficient can be gleaned to demonstrate the sensitivity of the FoNS 

framework to both cultural context and mathematical context. 
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In the first study (Back et al., 2014), episodes focused on number sequences 

were analysed. In addition to examining the functionality of the FoNS 

framework an aim was to examine how teaching, focused explicitly on one 

FoNS component, would yield other components. The analyses, based on three 

episodes from each lesson sequence, indicated that Klara in Hungary addressed 

six of the eight FoNS components while Sarah in England addressed four. Both 

encouraged, throughout their respective excerpts, students’ recognition of 

number symbols, vocabulary and meaning. Both encouraged the awareness of 

number patterns and the identification of missing numbers and both exploited 

simple arithmetical operations, typically to facilitate finding the next values in a 

sequence. In respect of differences Klara addressed three categories, the 

relationship between numbers and quantities, comparisons of magnitude and 

different representations of number that Sarah did not, while Sarah was seen to 

address systematic counting when Klara did not.  

However, while both teachers encouraged various FoNS components, Klara’s 

teaching was more didactically complex, with an average of four components 

per episode, than Sarah's, with an average of barely two. Moreover, Klara 

encouraged mathematical reasoning, while Sarah seemed to subordinate such 

reasoning to an examination of the coloured patterns on her interactive 

whiteboard. Leading us to conclude that if number sense develops gradually as a 

result of exploring and visualizing numbers in different contexts (Sood and 

Jitendra, 2007) then Klara’s practice seemed more richly focused than Sarah’s. 

In the second study (Sayers et al., 2014), analyses focused on conceptual 

subitising in grade one lesson sequences taught by Klara, again, in Hungary, and 

Kerstin, in Sweden. Conceptual subitising, which relates to how an individual 

identifies “a whole quantity as the result of recognizing smaller quantities... that 

make up the whole” (Conderman et al., 2014, p.29), has been promoted as a key 

component of early number learning (Clements, 1999). It can be summarised as 

the systematic management of perceptually subitised numerosities to facilitate 

the management of larger numerosities. In both cases, an average of five FoNS 

components were identified in each of the teacher's three analysed episodes, 

indicating that claims for the efficacy of teaching focused on conceptual 

subitising (Clements, 1999; Conderman et al., 2014), are not without warrant. 

It was also interesting to note that in neither case was conceptual subitising an 

explicit intention, nor were teachers expecting to address FoNS categories of 

learning. It is also interesting to note that despite substantial differences in the 

management of their lessons - Klara spent all her lesson orchestrating whole 

class activity with only occasional expectations of students working 

individually, while Kerstin spent the great majority of her time managing and 
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supporting students working in pairs - the FoNS components addressed in their 

respective excerpts were remarkably similar. 

Finally, the third pilot study (Andrews et al., 2015) examined episodes drawn 

from lesson sequences focused on the introduction and exploitation of the 

number line taught by Olga, in Russia, and Maria, in Poland. Here the analyses, 

as in the first case study, showed that such a didactical emphasis on one FoNS 

component does not necessarily restrict opportunities for other FoNS outcomes. 

For example, Olga's episodes addressed an average of almost five components, 

while Maria's almost four. Not surprisingly, bearing in mind the number line 

emphasis, all analysed episodes addressed number recognition and systematic 

counting, while all but one showed evidence of children being asked to work 

with a different representation of number. 

With respect to differences, whenever Olga asked her students to represent a 

number on the number line, she insisted on their pointing simultaneously to zero 

with their left hand and the desired number with their right. In this manner her 

teaching focused on the relationship between number and quantity. By way of 

contrast, Maria presented simultaneously three distinct number lines, each 

showing zero to eight but with different sized intervals. In so doing she 

highlighted the arbitrary size of the interval alongside the need for a consistent 

interval size. Both teachers also used the number line to facilitate simple 

arithmetical operations, including tasks involving several operations 

simultaneously. Finally, Maria also used the number line in relation to number 

patterns, particularly even numbers and the identification of missing numbers. 

Discussion and conclusion 

Acknowledging that all classrooms are constructed by the cultures in which they 

are found, the FoNS framework has proved amenable to the identification of 

FoNS-related opportunities in typical grade one classrooms in five different 

European contexts. Thus, as in the METE project, a simple to operationalise, 

episode-focused coding scheme has the potential to yield a variety of analyses, 

particularly when undertaken comparatively. Indeed, our next step is to 

undertake a more extensive comparative study of the FoNS-related opportunities 

teachers offer their students. Finally, the framework's simple structure should 

facilitate initial teacher education interventions. For example, the eight 

components, each amenable to an in-depth examination, provides a manageable 

framework for university-based teaching and the assessment of students during 

their school placements. Similar arguments apply to curriculum development. 

References 

Andrews, P. (2007). Negotiating meaning in cross-national studies of mathematics teaching: 

Kissing frogs to find princes. Comparative Education, 43 (4), 489-509. 



130 

 

Andrews, P. (2009a). Comparative studies of mathematics teachers’ observable learning 

objectives: validating low inference codes. Educational Studies in Mathematics, 71(2), 97-

122. 

Andrews, P., & Sayers, J. (2013). Comparative studies of mathematics teaching: does the 

means of analysis determine the outcome? ZDM: The International Journal on 

Mathematics Education, 45(1), 133-144. 

Andrews, P., & Sayers, J. (2014). Identifying opportunities for grade one children to acquire 

foundational number sense: Developing a framework for cross cultural classroom analyses. 

Early Childhood Education Journal. (doi: 10.1007/s10643-014-0653-6) 

Andrews, P., Sayers, J., & Marschall, G. (2015). Developing Foundational number sense: 

number line examples from Poland and Russia. Paper presented at the Ninth Congress of 

European Research in Mathematics Education (CERME9), Prague. 

Anghileri, J. (2000). Teaching number sense. London: Continuum. 

Aubrey, C., & Godfrey, R. (2003). The development of children's early numeracy through key 

stage 1. British Educational Research Journal, 29(6), 821-840. 

Aunio, P., & Räsänen, P. (2015). Core numerical skills for learning mathematics in children 

aged five to eight years – a working model for educators. European Early Childhood 

Education Research Journal, 1-21. 

Aunola, K., Leskinen, E., Lerkkanen, M.-K., & Nurmi, J.-E. (2004). Developmental dynamics 

of math performance from preschool to grade 2. Journal of Educational Psychology, 96(4), 

699-713. 

Back, J., Sayers, J., & Andrews, P. (2014). The development of foundational number sense in 

England and Hungary: A case study comparison. In B. Ubuz, Ç. Haser & M. A. Mariotti 

(Eds.), Proceedings of the Eighth Congress of the European Society for Research in 

Mathematics Education (pp. 1835-1844). 

Berch, D. (2005). Making sense of number sense. Journal of Learning Disabilities, 38(4), 

333-339. 

Booth, J., & Siegler, R. (2006). Developmental and individual differences in pure numerical 

estimation. Developmental Psychology, 42(1), 189-201. 

Clarke, B., & Shinn, M. (2004). A preliminary investigation into the identification and 

development of early mathematics curriculum-based measurement. School Psychology 

Review, 33(2), 234-248. 

Clements, D. H. (1999). Subitizing: What Is It? Why Teach It? Teaching Children 

Mathematics, 5(7), 400-405. 

Conderman, G., Jung, M., & Hartman, P. (2014). Subitizing and early mathematics standards: 

A winning combination. Kappa Delta Pi Record, 50(1), 18-23. 

Dehaene, S. (2001). Précis of the number sense. Mind & Language, 16(1), 16-36. 

Desoete, A., Stock, P., Schepens, A., Baeyens, D., & Roeyers, H. (2009). Classification, 

seriation, and counting in grades 1, 2, and 3 as two-year longitudinal predictors for low 

achieving in numerical facility and arithmetical achievement? Journal of 

Psychoeducational Assessment, 27(3), 252-264. 

Feigenson, L., Dehaene, S., & Spelke, E. (2004). Core systems of number. Trends in 

Cognitive Sciences, 8(7), 307-314. 

Geary, D. (2013). Early foundations for mathematics learning and their relations to learning 

disabilities. Current Directions in Psychological Science, 22(1), 23-27. 

Gersten, R., & Chard, D. (1999). Number sense: Rethinking arithmetic instruction for 

students with mathematical disabilities. The Journal of Special Education, 33(1), 18-28. 



ICMI Study 23 

131 

 

Sayers and Andrews: Foundational Number Sense 

Gersten, R., Jordan, N., & Flojo, J. (2005). Early identification and interventions for students 

with mathematics difficulties. Journal of Learning Disabilities, 38(4), 293-304. 

Griffin, S. (2004). Building number sense with Number Worlds: A mathematics program for 

young children. Early Childhood Research Quarterly, 19(1), 173-180. 

Howell, S., & Kemp, C. (2005). Defining early number sense: A participatory Australian 

study. Educational Psychology, 25(5), 555-571. 

Hunting, R. (2003). Part-whole number knowledge in preschool children. The Journal of 

Mathematical Behavior, 22(3), 217-235. 

Ivrendi, A. (2011). Influence of self-regulation on the development of children’s number 

sense. Early Childhood Education Journal, 39(4), 239-247. 

Jordan, N.., & Levine, S. (2009). Socioeconomic variation, number competence, and 

mathematics learning difficulties in young children. Developmental Disabilities Research 

Reviews, 15(1), 60-68. 

Jordan, N., Kaplan, D., Locuniak, M., & Ramineni, C. (2007). Predicting first-grade math 

achievement from developmental number sense trajectories. Learning Disabilities 

Research & Practice, 22(1), 36-46. 

LeFevre, J.-A., Smith-Chant, B., Fast, L., Skwarchuk, S.-L., Sargla, E., Arnup, J. et al. 

(2006). What counts as knowing? The development of conceptual and procedural 

knowledge of counting from kindergarten through Grade 2. Journal of Experimental Child 

Psychology, 93(4), 285-303. 

Lembke, E., & Foegen, A. (2009). Identifying early numeracy indicators for kindergarten and 

first-grade students. Learning Disabilities Research & Practice, 24(1), 12-20. 

Lipton, J., & Spelke, E. (2005). Preschool children's mapping of number words to 

nonsymbolic numerosities. Child Development, 76(5), 978-988. 

Malofeeva, E., Day, J., Saco, X., Young, L., & Ciancio, D. (2004). Construction and 

evaluation of a number sense test with Head Start children. Journal of Educational 

Psychology, 96(4), 648-659. 

McIntosh, A., Reys, B., & Reys, R. (1992). A proposed framework for examining basic 

number sense. For the Learning of Mathematics, 12(3), 2-8. 

Noël, M.-P. (2005). Finger gnosia: A predictor of numerical abilities in children? Child 

Neuropsychology, 11(5), 413-430. 

Robinson, C., Menchetti, B., & Torgesen. J. (2002). Toward a two-factor theory of one type 

of mathematics disabilities. Learning Disabilities Research & Practice, 17(2), 81-89. 

Sayers, J., Andrews, P., & Björklund Boistrup, L. (2014). The role of conceptual subitising in 

the development of foundational number sense. In T. Meaney (Ed.), A Mathematics 

Education Perspective on early Mathematics Learning between the Poles of Instruction 

and Construction (POEM). Malmö: Malmö Högskolan. 

Sood, S., & Jitendra, A. K. (2007). A comparative analysis of number sense instruction in 

reform-based and traditional mathematics textbooks. Journal of Special Education, 41(3), 

145-157. 

Thomas, N., Mulligan, J., & Goldin, G. (2002). Children's representation and structural 

development of the counting sequence 1-100. The Journal of Mathematical Behavior, 

21(1), 117-133. 

Van de Rijt, B., Van Luit, J., & Pennings, A. (1999).The construction of the Utrecht early 

mathematical competence scale. Educational and Psychological Measurement, 59(2), 289-

309. 

Yang, D.-C., & Li, M.-N. (2008). An investigation of 3rd-grade Taiwanese students' 

performance in number sense. Educational Studies, 34(5), 443-455. 


