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Abstract

This thesis is based on theoretical studies of molecular collisions occurring
at relatively low to intermediate collision energies. The collisions are called
dissociative recombination (DR) and mutual neutralization (MN).

In a molecular quantum mechanical picture, both reactions involve many
highly excited molecular electronic states that are interacting by non-adiabatic
couplings with each other. The molecular complexes involved in the collisions
are relatively (diatomic or triatomic systems) composed of relative light atoms.
This allows for accurate quantum chemistry calculations and a quantum me-
chanical description of the nuclear motions.

The reactions studied here are the MN reaction in collisions of of H++H−,
Li++F− and He++H−, and the DR reaction of H2O+. Rotational couplings
are investigated in the study of MN reaction for He++H−. For some reactions,
the electronic resonant states have to be considered. These are not bound states,
but are states interacting with the ionization continuum. Electronic structure
calculations are combined with electron scattering calculations to accurately
compute potential energy curves for the resonant states involved in the DR of
H2O+ and the MN of He++H−. From these calculations, the autoionization
widths of the resonant states are also obtained.

Once the potential energy curves are computed for the systems, the nu-
clear dynamics are studied either semi-classically, using the Landau-Zener
method or quantum mechanically, employing the time-independent and time-
dependant Schrödinger equations. Reaction cross section and final states dis-
tribution are computed for all the reactions, showing significantly large cross
section at low to intermediate collision energies. For the MN processes, stud-
ied here, not only total cross sections are calculated but differential cross sec-
tions as well. Where possible, comparisons with previous experimental and
theoretical results are performed.
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1. Introduction

What causes chemical bonds to break or form? What mechanism drives a
particular chemical reaction? This work is mainly concerned with the un-
derstanding of underlying mechanisms in chemical processes involving small
molecular systems, where highly excited electronic states are involved. In this
thesis, I have studied the reactions in which oppositely charged ions collide
and neutralize as well as the process where an electron is captured by a molec-
ular cation, causing it to neutralize and then break up. Here the processes
are theoretically studied at low to intermediate collision energies (< 100 eV).
The reactions are important for understanding cold plasma environments, such
as primordial and pre-galactic gas reactions, interstellar gas clouds chemistry,
planetary ionosphere chemistry and laboratory plasmas. In the reactions stud-
ied here, oppositely charged particles collide and thus the Coulomb attraction
is involved, which causes the reactants to collide, even at very low energies.

The evolution of molecular gases is important for understanding the early
universe. For example, H2 is believed to have played an important role as
a dominant coolant in the collapsing primordial clouds in the formation of
the first stars and galaxies. Thus the chemical evolution of gases at the early
epochs is crucial if one needs to understand the competing processes in the
formation of H2 [26; 37; 42–44; 66; 75; 87]. One such process is the mutual
neutralization reaction of H++H−, which I have studied. Several molecular
ions have been detected in space, in regions such as the interstellar medium,
the planetary ionospheres, dense and diffuse molecular clouds [50; 52; 79; 80].
These enviroments are also rich in free electrons and the molecular ions are
often destroyed by dissociative recombination with low energy electrons [80].
A strong motivation for this research has been to get a better understanding of
how molecular ions involved in these reactions are destroyed and the kind of
new fragments that are formed.

In an attempt to theoretically study such molecular processes, one encoun-
ters the mammoth task of solving the Schrödinger equation for a many-body
system (two or more nuclei and many electrons). An exact solution to this
problem is still unknown. However it is often customary to circumvent the
problem by employing the Born-Oppenheimer approximation [15]. In this ap-
proach, the total wave function is expressed as a product of the nuclear and
electronic wave functions. This approximation is primarily based on observa-
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tions since it is not rigorously possible to separate the total molecular Hamil-
tonian [72]. Even for the lightest molecule, H+

2 , the ratio of nuclear reduced
mass to electron mass is about 1000, and in the Born-Oppenheimer approx-
imation [57] it is assumed that the motions of the electrons can be treated as
uncoupled to the nuclei motion, that is the electrons will instantaneously adjust
to any changes in nuclear coordinates. A detailed theoretical background on
this approach is outlined in chapter 2. Thus when one studies the electronic
motion at fixed nuclear distance, the eigenvalue (known as potential energy)
is obtained and if obtained for several internuclear distances, a potential en-
ergy curve (in case of a diatomic system) or a potential energy surface (in case
of a polyatomic system) can be obtained. This is known as the adiabatic pic-
ture [72] and it forms the basis of most models aimed at describing chemical
phenomena at microscopic level [117].

The Born-Oppenheimer approximation, is applicable, to a good approx-
imation, for processes that involve electronic states well separated in energy.
This includes, in general, reactions occurring in the ground electronic state [96;
116]. On the other hand, reactions involving excited electronic states do not
fall in this category. For processes driven by the dynamics on highly excited
electronic states, the Born-Oppenheimer approximation can often not be ap-
plied. These electronic states can lie close to each other in energy. As a result,
non-adiabatic transitions from one electronic state to another may occur [19].

In studying non-adiabatic processes, where the states are coupled together,
it is advantageous, for numerical purposes, to transform the adiabatic states
(coupled by non-adiabatic couplings) to diabatic states (coupled by electronic
couplings). This is further discussed in chapter 4.

The reactions studied here entail dynamics taking place in more than one
electronic state and involve non-adiabatic transitions between electronic states.
They are mutual neutralization (MN1) and dissociative recombination (DR),
both of which involve two or more electronic states. The mutual neutralization
process is further discussed in section 1.1, while dissociative recombination is
discussed in section 1.2. In chapter 2, the theoretical description of the molecu-
lar system is outlined, while in chapter 3 the methods for computing electronic
molecular states are discussed and methods for transforming the states from
adiabatic to diabatic states are discussed. Non-adiabatic couplings amongst the
adibatic states are also computed. In chapter 4 the electron scattering method is
outlined, which is used to compute energies of resonant states and autoioniza-
tion widths. Once the potential energy surfaces, couplings and autoionization
widths are obtained, the nuclear dynamics are studied and this is described in
chapter 5. Chapter 6 discusses the results contained in the attached papers.

1For all abbreviations see the glossary on page xiii.
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to each other. At specific internuclear distances the curves can get close to
each other. In this region where the transition between the states occurs, non-
adiabatic coupling is significantly large. It is customary to transform the states
to a diabatic representation where the potential energy curves cross each other.
This is further discussed in chapter 3.

Due to the Coulomb attraction between the oppositely charged ions, at low
collision energies, the cross section for the reaction is expected to be large. At
low collision energy, the cross section is found to be inversely proportional to
the energy (σ ∝ E−1), according to the Wigner’s threshold law [125].

The merged beam facility, named DESIREE, located in AlbaNova univer-
sity centre, in Stockholm, is aimed at studying low energy molecular reactions
[111; 113]. In this facility, oppositely charged atomic and molecular ions are
stored separately in the doubly electrostatic ion storage rings which are kept
at very low and well controlled center-of-mass energies (down to a few meV)
and at very low temperatures (down to 10 K). The two ion beams are merged
in a section where the neutral fragments formed in reactions, such as the MN
reaction, are detected.

In fusion plasmas, like the ITER [1] facility, there is a possibility of having
oppositely charged ions and it is of interest to understand how these species are
formed and destroyed. Thus at the divertor section of the plasma facility there
is a possibility of inelastic scattering collision [30; 31; 64]. The presence of
anions and cations in space renders the possibility of MN reaction, with high
rate constant, a dominant reaction in space plasmas [70; 71].

In the thesis, I have studied the following mutual neutralization reactions;

• H++H− → H∗
2 → H+H (in Paper V)

• He++H− → HeH∗ → H+He (in Paper IV)

• Li++F− → LiF∗ → F+Li (in Paper II)

• Be++H− → BeH∗ → H+Be (in Paper I).

Not only can the ions collide with each other, but there is also a possibility
of ions colliding with free electrons. A process of cation-electron collision
studied here is dissociative recombination and is discussed below.

1.2 Dissociative recombination

Dissociative recombination (DR) is a process in which a molecular cation cap-
tures a low energy electron to form a neutral molecule that then dissociates
to separated fragments. The most fascinating question to ask is how a low
energy electron can cause a molecule, which has a huge mass in comparison
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and a dissociation energy of several eV, to dissociate. However, the electron
can temporarily attach to the molecule to form a repulsive state that drives the
dissociation. The neutral intermediate state formed is called a resonant state
and it is not stable in a traditional sense since, at short internuclear distances,
the electron can be re-emitted and detach from the molecule. The probabil-
ity for the electron detachment is given by the autoionization width, which is
inversely proportional to the autoionization lifetime of the resonant state.

There are two different mechanisms in which the DR process can take
place; a direct and an indirect mechanism. In the direct mechanism, the cation
AB+ captures the electron to a resonant state AB∗∗, as illustrated in reac-
tion (1.2) for a diatomic molecule;

AB++ e− → AB∗∗ → A+B. (1.2)

The resonant state has a repulsive potential energy curve and the system disso-
ciates into neutral fragments. The relevant potential energy curves are schemat-
ically shown for a diatomic molecule in Fig. 1.2.

Figure 1.2: Schematic illustration of the potential energy curves involved in the
direct dissociative recombination process. The ion AB+ captures an electron to
a doubly excited neutral state, AB∗∗, followed by dissociation.

Before the potential energy curves of the resonant state and the ion cross,
there is a possibility of re-emitting the captured electron, the process known as
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autoionization. Once the potential curve of the ion has been crossed, autoion-
ization is no longer possible and the system continues to dissociate into neutral
fragments, A and B. These fragments might be excited.

Due to the Coulomb attraction between the molecular cation and the elec-
tron, the low energy DR cross section follows the same Wigner threshold
law [125] as found in low energy MN reactions.

It was a study by Bates [9] in 1950, which revealed that DR in molecular
gases was the most dominant process for ionization decay. This study provided
the first explanation of the direct dissociative recombination mechanism and it
was discussed that dissociative recombination involves a single radiationless
transition and that the rate for recombination of electrons and molecular ions
is several magnitudes larger than the rate for recombination of electrons and
atomic ions.

In the indirect mechanism, the ion captures an electron to a ro-vibrationally
excited Rydberg state, AB∗, which then couples to a state open for dissociation,
as described by reaction (1.3)

AB++ e− → AB∗ → AB∗∗ → A+B. (1.3)

Fig. 1.3 shows the pathway for the indirect DR mechanism.
The indirect mechanism was first independently discussed by Bardsley [7;

8] and Chen and Mittleman [21] who suggested that the molecular ion might
capture a thermal electron which can give up its energy to the rotational or vi-
brational motions of the molecule. Thus a molecule can be temporarily formed
whose electronic configuration is that of a highly excited Rydberg state with
the initial ionic electronic configuration in its core [41].

There is an infinite number of Rydberg states that converge to the ground
state of the ion. The indirect process will in general manifest itself as resonant
structures in the low energy DR cross section. The two DR mechanisms, as
can be seen from the figures, can take place at the same time, and they need to
be considered coherently as discussed by Giusti [41].

DR of e.g. HeH+ [77] and H+
3 [65] is not driven by capture into a resonant

state. Instead the electron capture goes entirely through the Rydberg states,
referred to as the tunnelling mechanism. Recent studies indicate that this is the
case for DR of many polyatomic ions [27].

The DR process studied in this work is for the water cation, and it is de-
scribed in Paper IV. The process is

H2O++ e− → H2O∗ →


H+H+O
H2 +O
OH+H.
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Figure 1.3: Schematic illustration of the potential energy curves involved in the
indirect dissociative recombination process. The ion AB+ captures an electron to
an excited Rydberg state, AB∗, which then couples to a doubly excited resonant
state, AB∗∗, which results in dissociation.
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The goal of Paper IV was to implement simplified models of the dissociation
dynamics to determine the mechanism of DR of the H2O+ ion.

In studying the two processes discussed above (MN and DR), a series of
calculations have been carried out. The computation scheme is outlined in the
next section.

1.3 Overview of computation scheme

In carrying out the study of the processes described above, we have carried out
computations that can be categorised as follows:

• Quantum chemistry calculations: The electronic potential energy curves
(surfaces) are obtained using either the full configuration interaction
method, the multireference configuration interaction method or the com-
plete active space self-consistent field. These quantum chemistry meth-
ods are discussed in chapter 3. In general highly excited states of both
the neutral molecular system as well as the ionic system have to be com-
puted.

• Electron scattering calculations: More precise energy positions of the
resonant states relative to the ion potential energy surface are computed
as well as the autoionization widths of the resonant states. This method
is described in chapter 4.

• Diabatization: Here different approaches are employed to transform the
adiabatic states to a new set of states called diabatic states. These di-
abatic states makes some ease in the numerical evaluation of the nu-
clear Schrödinger equation and the diabatization methods are discussed
in chapter 3.

• Molecular dynamics: The time-dependent or time-independent Schrödinger
equations for the nuclear motion are solved for coupled states to evaluate
quantities of interest such as the total and differential cross sections and
branching ratios. A semi-classical method where transition probabili-
ties are calculated using the Landau-Zener model is also employed. The
nuclear dynamics methods implemented here are detailed in chapter 5.

Now we proceed in chapter 2 by discussing the theoretical background of
the quantum mechanical molecular system.

8



2. Theoretical molecular
description

In order to facilitate the discussion in the subsequent chapters and for a bet-
ter understanding of the results in Papers I-VI, a theoretical background is
given in this chapter. The relevant quantum mechanical equations are outlined.
These equations are applied to molecular systems and the concepts of adiabatic
states, non-adiabatic couplings and potential energy surfaces are also intro-
duced. Throughout the thesis atomic units are used, i.e., h̄ = ke = me = e = 1,
where h̄ = h

2π
, h is the Planck constant, ke is the Coulomb constant, while me

and e are the electron mass and the elementary charge, respectively.

2.1 Quantum molecular description

The non-relativistic molecular Hamiltonian, Hmol, that describes an isolated
molecular system is of the form;

Hmol = TN(R)+Te(r)+V(R,r). (2.1)

Here R denotes nuclear positions and r denotes all electronic coordinates for
a N nuclei (each of mass Mi, i = 1, . . .N) and n electrons system. TN is the
nuclear kinetic energy operator;

TN =−
N

∑
i=1

1
2Mi

∇
2
Ri
. (2.2)

Te is the electronic kinetic energy operator, given by

Te =−
n

∑
j=1

1
2

∇
2
r j
. (2.3)

For the electronic kinetic energy operator, we have neglected the mass polari-
sation term. For a diatomic system this term is of the form

1
2(M1 +M2)

∑
i, j

∇ri ·∇r j , (2.4)
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and it has been shown to have a very small contribution, even for H2 [18].
V(R,r) is the electrostatic potential energy term for the nuclei and electrons. It
can be separated into the electron-electron repulsion term, Vee, electron-nuclei
attraction term, VeN, and nuclear repulsion term, VNN;

VNN =
N

∑
i=1

N

∑
j>i

ZiZ j

|Ri −R j|
, (2.5)

VeN =−
n

∑
i=1

N

∑
j=1

Z j

|ri −R j|
, (2.6)

Vee =
n

∑
i=1

n

∑
j>i

1
|ri − r j|

. (2.7)

Zk denotes the nuclear charge for the kth nucleus.
The complete many-body time-independent Schrödinger equation has the

form
HmolΨ(R,r) = EΨ(R,r), (2.8)

with Ψ(R,r) representing the total molecular wave function. This equation
is, in principle, impossible to solve analytically. Thus approximations are em-
ployed. The most common approximation is to express the total wave function
as a product of the nuclear wave function and the electronic wave function.
This approximation is based on the desired energy expression, which should
be a sum of the electronic energy, vibrational energy and rotational energy [72].
This product is known as the Born-Oppenheimer product,

Ψ
BO(R,r) = Φ(R,r)χ̃N(R). (2.9)

Consequences of applying the Born-Oppenheimer approximation and adi-
abatic representation are further discussed in section 2.2 below.

2.2 Born-Oppenheimer approximation and the adiabatic
representation

As pointed out in the above section, in an attempt to solve eq. (2.8), the molec-
ular Hamiltonian is separated as;

Hmol = TN +Hel, (2.10)

where TN contains the vibrational and rotational part of the nuclear kinetic en-
ergy operator. Section 2.3 expands on the importance of the rotational motion.
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Hel is known as the electronic Hamiltonian and the electronic Schrödinger
equation can be expressed in the form

Helφ
a
i (R,r) = ε

a
i (R)φ a

i (R,r). (2.11)

By solving eq. (2.11), at fixed nuclear distances, the electronic energies,
εa

i (R), which depend parametrically on the nuclear separation are obtained.
The electronic wave function, φ a

i (R,r) now depends parametrically on the
nuclear coordinates. If the electronic energies are obtained for various R,
a potential energy surface (or a potential energy curve in case of a diatomic
molecule) is obtained. These potential energy surfaces (curves) are called adi-
abatic, hence the superscript “a”, since it is assumed that electrons respond
instantly to the nuclear motion. For diatomic systems, adiabatic potential en-
ergy curves of electronic states with the same symmetry are not allowed to
cross [121].

Once the electronic problem has been solved, and a complete set of or-
thonormal electronic states, φ a

i , has been obtained for all possible nuclear con-
figurations, the full molecular wave function, Ψ(R,r), can be expanded as

Ψ(R,r) =
∞

∑
i=1

χ̃
a
i (R)φ a

i (R,r). (2.12)

If we insert eq. (2.12) in eq. (2.8), we obtain

(TN +Hel)
∞

∑
i=1

χ̃
a
i (R)φ a

i (R,r) = E
∞

∑
i=1

χ̃
a
i (R)φ a

i (R,r).‡ (2.13)

Without any loss of generality, a diatomic case of nuclear masses M1 and

M2, with reduced mass µ =
M1M2

M1 +M2
is considered, in the centre of mass

frame [12]. The nuclear wave function can be conveniently written as a product

of a radial and angular wave function, χ̃a
i (R) =

χa
i (R)
R

Y (θ ,ϕ). The kinetic

energy operator, TN(R), for the radial nuclear wave function, χa
i (R), is

TN(R) =− 1
2µ

d2

dR2 , (2.14)

with the centre of mass translational and rotational motions transformed away [12].
If eq. (2.13) is multiplied from the left by φ a∗

j (r,R) , then integrated over
the electronic co-ordinates and with the use the othornormality of the elec-
tronic states, a set of coupled time-independent differential equations for the
nuclear vibrational motion is obtained;
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− 1
2µ

d2

dR2 χ
a
i (R)+

[
ε

a
i (R)+

`(`+1)
2µR2 −E

]
χ

a
i (R)−

∞

∑
j=1

[
1
µ

Fa
i j ·

d
dR

+
1

2µ
Ga

i j

]
χ

a
j (R)= 0,

(2.15)
where the term `(`+1)

2µR2 is the centrifugal barrier term, usually added to the po-
tential energy. It originates from the separation of the rotational and vibrational
motion. Fa

i j is a matrix that contains the first derivative non-adiabatic coupling
elements, defined as

Fa
i j(R) = 〈φ a

i |
∂

∂R
|φ a

j 〉, (2.16)

and Ga
i j is the matrix with second derivative non-adiabatic coupling elements,

defined as

Ga
i j(R) = 〈φ a

i |
∂ 2

∂R2 |φ
a
j 〉. (2.17)

Fa
i j contains only off-diagonal elements, while Ga

i j also has diagonal terms,
which are referred to as adiabatic corrections. If the electronic wave functions
are real, Fa

i j is an anti-symmetric matrix. Eq. (2.15) can be compactly written
in matrix form as

− 1
2µ

d
dR2 χχχ

a +[εεεa
eff −E]χχχa − 1

2µ

[
2Fa d

dR
+Ga

]
χχχ

a = 0, (2.18)

where all the χa
i are collected in column vector χχχa. εεεa

eff contains elements of
the adiabatic electronic potential energies, εa

i , and the centrifugal barrier term,
`(`+1)
2µR2 .

In practice, the off-diagonal contributions from Ga
i j are smaller than the

contribution from Fa
i j and they can sometimes be neglected [85]. Starting from

eq. (2.11), it is possible to derive, from the off-diagonal Hellmann-Feynman
theorem [20; 33; 63], the following expression

〈φi|
∂Hel

∂R
|φ j〉= (εa

j − ε
a
i )〈φi|

∂

∂R
|φ j〉. (2.19)

Thus, the first derivative non-adiabatic coupling element can be written as

Fa
i j(R) =

〈φ a
i |

∂Hel

∂R
|φ a

j 〉

εa
j − εa

i
. (2.20)

Unless it vanishes by symmetry, the right hand side numerator of eq. (2.20)
is finite whilst the denominator will depend on the energy separation of the
i-th and the j-th adiabatic electronic states. It is thus evident that Fa

i j is very
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significant in the regions where the electronic states lie very close in energy.
Neumann and Wigner [122] proved that for diatomic molecules, the potential
energy curves for states of the same electronic symmetry will not cross, and
the adiabatic potential energy curves will have avoided crossings where the
non- adiabatic coupling elements are large.

Polyatomic molecules do not posses the non-crossing rule. Instead po-
tential energy surfaces may become degenerate and at the point (or seam) of
degeneracy a conical intersection may exist [126]. The non-adiabatic coupling
between these states may then become infinite.

Non-adiabatic effects are driving processes such as dissociative recombi-
nation, mutual neutralization, and photochemical reactions, therefore it is im-
perative to go beyond the Born-Oppenheimer approximation when studying
such reactions, which is further discussed in chapter 4.

2.3 Rotational motion

As highlighted in section 2.2, the nuclear kinetic energy operator term con-
tains terms describing both vibrational and rotational motions. For a diatomic
molecule it can be expanded as

TN(R,θ ,φ) = TN(R)+Hrot(R,θ ,φ). (2.21)

The off-diagonal elements of TN(R), as discussed above, give rise to the non-
adiabatic interactions between electronic states of same symmetry. The rota-
tional part of the nuclear kinetic energy operator is given as [72]

Hrot(R,θ ,φ) =
1

2µR2 ΠΠΠ
2. (2.22)

ΠΠΠ here is the nuclear rotational angular momentum operator, such that

ΠΠΠ
2 =ΠΠΠ

2
x +ΠΠΠ

2
y , (2.23)

where the molecular rotation is necessarily assumed to be in a plane containing
the internuclear axis, and here chosen as the z-axis, thus ΠΠΠz = 0. The total
angular momentum operator, J, can be expressed as J =ΠΠΠ+L+S, where L is
the total orbital angular momentum operator and S is the total spin momentum
operator. If we introduce the ladder operators, such that

J± = Jx ± iJy

L± = Lx ± iLy

S± = Sx ± iSy,
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then eq. (2.22) can be expanded as

Hrot =
1

2µR2

[
(J2 −J2

z )+(L2 −L2
z )+(S2 −S2

z )
]

(2.24)

+
1

2µR2 [(L+S−+L−S+)− (J+S−+J−S+)− (J+L−+J−L+)] .

The first three terms of eq. (2.24) have diagonal matrix elements. The last
three terms couple the orbital, spin and total angular momenta and they are re-
sponsible for rotational couplings between different electronic states. They are
classified as the spin-electronic homogeneous coupling term, the L-uncoupling
term and the S-uncoupling term. If the projection of quantum numbers J, L and
S on the molecular axis is denoted by the well-known Ω, Λ and Σ, respectively,
the selection rules for the three terms are as tabulated in table 2.1.

Term Coupling type Selection rules; ∆J = 0
∆Λ ∆Σ ∆S ∆Ω

1
2µR2 [L+S−+L−S+] Spin-electronic ±1 ∓1 0 0

1
2µR2 [J+L−+J−L+] L-uncoupling 0 ±1 0 ±1

1
2µR2 [J+S−+J−S+] S-uncoupling ±1 0 0 ±1

Table 2.1: Properties of off-diagonal rotational coupling terms

Thus for the basis |J,S,Ω,Λ,Σ〉, we can obtain the following matrix ele-
ments for the rotational Hamiltonian, where the S-uncoupling term gives,

−1
2µR2 〈J,S,Ω±1,Λ,Σ±1|J∓S±|J,S,Ω,Λ,Σ〉 (2.25)

=
−1

2µR2 [J(J+1)−Ω(Ω±1)]
1
2 [S(S+1)−Σ(Σ±1)]

1
2 ,

and the L-uncoupling terms gives,

−1
2µR2 〈J,S,Ω±1,Λ,Σ±1|J∓L±|J,S,Ω,Λ,Σ〉 (2.26)

=
−1

2µR2 [J(J+1)−Ω(Ω±1)]
1
2 〈J,S,Ω±1,Λ,Σ±1|L±|J,S,Ω,Λ,Σ〉,

while the spin-electronic coupling terms gives

−1
2µR2 〈J,S,Ω±1,Λ,Σ±1|L±S∓|J,S,Ω,Λ,Σ〉 (2.27)

=
−1

2µR2 [S(S+1)−Σ(Σ∓1)]
1
2 〈J,S,Ω,Λ±1,Σ∓1|L±|J,S,Ω,Λ,Σ〉 .
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In Paper IV, rotational couplings that are responsible for coupling the states
of 2Σ and 2Π symmetry in the HeH system are considered. This will be further
discussed in section 6.3.

In order to obtain the potential energy surfaces (curves), electronic struc-
ture calculations have been carried out. A brief descriptions of the quantum
chemistry methods applied here are given in chapter 3.
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3. Potential energy surfaces,
couplings and transformation

The potential energy surfaces and the non-adiabatic couplings, discussed in
the previous chapter, are the most important quantities that enter the nuclear
Schrödinger equation for a molecular system. Thus it is important that they
are computed reliably. In this chapter, the electronic structure methods per-
formed to obtain the potential energy surfaces and the non-adiabatic couplings
are discussed in section 3.1. Once the adiabatic potential energy surfaces are
obtained, they are then transformed to the diabatic representation, with dia-
batic potential energies and electronic couplings as discussed in section 3.2. If
resonant states are involved, electron scattering calculations are carried out to
determine the energy positions of these states. This is outlined in chapter 4.

3.1 Quantum chemistry calculations

This section deals with a computational technique aimed at a detailed descrip-
tion of the electronic wave-function, thus there is no substitute to quantum
mechanics, a background of which has been described in chapter 2. The dif-
ficulty in solving the problem, arises from the fact that for any system (atom
or molecule) with more than one electron, an exact analytical solution to the
Schrödinger equation is still unknown. One of the methods to try and approach
the problem ab initio was developed by Hartree in 1928 [51] and formalized by
Fock in 1930 [34]. The approach here is to describe each electron in a molec-
ular system by a function, which is constructed in such a way that it takes care
of the spatial and the spin distribution, using an independent-particle approxi-
mation. The Hartree-Fock (HF) [57; 95] method, is an approach in which the
wavefunction for a system is constructed by a Slater determinant and it is fur-
ther discussed in the section 3.1.1 below. Further improvement methods, built
on the HF method, have been applied here to accurately describe the molecu-
lar states involved here and these methods are discussed in subsections 3.1.2
and 3.1.3.
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3.1.1 Hartree-Fock method

The standard approach for describing electrons in a molecule is by using a set
of one-particle functions. These one-particle functions, called molecular or-
bitals, are constructed in such a way that they take care of the electronic spatial
and spin distributions (so-called spin orbitals). The total wave function of a
molecule is expressed as a product of the spin orbitals. For electrons, which
are fermions, the total wave function must be antisymmetric with respect to the
interchange of two electronic coordinates, as a requisite of the Pauli principle.
This is achieved by expressing the total electronic wave function in a form of
a Slater determinant [4],

φHF =
1√
n!

∣∣∣∣∣∣∣∣∣
ζ1(1) ζ2(1) · · · ζn(1)
ζ1(2) ζ2(2) · · · ζn(2)

...
...

. . .
...

ζ1(n) ζ2(n) · · · ζn(n)

∣∣∣∣∣∣∣∣∣ , (3.1)

where ζi( j) denotes the molecular spin orbital i for electron j in an n electron
system. The ζi functions are constructed in such a way that they are orthonor-
mal to one another. This trial wave function will now consist of a single Slater
determinant. By making such an approximation, where the electron-electron
repulsion is only added as an average effect, the implication is that electron
correlation is not well taken care of. Each electron is considered to move in an
electrostatic field represented by the average positions of all other electrons.

If we now define a one-electron operator, hi, as the sum of the kinetic
energy and the electron-nuclei interaction of electron i;

hi =−1
2

∇
2
ri
−

N

∑
j=1

Z j

|ri −R j|
, (3.2)

and a two-electron operator, gi j, for the electron-electron repulsion as

gi j =
1

|ri − r j|
. (3.3)

The electronic Hamiltonian can now be simply expressed as

Hel =
n

∑
i

hi +
n

∑
i=1

n

∑
j>i

gi j +VNN. (3.4)

The term VNN is the same as in eq. 2.5. The energy of this Slater-type wave-
function is given by [57]

EHF = 〈φHF|Hel|φHF〉=
n

∑
i=1

hi +
n

∑
i=1

n

∑
j>i
(Ji j −Ki j)+VNN, (3.5)
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where

hi = 〈ζi(1)|h1|ζi(1)〉, (3.6)

Ji j = 〈ζi(1)ζ j(2)|g12|ζi(1)ζ j(2)〉,
Ki j = 〈ζi(1)ζ j(2)|g12|ζ j(1)ζi(2)〉.

The term hi is called a one-electron integral and it represents the energy of
an electron occupying orbital i, in the field of all nuclei. Ji j is the Coulomb in-
tegral and it represents the electrostatic repulsion between two electron clouds,
due to, say, electron 1 in orbital ζi and electron 2 in orbital ζ j. Ki j is the ex-
change integral which mathematically arises from the Slater determinant ex-
pansion terms that differ only in exchange of electrons. The exchange intergral
arises due to the antisymmetry requirement of the wave function.

In the Hartree-Fock (HF) method [57; 95], the molecular orbitals are de-
termined by applying the variational principle, which minimizes the energy.
If we define a Coulomb (Ji) and an exchange (Ki) operator, defined by their
action on a spin orbital, such that

Ji|ζ j(2)〉= 〈ζi(1)|g12|ζi(1)〉|ζ j(2)〉, (3.7)

Ki|ζ j(2)〉= 〈ζi(1)|g12|ζ j(1)〉|ζi(2)〉,

The energy can now be expressed as

EHF =
n

∑
i=1

〈ζi|hi|ζi〉+
n

∑
i=1

n

∑
j>i

(〈ζ j|Ji|ζ j〉−〈ζ j|Ki|ζ j〉)+VNN. (3.8)

We now define a one-electron operator, Fi, that describes the electron kinetic
energy, attraction to all nuclei and electron repulsion with all other electrons
as the Fock operator,

Fi = hi +
n

∑
j=1

(J j −K j) . (3.9)

The Fock operator can be inserted in eq. (3.8) and by applying the Lagrange
energy minimisation technique [57], we arrive at the Hartree-Fock equation;

Fiζi = εiζi, (3.10)

where εi has the interpretation of orbital energy.
Eq. (3.10) is a pseudo-eigenvalue equation, since the Fock operator de-

pends on all occupied molecular orbitals, as can be clearly seen from the de-
pendence of the operator on the exchange and Coulomb operators.

In our calculation, eq. (3.10) is solved by expanding each of the molecular
orbitals in some predefined M basis set of atomic orbitals,
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ζi =
M

∑
k=1

Ckiξk (3.11)

where Cki are the expansion coefficients. This expansion can now be inserted
into the Hartree-Fock equation and after multiplying on the left by ξν and
integrating results into the Roothaan-Hall equations [4; 57]. For a closed-shell
system the equations can be expressed as

M

∑
k=1

FνkCki = εi

M

∑
k=1

SνkCki, (3.12)

where

Sνk = 〈ξν |ξk〉, (3.13)

Fνk = 〈ξν |Fi|ξk〉.

Eq. (3.12) can be written compactly in matrix form,

FC = SCε. (3.14)

Eq.(3.14) is an eigenvalue equation, except for the overlap matrix S. It has a
non-trivial solution only if the secular equation is satisfied;

|F−Sε|= 0. (3.15)

By requiring that the basis is orthogonal, S is replaced by a unitary opera-
tor. This equation cannot be solved directly because the matrix elements Fi j

involve integrals over the Coulomb integral and exchange terms which them-
selves depend on the spatial wave functions. Thus, a self-consistent field (SCF)
approach is employed, obtaining with each iteration a new set of coefficients
Cki and continuing until a convergence criterion has been reached.

With the HF method, the ground state wave function and molecular orbitals
are obtained. However, electron correlation effects are not accurately included
and hence there is a need to incorporate correlation effects, especially when
performing a calculation that involves excited states, like the electronic states
involved in the processes studied in this thesis.

In the HF method, the molecular orbitals (MO) are optimised. These are
usually constructed using an expansion in a basis of known functions, often as
a linear combination of atomic orbitals (LCAO). In most quantum chemistry
calculations the atomic orbitals are approximated by an expansion of a basis set
of known exponential functions of the form (motivated by the known hydrogen
orbitals);

φorb(r) = p(x,y,z)e−(β rn), (3.16)

20



where p(x,y,z) is a polynomial and β is a parameter defining the range of
the orbital. If n = 1, such a basis is said to be made of Slater type orbitals
(STO) and for n= 2, they are referred to as Gaussian type orbitals (GTO) [78].
Some of the most used basis sets are those developed by Dunning [62] whose
advantage is the computational cost. These are correlation consistent basis sets
and are widely used in post-Hartree-Fock methods. They are usually denoted
"cc-pVNZ", where N (N=D,T,Q,5,6...) stands for double, triple, quintuple,
etc, zeta functions. The "cc-pV" denotes that they are correlation consistent,
polarized and valence only basis sets. Additional core or diffuse functions can
be augmented for calculating specific properties, such as nuclear properties or
electronic excited states properties, and such basis sets are denoted "aug-cc-
pVNZ". These basis sets have been employed to compute the potential energy
surfaces of the systems studied here.

3.1.2 Configuration interaction

The configuration interaction (CI) method [57] is one of the most straight for-
ward method for including electron correlation effects. It is built as an im-
provement of the Hartree-Fock solution. In the CI equation, the electronic
wave function is constructed as

φCI = a0φHF +∑
i

aiφi, (3.17)

where φHF is the initial single-determinant Hartree-Fock wave function, the
ai’s are the CI expansion coefficients, and the φi’s are the Slater determinants
that are obtained by distributing the electrons between the occupied and unoc-
cupied (virtual) spin orbitals as illustated by Fig. 3.1. Applying the variational
principle to eq. (3.17) leads to the secular equation for the CI expansion coef-
ficients,

Ha = Ea (3.18)

where the diagonal matrix E contains the CI energy, 〈φi|H|φi〉, a contains the
CI coefficients ai and H is the Hamiltonian matrix

Hi j = 〈φi|Hel|φ j〉. (3.19)

Eq. (3.18) has as many solutions as there are configurations in the CI wave
function, with the lowest energy solution corresponding to the ground state,
the second lowest to the first excited state, etc.
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Figure 3.1: Model illustrating the configuration in a multi-reference calculation,
where more than one Slater determinant is used in the expansion. The system’s
orbitals are presented here in two spaces, labelled the frozen (always doubly
occupied and inactive) and the active space orbitals formed by distributing the
remaining electrons. A linear combination of these configurations is used to
form the CI wavefunction.

The size of the CI expansion of eq. (3.17) scales by the number of basis
functions included in the calculation as well as electron excitations that are
allowed outside the HF wave function. In CI singles (CIS), only single exci-
tations are allowed, while in CI singles and doubles (CISD) single and double
excitations are allowed. If all possible excitations are included, the approach is
called full CI (FCI). The FCI method scales exponentially with the number of
electrons and orbitals and hence it is computationally feasible only for systems
with few electrons [57]. In the thesis, the FCI method has been applied to the
study of Paper III, IV, and VI for the H2 and HeH molecular systems.

In larger electronic systems there is a need to truncate the FCI expan-
sion. One convenient approach is taking a linear combination of dominant
configurations, depending on the molecular properties of interest in the cal-
culation. Some multi-configuration methods that have been employed in this
work are the multi-reference configuration interaction (MRCI) and the multi-
configurational self-consistent field (MCSCF) methods [124] described in sec-
tion 3.1.3 below.

In the multi-reference CI (MRCI) method [57], terms that have an insignif-
icant contribution to the total energy of the system are truncated, while captur-
ing a significant amount of the electron correlation. In truncating the configu-
ration space, it is important to distinguish between static correlation, which is
associated with electrons avoiding each other on a permanent basis, like those
occupying different spatial orbitals, and dynamic correlation which is the “in-
stant" correlation between electrons, like those occupying the same spatial or-
bital. By retaining the dominant configurations of the FCI expansion, static
correlation is treated and these configurations are referred to as the reference
configuration of the CI wave function. By including all configurations in the
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reference space as well as those generated by excitations out of the reference
space, the MRCI wave function is created.

In the MRCI calculation, not only the single Slater orbitals can be com-
bined to form an MRCI wave function, but a symmetry-adapted linear com-
bination of Slater determinants can also be used. Such functions are known
as configuration state functions (CSF). The expansion coefficients are then op-
timised in an MRCI calculation and further excitation out of the active space
can be implemented, such as single excitations (MRCIS), single and double
excitations (MRCISD), etc.

A typical approach in reducing the computational time for the CI calcu-
lation to achieve faster convergence is by using orbitals that diagonalize the
density matrix of orbitals obtained in a CI calculation. The corresponding
eigenvectors of the diagonal matrix are called natural orbitals (NOs). A multi-
configurational calculation that is carried out with such orbitals is compact and
suitable to be implemented in an electron scattering calculation as detailed in
chapter 4. The MRCI method has ben applied in the studies of Papers II (for
the LiF system) and VI (for the H2O system).

3.1.3 Multi-configurational self-consistent field methods

In the MCSCF method, not only the expansion coefficients of the MRCI wave
function are optimised, but also the orbitals are optimised. Thus the orbitals
are not fixed, but are modified in such a way that the total energy is as low
as possible. This is sometimes efficient in systems describing processes, such
as dissociation [78], where there is a need to sufficiently describe the system
when the bond is being broken and thus the CI expansion coefficients have a
significant contribution to the wave function. The MCSCF optimization pro-
cedure is also iterative, like the SCF procedure, and the number of iterations
needed to achieve convergence tends to increase with the number of configu-
rations included. Thus in general the size of an MCSCF wave function that
can be treated is somewhat smaller than the wave function in CI methods. If
all possible configurations of the active space are used in a MCSCF calcula-
tion, it is referred to as a complete active space self-consistent field (CASSCF)
method. In some calculations, the CASSCF calculation is first used to com-
pute the CSF optimized orbitals which are then used in a subsequent MRCI
calculation. This method is applied in the study of LiF in Paper II, where
state-averaged molecular orbitals for the two lowest 1Σ+ states are computed.

3.1.4 Non- adiabatic couplings

From the quantum chemistry calculation, not only the potential energy surfaces
can be obtained, but also the radial non-adiabatic couplings are obtained. The
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radial couplings can be non-zero for states of the same symmetry and zero for
states of different symmetry [72]. The first derivative radial couplings, defined
by

Fa
i j(R) = 〈φ a

i |
∂

∂R
|φ a

j 〉, (3.20)

are computed from the electronic wave function, and thus they are very sensi-
tive to the quality of the electronic structure calculation. As such their compu-
tation is non-trivial [81]. In this work, the finite difference method [81; 102]
has been employed to compute the radial couplings in papers I, II and V. In
addition to finite difference, the coupling elements of Papers III, and V are
computed analytically using the MESA [100] code.

The potential energy surfaces and the non-adiabatic couplings are then
used to transform the electronic states in a manner discussed in section 3.2.

3.2 Adiabatic to diabatic transformation

The non-adiabatic couplings that depend on the internuclear distance, R, can
become very large (even infinite in polyatomic systems) in a region where
two states come close to each other. The Schrödinger differential equation,
for the nuclear motion, contains both first and second order derivatives whose
numerical evaluation is non-trivial [5; 126].

A basic approach is to transform the electronic basis into the diabatic basis.
In the diabatic basis, the off-diagonal elements of the nuclear kinetic energy
operator are equal to zero or very small,

Fd
i j (R) = 〈φ d

i |
∂

∂R
|φ d

j 〉 ∼= 0. (3.21)

By performing this transformation, the diabatic states no longer become eigen-
states of the electronic Hamiltonian. Thus the diabatic potential energy curves
do not obey the non-crossing rule and therefore when one follows the charac-
ter of a diabatic state through an avoided crossing, the character of the state
will be preserved as illustrated, for a diatomic case, in Fig. 3.2. However, in
performing such a transformation, one obtains diabatic states that are not eigen
functions of Hel and thus there are non-zero elements of the form

〈φ d
i |Hel|φ d

j 〉= Vd
ij(R), (3.22)

where the diagonal elements are called diabatic potential energies and the off-
diagonal elements are called electronic couplings.

The adiabatic potential energy matrix which contains elements of the form

〈φ a
i |Hel|φ a

j 〉= Va
ij(R)δi j (3.23)
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will contain only diagonal matrix elements, unless rotational couplings are
considered, which is the case in the study of paper IV.

Landau [68] and Zener [127] were the first to independently study the two-
state crossing of potential energy curves. However, in reality there might be
more than two states (often infinite) involved and hence there are many ap-
proaches developed to perform the transformation. They can be loosely cate-
gorised into strict diabatic and quasidiabatic transformation and they are fur-
ther discussed below.

Rx

E
ne

rg
y

Internuclear distance

φ2
a

φ1
a

φ2
a

φ1
a

φ2
d

φ1
d

φ1
d

φ2
d

Figure 3.2: Schematic diagram of potential energy curves in the vicinity of an
avoided crossing point Rx. The black (solid) lines are the adiabatic potential
energy curves for two states (φ a

1 and φ a
2 ) and the red (dashed) lines are the diabatic

potential energy curves for two states (φ d
1 and φ d

2 ).

3.2.1 Quasidiabatisation

In the quasidibatic representation, only part of the non-adiabatic coupling is
removed. The method used in the thesis is to perform diabatisation by config-
urational tracking, where the electronic diabatic state is followed before and
after the avoided crossing by examining the CI-coefficients of the adiabatic
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states. In this approach, it is assumed that the molecular orbital does not sig-
nificantly change when the nuclear coordinates are varied.

In the DR study of H2O+, studied in Paper VI, this method is applied.
There are an infinite number of Rydberg states that converge to the ground
ionic state. The Rydberg states have the ionic state configuration, with an
additional electron in an excited state; [ion](nλ )1 (where nλ is a diffuse orbital
and [ion] represents the ionic state configuration). Since this is a polyatomic
system, a strict diabatisation can not be achieved [86]. A quasi-diabatisation
is performed by removing states dominated by the configuration of the form
of Rydberg states as illustrated in fig. 3.3. The figure show potential energy
curves for states in the 1A′ irreducible representation of the Cs symmetry of
the water molecule. Below the potential energy curve of the ground state of
the ion, the electronic structure calculation computes bound states which are
either Rydberg states or more compact valence states. Above the ionic ground
state, a mixture of states which are trying to “mimic" the ionization continuum
and resonant states are obtained.
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Figure 3.3: Figure illustrating results of the quasidiabatic scheme applied to
the 1A′ states of the H2O system. The ground and first excited states of H2O+

is shown in solid black lines while the broken green lines show the bound and
continum states with mixed character (Rydberg states and resonant states). The
red dotted lines are the quasi-diabatised resonant states.
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3.2.2 Strict diabatisation

Strict diabatisation is only possible for a finite number of coupled states of
diatomic systems [85; 86], such that if we assume M states to be coupled, then

Fa
i j = 0 for i ≤ M, j > M. (3.24)

The adiabatic states, φ a
i , are then transformed to diabatic states, φ d

i , using

φ
d
i =

M

∑
j=1

φ
a
j T T

i j (R), (3.25)

where Ti j is an element of the orthogonal transformation matrix, T, which
satisfies [86]

1
∂

∂R
T+Fa = 0, (3.26)

with the boundary condition

lim
R→∞

T(R) = 1. (3.27)

A similar transformation is performed for the nuclear wavefunction

χ
d
i (R) =

M

∑
j=1

χ
a
j (R)T

T
i j (R), (3.28)

in order to preserve the total wavefunction. By inserting the diabatic nu-
clear wave function (3.28) in the Schrödinger equation for the nuclear motion,
(2.18), we obtain the coupled Schrödinger equation in the strictly diabatic basis
as

− 1
2µ

d2

dR2 χχχ
d +

(
Vd − `(`+1)

2µR2

)
χχχ

d = Eχ
d

χ
d

χ
d , (3.29)

where the diabatic potential energy matrix is obtained from

Vd = TT VaT. (3.30)

The diabatic matrix elements are

V d
i j = 〈φ d

i |Hel|φ d
j 〉, (3.31)

which in contrast to the adiabatic potential matrix elements, contain off-diagonal
elements. The diagonal elements are the diabatic potential energy curves, sim-
ilar to the ones shown in Fig. 3.2, and these curves can cross each other,
even for states of the same symmetry. The off-diagonal elements are called
the electronic couplings and compared to the non-adiabatic couplings, they
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vary smoothly with R. This is the approach employed in the study of MN of
H++H− and He++H− of Papers I and IV, respectively.

If we assume that only two states are coupled together in the crossing re-
gion, a two-by-two strict transformation can also be performed. Here the trans-
formation matrix, T, is

T =

(
cos[γ(R)] sin[γ(R)]
−sin[γ(R)] cos[γ(R)]

)
. (3.32)

The rotational angle, γ(R) is obtained from integrating the first derivative cou-
pling element [85]

γ(R) =
∫

∞

R
Fi j(R′)dR′. (3.33)

One of the rotational angles obtained in the study of MN in collisions of Li+

and F−, in Paper II, is shown in fig. 3.4. For a system with more than two states
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Figure 3.4: Rotational angle obtained from the couplings of the two states in the
LiF system.

interacting near an avoided crossing, as is the case in the H2 system studied in
papers I and IV, the non-adiabatic couplings do not have a perfect Lorentzian
shape. To ensure that there is a complete “switch” at the avoided crossing, the
non-adiabatic coupling elements are scaled such that

F̃i j(R) =
πFi j(R)

2
∫

∞

R Fi j(R′)dR′ , (3.34)

ensuring that before the avoided crossing γ(R)≈ π

2
.
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To ensure that far away from the crossing region the diabatic and adiabatic
states are the same, a scaling factor is imposed, such that

T =

(
1 0
0 1

)
,R � Rx, (3.35)

and

T =

(
0 1
−1 0

)
,R � Rx. (3.36)

Mead and Truhlar [85] have pointed out that a strict diabatic representation,
in the sense discussed above, is only possible for a diatomic molecule. In the
studies carried out in this thesis a strict diabatisation is performed in the MN
studies of H++H−, Li++F−and He++H−. A Landau-Zener [68; 127] semi-
classical analysis is also carried out for MN of H++H− and Li++F− where
a two-by-two transformation is performed.

—————————-
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4. Electron scattering

When resonant states are involved in the chemical reaction, the quantum chem-
ical calculations are usually not sufficient to accurately locate such states.
There is a need to perform electron scattering calculations. This is the case
in the HeH system (studied in papers III and V) and the H2O system (studied
in Paper IV). The fixed-nuclei electron scattering calculations were carried out
using an algebraic variational method known as the Complex Kohn variational
method [97]. The basic concepts, in the case of one-particle elastic scattering,
are illustrated in section 4.2, and then application to a more realistic case, like
an electron-molecular ion scattering, is also briefly discussed. First, in sec-
tion 4.1, we discuss the basic scattering process by a spherically symmetric
short-range potential and how potential energies and autoionisation widths of
the resonant states are determined.

4.1 Scattering theory

Reactions, similar to the ones studied in this thesis can be classified as scatter-
ing processes, and as such, we can analyse the initial system (reactants), which
is related to the asymptotic wave function Ψin and the final system (products),
which is related to the asymptotic wave function Ψout . The outgoing system is
related to the incoming system by the S-operator [109],

Ψout = SΨin. (4.1)

Theoretically, the S-operator contains all information about the reaction, hence
the expectation value of S can help compute observables of the reaction. S can
also be expressed in terms of the transition operator, T,

S = 1− iT. (4.2)

The first term in eq. (4.2) is for the case when there is no scattering taking
place and the second term is the transition operator, T. The matrix elements of
T are related to the scattering amplitude, f (k,k′), for an incoming state with
momentum k and scattered state with momentum k′ [109],

f (k,k′) =−(2π)2
µ〈k′|T|k〉, (4.3)
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where µ is the mass of the system.
The mathematical basis for defining the scattering process is discussed for

the case of a simple potential, V(q), which is spherically symmetric, such that
the scattering in each partial wave, `, can be considered separately. Here q is
the separation distance between incoming particle and the target. We addition-
ally assume the potential to be short range (i.e. qV (q)→ 0 as q → ∞). For such

a potential, the Hamiltonian operator, H =− 1
2µ

∇2+V (q), will commute with

the operators L2 and Lz [16]. Thus, the Schrödinger equation (2.8) is separa-
ble in spherical coordinates. The symmetry about the incident direction (taken
along the z-axis) makes the total wavefunction, Ψ(q,θ), to be independent of
the azimuthal angle ϕ . For a short-range potential, the solutions are sought
from the Schrödinger equation, subject to the boundary conditions:

Ψ(q,θ)q→∞ ∼ eikz + f (E,θ)
eikq

q
, (4.4)

where f (E,θ) = f (k,k′) (achieved by choosing the momentum k along the
z-axis) is the scattering amplitude and the dependence on the azimuthal angle,
ϕ , has been omitted due the cylindrical symmetry of the potential. The wave
function can be expanded as,

Ψ(q,θ) =
1
q

∞

∑
`=0

A`ψ`(q)P̀ (cosθ), (4.5)

where the constant A` is the expansion coefficient. Here P̀ (cosθ) are the well
known Legendre polynomials [3] and ψ`(q) is the radial wave function which
satisfies the radial Schrödinger equation [38],[

− 1
2µ

d2

dq2 +
`(`+1)

2µq2 +V (q)
]

ψ`(q) = Eψ`(q). (4.6)

A power series expansion of ψ`(q) will show that there are two kinds of
solutions. One that is regular at the origin, and behaves like ψ`(q)→ q`+1, as
q → 0 and an irregular solution that behaves like ψ`(q)→ q−`, as q → 0 [16].
Subject to the boundary condition ψ`(0) = 0, the solution to eq. (4.6) has the
asymptotic form [23; 104],

ψ`(q)→ α`(q)−S`(E)β`(q) (4.7)

where α`(q) and β`(q) are solutions of the incoming and outgoing waves,
respectively. S`(E) is the partial wave scattering matrix (S-matrix) and it can
be interpreted as the eigenvalue to the S-operator [109]. Since S is unitary, each

32



of the eigenvalues will have modulus one and can be written as an exponent of
an imaginary number,

S`(E) = e2iη`(E), (4.8)

where η`(E) is the phase shift [23].
For a totally elastic collision, where incident and outgoing electron have

the same wave number k, the cross section is

σ(E) =
∞

∑
`=0

σ`(E), (4.9)

where
σ`(E) =

π

k2 (2`+1)|1−S`(E)|2. (4.10)

In the electron scattering process, the electron can be temporarily captured
by the molecular ion into a short-lived (resonant) excited neutral state. This
happens at certain energies, known as resonant energies, Eres. The energy can
be expressed as a complex energy eigenvalue [23],

E = Eres −
iΓ
2
, (4.11)

where Γ is the autoionization width. By analysing the time evolution factor for
the wave function at the energy given by eq. (4.11), it can be shown that Γ is
related to the lifetime, τ , of a resonant state by

τ =
1
Γ
. (4.12)

Based on the complex nature of the energy of the system, the S-matrix is
usually expressed as [23]

S`(E) =

{
E −Eres − iΓ

2

E −Eres +
iΓ
2

}
e2iη(0)

` (E), (4.13)

where η
(0)
` is the background phase shift. At E = Eres, the S-matrix will have

a pole, which causes the sharp variation in the elastic cross section. Thus the
phase shift can be expressed in the Breit-Wigner form [17]

η`(E) = η
(0)
` (E)+ tan−1

[
Γ

2(Eres −E)

]
. (4.14)

This implies that the phase shift will increase by π when energy is passing

through a resonance energy, at E = Eres − i
Γ

2
, and how fast the “jump" occurs

is determined by Γ.

33



In a system with more than one state interacting, the existence of a quan-
tum resonant state (often referred to as a quasi-bound state) is often depicted by
observing distortion of the continuum due to the interaction with an otherwise
bound state. If the wave function for the bound state and the continuum state
belong to the same internal state of the system, it is referred to as a shape reso-
nance, while if the two states belong to different internal states of the system it
is called a Feshbach resonance. The two types of resonances are illustrated in
Figs. 4.1(a) and 4.1(b). In a shape resonance the driving mechanism is quan-
tum tunnelling through the potential barrier, while for a Feshbach resonance
the breakup is driven by the coupling of the two states.
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Figure 4.1: Schematic illustration of (a) Shape resonance and (b) Feshbach res-
onance.

A resonance structure is illustrated in Fig. 4.2 (a), which shows elastic scat-
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tering eigenphase sum for an electron colliding with the water cation (H2O++ e−)
at fixed nuclear coordinates. The shape of the elastic cross section thus depends
on the local value of η

(0)
` (E), with sharp variation at a resonance energy. The

elastic cross section of reaction H2O++ e− is shown in Fig. 4.2 (b), where
different resonance profiles (so-called Beutler-Fano line-shapes [24]) can be
noticed.
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Figure 4.2: The elastic scattering of H2O++e− in 1A’ symmetry, at fixed nuclear
coordinates. In (a) the eigenphase sum is displayed as a function of energy and
in (b) the corresponding elastic cross section is shown.
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4.2 Complex Kohn variational method

The basic concepts of the method are easily described for a case of scattering
of a spinless particle by a short-range, spherically symmetric potential V(r)
(N.B.: The separation distance between incoming particle and target is now
denoted by r). The partial wave radial Schrödinger equation can be written as

Lϕ`(r) = 0, (4.15)

where the operator L is defined as

L =−1
2

d2

dr2 +
`(`+1)

2r2 +
Z
r
+V (r)− k2

2
. (4.16)

The term Z/r is included to generalize to the scattering by either neutral (Z =
0) or ionic (Z 6= 0) targets. A Kohn functional I, used to minimize the varia-
tional parameters, is defined as

I[ϕ`(r)] = 〈ϕ`(r)|L|ϕ`(r)〉=
∫

∞

0
ϕ`(r)Lϕ`(r)dr. (4.17)

This functional is defined such that I[ϕ`(r)] = 0 if ϕ`(r) represents the exact
solution. The boundary conditions built into the basis functions, ϕ`(r) are

ϕ`(0) = 0 (4.18)

ϕ`(r → ∞)∼ F̀ (kr)+λG`(kr), (4.19)

where F̀ and G` are two linearly independent solutions of eq. (4.15), for the
case when V (r) = 0 and λ is a variational linear parameter. If, in eq. (4.16),
Z 6= 0, F̀ (r) and G`(r) are the incoming and outgoing Coulomb functions,
respectively. If a trial wave function, ϕ t

`(r) 6= ϕ`(r) is used instead, then
Lϕ t

`(r) 6= 0. We define the residual between the exact wave function and the
trial wave function as

δϕ`(r) = ϕ`(r)−ϕ
t
`(r), (4.20)

and the following boundary conditions are assumed;

δϕ`(0) = 0 (4.21)

δϕ`(r → ∞) = δλG`(kr). (4.22)

δλ = λ − λ t , and λ t is the variational parameter. Inserting the trial wave
function into eq. (4.17) yields

I[ϕ t
`(r)] = I[ϕ`(r)+δϕ`(r)] =

∫
∞

0
ϕ`(r)Lδϕ`(r)dr (4.23)

+
∫

∞

0
δϕ`(r)Lδϕ`(r)dr+

∫
∞

0
ϕ`(r)Lϕ`(r)dr+

∫
∞

0
δϕ`(r)Lϕ`(r)dr.
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The last two terms of eq. (4.24) will vanish due to the fact that Lϕ`(r) = 0.
Integrating the first term by parts, and by matching the exact solution, ϕ`(r),
and the trial function, ϕ t

`(r) at r = 0 and r = ∞ we arrive at∫
∞

0
ϕ`(r)Lδϕ`(r)dr =

k
2

Wδλ , (4.24)

where W is the Wronskian, defined as

W = F̀ (r)
d
dr

G`(r)−G`(r)
d
dr

F̀ (r). (4.25)

By inserting the trial wave function, eq. (4.24) can now be written as

λ = λ
t +

2
kW

∫
∞

0
ϕ

t
`(r)Lϕ

t
`(r)dr−

∫
∞

0
δϕ

t
`(r)Lδϕ

t
`(r)dr. (4.26)

Eq. (4.26) is known as the Kato’s identity and it provides a stationary principle
for approximating λ in the following way, where we have kept only first order
terms of eq. (4.26),

λ
s = λ

t +
2

kW

∫
∞

0
ϕ

t
`(r)Lϕ

t
`(r)dr. (4.27)

If we choose a trial wave function, that contains only linear trial coeffi-
cients, eq. (4.27) can be solved explicitly. The trial wave function can have the
form

ϕ
t
`(r) = f`(r)+λ

tg`(r)+
m

∑
i=1

ciφi(r) (4.28)

=
m+1

∑
i=0

ciφi(r),

where c0 = λ
t ,φ0(r) = g`(r),cm+1 = 1,φm+1(r) = f`(r). (4.29)

Here the set φi, with i ∈ [1,m], are square integrable (L2) functions and

f`(r → ∞)∼ F̀ (kr) (4.30)

g`(r → ∞)∼ G`(kr). (4.31)

The coefficients λ t and ci are determined by applying the following variational
conditions;

∂λ s

∂ci
=

∂λ s

∂λ t = 0. (4.32)

Substituting the trial wave function of eq. (4.28) into eq. (4.27) and taking the
derivative with respect to the ci coefficients gives∫

∞

0
φi(r)Lϕ

t
`(r)dr = 0, i = 1, . . . ,m. (4.33)
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Taking the derivative with respect to λ t instead gives,∫
∞

0
g`(r)Lϕ

t
`(r)dr = 0, i = 1, . . . ,m. (4.34)

By defining all the ci’s by a vector c, eq. (4.33)and eq. (4.34) can be ex-
pressed in compact form

c =−M−1s, (4.35)

where the matrix M contains the elements

Mi j =
∫

∞

0
φi(r)Lφ j(r)dr, i, j = 0, . . . ,m, (4.36)

and s is a vector containing the elements

si =
∫

∞

0
φ j(r)L f`(r)dr, i = 0, . . . ,m. (4.37)

By substituting eq. (4.35) into eq. (4.27), the stationary value of λ s can be
obtained

λ
s =

2
kW

[∫
∞

0
f`(r)L f`(r)− sM−1s

]
. (4.38)

In order to avoid the matrix M from being singular at real energies, g`(r) is
chosen to be an outgoing complex valued function, h+` (r), defined as

h+` (r) =
i [F̀ (kr)− iG`(kr)]√

k
, (4.39)

then the Wronskian simplifies to W = −1√
k
. Eq. (4.38) reduces to an expression

for the T-matrix, λ = T` = eiδ` sinδ` [109]

T s
` =−2

[∫
∞

0
f`(r)L f`(r)− sM−1s

]
. (4.40)

The matrix M, whose inverse is generally non-singular at real energies [54],
is now symmetric and complex, hence the method is called the complex Kohn
variational method.

4.2.1 Generalization to electron molecular ion scattering

The electron- molecular ion scattering calculations are performed in the frame-
work of the fixed nuclei approximation [101]. The trial wave function has to
be appropriately chosen in this case, since the interaction potential is non-
spherical. Such a wave function has to be suitable for describing both the
interaction region and asymptotically. Usually, in scattering calculations, the
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boundary conditions imposed are such that a wave function is finite-valued at
the origin and behaves like an outgoing wave asymptotically.

For a multi channel electron-molecular ion scattering, the trial wave func-
tion is expressed as [97]

Φa = ∑
a′

A{φa′Fa′a}+Θa, (4.41)

where the summation in the RHS is running over all the energetically open
n-electron target states. φa′ is the target state function and Fa′a is the wavefunc-
tion of the scattered electron. The operator A antisymmetrizes product φa′Fa′a.
The subscripts (a′,a) refer to the (final, incident) channels. The second term
contains a set of square integrable (n+ 1)-electron functions that are used to
represent polarization and correlation effects which are not included in the first
term. It can be expanded as

Θa = ∑
µ

da
µΘµ , (4.42)

where Θµ are the n+1 configuration state functions (CSFs).
The channel continuum functions, Fa′a, are further expanded as [97]

Fa′a = ∑
`m
[ f a′
` (ka′r)δ``0δmm0δa′a +T a′a

``0mm0
ga′
` (ka′r)]

Y`m(r)
r

+∑
i

ca′a
i φi(r),

(4.43)
where f a′

` and ga′
` are the continuum wave functions representing the incoming

and outgoing wave for the scattering electron, Y`m is the normalized spherical
harmonic, while the φi’s are a set of square integrable functions. By energy
conservation, the channel momenta, ka′ are determined as

k2
a′ = 2(E −Ea′), (4.44)

where E is the total energy and Ea′ is the energy of the target molecular ion
corresponding to the state χa′ . The coefficients T a′a

``0mm0
are the T-matrix ele-

ments and are the fundamental dynamical quantities of interest, from which
quantities like the eigenphase sum and the scattering cross section can be cal-
culated.

In a realistic electron-molecular ion collision event, the interaction poten-
tial is not necessarily spherical and thus the S-matrix (or T-matrix) will have
both the ` and m indices as shown by eq. (4.43). The T-matrix, thus described
above, is related to the scattering matrix, S-matrix by the simple relation

T a′a
``0mm0

= 1− iSa′a
``0mm0

. (4.45)
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By diagonalizing the scattering matrix, the eigenphase sum can be calculated
at a fixed internuclear coordinate, R, as

η(E;R) = ∑
i

ηi(E;R), (4.46)

where the index “i" here represents eigen-channel index. To obtain the au-
toionization width, Γ(R) and the energy position, Eres(R) of a resonant state
at the internuclear distance R, the eigenphase sum is fitted to a Breit-Wigner
formula [17]

η(E;R) = ηres(E;R)+η
(0)(E;R) = tan−1

(
Γ

2(E −Eres)

)
+a+bE + cE2,

(4.47)
where the parameters Eres, Γ, a, b, and c, are optimized in the fit. The potential
energy of the resonant state is then obtained by adding the resonant energy to
the potential energy of the ion,

Vres(R) =Vion(R)+Eres(R) (4.48)

Fig. 4.2 shows the eigenphase sum and elastic scattering cross section for
H2O+ in 1A′ symmetry. Here the internuclear distances between the first and
second H atoms and the O are 1.8 a0 and 2.0 a0, respectively, while the angle
∠HOH is 108.8◦. In Fig. 4.2 (a) the eigenphase sum shows a sudden shift of
π whenever the energy hits a resonance. The electron scattering cross section
is shown in Fig. 4.2 (b) and it is also showing a sudden structure whenever it
reaches a resonance. In the neighbourhood of such a resonance the eigenphase
sum is fitted to eq. (4.47) to obtain Eres(R) and Γ(R).

The resonant state energies thus obtained for several internuclear distances
can be plotted as energy positions above the potential energy of the ionic
ground state as shown in Fig. 4.3.
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Figure 4.3: Figure illustrating results from the electron scattering calculation
in 1A′ symmetry of the H2O system. Lines show potential energies obtained in
quantum chemistry (MRCI) calculations. The ground state of H2O+ is shown
in solid black line while the broken green lines show the bound and continuum
states with mixed character (Rydberg states and resonant states). The red dots
show the energy positions of resonant states from the scattering calculation.
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5. Nuclear dynamics

This chapter describes the models used to study the nuclear dynamics of the
systems studied in the thesis. In the previous chapter, details of how the rel-
evant potential energy surfaces and couplings are calculated were discussed.
These parameters are used as input for modelling the nuclear motion. The
cross section for the molecular collision process is then calculated after solv-
ing the nuclear Schrödinger equation. For the DR process of H2O+ studied
in Paper VI, a wave packet method, based on the time-dependent Schrödinger
equation is employed. For the MN studies of Papers II, IV and V the time-
independent Schrödinger equation is used. The semi-classical Landua-Zener
model has also been used to carry out the investigation of MN for H++H−

and Be++H− in Paper I and the MN study of Li++F− in Paper III.

5.1 Landau-Zener semi-clasical approach

In a Landau-Zener (LZ) [68; 127] model, the nuclear dynamics is studied semi-
classically. It is assumed that only two states are interacting. The Hamiltonian
is expressed in the form

Ĥ =

(
T̂ +U11(R) U12(R)

U21(R) T̂ +U22(R)

)
, (5.1)

where U11(R), and U22(R) are the diabatic potential energy curves, while U12(R)
and U21(R) are the off-diagonal elements that correspond to the electronic cou-
pling.

In the model, it is assumed that U11(R)−U22(R) = kR, where k is a con-
stant, i.e. the difference between the two diabatic states is a linear function of
the internuclear separation. The electronic coupling is assumed to be constant,

U12(R) =U21(R) = H12. (5.2)

In the LZ model, it is assumed that the transition region is small and only
the characteristics of the region are of importance. The probability, p`, of
making a non-adiabatic transition (or following a state diabatically) is given
by [68; 127]

p` = exp
(
−2πH2

12
v`xk

)
, (5.3)
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Figure 5.1: Schematic diagram illustrating the potential energy curves for an
ion-pair (red) and a covalent state (purple). The solid lines show the potential
energy when the centrifugal term is not added (�= 0), while the dashed lines are
the potential energy curves when the centrifugal barrier is added (� �= 0). For the
MN reaction to occur the purple and the red dashed lines have to coincide at Rx,
for �= �max.

where v�x is the radial velocity at the curve crossing, for a given angular mo-
mentum quantum number �. For a MN system, illustrated by Fig. 5.1, the
classical turning point will depend on the centrifugal barrier term, hence on �.

Here we assume that the covalent states are constant as a function of the
internuclear separation, while the ion-pair state will have the form

Vion−pair(R) =Vasy −
1
R
− αp(A+)+αp(B−)

2R4 , (5.4)

where Vasy denotes the asymptotic value of the potential energy of the ion-pair
state and αp is the polarizability of the ion.

For a fixed �, the centrifugal barrier is
�(�+1)
2µR2 , where µ is the reduced

mass of the system. If we assume that the kinetic energy at the crossing point
is given by

Ek =
µ(v�)2

2
, (5.5)
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then the total energy of the system can be equated to the kinetic energy,

E +�E − �(�+1)
2µR2 =

µ(v�)2

2
. (5.6)

The radial velocity can thus be obtained as

v� =

�
2
µ

�
E +�E − �(�+1)

2µR2

�
. (5.7)

Here E is the collision energy of the system and energy difference between
covalent and the ion-pair potential curves is �E, as illustrated in Fig. 5.1.
Thus for the system to reach Rx, the centrifugal barrier has to be smaller than
the kinetic energy of the system. For a system to at least reach the point Rx and
be reflected, the kinetic energy at Rx has to be larger or equal to the centrifugal
barrier. Thus for a given E,

E +�E ≈ �max(�max +1)
2µR2

x
, (5.8)

where �max is the maximum angular momentum reachable, at which the system
is reflected before reaching smaller internuclear distances,

�max = 2
�

µ (E +�E)Rx. (5.9)

To compute the electronic coupling, H12, ab initio is challenging since the
curve crossings driving MN process are occurring at large internuclear dis-
tances and involve highly excited states. However, there are several empirical
methods that have been applied in trying to approximate electronic couplings
and some of them are discussed and applied in Paper I. One of the systems
studied here is the MN of H++H−, where in the adiabatic representation there
are two covalent states converging to the n =2 limit and three converging to
the n =3 limit in 1Σ+

g symmetry [104]. According to Lewis [76], in the cross-
ing region only two states are involved in the change of character from ionic
to covalent. Using the energy difference of the adiabatic states, at the avoided
crossing, Rx, the electronic couplings, H12, can be approximated by [10]

H12 =
1
2

����
�

∑
i

�
V a

i (Rx)−V a
i−1(Rx)

�2

�
(5.10)

where V a
i are the adiabatic potential energy curves obtained by ab initio

methods as outlined in Fig. 5.2, with the solid lines. Here, the diabatic poten-
tial energy curves (shown as broken lines) are crossing each other at Rx. Also a
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Figure 5.2: Adiabatic (V a
i ) and diabatic (V d

i ) potential energy curves for the H2
system. Here the potential energy curves for only the effective state converging
to the n = 2 asymptotic limit and the potential energy converging to the ion-pair
limit are shown.

two-by-two strict diabatisation using the transformation matrix (3.32) has been
performed and the electronic couplings are the off-diagonal elements of the di-
abatic potential energy matrix (3.30). These two methods of obtaining the elec-
tronic couplings have been applied to obtain the so-called “APS" and “ATD"
couplings of paper I. In the MN of Li++F− study (Paper II), there are only
two electronic states relevant for the process that are of interest and hence the
LZ approach is easily applied here to compute the transition probability. The
electronic coupling was obtained by a two-by-two strict diabatization (ATD
method). The collision cross section is evaluated by [90]

σ(E) =
π
k2

i
∑
�

(2l +1)P�(E), (5.11)

where P�(E) is the multi-state LZ probability [10] and in the case of two states
interacting is,

P�(E) = 2p�(1− p�). (5.12)

When several states interact with the ion-pair state, the LZ probabilities for
all pathways to a given limit have to be combined and the expressions for the
multi-state LZ probability become more complex. This is the case in paper I
for the MN study of H++H− and this is further discussed in section 6.1.
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5.2 Time-independent nuclear dynamics

The nuclear dynamics of the MN quantum mechanical studies are carried
out using the time-independent version of the Schrödinger equation. This
method is applied to study the MN reaction of H++H− in papers I and V and
He++H− in paper IV. Here we study multi-channel scattering. The asymp-
totic form of the wave function is similar to Eq. (4.4). The nuclear wave func-
tion is expanded into radial wave functions and Legendre polynomials

χi(R) =
1
R

∞

∑
l=0

A�ψi,�(R)P�(cosθ), (5.13)

where A� is a constant that is chosen to satisfy the boundary condition, P�(cosθ)
are the well known Legendre polynomials and ψi,�(R) is the radial wavefunc-
tion, satisfying the equation

�
− 1

2µ
d2

dR2 +
�(�+1)
2µR2

�
ψi,�(R)+

M

∑
j=1

V d
i j ψ j,�(R) = Eψi,�(R). (5.14)

The terms ψi,�(R) can all be collected to a square matrix ψψψ�(R). At large
internuclear distances (R≥Rρ ), the electronic potential matrix, Vd , is assumed
to be diagonal and then [61],

ψψψ�(R) = α�(R)+β�(R)S�, (5.15)

where S� is the scattering matrix [108] and α� and β� are the regular and irreg-
ular solutions, respectively.

In order to numerically integrate the radial equation, the log derivative is
introduced,

y� =ψψψ �
�(R)ψψψ

−1
� (R). (5.16)

Using this expression, the radial Schrödinger equation (5.14) is transformed to
a more numerically stable matrix Riccati equation [60]

y��+Q�+y2
� = 0, (5.17)

where

Q� = 2µ(E1−Vd)− �(�+1)
R2 1. (5.18)

The Riccati equation is integrated using the Johnson algorithm [60] out to the
point where the diabatic potential energy curves have reached their asymptotic
form, where Si j,� is evaluated. The asymptotic limit, Rayy, depends on the lo-
cations of the avoided crossings. For the reactions studied here, the asymptotic
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limit is set at 50a0 for the H++H− reaction, 40a0 for the He++H− reac-
tion and 20a0 for the Li++F− reaction. The scattering amplitude can then
be computed from the scattering matrix using the well known multi-channel
formula [108]

fi j(θ ,E) =
1

2i
�

kik j
∑
�

(2�+1)
�
Si j,�−δi j

�
P� (cosθ) (5.19)

Here ki and k j are the wave numbers of the final and initial states (channels),
respectively, and Si j,� is the scattering matrix for scattering from j to i for a
fixed angular momentum, �. The partial cross section can also be obtained as

σi j,� =
π
k2

j
(2�+1)|δi j −Si j,�|2, (5.20)

and the total cross section for a given channel as

σi j =
∞

∑
�=0

σi j,� (5.21)

The differential cross section is obtained from the scattering amplitude as [108]

dσi j

dΩ
=

ki

k j
| fi j (θ ,E) |2. (5.22)

By integrating the differential cross section over a unit sphere, the total cross
section [Eq. (5.21]) is regained.

5.3 Time-dependent nuclear dynamics

A wave packet is a superposition of stationary eigenstates, such that it is lo-
calized and normalizable [48]. The advantages of using time-dependant wave
packets are that it can be used for any system, whether free or bound, the time
evolution of the process can be followed carefully and details can be analysed
at any given time, and thus we can intuitively follow the collision process in
time. Using the wave packet approach the reaction is not studied at a specific
energy, rather information about all energy components contained in the wave
packet can be obtained from a single propagation. The time-dependent wave
packets are all based on solving the time-dependant Schrödinger equation,

i
∂
∂ t

Ψ = HΨ. (5.23)

A simplified model study for the DR process of H2O+ in Paper VI has been
carried out to investigate the mechanism responsible for the DR process. Here
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Figure 5.3: The H2O molecule, showing the coordinate system used in the study.

we have used the internal degrees of freedom; R1 and R2 for the two hydrogen-
oxygen bond distances and θ for the H-O-H angle, as schematically shown in
Fig 5.3. The study is systematically carried out by first fixing two coordinates
at equilibrium, R2 =1.9086 a0 and θ = 108.9◦ and varying R1 (asymmetric
stretch). Another study is performed, where both radial distances are allowed
to change, equidistantly, while the angle is frozen (symmetric stretch).

By direct integration of the time-dependent Schrödinger equation, a wave
packet is propagated with local complex potentials [84]. The equation is of the
form

i
∂Ψ(R, t)

∂ t
=

�
T+V (R)− i

1
2

Γ(R)
�

Ψ(R, t), (5.24)

with the assumption that autoionization into a complete set of vibrational states
is possible, hence the local boomerang model is employed. Here T is the
nuclear kinetic energy operator,V (R) and Γ(R) are the potential energy and
autoionization width of the resonant state. The initial condition of the wave
packet is given by [84]

Ψ(R, t = 0) =

�
Γ(R)
2π

χ0(R), (5.25)

where χ0(R) is the initial vibrational wave function of the ion, calculated by
numerically solving the time-independent Schrödinger equation of the ion us-
ing finite difference method [115]. Here the ion potential energy and wave-
function are defined on a grid of the coordinate R, such that

R( j) = R(0)+�R( j−1), j = 1 . . . ,n. (5.26)

��



where Ri(n) is at the end of the grid. Then the second-order derivative to the
vibrational wave function is approximated as

d2

dR2 χ (R( j))≈
1

(�R)2 {χ (R( j+1))−2χ (R( j))+χ (R( j−1))} . (5.27)

The time-independent Schrödinger equation for the nuclear vibrational motion
of the ion then becomes a tri-diagonal eigenvalue problem that can be solved.

Given the wave packet at t = t0, the wave packet at later time t can be
expressed as

Ψ(R, t) = e−i(t−t0)HΨ(R, t0) = e−i�tHΨ(R, t0). (5.28)

The factor e−i(t−t0)H operating on the wave packet in Eq. (5.28) is known as
the evolution operator. There are several numerical approximations designed
to evaluate this operator. In this work the Cranck-Nicholson propagator [45]
is used to propagate wave packets in one dimension. In this approach, the
evolution operator is approximated by the Cayley form;

e−i�tH ≈
1− i

1
2
� tH

1+ i
1
2
� tH

. (5.29)

From this equation we then get
�

1+ i
1
2
� tH

�
Ψ(R, t) =

�
1− i

1
2
� tH

�
Ψ(R, t0), (5.30)

which is the propagation equation used and the Hamiltonian is replaced by the
finite difference approximation. Although this is a first order approximation, it
is a stable and unitary approximation [46].

The wave packet is propagated on the resonant state potential energy curve.
Fig. 5.5 shows the probability density of the wave packet propagated on the
first resonant state of the H2O molecule in the “asymmetric” stretch mode, for
the 1A� symmetry . As can be seen from the figure, the wave packet spreads out
in R as the time increases; at t = 0 it is located near the point where the initial
vibrational state of the ion couples to the resonant state and this is near the
minimum of the potential energy curve (shown in Fig 5.4). The irregular shape
of wave packet density is due to the fact that the potential curve is anharmonic
in shape. The density also decreases with time as the wave packet spreads out
due to loss of flux to autoionization. A complex absorbing potential (CAP)
is placed at Rc to avoid the wave function from being reflected back and this
decreases the density with time. The flux is evaluated at Rstop.
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Figure 5.4: Potential energy curve for the lowest resonant state of H2O, in
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Figure 5.5: Wave packet propagation on the lowest resonant state of H2O in
“asymmetric” stretch mode , 1A1 symmetry, for different times in atomic units.
After a long enough time, t = 15000 the wave packet dies out in the asymptotic
region due to the complex absorbing potential.

After a sufficiently long propagation time (about 15000 a.u) the wave packet
dies out in the asymptotic region because of the CAP. Its is only localised at
small internuclear distances, due to the shape of the potential.

For calculating the total cross section, the transition amplitude is evaluated
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by the Fourier transform method [40]. In this method, the transition amplitude
is calculated by a half-Fourier transform of the asymptotic wave packet,

Tj(E) = lim
t f inal→∞

� t f inal

0

��
k j

2πµ
Ψ j(Rstop, t)eiEt

�
dt, (5.31)

where k j is the wave number of the dissociating fragments in channel j. From
the transition amplitude, the cross section for dissociating along a single state
is given by [67; 84]

σ j(E) =
2π3

E
g j|Tj(E)|2, (5.32)

where g j is the multiplicity ratio of the neutral and the ionization continuum.
To obtain the total cross section a summation over all contributing states is
performed. To achieve convergence, the total cross section is evaluated for
different propagation times.
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6. Discussion of attached papers

6.1 Paper I: Landau-Zener studies of mutual neutraliza-
tion in collisions of H++H− and Be++H−.

At the ITER fusion reactor [1], a H− or D− ion source is used to produce the
neutral heating beam [30; 31]. Collisional radiative modelling of the Hα/Hβ

line ratio has been found to be very sensitive to the MN reaction of these
ions [32]. Beryllium ions will be present in the ITER fusion reactor, since the
first plasma-facing wall will be based on beryllium [64]. Experimental studies
on beryllium, however, are a challenge to obtain due to its toxicity, hence there
is a need for theoretical calculations on cross sections for the reactions that
might be important for the fusion plasma [1; 53]. One such reaction is the MN
reaction Be+ and H−.

In Paper I, a Landau-Zener study of the MN process is carried out, to un-
derstand the dominance of low energy collisions of Be+ or H+ with H−. For
the H++H− system, the electronic structure data used here is that obtained
by Stenrup et al. [104]. To carry out the study, the 1Σ+

g states of H2, obtained
by the FCI method, were considered. Here only states that were thought to
be important for the n = 2 and n = 3 asymptotic limits are considered. In the
Landau-Zener multi-state model, we assume that only two states are succes-
sively coupled at each avoided crossing distance [76] (one has covalent char-
acter and the other has ionic character). In all figures of this section, the labels
n = 2 and n = 3 are placed at the avoided crossing distances where the ion pair
and covalent states interact forming the fragments H(1)+H(n = 2,3), respec-
tively. Fig. 6.1 shows the relevant adiabatic potential energy curves converging
to the n = 2 and n = 3 asymptotic limit. The covalent state converging to the
n = 2 asymptotic limit is characterised by the avoided crossing near R = 12
a0 while the covalent state converging to the n = 3 asymptotic limit is charac-
terised by the avoided crossing near R = 36 a0.

Using a three-point finite difference method, Stenrup et al. [104] have
obtained the radial couplings between the electronic states. Fig. 6.2 shows
the non-adiabatic couplings between the electronic states considered for the
Landau-Zener study. Note, from Fig. 6.2, that the couplings are large near
the avoided crossing and they approximately have a Lorentzian form [6]. The
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Figure 6.1: The potential energy curves of the 1Σ+
g adiabatic states interacting at

each avoided crossing for the n = 2 and n = 3 in H2.

non-adiabatic couplings are non-zero, not only in the vicinity of the avoided
crossing. Using the adiabatic potential energies for the electronic states, as
shown in Fig. 6.1, and the non-adiabatic couplings computed by Stenrup et
al. [104], a two-by two adiabatic to diabatic transformation [see eq. (3.32)]
has been carried out for the 1Σ+

g states that converge to the n = 2 and n = 3
asymptotic limit. The state converging to n = 1 contribute with a ratio of 10−6

to the total cross section, hence is is neglected . The non-adiabatic couplings
for the 1Σ+

g , displayed in Fig. 6.2, are then numerically integrated to obtain the
rotational angle, γ(R) [see eq (3.33)], which is then utilised in the transforma-
tion matrix, to obtain the diabatic electronic states and the electronic couplings
[eq. (3.30)]. This method of obtaining the electronic coupling is termed “ATD”
in the paper.

Another method to obtain the electronic coupling, at the curve crossing,
is by using eq. (5.10). Here the values of the adiabatic potential energies at
the curve crossing, Rx, are used. The electronic coupling obtained using this
method is termed “APS” in the paper.

The quality of the electronic couplings, at the curve crossing, is very im-
portant in a Landau-Zener model and this is manifested by the magnitude of the
cross section obtained in Paper I, when using the different coupling elements.

When working out the Landau-Zener probabilities, we follow the various
pathways that can lead to the MN process, as shown by the arrows in Fig. 6.3.
We follow the same formalism as discussed by Bates and Lewis [10], and if we
assign the ion-pair state as 1 and the covalent state associated with the n = 2
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Figure 6.2: Radial couplings among the states converging to n = 2 and n = 3 for
the 1Σ+

g adiabatic states of H2.

asymptotic limit as 2 and the covalent state going to the n = 3 asymptotic limit
as 3, we can obtain the total probabilities for the different cases as;

P̀ (1,2) =2p2(1− p2)p3 ` < `2

P̀ (1,2) =0 ` > `2

P̀ (1,3) =2(1− p2 + p2
2)(1− p3)p3 ` < `2

P̀ (1,3) =2p3(1− p3) `2 < ` < `3

P̀ (1,3) =0 ` > `3,

where p2 and p3 are the probabilities of making a non-adiabatic transition
at the n = 2 and n = 3 crossings, respectively. ` is the angular momentum
of the system, while `2 and `3 are the maximum angular momenta [`max in
eq. (5.9)] allowed to reach crossings for n = 2 and n = 3, respectively.

Using eq. (5.11), for calculating the MN cross section in the Landau-Zener
model, the total cross section, and states distribution are computed. The total
cross section and the contribution of the n = 2 and n = 3 states are shown in
Fig. 6.4. As observed previously [104], the n = 2 asymptotic limit starts to
make a significant contribution above 1 eV collision energy. At low collision
energies, the cross section is large and it agrees quite well with the total cross
section computed ab initio.

In the study of the Be++H− MN reaction, the ab initio data for the states
relevant for MN does not have information about the avoided crossing of the
adiabatic states at large internuclear distance. Thus no electronic couplings
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from ab initio data were computed. However, using the one-electron asymp-
totic approximation method, proposed by Janev [56], which gives reliable re-
sults for the H++H− reaction, the electron coupling was estimated and a total
MN cross section larger than that of H++H− was obtained.
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Figure 6.4: Cross section for MN in collisions of H+ and H− calculated by
the Landau-Zener model. Here the total cross section is compared with a full
quantum ab initio study by Stenrup et al. [104]. The contributions for the n = 2
and n = 3 asymptotic limits are also shown.
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6.2 Paper II: Mutual neutralization of Li++F−

Employing both the semi-classical Landau-Zener and fully quantum ab initio
methods, the MN in Li++F− collision is studied to compute the total and
differential cross sections at low to intermediate energies (E < 100 eV). This
system has been of interest due to the fact that there are only two states that
are relevant for the MN process at low collision energies. Thus a “good” theo-
retical study can be carried out.

First, quantum chemistry calculations are performed to compute the po-
tential energy curves of the relevant states (one covalent and one ionic). Here
the Dunning [62] correlation consistent basis sets are used. The aug-cc-pVXZ
basis set is used on fluorine and the cc-pVXZ on lithium. X denotes either,
D for double, T for triple, Q for quadruple and 5 for quintuple zeta functions.
First a state-averaged CASSCF calculation is used to generate the molecular
orbitals, which are subsequently used in a MRCI calculation. The reference
configurations are generated by distributing six electrons among six or seven
orbitals. For the MRCI calculation, single and double excitations out of the
reference configurations are included. The adiabatic potential energy curves,
where seven active orbitals are used, are shown in Fig. 6.5. The potential en-
ergy of the ion-pair state gets lower as the basis used gets larger as can be seen
in the insert of Fig. 6.5.
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Figure 6.5: Adiabatic potential energy curves of the lowest two adiabatic poten-
tial energy curves of 1Σ+ symmetry of LiF.

The radial couplings, fi j(R), are obtained using a three-point finite differ-
ence method, with a step size of dR = 0.01 a0. The non-adiabatic couplings
obtained for all eight different basis sets are then integrated to obtain the ro-
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tational angle for the transformation matrix and it is displayed in Fig. 6.6. An
adiabatic to diabatic transformation is performed, using a transformation ma-
trix and the nuclear dynamics relevant for the MN process is studied, by the
Landau-Zener and quantum ab initio method. From both methods the total
cross section is obtained, and additionally from the quantum ab initio calcula-
tion, the differential cross section is evaluated.
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Figure 6.6: Rotation angles evaluated from the coupling elements between the
ionic and covalent states in the different basis sets. The results with six active
orbitals shown in (a) and for seven active orbitals in (b).

Fig. 6.7 shows the total MN cross section, from the electronic states com-
puted using 7 orbitals, and quintuple zeta functions (V5Z). Here the cross sec-
tion is compared with another calculation by Beinstock and Dalgarno [11] and
there is a notable difference in magnitude, while they both show a similar
shape. In addition, the Landau-Zener and quantum ab initio studies agree quite
well for the entire energy range. Worth noting is the fact that Beinstock and
Dalgarno claimed to have used the adiabatic potential energy curves and non-
adiabatic couplings computed by Werner et al. [123]. However, the electronic
coupling reported by Beinstock and Dalgarno [in Fig. 2 of ref [11]] did not
agree with the one reported by Werner et al. Moreover, the total cross section
we obtained, when using the data from Werner et al., was similar to the ones
obtained in our methods.

In the quantum ab initio study the differential cross section can also be
evaluated from the scattering amplitude, as described by eq. (5.22). Here it is
evaluated at 0.1 eV and displayed in Fig. 6.8, showing a dominance of forward
scattering, with an oscillatory behaviour that can be attributed to contributions
from higher angular momenta, `.
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evolution of the early universe, the HeH+ ion is believed to have played a cru-
cial role in gas cooling [75] and the chemistry of interstellar plasmas [13; 105].
There was difficulty in detecting the ion in the interstellar medium [55] and this
seemed to contradict the predictions that HeH+ could be abundant [98]. How-
ever, the predictions were neglecting the destruction of HeH+ by DR [49].
In the interstellar environments, the HeH+ ion is expected to participate in a
large variety of other processes, such as the spontaneous emission of low en-
ergy photons from the ion and this process has been suggested as an important
factor in primordial star formation [74].

Dissociative photoionization by extreme ultraviolet or x-ray radiation,

HeH++hν →

{
He++H+

He2++H

is another process that is believed to control the abundance of HeH+ in the
interstellar medium [99]. As discussed in papers I and V, H− is also believed
to be present in this environment and this renders the collision of He+ and H−

a possibility. One such reaction, studied here is the MN reaction involving
He++H−. This is also a relatively small system and it has been previously
studied both experimentally [36; 92; 94] and theoretically [22; 29].

In paper IV, the MN reaction involving He+ and H− is studied. To carry
out this study, first the potential energy curves relevant for the MN process
are computed. The nuclear dynamics is performed on these potential energy
curves using the time-independent quantum mechanical method. Here two
effects are taken into consideration; The possibility that the resonant covalent
states could autoionize, at short internuclear distances and the possibility of
states of different symmetries interacting by rotational couplings to each other.
The details on how this is done are discussed in the following subsections
below.

6.3.2 Potential energy curves and couplings

A FCI method is implemented within the MESA [100] code to obtain the po-
tential energy curves for the HeH system. Fig. 1 of paper III shows all states
of 2Σ+, 2Π and 2∆ symmetries and Fig. 6.9 shows the potential energy curves
that are relevant for the MN reaction. Note that these are electronic states with
potential energy curves situated above the ground state of the ion, hence they
are all electronic resonant states. At short internuclear distances (where the
autoionization widths are non-zero) the potential energy curves are computed
using the electronic scattering calculations based on the complex-Kohn varia-
tional method. For the MN process, potential energy curves of electronic states
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Figure 6.9: Potential energy curves for the 2Σ states (black), 2Π states (red) and
2∆ states (green) for the HeH system.

of 2Σ+ symmetry that are interacting with the ion-pair state are relevant and
these are shown in Fig. 6.10(a).

For the 2Σ+ states, non-adiabatic couplings between them are calculated
first analytically [73] using the MESA code [100]. At short internuclear dis-
tances, these states are close to each other and hence the non-adiabatic cou-
plings between the electronic states will be large. The couplings at all distances
are as shown in Fig. 6.10(b). The couplings that are important for the MN pro-
cess occur at large internuclear distances and they are shown in Fig. 6.11.

6.3.3 Rotational couplings

The rotational couplings are considered for the different states relevant for the
MN process of He+ +H−. These are the 2Σ+ states where |Λ| = 0, the 2Π

states where |Λ|= 1 and 2∆ states, where |Λ|= 2. The potential energy curves
for these relevant states are shown in Fig. 6.9. We shall denote the electronic
wavefunctions for the 2Σ+, 2Π and 2∆ states as φΣ, φΠ and φ∆, respectively.
The MN process begins in the ion-pair state, which has 2Σ+ symmetry, thus
we shall investigate rotational couplings of φΠ and φ∆ to φΣ.

In section 2.3, we discussed the rotational couplings for a diatomic system.
Specifically, the L-uncouplings will here be included using Eq. (2.27) for the
specific HeH system. The allowed Λ difference between any two states is ±1,
thus coupling of φ∆ to φΣ is zero. Here we consider the L-uncoupling. The
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Figure 6.10: Potential energy curves for the eleven 2Σ+ states considered in the
MN study shown in (a) and the non-adiabatic couplings in (b). The couplings
shown here are between states that are lying close to each other with respect to
the potential energies, where the color of the coupling elements are the same as
the color of the potential energy curve of the lower state.
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Figure 6.11: A zoom in of the potential energy curves of 2Σ+ symmetry, in
(a), and corresponding non-adiabatic couplings, in (b), at larger internuclear dis-
tances.

rotational couplings between φΣ and φΠ states are

− [`(`+1)]1/2

2µR2 〈φΠ|L+|φΣ〉, (6.1)

where we have neglected Ω(Ω+ 1) in eq. (2.27), since this term will be very
small

( 1
4

)
compared to `(`+1). To evaluate the bracket in eq. (6.1), we exam-

ine the character of the states. For the dominant electronic configuration for
the covalent states associated with the same asymptotic limit, we have

〈φΠ|L+|φΣ〉= 〈(1σ)1(2σ)1(npπ)1|L+|(1σ)1(2σ)1(npσ)1〉. (6.2)

If L+ is decomposed into one-electron operators, `̀̀i+, such that L+ = ∑i `̀̀i+,
where

`̀̀+|n, `,λ 〉=
√
`(`+1)−λ (λ +1)|n, `,λ +1〉, (6.3)

then eq. (6.2) simplifies to

〈φΠ|L+|φΣ〉= 〈(npπ)1 |̀`̀+|(npσ)1〉. (6.4)

To evaluate the matrix elements we employ the pure precision approxima-
tion [120], and eq. (6.3) gives

〈φΠ|L+|φΣ〉=
√

2. (6.5)

Likewise for rotational couplings to the ion-pair state of covalent states asso-
ciated with different asymptotic limits we obtain

〈φΠ|L+|φΣ〉= 0. (6.6)
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Figure 6.12: Autoionization withds for the 2Σ+ resonant states of HeH. All
widths are zero at large distance (R & 5 a0) due to the fact that autoionization is
no longer possible.

Thus, instead of having a diagonal adiabatic potential energy matrix, as dis-
cussed in section 3.2, now the potential matrix has some off-diagonal elements
of the form

V `
Π,Σ(R) =−

√
2`(`+1)
2µR2 . (6.7)

6.3.4 Autoionization

Autoionization is taken into account using the local “boomerang model" [2;
46], such that the adiabatic potential matrix contains elements of the form

Va
i j(R) =V a

i j(R)δi j + i

√
ΓiΓ j

2
, (6.8)

where V a
i j(R) is the adiabatic potential as discussed in section 3.2 and Γk is

the autoionization width for adiabatic electronic state k. The autoionization
widths for the 2Σ+ resonant states are obtained from the electron scattering
calculation and are shown in Fig. 6.12. The off-diagonal elements of eq. (6.8)
contains terms that are describing how two states are coupling each other via
the ionization continuum.
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6.3.5 Results

The nuclear dynamics are carried out for collisions between the isotopes 4He+

or 4He+ with H− or D−. First the effect of autoionization on the total MN
cross section is investigated for collisions of 4He+ and H−, and it is compared
with the total cross section when autoionization is not taken into consideration.
The effect is shown in Fig. 6.14, where autoionization seems to have a negli-
gible effect. This is due to the fact that autoionization is significant at very
short distances, where Γ(R) 6= 0, whereas MN is driven by couplings at large
distances.
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Figure 6.13: Total cross section for the MN reaction of 4He+ and H−. Here the
total cross section has been computed without taking autoionization effects into
account (red solid line) compared to when autoionization is considered (dashed
blue line). The effect of autoionization is negligible.

The total cross sections for the collisions of isotopes helium and hydro-
gen are calculated, pointing to a larger cross section for systems with heavier
reduced mass at energies lower than approximately 200 eV and above this
collision energy, the isotopes with a lighter reduced mass have a larger cross
section, as shown in Fig. 6.14. The total cross section is also computed when
the rotational couplings of the 6 2Π states to the 11 2Σ+ states are taken into ac-
count. The rotational couplings cause the total cross section to increase above
1 eV. At such intermediate energies, a high number of rotational quantum num-
bers, `, starts to be important. In Fig. 6.14(a) the total cross section for differ-
ent isotopes, without taking rotational couplings into account is plotted and in
Fig. 6.14(b), the total cross section for the different isotopes, when rotational
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couplings are taken into account is shown.
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Figure 6.14: Total cross section for the MN reaction of different isotopes of
He+ and H−. Heavier species tend to have a large cross section at energies .
200 eV. In (a) the rotational couplings are not taken into account and in (b) the
rotational couplings are included.

To compare the effect of the rotational couplings, we investigate their con-
tributions to the species with the heaviest mass (4He++D−) and the lightest
reduced mass (3He++H−). Fig. 6.15(a) shows the comparison. The rota-
tional couplings increase the MN cross section and the effect is largest for
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isotopologues with a heavier reduced mass. In Fig. 6.15(b) a comparison of
the total cross section calculated here for MN of 4He++H− and tHe++D−

collisions are compared with other measured and previously calculated results.
The measurement by Olamba et al [92] is on the collisions of 4He++D− while
the measurements by Peart et al [94] and Gaily et al [36] are for collisions of
4He++H−. The theoretical calculations by Chibisov et al [22] are for col-
lisions of 4He++H−. The final states distribution (also known as branching
ratios) for the different isotopes shows dominance of the state converging to
the He(1s3s 3S)+H asymptotic limit. The branching ratios for the differ-
ent isotopes are displayed in Fig. 6.16. At low energies, the lightest isotope
of helium (3He++H−/D−) has the highest ratio of the dominant channel.
A preliminary measurement by the group of Xavier Urbain, in UC Louvain,
Belgium has given the branching ratios for the MN reaction of 4He++D−

at 0.00876 eV [118]. The branching ratios are compared with our calculated
ratios in fig. 6.17. Here only states going to the n = 3 limit are shown and
the experimental measurement also confirms the dominance of the 3S channel.
The differential cross sections are computed for all isotopes, showing a simi-
lar trend in terms of angular and energy dependence for collisions of various
isotopes of hydrogen and helium ions. At all energies, the forward scattering
is dominant. The differential cross sections for collisions at 0.1 eV, for all
isotopes, are shown in Fig. 6.18.
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Figure 6.15: Total cross section for MN of He++H− collisions. Solid lines
show the total cross section when the rotational couplings are taken into account
and the dashed lines show the total cross section when the rotational couplings
are not considered. In (a) a comparison of the heaviest reduced mass 4He++D−

and lightest 3He++H− is made showing a larger contribution of the rotational
couplings to the heavier reduced mass isotopes, compared with the lightest re-
duced mass. In (b) the total cross sections for 4He++H− and 4He++D− are
compared with experimental results [36; 92; 94] and a theoretical result [22].

68



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(a)He(1s2s 3S)+H
He(1s2s 1S)+H
He(1s2p 3P)+H

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(a)

He(1s2p 1P)+H
He(1s3s 3S)+H
He(1s3s 1S)+H

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(a)

He(1s3p 3P)+H
He(1s3p 1P)+H
He(1s3d 3D)+H
He(1s3d 1D)+H

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(b)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(c)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.0001  0.001  0.01  0.1  1  10  100

B
ra

nc
hi

ng
 r

at
io

Energy (eV)

(d)

Figure 6.16: Branching ratios for all isotopes.(a) 4He++D−. (b) 3He++D−.
(c) 4He++H−. (d) 3He++H−.
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Figure 6.18: Differential cross section for collisions of all isotopes of He+

and H−, at 0.1 eV, showing a clear dominance of the forward scattering for all
systems.

6.4 Paper V: Differential and total cross sections of mu-
tual neutralization in low-energy collisions of isotopes
of H++H−

6.4.1 Introduction

The reaction of H++H− has served as a benchmark for MN studies, due to the
small number of electrons involved. The first theoretical study was carried out
by Bates and Lewis [10] using a semi-classical Landau-Zener model [68; 127].
Since then more refined theoretical approaches have been employed [28; 35;
104] and also experimental studies have been done, mainly at higher collision
energies [88; 94; 108]. The only experimental measurement below 3 eV has
been performed by Moseley et al. [88] and Urbain et al. [118; 119].

At the ITER [1] facility, for example, a H− ion source is used for the neutral
beam heating [30; 31]. To probe the low temperature plasma ion source, a
diagnostic technique has been suggested to model the density of H−, based on
measuring the Hα/Hβ line ratio [31; 32]. It has been shown, from collisional
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radiative modelling, that the MN rate coefficient has a significant influence on
the line ratio.

Employing a fully quantum mechanical ab initio model, the collisions of
all isotopes of hydrogen cat- and anions have been studied. Here the differen-
tial cross section, total cross section and final state distributions are computed.
Additionally, by the group of X. Urbain at U. C. de Louvain, Belgim [91],
a merged beam experimental study is carried out for collisions of H+ and H−

and the final states distribution for the reaction are obtained and compared with
calculated ones.

My focus has been to carry out the theoretical calculations, and here I
proceed to discuss the derivations of the important expressions to consider for
the collisions of different particles.

6.4.2 Scattering particles’ symmetry consideration

The collisions of the different particles, can be viewed, in a centre of mass
frame, as shown in Fig. 6.19.

The electronic states of the colliding particles have inversion symmetry
and they are labelled with gerade (g) or ungerade (u). If the masses of the
nuclei, for the colliding ions are different we can assume that they can either
be experimentally distinguished [case 1(i)] or they can not be distinguished
[case 1(ii)]. When ions with identical mass are involved, depending on the
spin of the nuclei, the total wavefunction of the collision complex could either
be antisymmetric [case 2(i)] for fermions or symmetric [case 2(ii)] for bosons.
The scattering amplitude, as discussed in section 5.2, is given by

fi j(θ ,E) =
1

2i
√

kik j
∑
`

(2`+1)
(
Si j,`−δi j

)
P̀ (cosθ) . (6.9)

Here we follow the ideas of Masnou-Seeuws and Salin [82] where a sym-
metric [ f+i j (E,θ)] and an antisymmetric [ f−i j (E,θ)] amplitudes are formed as

f+/−
i j (E,θ) = f di

i j (E,θ)± f ex
i j (E,π −θ) . (6.10)

The direct and exchange scattering amplitudes (illustrated in Fig. 6.19) are [82]

f di
i j (E,θ) =

1
2

[
f g
i j (E,θ)+ f u

i j (E,θ)
]
, and (6.11)

f ex
i j (E,θ) =

1
2

[
f g
i j (E,θ)− f u

i j (E,θ)
]
, (6.12)

respectively.
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(a)

(b)

Figure 6.19: Particle trajectory for (a) direct scattering at angle θ , and (b) ex-
change scattering at angle π −θ . The red small lines depict the movement of an
electron, while the thick broken blue lines depicts the movement of the nuclei.
Relative to the negatively (red) charged ion, scattering at the angle θ is described
as the direct scattering and scattering at the angle π−θ is an exchange scattering.
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Case 1

For hydrogen ions with non-identical nuclei (such as T+ + D−, T+ + H−,
D+ + H−, etc) we consider scenarios where they are either not experimen-
tally distinguishable (i) or they are distinguishable (ii).
(i): In this case the differential cross section will be an incoherent sum of the
direct and indirect diffrential cross sections;

dσi j

dΩ
(E,θ) =

ki

k j

{
| f di

i j (E,θ) |2 + | f ex
i j (E,π −θ) |2

}
=

ki

4k j
| f g

i j(E,θ)+ f u
i j(E,θ)|2 +

ki

4k j
| f g

i j(E,π −θ)− f u
i j(E,π −θ)|2 (6.13)

(ii): If the particles are distinguishable, such that one can detect the mass of the
red or blue particle, in Fig. 6.19, at angle θ then the differential cross section
is either

dσi j

dΩ
(E,θ) =

ki

4k j
| f g

i j(E,θ)+ f u
i j(E,θ)|2, (6.14)

or
dσi j

dΩ
(E,π −θ) =

ki

4k j
| f g

i j(E,π −θ)− f u
i j(E,π −θ)|2, (6.15)

depending on the experimental set-up.

Case 2

If the particles are identical, the appropriate nuclear spin factor has to be com-
bined with the right spatial amplitude, so as to make the total wave function
symmetric or antisymmetric. Particles studied here have either nuclear spin
1
2 (H and T) or nuclear spin 1 (D). For spin 1

2 particles, the overall spin for a
molecular system, like H2 (or T2), is S = |s1 − s2|, ..., |s1 + s2|= 0,1 where s1
and s2 denote the spin for nuclei 1 and 2, respectively. The spin multiplicities
are 2S+1 = 3,1, implying a 3

4 probability for symmetric spin and 1
4 probabil-

ity for antisymmetric spin. For the spin 1 nuclei (like D2), S = 0,1,2 and the
multiplicities are 2S+ 1 = 1,3,5. This implies a 2

3 probability for symmetric
spin and 1

3 probability for antisymmetric spin.
(i): For like fermions such as collisions of H+ and H− or T+ and T−, the to-
tal wave function has to be antisymmetric. Thus the probability for having a
symmetric spin part

( 3
4

)
will be combined with the antisymmetric scattering
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amplitude and the probability for antisymmetric spin part
( 1

4

)
will be com-

bined with the symmetric scattering amplitude;

dσi j

dΩ
(E,θ) =

ki

4k j
| f+i j (E,θ)|

2 +
3ki

4k j
| f−i j (E,θ |

2 (6.16)

=
ki

4k j
| f di

i j (E,θ)+ f ex
i j (E,π −θ) |2

+
3ki

4k j
| f di

i j (E,θ)− f ex
i j (E,π −θ) |2

=
ki

16k j
| f g

i j(E,θ)+ f u
i j(E,θ)+ f g

i j(E,π −θ)− f u
i j(E,π −θ)|2 +

3ki

16k j
| f g

i j(E,θ)+ f u
i j(E,θ)− f g

i j(E,π −θ)+ f u
i j(,π −θ)|2.

If the expression for the scattering amplitude [eq. (6.9)] is inserted into eq. (6.16)
and by employing the properties of Legendre polynomials [P̀ (−cosθ)= P̀ (cosθ)
if ` is even, P̀ (−cosθ) =−P̀ (cosθ) if ` is odd] [3], the differential cross sec-
tion becomes

dσi j

dΩ
(θ) =

3
4

ki

k j
| f g,odd

i j (θ ,E)+ f u,even
i j (θ ,E) |2

+
1
4

ki

k j
| f g,even

i j (θ ,E)+ f u,odd
i j (θ ,E) |2, (6.17)

where f g/u,even/odd
i j denote the angular momentum summation over odd or even

`.
(ii): For collisions of D+ and D−, the probability for having a symmetric spin(2

3

)
will be combined with the symmetric scattering amplitude and the prob-

ability for antisymmetric spin
( 1

3

)
will be combined with the antisymmetric

scattering amplitude;

dσi j

dΩ
(E,θ) =

2ki

3k j
| f+i j (E,θ)|

2 +
1ki

3k j
| f−i j (E,θ |

2 (6.18)

=
2ki

3k j
| f di

i j (E,θ)+ f ex
i j (E,π −θ) |2

+
1ki

3k j
| f di

i j (E,θ)− f ex
i j (E,π −θ) |2

=
ki

6k j
| f g

i j(E,θ)+ f u
i j(E,θ)+ f g

i j(E,π −θ)− f u
i j(E,π −θ)|2

+
ki

12k j
| f g

i j(E,θ)+ f u
i j(E,θ)− f g

i j(E,π −θ)+ f u
i j(E,π −θ)|2.
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Figure 6.20: Differential cross sections for mutual neutralization for all isotopes
of hydrogen ions at 0.1 eV collision energy.

If eq. (6.9) is inserted in the above expression and the Legendre polynomial
property applied, eq. (6.18) simplifies to

dσi j

dΩ
(E,θ) =

ki

3k j
| f g,odd

i j (E,θ)+ f u,even
i j (E,θ) |2

+
2ki

3k j
| f g,even

i j (E,θ)+ f u,odd
i j (E,θ) |2. (6.19)

The total cross section is obtained by integrating the expressions above over
the unit sphere,

σi j(E,θ) = 2π

∫
π

0

dσi j

dΩ
(E,θ)sinθdθ . (6.20)

6.4.3 Results

The differential cross section obtained for all different isotopes is displayed
in Fig. 6.20, showing a dominance of backward scattering in all cases. In all
the computations performed here we assume that the reaction products are not
distinguished, and thus case 1(ii) is not considered. In order to understand the
dominance of the backward scattering for all isotopes, each term of the scat-
tering amplitude is analysed. For collisions of non-identical nuclei, eq (6.13)
shows that the differential cross section is composed of direct and exchange
terms that consists of linear combinations of the amplitudes of the gerade and
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ungerade manifolds of states. In Fig. 6.21 the amplitudes are plotted in a com-
plex plane showing the change in phase and magnitude between f di

i j and f ex
i j

at small angles (θ = 30◦) and large angles (θ = 150◦). Here the lowest n = 3
channel is plotted since it is the most dominant channel. From Fig. 6.21, it
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Figure 6.21: Scattering amplitudes, for gerade and ungerade symmetries, includ-
ing terms for direct scattering and indirect scattering at 0.1 eV collision energy.
In (a) the amplitudes are plotted at 30◦ while in (b) they are plotted for 150◦ for
the lowest state going to the n = 3 limit.

is clear that the phase difference between f g
i j and f u

i j causes the difference to
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be larger than the sum, resulting in the exchange amplitude being dominant at
large angles, as shown in Fig. 6.22, where the differential cross sections from
the direct and exchange amplitudes are compared with the total differential
cross section. The analysis is done for the lowest state converging to the n = 3
limit, at 0.1 eV for mutual neutralization reaction of T+ and D−. Moreover the
difference between the sum and difference is much bigger at large angles.
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Figure 6.22: Direct and exchange differential cross section for collisions of T+
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pronounced at larger angles.
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6.5 Paper VI: Theoretical study of the mechanism of H2O+

dissociative recombination.

The H2O+ ion is also believed to be a precursor to the formation of the H3O+

ion, which is of interest in ionosphere chemistry [14; 89] and dense molecular
clouds regions [103; 107] and in interstellar medium [110; 112]. The H3O+

ion is known to be formed in both the diffuse and dense interstellar clouds via
a chain of ion-molecule reactions, initiated by ionization of H2. The sequence
of reactions can be outlined as in Fig. 6.23 [80; 83]. Thus the DR of H2O+

Figure 6.23: The ion molecule chemical reactions series, depicting the relevance
of the H2O+ ion, reproduced from McCall [83].

will remove this ion from the chain of reactions and thus the cross section for
this reaction may influence the results of H3O+ formation and this has to be
taken into consideration in chemical models of interstellar clouds.

The reaction
H2O+H+ → H2O++H, (6.21)

in the atmosphere of Saturn has been proposed as a viable mechanism [25]
for the formation of H2O+. Although the claim is that the water cation reacts
quickly with molecular H2, its destruction through DR is also plausible [80].
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DR of H2O+ has been experimentally studied over the years [59; 89; 114],
where the DR cross section has been measured as well as the branching ratios
and final state distributions. It has been observed that at low collision energies,
the three-body breakup dominates with almost 60% [58; 114]. A similar multi-
bond fragmentation is found in other polyatomic ions [58; 69].

The main goal of paper VI is to take a first step towards a theoretical under-
standing of the DR mechanism of H2O+. What is the main driving mechanism
for the reaction, is it the direct or indirect mechanism? Using simplified mod-
els for both the direct and indirect mechanism, the contributions to the DR
total cross section are computed. My main focus has been to study the direct
mechanism.

To obtain the relevant potential energy curves the MRCI method is used to
compute the electronic bound states of the ion and the neutral molecule.

This study is carried out to investigate the role of the direct mechanism
in DR of H2O+. Here time-dependent wave packets are propagated on the
complex potential energy surfaces of the resonant states relevant to the process.
To form the complex potential, the local “boomerang model” [2; 46], where
the quasidiabatic part of the potential is combined with an imaginary term to
account for autoionization,

Vres,i(R) =Vi(R)− i
1
2

Γi(R), (6.22)

where Vi(R) is the quasidiabatic potential energy for state i and Γi(R) is the
autoionization width. Such a model is justified for resonant states with high
enough energy, such that autoionization into a complete sets of vibrational
states is possible [2; 84; 93].

In carrying out the study, first a one-dimensional “asymmetric stretch” of
one of the O-H bonds is studied. The other O-H bond is fixed at R = 1.9082a0
and the H-O-H angle is fixed at θ = 108.9◦. We also consider a “symmetric
stretch” in which both the O-H bonds are varied simultaneously, with the angle
frozen at θ = 108.9◦. In Cs symmetry, there are electronic states of 1A

′
, 1A

′′
,

3A
′

and 3A
′′

irreducible representation. In C2v symmetry, there are electronic
states of 1A1, 1A2, 3A1 , 3A2,1B1, 1B2, 3B1 , 3B2 symmetries. To compute the
energy positions of the resonant states above the ground ionic state and also the
autoionization widths, electron scattering calculations have been performed.
The widths and resonant states for the “symmetric stretch” in both Cs and C2v

symmetries are obtained while in “asymmetric stretch” are obtained in the Cs

symmetry .
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6.5.1 Potential energy surface slices and autoionization widths

The potential energy curves are obtained for both H2O and H2O+. Fig. 6.24
shows the potential energy curves obtained for the ground and excited state
of H2O+ and the adiabatic states of H2O. The broken lines (in Fig. 6.24)
represents bound states, below the ground state of the ion and continuum state,
above the ground state of the ion. The bound states are a mix of Rydberg states
that have an electronic configuration of (1a′)2(2a′)2(3a′)2(4a′)2(1a”)1(nλ )1

in Cs symmetry, where nλ denotes a molecular orbital. Above the ion the
roots obtained from the electronic structure calculations are a mix of states
that are trying to represent the ionization continuum and the more compact
resonant states. To obtain the states relevant to describe DR, we perform a
configuration-tracking quasidiabatization. In the ionization continuum, elec-
tron scattering calculations have been carried out to determine the energy po-
sitions and autoionization widths of the resonant states.
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Figure 6.24: Slices of the potential energy surface for H2O (broken lines) and
the ground and excited state of H2O+ (solid lines) for the “asymmetric stretch”
mode in 1A′ irreducible representation.

The results from the electron scattering calculations, showing positions of
resonant states, above the ground state of the ion are shown in Fig. 6.25, with
red dots.

To follow the resonant states, below the potential energy surface of the
ground state of the ion, a quasidiabatization, as discussed in Section 3.2.1,
is performed. The resonant states obtained are shown with brown lines in
Fig. 6.26.
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Figure 6.25: Slices of the potential energy surface for the “asymmetric stretch”
mode in 1A′ irreducible representation, showing the energy positions of the reso-
nant states (dots) obtained with the electron scattering calculations.
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Figure 6.26: Slices of potential energy surfaces for the 1A′ irreducible represen-
tation for the “asymmetric stretch” mode, showing the resonant states potential
energy surfaces obtained from the diabatisation.

In the symmetric stretch mode, the calculation can be done in either Cs

or C2v symmetry. In both symmetries, the potential energy surfaces will be
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asymptotically similar. Fig 6.27 displays a slice of the potential energy surface
for the “asymmetric stretch” mode, for electronic states in the 1A′ irreducible
representation and they are displayed with the states of C2v that have the same
asymptotic limit.
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Figure 6.27: Potential energy curves in the “symmteric stretch” mode in Cs (bro-
ken lines) and C2v symmetry (solid lines). Note that they have the same asymp-
totic limits.

6.5.2 Results

A wave propagation study is done for both the “asymmetric” and “symmetric”
stretch modes. The total cross section for the symmetric stretch in both sym-
metries (Cs and C2v) and the asymmetric stretch mode are plotted in Fig 6.28.
Here, it is compared with the indirect cross section from the simplified model
and some experimental results from ion-storage rings [59; 114] and merged
beam apparatus [89]. At lower energy, it is evident that the direct DR mech-
anism is not the main electron capture mechanism. Here the driving mech-
anism is mainly the indirect process. The indirect process has been studied
using a simplified model, commonly employed to study DR of symmetric ions
and linear polyatomic ions [27]. At low energy, the cross section obtained is
higher than the experimental results. However in the model for the indirect
mechanism, autoionization is not included. The cross section for the indirect
DR mechanism only includes contributions from vibrational excitations of the
ionic core from ν = 0 to ν = 1 and ν = 2 for each normal mode coordinate. At
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the opening of the vibrationally excited state mode, the cross section drops and
thus it is zero at the opening of the highest vibrational state mode for ν = 2 of
the target ion.
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Figure 6.28: Total cross section for direct and indirect DR, compared with
experimental results measured by ASTRID [(a)] [59], a merged beam study
[ref(b)] [89] and CRYRING [(c)] [114]. The direct DR cross section for the
“asymmetric stretch” mode has a threshold energy of about 2 eV.
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7. Conclusion and outlook

Cross sections for mutual neutralization and dissociative recombination have
been computed both quantum mechanically and semi-classically. Not only
total cross sections have been computed, but also differential cross sections
and final state distributions.

The study of mutual neutralization of H++H− has been a continuation
of a study carried out earlier [104], where the total cross section and final
state distributions were computed. We have now calculated the differential
cross section as well and considered collisions of different isotopes of hydro-
gen ions. The dependence of the MN cross section on the scattering angle is
dependent on whether the colliding particles have electronic inversion sym-
metry or not. With increasing energy, the scattering differential cross section
gets larger at θ → 0◦ and θ → 180◦. At low collision energies, the backward
scattering dominates due to the phase difference of the scattering amplitudes
for the gerade and ungerade symmetry terms. Isotope effects have also been
studied and at low energies (< 10 eV) the heavier isotopologue has the largest
cross section, while at higher energies, the order is reversed. This is somehow
understood from looking at the branching ratios, where the significance of the
n = 2 channel is greater for lighter isotopes. There are still some limitations,
however, of the theoretical models applied. The number of states included in
the model is finite, rotational couplings and autoionization are not considered.
It may be interesting in this study to include higher electronic states which may
be significant at higher energies. Autoionization and rotational couplings may
also have an effect on the total cross section.

The MN reaction for He++H− shows that although autoionization may
be negligible for this system, rotational couplings have some contributions at
intermediate to high energies (above ≈10 eV). The small effect of autoioniza-
tion is due to the fact that the autoionization widths are non-zero only at short
internuclear distances, as opposed to the non-adiabatic couplings driving the
MN reaction which are at large internuclear distances. As the collision energy
increases, the number of ` contributing to the cross section also increases and
this will also increase the contribution from the rotational couplings. Since
the system does not have inversion symmetry and the scattering particles are
distinguishable, the differential cross section is peaked in the forward direction
for all energies.
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A Landau-Zener study, carried out for the MN process of H++H− and
Li++F−, shows to be reliable, subject to “good” electronic couplings em-
ployed in the Landau-Zener formula. The total cross sections obtained for the
two systems are comparable to ones obtained using a fully quantum mechani-
cal approach.

The dissociative recombination reaction of the H2O+ cation has been stud-
ied, so far, using simplified one-dimensional models. However, even with such
a simplified model, there is a significant contribution to the cross section from
the direct mechanism and the simplified model for the indirect mechanism
gives a larger cross section than the experiments. The methods used for the
indirect mechanism have not included autoionization and it estimates the cross
section by a frame-transformation of the elements of the calculated scattering
matrix. Here harmonic oscillator wave functions are used for the vibrational
wave functions for each normal mode co-ordinate. A further investigation
of the indirect mechanism, using a model which somehow accounts for au-
toionization is proposed for future studies. Also, the next goal on this project
is to study two-body and three-body breakup. Here the Multi-Configuration
Time-Dependent Hartree (MCTDH) method can be employed to implement
the multi-dimensional wave propagation. Furthermore, since in all the calcu-
lations done, the states have been treated as uncoupled to each other, a further
study, including coupled states, where a complete description of both the direct
and indirect mechanism is applied is the final goal.

The computations of the potential energy surfaces involved in all the sys-
tems studied here have limitations. At at given internuclear geometry, the po-
tential energy of an electronic state may change, subject to the basis used and
the number of configurations included in the CI wave function. This is clearly
seen in the computation of the potential energy of the LiF system. Here the po-
tential energy of the ion-pair state, gets lower as the basis used in the calcula-
tion gets larger. The reactions studied here will very much depend on the exact
positions of avoided crossings for different sets of states. Thus it is important
to have a consistent description of the different types of states included. It may
be important to compare the electronic structure methods employed here with
other methods, like the valence-bond methods [39].

The MN and DR processes studied here are somehow related. They both
involve resonant states that at short internuclear distances may autoionize, and
for all distances, are coupled to other states. Employing a multichannel quan-
tum defect theory [47], at small distances, combined with methods where the
coupled Schrödinger equation is used for the nuclear dynamics, at large dis-
tances, may be a better way to study the dynamics. Often there is an infinite
number of Rydberg states involved in the processes studied here. However, in
the theoretical models employed, only a finite number of states are included
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and that is obviously an approximation.
The studies, carried out here, have a very close relation with experimental

work. The DESIREE storage rings facility [113], located in the department of
physics, at Stockholm Univeristy is aimed at studying MN reaction collisions.
Here, there is a possibility of the MN reactions studied to be measured exper-
imentally. Ion storage rings, like the Cryogenic Storage Ring CSR [112], cur-
rently under construction in Heidelburg, are capable of experimentally study-
ing molecular ion-electron collisions at low (< 15k) temeperatures. Some of
the work presented here for MN of collisions of H++H− and He++H−, have
been a collaboration with the group of Professor Xavier Urbain at Université
catholique de Louvain, in Belgium where a merged beam facility is used to
study the MN reaction. It is important to have a complement of theory and
experimental work.
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Sammanfattning

Avhandlingen beskriver teoretiska studier av molekylära kollisioner som sker
vid relativt låga kollisionsenergier. Två olika typer av reaktioner har studerats.
Vid dissociativ rekombination fångar en positivt laddad molekylär jon in en
fri elektron, och skapar därmed ett neutralt tillstånd som inte är stabilt utan
molekylen faller isär i neutrala fragment. Den andra reaktionen är ömsesidig
neutralisering, där två motsatt laddade joner kolliderar och en elektron förs
över från den negativt laddade jonen till den positivt laddade så att neutrala
fragment bildas.

Dessa reaktioner beskrivs här kvantmekaniskt. De två processerna har ge-
mensant att de involverar högt exciterade elektroniska tillstånd där den så
kallade Born-Oppenheimer approximationen inte längre gäller. I denna ap-
proximation så anses elektronernas rörelser vara frikopplad från kärnrörelsen.
När denna approximation bryts samman fås icke-adiabatiska kopplingar som
kopplar samman kärnrörelsen på de olika elektroniska tillstånden med varand-
ra. Dessa kopplingar härstammar från elektroniska matriselement av kinetiska
energioperatorn för kärnorna. Dessa icke-adiabatiska kopplingar är drivande
för de reaktioner som här studeras. I avhandlingen beskrivs metoder för att in-
kludera icke-adiabatiska effekter. Det molekylära komplex som bildas vid kol-
lisionerna är litet (det består av två eller tre atomer) och har relativt få elektro-
ner. Detta gör det möjligt att utföra noggranna kvantkemi beräkningar och att
beskriva kärnrörelsen kvantmekaniskt.

Avhandlingen beskriver studier av ömsesidig neutralisering då H− kollide-
rar med H+, Be+ och He+. Även neutralisering vid kollisioner av F+ och Li+

har studerats. Relevanta adiabatisk potentialkurvor har tagits fram med kvant-
kemi beräkningar. Även icke-adiabatiska kopplingselement mellan de olika
elektroniska tillstånden har beräknats. Reaktionerna drivs här av de icke- adi-
abatiska kopplingarna mellan joniska och kovalenta tillstånd som är betydel-
sefulla vid stora kärnavstånd. I vissa system är tillstånden inte elektroniskt
bundna. Potentialkurvorna kan då inte beräknas med kvantkemi metoder ut-
an elektronspridningsmetoder måsta tillämpas. Dessa beräkningar utförs vid
fixa kärnavstånd och ger inte bara information om energin hos det resonanta
tillståndet utan även den så-kallade autojonisationsbredden. När kurvorna och
kopplingarna är beräknade transformeras tillstånden till en diabatisk represen-
tation där kopplingen inte kommer från kärnornas kinetiska energioperator ut-



från den elektroniska delen av Hamiltonianen. Fördelen är att dessa koppling-
ar är på potentialform. När denna transformation väl är gjord kan tvärsnitt
beräknas genom att lösa den kopplade Schrödinger ekvationen för den radiella
delen av kärnornas vågfunktion. Dessa kvantmekaniska beräkningar ger inte
bara information om det totala tvärsnittet utan även det differentiella tvärsnit-
tet erhålls samt information om tillstånden hos de neutrala atomer som bildas
vid reaktionen. Även semi-klassiska Landau-Zener beräkningar har utförts och
beräknade tvärsnitt stämmer bra med de som fås från kvantmekaniska beräk-
ningar om kopplingselementen mellan tillstånden är de rätta. Dessa koppling-
selement är inte triviala att beräkna ab initio. I studien av kollisioner mellan
He+ och H− har autojonisation inkluderats i form av en imaginär potential-
matris som adderas till den adiabatiska potential matrisen. Elementen i den
imaginär potentialmatrisen ges av beräknade autojonisationsbredder för nå de
resonanta tillstånden. Dessa autojonisationsbredder är skilda från noll endast
vid små kärnavstånd och beräkningarna visar att autojonisation inte har nå-
gon betydelse i denna reaktion. I samma system har även rotationskopplingar
som sammankopplar elektroniska tillstånd med olika symmetrier tagits med i
modellen. Dessa kopplingar har betydelse vid högre kollisionsenergier.

I avhandlingen har även dissociativ rekombination av H2O+ studerats. Må-
let med studien var att använda enkla modeller för att bestämma vilken me-
kanism som driver elektroninfågningen. Antingen sker reaktionen genom en
direkt elektroninfångning till ett resonant tillstånd som sedan dissocierar till
neutrala fragment. Alternativt sker infångningen först till ett rotationellt el-
ler vibrationellt exciterat Rydbergstillstånd som sedan predissocierar. De två
mekanismerna har beskrivits förenklat med endimensionella modeller. Rele-
vanta potentialytor, autojonisationsbredder och spridningsmatriser har tagits
fram genom att kombinera kvantkemiberäkningar med elektronspridningsbe-
räkningar. För den direkta mekanismen utfördes endimensionella vågpaketsbe-
räkningar på potentialerna för de kvasidiabatsika resonanta tillstånden. Genom
jämförelse med experimentella tvärsnitt är slutsatsen att den indirekta meka-
nismen är drivande vid låga kollisionsenergier. För att förstå den komplicerade
dynamik som sker då molekylen faller sönder måste alla tre dimensioner in-
kluderas i vågpaketspropageringen, liksom kopplingarna mellan de neutrala
tillstånden.
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Abstract
Semi-classical Landau–Zener studies of mutual neutralization reactions in low-energy H+ + H−

and Be+ + H− collisions are performed. Avoided crossings between ionic and covalent states
occurring at large internuclear distances are considered, and electronic couplings between these
states are estimated using different semi-empirical and ab initio methods and tested on the H+ +
H− reaction. The method is then applied to compute the cross sections and final state
distributions for mutual neutralization in collisions of H− with Be+. These are reactions that
might be important for the modeling of the fusion edge plasma of the divertor of ITER.

Keywords: mutual neutralization, Landau–Zener, semi-classical, charged transfer
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1. Introduction

Dating back to the original work by Landau [1] and Zener [2],
charge transfer processes have been studied using the semi-
classical Landau–Zener model. One such process is mutual
neutralization (MN), where oppositely charged ions collide
and an electron transfer results in formation of neutral frag-
ments. In 1955, Bates and Lewis [3] applied the Landau–
Zener model to study MN in collisions of H+ and H−. The
MN reaction is driven by non-adiabatic couplings occurring at
large internuclear distances (R). The system enters on the
attractive ion-pair state. At large internuclear distances, the
quasidiabatic ion-pair state crosses the more or less R-inde-
pendent potential energy curves of the covalent states dis-
sociating into neutral fragments. In an adiabatic
representation, the curve-crossings between ionic and cova-
lent states will manifest themselves as avoided crossings; and
in the vicinity of the avoided crossings non-adiabatic cou-
plings will be large. The Landau–Zener model is a two-state
model assuming diabatic potential energy curves that vary
linearly with R and R-independent electronic couplings [1, 2].
Due to the attractive Coulomb interaction of the ion-pair, even
a small collision energy will provide large radial velocities at
the curve crossing distances and a semi-classical treatment is

justified. Furthermore, since in general, very high angular
momenta contribute, any interference effects or resonant
structures are usually averaged out. Provided the curve-
crossings are well separated a multi-state Landau–Zener
model may work surprisingly well describing charge-transfer
processes such as MN. One dilemma, however, is the estimate
of the coupling elements that enter the Landau–Zener for-
mula. The computed cross section and final state distributions
will critically depend on the magnitudes of the coupling
elements. In the literature, there are numerous semi-empirical
formulas for coupling elements. There are also methods to
estimate the coupling elements ab initio.

Some of us have previously carried out fully quantum
mechanical ab initio study on MN in low-energy H+ + H−

collisions [4]. We therefore first test the Landau–Zener model
and the various coupling elements on this system. We com-
pare the computed cross section and final state distributions
with the quantum results. We then apply the semi-classical
Landau–Zener model to study MN in collisions of Be+

and H−.
The MN processes here studied might be of importance

when modeling the fusion plasma of the divertor of ITER [5].
At ITER, neutral beam heating is based on an H− ion source
[6, 7]. By measuring the Hα/Hβ Balmer line ratio, a new
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diagnostic technique has been suggested to model the H−

density in the low temperature plasma of the ion source [7–9].
Collisional radiative modeling shows that the measured line
ratio is very sensitive to the H+ + H− MN cross section [8].

Beryllium will be used as a plasma facing material in the
first wall of the ITER fusion reactor [5, 10]. The beryllium
will enter the cooler plasma of the divertor where it will be
ionized. In detached plasmas of the divertor, hydrogen anions
(H−), are produced by dissociative attachment of vibrationally
excited H2 molecules. The hydrogen molecules get vibra-
tionally excited by inelastic electron collisions. This is
described in [11, 12] and modelled in [13] using a divertor
simulator. The cross section and final state distributions for
MN in collisions of Be+ and H− might then be relevant to
include when modeling the fusion plasma. Due to the toxicity
of beryllium, experimental study of this reaction is not pos-
sible. Unless otherwise mentioned, atomic units are used
throughout the article.

2. Landau–Zener calculation

The Landau–Zener model developed independently of
Landau [1] and Zener [2] in 1932 is a two state model that can
be applied to studies of crossings of molecular potential
energy curves. It is based on a Hamiltonian of the form

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟=

+
+

H
T V R H R

H R T V R
ˆ

ˆ ( ) ( )

( ) ˆ ( )
, (1)

1 12

21 2

where the difference of the diabatic potential energy curves
are assumed to vary linearly with the internuclear distance R,
i.e. − =V R V R aR( ) ( )1 2 and the electronic coupling is con-
stant = =H R H R H( ) ( )12 21 12. The Landau–Zener diabatic
transition probability p, [1, 2] is given by

⎛
⎝⎜

⎞
⎠⎟

π
= −p

H

v a
exp

2
, (2)

x

12
2

where vx is the radial velocity at the curve crossing (see
below). At different crossing distances, Rx, the potential of the
ionic state associated with the ion-pair limit at large distances
crosses several of the potential energy curves of the covalent
states. By applying the Landau–Zener model for these types
of processes, the transition regions where the Hamiltonian can
be approximated with the Landau–Zener form (1) are regar-
ded as small and well separated from each other. The distance
of the Landau–Zener region (measured from the curve
crossing point) can be estimated with =R

H

a0
2 12 [14], and this

distance must be smaller than the internuclear distance
between two neighboring curve crossings to treat the curve
crossings as separable.

In the H2 system, there is one electronic state of both Σ +
g

1

and Σ +
u

1 symmetries associated with the ion-pair limit H+ +
H−. At large internuclear distances the gerade and ungerade
potential energy curves have very similar form [4] and there
are avoided crossings around R = 11 a0 and R = 35.6 a0
between the ionic and covalent n = 2 and n = 3 states,

respectively. In figure 1, the adiabatic potential energy curves
of Σ +

g
1 symmetry are shown with black solid curves [4]. In the

model, only the curve-crossings occurring at large inter-
nuclear distances are considered. There are two covalent
states associated with the n = 2 limit and three states asso-
ciated with the n = 3 limit. According to Lewis [15], only two
adiabatic states are active in each curve crossing, changing
characters from ionic to covalent form in the crossing region.
Thus, it is enough to only include two effective states for each
of the curve crossings and the coupling strength is obtained as
[15]

∑=H H . (3)
j

j12 1
2

Here the summation goes over the diabatic states involved in
the curve crossing.

The corresponding quasidiabatic potential energy curves
of the ion-pair state and the effective Rydberg state are shown
with the red dashed lines in figure 1. We assume that the
attractive ion-pair potential has the form

= − −
α

V R V( )
R R1 1

asy 1

2

p

4
, where α = 216p a.u. is the polariz-

ability of H− [16] and Vasy
1 is the asymptotic energy of the

ion-pair. The covalent states are assumed to have constant
potential energy curves =V R V( )n n

asy. Following the early
study by Bates and Lewis [3] on MN in H+ and H− collisions,
the cross section is given by

∑σ π= +E
k

P E( ) (2ℓ 1) ( ). (4)
i
2

ℓ

ℓ

Here P E( )ℓ is the multi-state Landau–Zener probability that
the reacting ion-pair results in neutral fragments after passing
by the crossings between ionic covalent states both on the
way in and out [3]. This probability depends on the angular
momentum ℓ of the molecular system. For a given angular
momentum the centrifugal barrier

μ
+
R

ℓ (ℓ 1)

2 2
is added to the

diagonal terms of the Hamiltonian. For high enough angular
momentum, the centrifugal barrier will screen the system

Figure 1. Adiabatic potential energy curves of Σ +
g

1 symmetry of H2

[4]. The potential energy curves of the quasidiabatic states included
in the Landau–Zener study are displayed with red dashed lines.
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from reaching small internuclear distances. The largest
angular momentum, ℓmax, where the crossing point Rx is
reached is given by

μ= − + + v Rℓ
1

2

1

4
, (5)x xmax

2 2

where μ is the reduced mass of the system. The radial velocity
at the curve crossing depends on the collision energy E and
the angular momentum ℓ, and it is given by

⎡
⎣⎢

⎤
⎦⎥μ

α

μ
= + + − +

v E
R R R

2 1

2

ℓ(ℓ 1)

2
. (6)x

x

p

x x
4 2

When calculating the multi-state Landau–Zener probabilities,
the multiple pathways to a given set of fragments have to be
considered. Here, the contributions from these different
pathways are added incoherently and quantum interference
effects (Stückelberg oscillations [17]) are not considered.

The validity of the Landau–Zener model for describing
processes such as MN has previously been questioned
[18, 19]. As discussed above, there are several states coupled
in the same region of internuclear distances and these multi-
state curve crossings have to be described by two effective
states interacting. Additionally, it has been pointed out by
Riera and co-workers [19] that the avoided crossings between
ionic and covalent states may be better described using the
Nikitin model, where the electronic coupling element is
modeled using an exponential function [20, 21]. To accu-
rately describe these processes at low collision energies, an
ab initio quantum study should be performed. Today there are
several such studies, not only on H+ + H− MN [4, 22], but
also on other systems such as H−colliding with Li+ [23], N+

[24] and Mg+ [25]. Also studies of collisions of F− with H+

[26] and Li+ [27] have been performed. To perform such
ab initio study, non-adiabatic interactions arising from the
avoided crossing among highly excited states occurring at
large internuclear distances where the ionic and covalent
states cross, have to be computed. These ab initio studies are
far from trivial. Instead simple models such as the Landau–
Zener model are very often applied. In the present study we
do not want to test the Landau–Zener model. Rather, we want
to test the different methods to estimate the ionic-covalent
electronic couplings and show how sensitive the Landau–
Zener cross sections and the final state distributions might be
with small changes in coupling elements. Even though the
model is simple and sometimes might work it can not be used
as a ‘black box’.

3. Ionic-covalent coupling elements

The outcome from a semi-classical Landau–Zener study is
very sensitive to the electronic coupling parameter, H12, used
in the Landau–Zener formula (2). It is not straight forward to
compute the electronic couplings between the quasidiabatic
electronic states used in the model. Here, several different
methods discussed in the literature are summarized and tested
on the H+ + H− system.

3.1. Semi-empirical methods

During the 1970s, Olson and co-workers, published a number
of semi-empirical methods to describe the electronic cou-
plings in one-electron charge-transfer systems [28–31]. They
gathered data from both experimental and theoretical studies
and examined how the coupling strength depends on the
crossing point Rx and the energy of the reactants and products.

For the MN reaction A+ + B− → A* + B, we define α=I 21
2

as the electron affinity of B and γ=I 22
2 as the effective

ionization energy of the transferred electron in the product

state A*. In the first study by Olson et al [28], they fitted the
coupling data to the following form

⎡⎣ ⎤⎦α α α= − − −( ) ( )H R R8.0 exp 0.91 7.5 exp 0.99 . (7)x x12
2

This formula was a year later modified [29] to also
include the effective ionization potential of the electron in the
product state, I2. The coupling parameters were then fitted to
the following form

⎜ ⎟⎛
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⎠=

−
H A

R

c
exp , (8)x

12
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α γ
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=c A I I

R
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2
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1 2

This formula was soon modified [30] by introducing
scaled coupling elements and crossing points

= −( )H R R1.044 * exp 0.857 * , (9)12
*

where

α γ= = +H
H

I I
R R, * 1

2
( ) .x12

* 12

1 2

Equations (7), (8) and (9) are below referred to as Olson1,
Olson2 and Olson3, respectively.

3.2. One-electron asymptotic methods

The asymptotic expression for the exchange interaction can
be derived using an one-electron approximation for the
charge-transfer reaction (A+ + e− + B). At large enough
internuclear distances, the electron interacts with the ionic
(A+) and neutral (B) atomic cores and an one-particle
Hamiltonian can be formulated [32–34]

= − + +H V r V rˆ 1

2
( ) ( ). (10)A Bel

2

The electronic coupling between ionic and covalent states is
given by Φ Φ〈 〉H| ˆ |1 el 2 , where Φ1,2 are the diabatic electronic
wave functions describing the electron localized either close
to the neutral atom (ionic state A+ + B−) or the cation

(covalent state A* + B). These diabatic wavefunctions are
represented as linear combinations of the adiabatic electronic
wave functions. The basic idea of the Landau–Herring
method [32] is to obtain the coupling strength from a surface
integral over a hypersurface S that separates the regions of

3
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influence of the potentials VA and VB in the configuration
space of the electronic coordinate

∫ Φ Φ Φ Φ∝ − × ( )H Sd . (11)
S

12 2
* 1 1

* 2

Using this method and asymptotic electronic wave
functions of the ionic and covalent states, Smirnov [35, 36]
dervived the following expression of the electronic coupling
element

⎡⎣ ⎤⎦αγ α γ

Γ γ Γ γ
α γ

= − +

× + + −
× − +

α γ−

−

[ ]

( )

H A R R l

l l

R

2 4 exp( 1 ) [2 1]

[ (1 1) (1 )]

exp ( ) . (12)

x x

x

12
2 2 2 2 1 1 2

1

Here A is a normalization factor and l is the angular
momentum of the electron in the final state. In the case of H−,

=A 2.652 [35, 36].
Using the same one-electron asymptotic method, Janev

obtained a slightly different expression [34] for the electronic
couplings

γ= −γ − ( )H A A DR R
1

2
exp . (13)i c x x12

1 1

Here, Ai and Ac are normalization constants of the asymptotic
radial wave functions of the active electron in the initial and
final states, respectively and = + +D l S[(2 1)(2 1)]1 2 is a
factor originating from the coupling of the initial and final
angular and spin momenta of the electron [34, 37, 38]. In the
case of H−, Ai = 1.12 [37]. Furthermore, we have

γ γ Γ γ Γ γ= + + −γ −A l l[2 ] [ (1 1) (1 )] .c
1 1 2

3.3. Ab initio methods

By calculating the adiabatic potential energy curves of the
excited molecular states at large internuclear distances where
the curve crossings occur, the electronic couplings can be
estimated from ab initio data. In the case of a two state
crossing, the electronic coupling can be approximated with
half the energy separation of the corresponding adiabatic
potential energy curves at the curve crossing

⎡⎣ ⎤⎦= −( ) ( )H V R V R
1

2
. (14)x x12 2

ad
1
ad

When several states are involved in the curve crossing (as in
the case of H2), the electronic coupling is obtained from the
square root of the sums of the corresponding potential energy
differences squared [3]

⎡
⎣
⎢⎢

⎡⎣ ⎤⎦
⎤
⎦
⎥⎥∑= − −( ) ( )H V R V R

1

2
. (15)

j

j x j x12
ad

1
ad 2

1 2

From structure calculations, the non-adiabatic coupling
elements, Φ Φ= 〈 ∂ ∂ 〉f R R( )ij i j

ad ad between adiabatic states
can be computed. The electronic coupling elements between
the ‘active’ states involved in the curve crossing can then be
obtained by a unitary two-by-two transformation of the cor-
responding ‘active’ adiabatic states. Here the transformation

matrix is

⎛
⎝⎜

⎞
⎠⎟

ϕ ϕ
ϕ ϕ

= −T
R R
R R

cos[ ( )] sin[ ( )]
sin[ ( )] cos[ ( )]

. (16)

The transformation of the adiabatic potential energy matrix V
to the corresponding diabatic potential energy matrix U is
given by

= −U T V T , (17)1

where the electronic coupling element is the off-diagonal
element of the diabatic potential energy matrix. For a strict
two-by-two diabatization, the rotational angle of the trans-
formation matrix is obtained by [39]

∫ϕ = ′ ′
∞

R f R R( ) ( )d (18)
R

ij

To obtain a ‘complete switch over’ between the adiabatic and
diabatic states across the curve crossing, i.e.
Φ Φ> = >( ) ( )R R R Rx

d
x1, 2

ad
1, 2 and Φ Φ< =( )R Rx

d
1, 2
ad

2, 1

<( )R Rx we must have ∫ϕ π= =
∞

f R R(0) ( )d 2ij0
. This is

obtained by ‘scaling’ the active non-adiabatic coupling ele-
ment such that

∫
π

=
′ ′∞f R

f R

f R R
˜ ( )

( )

2 ( )d
. (19)ij

ij

ij0

4. H−+H+

As mentioned in the introduction, the cross section and final
state distributions computed using the Landau–Zener method
using the different set of coupling elements will be compared
with results from the fully quantum study [4]. This calculation
produces a total cross section that agrees well with measured
cross sections at higher collision energies [4]. It also repro-
duces recent measurements of the energy dependence of the
final state distributions [40].

In the Landau–Zener model the electronic couplings
between the ionic and n = 2 and n = 3 covalent states at large
internuclear distances are included. In table 1, the crossing
points and the coupling elements obtained using the different
methods described above are summarized. The potential
energy curves of the n = 4 states cross the ion-pair potential at
internuclear distances around 280 a0. At such large distances,
the motion is highly diabatic and thus the n = 4 states do not
significantly contribute to the MN reaction [3, 41]. For the
semi-empirical methods and the one-electron asymptotic
methods, the crossing distances were calculated from the
curve crossing of the attractive quasidiabatic ion-pair poten-
tial with the constant potential of the covalent state. ‘APS’ in
table 1 refer to the coupling elements calculated using the
energy difference of the computed adiabatic potential energy
curves [4] and ‘ADT’ refer to the couplings obtained using
the two-by-two diabatic transformation. Here the crossing
distances are obtained from the ab initio data.
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Figure 2 shows the calculated cross sections for MN in
H+ + H− collisions in the energy range 0.01 eV to 100 eV
using the different coupling elements discussed above. We
compare with the cross section calculated ab initio [4].

As can be seen, the LZ cross sections do depend upon the
coupling parameters used in the model. At low energy the
Olson1 coupling parameters provide a MN cross section almost
an order of magnitude smaller than the one obtained using the
Smirnov coupling elements. The cross sections computed using
the Olson2, Janev and ATD coupling elements have similar
magnitudes as the quantum result. At larger energies ( >E 10
eV) the cross section deviates from the −E 1 energy dependence.
The cross sections obtained with Janev and ATD coupling
parameters do show similar trends, while the Olson2 cross
section continues to decay with increasing energy.

A more sensitive set of data to analyze than the total
cross section is the final state distributions. Here we analyze
the H(n = 2) + H and H(n = 3) + H branching ratios. These are
channels included in both the ab initio quantum calculation
[4] as well as the Landau–Zener studies. According to the
quantum study, at low energy the n = 3 channel completely
dominates, while at higher collision energies the n = 2
channel starts to contribute. Furthermore, the n = 1 channel

can be neglected over the whole energy range. Figure 3 dis-
plays calculated ratio of the n = 3 channel. The quantum result
is the black solid curve.

The LZ calculations using the Olson2 coupling erro-
neously predicts the n = 2 channel to completely dominate,
contrary to the Smirnov coupling elements that show a
dominance of the n = 3 channel over the whole energy range.
The Olson1, Olson3, Janev, APS and ATD coupling elements
all produce final state distributions that show that the dom-
inance of the n = 3 channel reduces with increasing energy.
All models, however, predict that this decrease occurs at
lower energies than what is found in [4].

To summarize the study on H+ + H− MN, both the ATD
and the Janev couplings provide cross sections and final state
distributions that are in good agreement with the ab initio
study. For the ATD method, the non-adiabatic couplings at
the avoided curve crossings have to be computed. For
molecular systems with more electrons these non-adiabatic
coupling elements are not straight forward to accurately
determine. For the BeH systems studied below, the Landau–
Zener model will be applied using coupling elements derived
with the formula (13) by Janev.

Table 1. Crossing distances and coupling strengths tested on the H+ + H− mutual neutralization reaction.

n = 2 n = 3
Method Rx (a0) H12 (eV) Rx (a0) H12 (eV)

Olson1, equation (7) 11.099 × −2.6786 10 1 36.043 × −2.8051 10 3

Olson2, equation (8) 11.099 × −1.1041 10 1 36.043 × −3.8741 10 4

Olson3, equation (9) 11.099 × −2.9241 10 1 36.043 × −3.7181 10 3

Smirnov, equation (12) 11.099 × −8.0935 10 1 36.043 × −9.8105 10 3

Janev, equation (13) 11.099 × −3.2948 10 1 36.043 × −5.9364 10 3

APS, equation (15) 11.600 × −2.7898 10 1 35.900 × −3.4452 10 3

ADT, equation (17) 12.250 × −3.2697 10 1 35.896 × −5.1996 10 3

Figure 2. H+ - H− mutual neutralization cross sections calculated
using the Landau–Zener method with different set of coupling
parameters are compared with the cross section calculated
ab initio [4].

Figure 3. Branching ratio to the H(n = 3) + H channel in H+ - H−

mutual neutralization calculated using the Landau–Zener method
with different set of coupling parameters. The figure also display the
n = 3 ratio calculated ab initio [4].
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5. H−+Be+

The ion-pair state of the BeH system has Σ+2 symmetry. It

crosses several of the covalent states associated with the Be*
+H limits at large internuclear distances. Some of the relevant
potential energy curves of BeH have been computed ab initio
[42, 43], but the avoided crossings at large internuclear dis-
tances have not been examined. In table 2, the relevant
covalent states are listed. We present the Q-value defined as
the energy difference between the asymptotic ion-pair and
covalent state (excitation energies are obtained from [44] and
electron affinity of H from [45]), together with curve crossing
distance Rx, and the electronic coupling element estimated
using the Janev formula (13). In present model nine covalent
states are included. There are several higher lying states with
curve crossing distances >R 95x a0. We assume that the
electronic couplings to these states can be neglected. The
electronic states associated with Be(2s3d 1D) + H and Be
( +2s4s S) H3 are here treated as one effective state with an
ionic-covalent electronic coupling obtained using the root of
the squared coupling elements according to equation (3).

In figure 4, the total MN cross section is displayed. We
compute the cross section for collisions of 9Be+ with H−, D−

and T−. There is a very small isotope-dependence in the MN
cross section. We have also calculated the Be+ + H− MN cross
section using other set of coupling elements such as the
Olson2, Olson3 and Smirnov couplings. We find that that at
low energies (<10 eV), the cross sections calculated using the
various coupling elements differ with less than a factor of
two. Additionally, the isotope effect in the total cross section
remains vanishingly small when calculated with coupling
elements estimated using the other methods.

In most cases, when the reaction is driven by avoided
crossings at large internuclear distances a small isotope effect
in the total cross section is observed. A similar behaviour is
observed in an ab initio quantum study of H+ + H− MN [46].
If instead the reaction is driven by couplings at small inter-
nuclear distances, such as in H+ + F− [26], a dramatic isotope
dependence can be observed. However, in the case of Li+ +
H− [23] a significant isotope effect was observed even though
the reaction was driven by avoided crossings at large inter-
nuclear distances.

By comparing the total MN cross sections for the two
systems calculated with the Janev couplings (see figure 4), we
note that the one of Be+ + H− is a factor of 3–7 larger than the
one of H+ + H−. This can be explained by the fact that the
BeH system has more ionic-covalent curve crossings in the
region 20 a0 < <R 40 a0 where the so-called reaction win-
dows [47] for these systems have their maxima.

From the Landau–Zener calculation, the final state dis-
tribution can be computed. Using the Janev coupling ele-
ments, at low collision energies (<10 eV), the Be(2s3p 1P) +
H and Be(2s3d 3D) + H channels are most important with
ratios of about 53% and 43%, respectively at an collision
energy of 1 meV. At higher energies other channels with
curve crossings occurring at smaller internuclear distances
such as the Be(2s3p 3P) + H channel start to contribute. It
should be noted, however, that even though the total Be+ + H−

MN cross section was relative insensitive to the coupling
elements used, the final state distribution changes when other
set of couplings are applied.

We note that at low energies (<10 eV), the Be(2s3p 1P) +
H and Be(2s3d 3D) + H channels are important while at
higher energies other channels with curve crossings occurring
at smaller internuclear distances such as the Be(2s3p 3P) + H
channel start to contribute.

6. Concluding remarks

Using the Landau–Zener model, MN in H+ + H− and Be+ +
H− collisions have been studied. For the H+ + H− reaction, the
cross section and final state distributions depend critically
upon the choice of electronic couplings. By comparing the
semiclassical results with data obtained ab initio quantum
mechanically on H+ + H−, we conclude that coupling ele-
ments obtained using formula derived by Janev (13) produce
reliable results. These are the coupling elements used to study

Table 2. Channels included in the MN study of Be+ + H− listed with
Q-values, crossing distances and coupling elements (13).

Asymptotic limit Q (eV) Rx (a0) H12 (eV)

Be(2s4s 1S) + H 0.4789 56.83 × −7.4648 10 5

Be(2s4s 3S) + H 0.5705 47.73 × −8.0249 10 4

Be(2s3d 1D) + H 0.5802 46.93
Be(2s3d 3D) + H 0.8746 31.22 × −9.2517 10 3

Be(2s3p 1P) + H 1.1060 24.77 × −2.8670 10 2

Be(2s3p 3P) + H 1.2647 21.74 × −8.1551 10 2

Be(2p2 1D) + H 1.5158 18.27 × −8.1888 10 2

Be(2s3s 1S) + H 1.7891 15.64 × −1.1270 10 1

Be(2s3s 3S) + H 2.1111 13.46 × −2.7821 10 1

Be(2s2p 1P) + H 3.2909 9.358 × −2.8197 10 1

Figure 4. Cross section for mutual neutrlalization in collisions of Be+

with H−, D− and T−. For comparison also the cross section for H+ +
H− mutual neutrlalization computed using the Janev coupling
elements is displayed.
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MN in Be+ + H− collisions and to compute total neutralization
cross section and final state distributions.
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a b s t r a c t

Mutual neutralization in collisions of Li+ and F� is driven by an avoided crossing between the two lowest
1Rþ electronic states of the LiF system. These electronic states are computed using the multi-reference
configuration interaction method. We investigate how the adiabatic potential energy curves and the
non-adiabatic coupling element depend on the choice of the reference configurations as well as the basis
set. Using diabatic states, the total and differential cross sections for mutual neutralization are computed.

� 2015 Elsevier B.V. All rights reserved.

1. Introduction

Diatomic molecules of alkali halides possess avoided crossings
between lower lying adiabatic states due to mixing between ionic
and covalent configurations. These systems provide illustrative
examples of the Born–Oppenheimer break-down and they have
been the subjects of numerous theoretical studies [1–3]. One such
system is the LiF molecule, where the ionic state crosses the cova-
lent state associated with the ground state fragments, Li(2S)+F(2P),
at an internuclear distance, Rx of 13.7 a0. Just below the ion-pair
threshold, there is another covalent limit, Li(2P)+F(2P), with a very
large crossing distance (around 190 a0) and hence the correspond-
ing electronic coupling can be neglected [4]. Asymptotically, the
ion-pair potential can be described by the Rittner potential,

Vip Rð Þ ¼ Eth � 1
R � aðLiþÞþaðF�Þ

2R4
, with the polarizabilities given by

aðLiþÞ ¼ 0:193 a30 and aðF�Þ ¼ 13:5 a30 [1].
The avoided crossing between the two lowest 1Rþ states of LiF

have been extensively studied by ab initiomethods. One of the first
studies was performed in 1974 by Kahn et al. [5], using a multi-ref-
erence configuration interaction (MRCI) approach, where single
and double external excitations were included from a 12-configu-
ration reference wave function. The calculated adiabatic states
were diabatized using an orthogonal two-by-two transformation
and by assuming the ion-pair state has the above mentioned Rit-
tner form. The calculated crossing distance was found to be about
11.3 a0. In 1981, Werner and Meyer [1] performed state-averaged
multi-configuration self-consistent field (MCSCF) calculation on
the two lowest 1Rþ states of LiF. The states were diabatized by

performing an orthogonal transformation of the adiabatic dipole
matrix into a diagonal diabatic one. This approach gave a crossing
distance of 13.3 a0. This was followed by a theoretical study of
Bauschlicher and Langhoff [6], where MRCI calculation using
state-averaged complete active space self-consistent field (CASSCF)
orbitals were compared with configuration interaction calculations
where the lowest three molecular orbitals [F(1s), Li(1s) and F(2s)]
were kept doubly occupied, and all excitations among the remain-
ing valence electrons were included. They found a curve crossing
distance of 12.6 a0. This is significantly shorter than the one
expected due to the use of a small basis set. Again the states were
diabatized by assuming a Rittner form of the diabatic ion-pair
state. The ion-pair potential energy curve was shifted in energy
to obtain a correct crossing distance. The fourfold way methodol-
ogy for direct diabatization [7] has been illustrated for the LiF sys-
tem using multiconfiguration quasidegenerate perturbation theory
calculations and a crossing distance of 12.5 a0 was obtained [8].

To mention some of the more recent quantum chemistry calcu-
lations on the LiF system, we have an extensive study by Varandas
[9] in 2009 using the MRCI technique with a sequence of correla-
tion consistent basis sets. The calculated energies were extrapo-
lated to the complete one-electron basis set limit. The computed
non-adiabatic coupling element was fitted to analytical forms
and the obtained parameters were used to perform an adiabatic
to diabatic transformation [9,10]. The extrapolated crossing dis-
tance was found to be 13.66 a0, which is in very good agreement
with the predicted one. The explicitly correlated multi-reference
configuration interaction method, MRCI-F12, has been tested on
the LiF system [11] using the same set of basis sets as the ones used
by Varandas. It was demonstrated that with a given basis set and
active space, the calculated curve crossing distance get signifi-
cantly closer to the one expected when the MRCI-F12 scheme is
used.
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To theoretically study the mutual neutralization reaction, the
electronic coupling between the ionic and covalent states has to
be known. Rather than using ab initio data, the coupling can be
estimated semi-empirically. In 1974, Grice and Herschbach [12]
used a simple model for the atomic orbitals of the transferred elec-
tron for approximating the coupling element with an exponential
function. A few years later, Janev and Radulović [13] applied the
one-electron Landau–Herring method [14] to estimate the magni-
tude of the ionic-covalent coupling element. The coupling element
was used to perform a Landau–Zener calculation [15,16] on the
mutual neutralization cross section.

In 1983, Bienstock and Dalgarno [17] performed an ab intio
quantum study of the chemi-ionization and mutual neutralization
reactions for the LiF system. They used the diabatic potential
energy curves and coupling calculated by Werner and Meyer [1]
and numerically solved the Schrödinger equation for the nuclear
motion.

The goal of the present study is not to perform the ‘‘best” quan-
tum chemistry calculation on the two lowest 1Rþ states of LiF.
Rather, the intention is to find a relatively simple approach to
study the mutual neutralization reaction ab initio and quantum
mechanically. Here, we systematically perform a number of MRCI
calculations on the two lowest 1Rþ states of LiF based on state-av-
eraged CASSCF orbitals. Different active spaces and sets of correla-
tion-consistent basis functions are tested. We examine how the
non-adiabatic coupling element depends on the level of the struc-
ture calculation. A strict two-by-two diabatization is performed
and ‘‘scaling method” is proposed to obtain the expected ionic-co-
valent curve crossing distance.

Section 2 outlines the structure calculations, together with a
description of the diabatization scheme and a brief discussion on
the computations the mutual neutralization cross section. The
results are presented in Section 3. We show that the non-adiabatic
coupling can be fitted to a Lorentzian function with a width that
decays with increasing crossing distance. This is used to obtain a
set of ‘‘scaled” diabatic potentials and coupling. The electronic cou-
pling element is compared with those obtained in previous studies.
With the calculated diabatic potential energy matrix, the total and
differential cross sections for mutual neutralization are calculated.
The quantum mechanical cross section is compared with the one
obtained using the Landau–Zener model and previously calculated
cross section. Atomic units are used throughout.

2. Computational details

2.1. Structure calculations

The quantum chemistry calculations are carried out with the
MOLPRO program package [18]. In the present study, results from
series of calculations are presented using the correlation-consis-
tent basis set cc-pVXZ for lithium and aug-cc-pVXZ for the fluorine
atom, where X = D,T,Q,5 [19]. Molecular orbitals are generated
using CASSCF calculations, where the active space consists of six
electrons distributed among seven (or six) orbitals. The lowest
three r orbitals [corresponding to F(1s), Li(1s) and F(2s)] are kept
doubly occupied and the following three r and two pairs of p orbi-
tals are active in the case of seven active orbitals. Test calculations
with six active orbitals are carried out, where the outer r orbital is
excluded from the active space. State-averaged molecular orbitals
are computed, where the two lowest 1Rþ states of LiF are opti-
mized with equal weights. The molecular orbitals are then used
in the subsequent MRCI calculation where the reference configura-
tions are generated by allowing for excitations of the six valence
electrons among the same set of seven (or six) active orbitals. Addi-
tional single and double external excitations out of the reference

configurations are included. These sets of calculations will be
labeled ‘‘7 orb/VXZ” or ‘‘6 orb/VXZ” depending on whether seven
or six active orbitals have been included in the CASSCF and MRCI
calculations with the cc-pVXZ and aug-cc-pVXZ basis sets for Li
and F, respectively. The adiabatic potential energy curves of the
two lowest 1Rþ states of LiF are computed for internuclear dis-
tances ranging from 2.0 to 20.0 a0.

The non-adiabatic first-derivative coupling element,
f 12 Rð Þ ¼ U1 @Rj jU2h i, between the two lowest 1Rþ states of LiF is
computed at the MRCI level using three-point finite difference with
a step-size of dR ¼ 0:01 a0.

2.2. Diabatization

Instead of using an adiabatic representation with adiabatic
states coupled by non-adiabatic interactions, it is customary to
perform an orthogonal transformation to a diabatic representation.
The diabatic states are not eigenstates to the electronic Hamilto-
nian, but are coupled by electronic couplings. However, in the dia-
batic representation the coupling elements arising from the
nuclear kinetic energy operator will vanish [20,21]. Assuming only
two electronic states are coupled, the adiabatic-to-diabatic trans-
formation matrix becomes

T Rð Þ ¼ cos að Þ sin að Þ
� sin að Þ cos að Þ

� �
; ð1Þ

where the rotational angle is obtained by integrating the non-adia-
batic coupling element [21]

a Rð Þ ¼
Z 1

R
f 12 eR� �

deR: ð2Þ

Using the orthogonal transformation U ¼ TTVT, where V is a two-
by-two diagonal matrix containing the two adiabatic potential
energy curves, the elements of the diabatic potential energy matrix
U become

U11 Rð Þ ¼ V1 Rð Þ sin2 aþ V2 Rð Þ cos2 a
U22 Rð Þ ¼ V1 Rð Þ cos2 aþ V2 Rð Þ sin2 a

U12 Rð Þ ¼ 1
2

V2 Rð Þ � V1 Rð Þ½ � sin 2að Þ:
ð3Þ

2.3. Nuclear scattering calculations

The nuclear scattering matrix element, S‘if , is computed at fixed
collision energy from the asymptotic solution of the coupled equa-
tion for the radial nuclear wave function in the diabatic represen-
tation. The coupled differential equation is numerically solved
using Johnson’s log-derivative method [22,23] and the cross sec-
tion for mutual neutralization is computed with

rif Eð Þ ¼ p
k2i

X
‘

2‘þ 1ð Þ S‘if � dif
��� ���2: ð4Þ

Here k2i =2l ¼ E, where E is the collision energy (assuming zero
threshold energy for the incoming channel) and l is the molecular
reduced mass and ‘ is the angular momentum quantum number.
More details on the numerical scheme can be found in [24].

Using the scattering matrix elements not only the total, but also
the differential cross section can be computed using

drif

dX
¼ ki

kf
f if E; hð Þ�� ��2: ð5Þ

Here, the scattering amplitude is given by
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f if E; hð Þ ¼ 1
2i

ffiffiffiffiffiffiffiffi
kikf

p X
‘

2‘þ 1ð Þ S‘if � dif
� �

P‘ cos hð Þ; ð6Þ

where P‘ are the Legendre polynomials.
Additionally, instead of a quantum mechanical description of

the nuclear motion, a semi-classical approach can be applied,
where the cross section is calculated using the Landau–Zener
model [15,16]. The cross section for neutralization is then given
by [25]

rif Eð Þ ¼ p
k2i

X
‘

2‘þ 1ð Þ2P‘ 1� P‘ð Þ; ð7Þ

where P‘ is the Landau–Zener probability for making a transition
between the diabatic states.

3. Results

3.1. Structure calculations

As described in Section 2.1, the quantum chemistry calculations
are carried out with the MRCI method using CASSCF orbitals with 6
or 7 active orbitals and the cc-pVXZ/aug-cc-pVXZ basis sets for Li
and F, where X = D,T,Q,5. We compute the adiabatic potential
energy curves of the two lowest 1Rþ states of LiF. From these cal-
culations the obtained crossing distance, Rx, ranges from 12.497 a0
in the 6 orb/VDZ calculation to 13.587 a0 at the 7 orb/V5Z level. In
Fig. 1, the calculated adiabatic potential energy curves from the 7
orb/V5Z scheme are compared with those of Werner and Meyer
[1] and the data obtained by Varandas by applying the extrapola-
tion scheme towards a complete basis [9]. Our potentials agree
very well with those obtained by Varandas, also in the region of
the avoided crossing, as can be seen in the inset of the figure.

The non-adiabatic first-derivative coupling element, f 12 Rð Þ, is
computed for the different sets of calculations. Fig. 2 shows the
results from the calculations using seven active orbitals for the var-
ious basis sets. The symbols show the results from the quantum
chemistry calculations, while the lines show fits of the coupling
elements to a Lorentzian function of the form

f 12 Rð Þ ¼ C

4 R� Rxð Þ2 þ C2 : ð8Þ

The ab initio coupling element can be well described by this func-
tion. This can be explained by the fact that in the vicinity of the

avoided crossing only two electronic states interact [26]. It can be
shown [27] that for a two state diabatic Hamiltonian, where the dif-
ference between the two diabatic potential energy curves vary lin-
early with R and the electronic coupling is constant (a Landau–
Zener Hamiltonian [15,16]), the non-adiabatic coupling will have
the above mentioned Lorentzian form. The parameter Cwill be pro-
portional to the electronic coupling at the curve crossing. This ana-
lytical form of the non-adiabatic coupling element was also
discussed in the study of Varandas [9].

Fig. 3 displays the width, C, of the non-adiabatic coupling ele-
ment as a function of the fitted crossing distance, Rx. As can be
seen, the width of the coupling element becomes smaller as the
crossing distance increases. It is well known that the dominant fac-
tor for the magnitude of the ionic-covalent electronic coupling ele-
ment decays approximately exponentially with the crossing
distance [28,29]. This is due to the overlap between the asymptotic
diabatic wave functions. Since the parameter C is proportional to
the electronic coupling, also the length of the region where the
two states interact will decay exponentially with the crossing dis-
tance. By fitting the calculated widths to an exponential decaying
function (blue dotted line), the width can be extrapolated to the
expected crossing distance of Rx ¼ 13:7 a0. The value

Fig. 1. Adiabatic potential energy curves of the two lowest 1Rþ states of LiF
calculated at the 7 orb/V5Z level of theory (lines). The solid symbols show the
potential energies calculated by Varandas [9] and the open symbols are those
obtained by Werner and Meyer [1]. The inset shows the potential energy curves in
the region of the avoided crossing.

Fig. 2. Non-adiabatic first-derivative coupling element calculated using seven
active orbitals. The symbols show the ab initio data, while the lines are fits to a
Lorentzian function.

Fig. 3. Width of the non-adiabatic coupling element as a function of the crossing
distance. Symbols display the calculated points, while the dotted (blue online) line
is a fit to an exponential decaying functon. The triangle (blue online) show an
extrapolated value of the width to the expected crossing distance Rx ¼ 13:7 a0. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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C ¼ 0:46415 a�2
0 is then obtained. The thick black curve in Fig. 2

shows the non-adiabatic coupling element scaled to the expected
crossing distance.

The different sets of adiabatic states are diabatized as described
in Section 2.2. We then obtain crossing diabatic potential energy
curves, as shown in Fig. 4. The inset of Fig. 4 shows the diabatic
potential energy curves near the curve crossing region. The poten-
tial energy of the covalent state does not significantly change in the
different set of calculations. Rather, the ion-pair state gets lowered
in energy compared to the covalent state for calculations with lar-
ger basis sets. We assume the diabatic ion-pair state can be
‘‘scaled” by subtracting a constant energy from the ion-pair state
to obtain a curve crossing at the expected distance, Rx ¼ 13:7 a0.
The scaled diabatic potentials are displayed with the thick black
lines in Fig. 4.

The electronic coupling element, U12 Rð Þ, obtained with seven
active orbitals and the different basis sets is displayed in Fig. 5.
At small distances, the electronic coupling element changes when
different basis sets are used. However, in the vicinity of the curve-
crossing region, the coupling element does not significantly
depend on the basis set.

In Fig. 6, we compare our calculated electronic coupling at the 7
orb/V5Z level of theory with some previous reported results. As
described in the introduction above, different diabatization
schemes have been applied in earlier studies. In the vicinity of
the curve crossing, we obtain similar magnitude of the coupling
element as all previous studies did. This is the region that is impor-
tant for the mutual neutralization reaction. At smaller distances,
our coupling element becomes negative.

To obtain the ‘‘scaled” diabatic potentials, the diabatic potential
energy matrix from the 7 orb/V5Z calculation, with the ion-pair
potential shifted down in energy, is diagonalized. The obtained adi-
abatic potential energy curves will have the avoided crossing at the
expected crossing distance Rx ¼ 13:7 a0. It is assumed that the non-
adiabatic coupling element is given by the scaled Lorentzian func-
tion. (At small distances, the non-adiabatic couplings are not zero
and here the result from the 7 orb/A5Z calculation is used). Finally
the scaled adiabatic states are diabatized.

3.2. Mutual neutralization cross section

The cross section for mutual neutralization is computed for the
different models using Eq. (4) at collision energies ranging from

Fig. 4. Diabatic potential energy curves of the two lowest 1Rþ states of LiF
calculated with seven active orbitals.

Fig. 5. Electronic coupling between the lowest two 1Rþ diabatic states of LiF
calculated with seven active orbitals.

Fig. 6. Electronic coupling calculated at the 7 orb/V5Z level is compared with
coupling elements from Kahn et al. [5], Werner and Meyer [1], Bauschlicher and
Langhoff [6], Varandas [10], Grice and Herschbach [12], as well as Janev and
Radulović [13].

Fig. 7. Total Li+ + F� mutual neutralization cross section computed both quantum
mechanically and using the Landau–Zener model with diabatic states obtained
using seven active orbitals. The cross section computed by Bienstock and Dalgarno
[17] is displayed. We have also used the diabatic potential energy matrix given by
Werner and Meyer [1] to compute the cross section.
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1 meV to 100 eV. In Fig. 7, we show the results from the calcula-
tions with seven active orbitals together with the cross section cal-
culated with ‘‘scaled” potentials. As the calculation improves, the
curve crossing distance increases and the magnitude of the cross
section decreases. Also the semi-classical Landau–Zener model
[Eq. (7)] is applied to compute the cross section for the scaled
potentials. We obtain similar cross sections with the quantum
and semi-classical calculations. Notably, the cross section given
by Bienstock and Dalgarno [17] is significantly smaller than the
cross section computed here. In [17] the diabatic potential energy
matrix computed by Werner and Meyer [1] is used. However, the
electronic coupling element displayed in Fig. 2 of reference [17]
does not agree with the coupling element tabulated by Werner
and Meyer [1]. Furthermore, using in our quantum mechanical
nuclear scattering code the diabatic potential energy curves and
electronic coupling obtained by Werner and Meyer, a cross section
similar to the ones we compute with a smaller basis sets is
obtained. This is shown with the dashed (brown online) line in
Fig. 7.

A quantummechanical description of the nuclear motion allows
not only for computation of the total cross section, but also the dif-
ferential cross section can be obtained. The scaled potentials are
used to compute the differential cross section, which is shown
for some selected collision energies in Fig. 8. At low collision ener-
gies, the differential cross section is peaked in the forward direc-
tion (small scattering angles) with sharp and relatively regular
oscillations. For a given angle, there is a transition in the differen-
tial cross section between fast oscillations and slower ones. It has
been discussed [30,31] that this transition between slow and fast
oscillations reflects the Coulomb scattering angle where the transi-
tion takes place at the distance of closest approach. Similar fast
oscillations at low scattering angles have been seen in the quan-
tum ab initio study on mutual neutralization in Li+ + H� collisions
[30]. When the collision energy increases, the transition angle
decreases. At large collision energies, backward scattering becomes
more important.

4. Conclusion

Ab initio quantum mechanical calculations on mutual neutral-
ization in collisions of Li+ and F� ions have been performed. The
total and differential cross sections have been computed based
on strictly diabatic states calculated using the MRCI method. Due
to the low threshold energy of the ion-pair limit, only two coupled
electronic states have to be considered. By performing quantum
chemistry calculations with a number of correlation-consistent
basis sets, we obtain non-adiabatic coupling elements well
described by a Lorentzian function with a width that decreases
exponentially with the calculated crossing distance. Similar mutual
neutralization cross sections are computed when the nuclear
motion is described both quantum mechanically and semi-classi-
cally using the Landau–Zener model. A significantly larger cross
section than the one computed by Bienstock and Dalgarno [17] is
obtained. The reason for this discrepancy is not clear.
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Fig. 8. Differential cross section for Li++F� mutual neutralization calculated for
some selected collision energies.
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Abstract. The resonant states of HeH are computed by combining structure calculations
at a full configuration interaction level with electron scattering calculations carried out
using the Complex-Kohn variational method. We obtain the potential energy curves,
autoionization widths, as well as non-adiabatic couplings among the resonant states.
Using the non-adiabatic couplings, the adiabatic to diabatic transformation matrix can
be obtained. A strict diabatization of the resonant states will be used to study various
scattering processes where the resonant states are involved. These processes involve high
energy dissociative recombination (DR) and ion-pair formation (RIP), resonant and direct
dissociative excitation (DE), penning ionization (PI) as well as mutual neutralization (MN).

1. Introduction

When an electron collides with a molecular ion, such as HeH+, a number of processes can occur. There
is, of course, elastic scattering

HeH+(vi , Ji) + e− → HeH+(vi , Ji) + e−,

where only the momentum of the electron has changed. There are inelastic processes, such as vibrational
and rotational excitation, where some energy is exchanged

HeH+(vi , Ji) + e− → HeH+(vf , Jf ) + e−.

At higher energies, electron-impact excitation to a dissociative electronic state can result in direct
dissociative excitation (direct DE). In this case, the incident electron causes a transition to a dissociative
excited state of the target ion with enough internal energy to cause fragmentation [1–3]

HeH+(vi , Ji) + e− → He+ + H + e−.

In addition, there are a number of resonant processes. Every state of the ion can serve as a parent ion for
a series of neutral states. Below the ground state, these are a Rydberg series of neutral states converging
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to the ion. Electron capture to these Rydberg states via non-adiabatic interactions drives the dissociative
recombination (DR) process at low collision energies [4–7]

HeH+(vi , Ji) + e− → He + H,

where the H fragment becomes excited.
However, if the parent state is an excited state of the ion, the neutral Rydberg states are doubly

excited (Feshbach) resonances that lie below the direct dissociation threshold, and are formed when
an incoming electron excites the target ion and attaches to a Rydberg orbital. Capture into these states
can initiate a number of resonant processes. As the neutral molecule evolves in time, the system can
autoionize, meaning the electron can be re-emitted, returning the molecule to its original electronic
state. If the system returns to a bound ro-vibrational state of the ion, the process is resonant vibrational
excitation (resonant VE) (or de-excitation)

HeH+(vi , Ji) + e− → HeH∗ → HeH+(vf , Jf ) + e−.

If the system has enough energy to dissociate to products, the process provides an efficient path
to dissociation at energies below the direct excitation level and the reaction is resonant dissociative
excitation (resonant DE) [3, 8]

HeH+(vi , Ji) + e− → HeH∗ → He + H+ + e−.

If, while evolving in time, the neutral fragments reach an internuclear separation beyond which
autoionization is no longer possible, the states are considered electronically bound and the result is
again dissociative recombination

HeH+(vi , Ji) + e− → HeH∗ → He + H.

The resonant states of HeH produce a peak in the DR cross section around 18 eV [9, 10] and in this
process the He fragment becomes excited. At collision energies above 12.07 eV (with target ions in ro-
vibrational groundstate), the energy of system is enough for dissociation into the ion-pair. The resonant
ion-pair formation (RIP)

HeH+(vi , Ji) + e− → HeH∗ → He+ + H−

is a processes competing with the high-energy DR [10]. The study of these processes requires both the
accurate treatment of the electron scattering processes, but must also include a consistent description
of the neutral electronic states for all internuclear distances that are probed during the processes. This
includes not only the adiabatic potential energy curves of the resonant states, but also the couplings. Both
the couplings between the resonant states and the scattering continuum (the autoionization widths) and
the non-adiabatic couplings among the resonant states are needed to completely describe the processes
and to compute cross section including the branching ratios into final states.

The same curves and couplings mediate another series of collision processes. These include Penning
Ionization (PI) [11–14]

He∗ + H → HeH∗ → He + H+ + e−.

Associative Ionization (AI) [15, 16]

He∗ + H → HeH∗ → HeH+(vf , Jf ) + e−,

and Mutual Neutralization (MN) [17–19]

He+ + H− → HeH∗ → He∗ + H.

Our work in this area has been to develop methods to obtain these curves and couplings and next we will
use them to study the above mentioned processes. In the next section we will outline our computational
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approach both for the quantum chemistry calculations of the adiabatic potential energy curves and
non-adiabatic couplings as well as the electron scattering calculations. This is followed by a section
describing the diabatization procedure needed. We will then discuss our methods that will be applied to
study some of the above mentioned processes and some preliminary results are presented.

2. Computational approach

The goal is to obtain an accurate and consistent set of curves and couplings that can be used in the
study of these processes. Our computational approach to this problem combines quantum chemistry
and electron scattering techniques carried out with the MESA program [20]. We use standard quantum
chemistry methods to obtain the bound electronic states and the non-adiabatic coupling between those
states. We then carry out electron scattering calculations to obtain the positions of the resonant states
and the autoionization widths. It is important that these calculations are done accurately and consistently
to obtain the potential energy curves and couplings. When the potential energies and autoionization
widths of the resonant states as well as the non-adiabatic interactions between them are obtained, a
strict diabatization procedure is followed.

2.1 Structure calculations

For HeH, there are two distinct sets of neutral electronic states. First there are the low lying electronic
states that can be described as Rydberg states with an ionic core in the electronic ground state
(X1�+). These states drive the low-energy dissociative recombination of HeH+ through non-adiabatic
interactions. The second set of states are higher lying electronic states that are the Rydberg states with
an excited (either a3�+ or A1�+) ionic cores. These resonant states are important for high-energy
dissociative recombination, resonant pair formation resonant dissociative and vibrational excitation,
penning ionization and mutual neutralization. The present article focuses on these states.

To obtain the bound adiabatic potential energy curves, we carried out a full Configuration Interaction
(CI) calculation with an aug-cc-pVQZ He basis [21] set and an aug-cc-pVTZ basis set for H [22].
Extra diffuse functions were added to describe the 3d states. This resulted in 106 basis functions. This
reproduced the asymptotic limits of resonant states to ∼200 cm−1 with an accuracy for the relative
energies of ∼5 cm−1.

Below the ion, all states have configurations of (1�)2(n�)1, which are a series of Rydberg states
converging to the ground state of the ion and are bound electronically. In Fig. 1, the potential energies of
the ground state (X1�+) of the HeH+ ion and the first two excited states (a3�+ and A1�+) are displayed
with the thick black curves. The bound Rydberg states of 2�+ and 2� symmetries are shown with the
thin dotted black and red curves, respectively.

Above the ion, states with configurations (1�)2(n�)1, are background states, representing
a discretized ionization continuum. However, there exists electronic states with configurations
(1�)1(2�)1(n�)1 that are members of Rydberg series converging to excited states of the ion (either
a3�+ or A1�+). Eleven resonant states of 2�+ symmetry, six states of 2� symmetry and two 2� states
were obtained. The potential energies of these states can be extracted from the structure calculation by
examining the configurations of the wave functions. As long as the autoionization width of the resonant
state is small and there is no strong mixing of the resonant and background configurations, the structure
calculations can provide reliable energy positions of the resonant states. In Fig. 1 the HeH resonant
states of 2�+ (thin black curves), 2� (thin red curves) and 2� (thin green curves) are displayed.

We first focus on the resonant states of 2�+ symmetry. One of these states asymptotically correlates
with the ion-pair He+ + H− limit. When the attractive ion-pair state interacts with the covalent Rydberg
states avoided crossings occur at large internuclear distances. The eleven resonant states of 2�+

symmetry include all resonant states with avoided crossings at distances smaller than 100 a0. The
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Figure 1. Thick black curves show the potential energies of the ground and first two excited states of HeH+. The
thin dotted curves show bound Rydberg states, while thin solid curves are the potential energies of the resonant
states of 2�+ symmetry (black), 2� symmetry (red) and 2� symmetry (green).

Figure 2. Potential energies of HeH resonant states of 2�+ symmetry.

potential energies of the adiabatic resonant states of 2�+ symmetry are displayed in Fig. 2. The thin lines
at R > 40 a0 show experimental dissociation limits relative to the ground state fragments. There are clear
signs of avoided crossings occurring when the attractive ion-pair state interact with the Rydberg states at
large distances. For Rydberg states dissociating into the He(n = 2) + H , these avoided crossings occur
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Figure 3. Non-adiabatic coupling elements between neighboring adiabatic states involved in the He(n = 3) + H –
ion pair avoided crossings.

around 10 a0. For the He(n = 3) + H states there are avoided crossings ranging from 24 to 37 a0. The
avoided crossings are accurate to within a few tenths of a0.

The non-adiabatic couplings, fij (R) = 〈�ad
i

∣∣ �
�R

∣∣�ad
j 〉, were calculated analytically using the

MESA code. These calculations could not be carried out at the full-CI level. They employed the same
basis, but a Multi-Configuration Self Consistent Field (MCSCF) calculation was used to generate the
orbitals. An active space of ten natural orbitals was used, with full CI in the active space and double
external excitations. This resulted in the same energies as the full CI calculation. The resonance states
were identified by configurations and the couplings between them were computed. The approach is
straightforward at large internuclear distances where the autoionization widths of the resonant states
are negligible. However, at small distances (R < 5 a0) there is strong mixing between the ionization
continuum and the resonant states. Work is presently in progress to extract coupling elements when
each resonant state can be described as a superposition of roots from the structure calculation.

There are arbitrary signs of the adiabatic electronic wavefunctions. To correct for this sign-flipping,
a minimization program is written where the signs of the states are determined by minimizing the sum
of the differences of all coupling elements at neighboring grid points. Our preliminary results of some
of the coupling elements involved in the He(n = 3) + H and He+ + H− avoided crossings are shown in
Fig. 3. The couplings are peaked at the vicinity of the avoided crossings.

2.2 Electron scattering calculations

The electron scattering calculations could not be carried out at the full-CI level. These calculations, using
the complex Kohn variational method [23], employed the same basis. Natural orbitals were obtained a
full-CI level. An active space of ten natural orbitals was used, with full CI in the active space and single
external excitations. By fitting the eigenphase sum of the fixed nuclei elastic scattering matrix to a Breit-
Wigner form, the resonance energy position (relative to the target ion) and the autoionization width can
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Figure 4. a) Comparison of the energies of the 2�+ resonant states obtained from structure calculations (lines)
and electron scattering calculations (symbols). b) Autoionization widths of the 2�+ resonant states obtained from
electron scattering calculations.

be obtained. This resulted in shifted energies, but when referenced relative to the ion, resulted in the
same results. The results are shown in Fig. 4.

2.3 Diabatization procedure

We include 11 resonant states of 2�+ symmetry. We assume these states interact with the ionization
continuum [through the autoionization width �i], and they interact with each other [through the
non-adiabatic couplings fij (R)]. We do not include interactions to higher lying resonant states or
between states of different symmetry. Usually the transformation between the adiabatic and diabatic
representations are approximate. In the case of a diatomic, where the curves and non-adiabatic couplings
are known, it is possible to use the exact “strict diabatization”. Further information can be found in
paper [24]. In this case, the adiabatic resonant states can be transformed to a diabatic representation
using the orthogonal transformation matrix T obtained by integrating the equation [24]

[
1

d

dR
+ f

]
T = 0, (1)

where the off-diagonal anti-symmetric f-matrix contains the non-adiabatic coupling elements. We apply
the boundary condition that asymptotically the adiabatic and diabatic states are identical. Once the
transformation matrix is obtained, the diagonal complex adiabatic potential matrix Vad with elements
V ad

ii (R) = Vi(R) − i �i (R)
2 , can be transformed to a diabatic potential matrix Vd = Tt VadT. We use a

local complex model for the autoionization [25], which is known to be valid for high-energy resonant
states. The resulting real part of the diagonal elements of the diabatic potential matrix are displayed in
Fig. 5. It should be noted that using a “strict diabatic” representation, the diagonal potentials do not
remind of the more familiar shape of the “quasi-diabatic potentials” with an attractive ion-pair potential
crossing the repulsive Rydberg states.

03001-p.6
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Figure 5. Real part of the diagonal elements of the diabatic potential matrix in 2�+ symmetry.

2.4 Nuclear dynamics

Once the potential energy curves, couplings and autoionization widths of the HeH resonant states are
determined, the reactions discussed in the introduction can be studied. The nuclear dynamics are studied
quantum mechanically by numerically solving either the time-dependent [26] or time-independent
driven Schrödinger equation [27]. For some processes, such as dissociative recombination, ion-pair
formation and dissociative excitation, the rotational motion of the system will be neglected. Studies
of reactions involving collisions of atoms or ions (such as penning ionization, associative ionization
and mutual neutralization) require inclusion of angular momentum. A partial wave decomposition is
performed and the coupled radial Schrödinger equation will be solved for fixed angular momenta [28].
The total cross section for the reaction is obtained by summarizing contributions from partial waves.

3. Results

We report some preliminary results from the studies of direct and resonant dissociative excitation
processes. These calculations can be seen as a test of the accuracy of the electron scattering calculations
upon which the present model is based.

3.1 Direct dissociative excitation

In direct dissociative excitation, inelastic electron scattering causes an excitation of the HeH+ ion to one
of the lowest two excited states (a3�+ or A1�+), followed by a direct dissociation to He+ + H. Within
the adiabatic-nuclei approximation [29, 30], the energy-normalized nuclear continuum function of the
excited target state is approximated with a Dirac-delta function. Then the cross section can be written
[2, 31]

��
nn′ (E) =

∫ ∞

RE

�̃�
nn′ (E, R)

[
�v0 (R)

]2
dR, (2)
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Figure 6. Cross section for direct dissociative excitation of HeH+.

Figure 7. Cross section for resonant dissociative excitation of HeH+.

where the fixed-nuclei inelastic electron scattering cross section, �̃�
nn′ (E, R) obtained from the Complex-

Kohn calculations, is averaged over the square of the vibrational wave function of the HeH+ ion in the
initial vibrational state v0. The fixed-nuclei inelastic cross section has sharp, narrow resonances on
a smooth and relative energy-independent background. The sharp resonances arise from capture into
Feshbach resonances and to obtain only the direct contribution these were manually removed. In Fig. 6,
the calculated cross section (red curve) is compared with the measured cross section using an ion-storage
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ring [3]. We also compare with the computed cross section (blue curve) by Orel and Kulander [2] that
was based on the same delta-function approximation, but with a smaller electron scattering calculation
and assuming that the fixed nuclei cross section simply shifts with the threshold energies when the
internuclear distance is changed. We have begun to explore methods that go beyond the delta-function
approximation and that include the nuclear dynamics in the description of the process [31].

3.2 Resonant dissociative excitation

In the resonant dissociative excitation process, the electron is temporarily captured into the resonant
states. Autoionization back to the ground ionic state may cause dissociation if the kinetic energy of the
He + H+ fragments is high enough. As a model to test the scattering calculation, we have only included
the contribution from the lowest resonant state of 2�+ symmetry. We do not include non-adiabatic
couplings to higher resonant states. As can be seen in Fig. 7, the computed cross section [32] agrees well
with the measured cross section from CRYRING [3]. At higher collision energies (E > 14 eV), higher
lying resonant states contribute to the cross section. Next, the process will be studied by including all
resonant states as well as the couplings between them.

4. Conclusion

We have carried out combined structure/electron scattering calculations on HeH to obtain accurate
energies, non-adiabatic couplings as well as autoionization widths of resonant states. These electronic
states are important for many reactive collisional processes such as high-energy dissociative
recombination, ion-pair formation, vibrational and dissociative excitation, associative ionization,
penning ionization as well as mutual neutralization. Using a strict diabatic representation of the resonant
states, consistent studies of these processes will be performed.
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A theoretical study of mutual neutralization in He++H− collisions
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Total and differential cross sections for mutual neutralization in low energy (0.001 eV -100 eV)
He+ and H− collisions are calculated ab initio and fully quantum mechanically. Atomic final state
distributions and isotope effects are investigated. The theoretical model includes dynamics on eleven
coupled states of 2Σ+ symmetry where autoionization is incorporated. The potential energy curves,
autoionization widths and non-adiabatic couplings of electronic resonant states of HeH are computed
by combining structure calculations with electron scattering calculations. The nuclear dynamics is
studied using a strict diabatic representation of the resonant states. Effects of rotational couplings
between 2Σ+ and 2Π electronic states are investigated in the pure precession approximation.

I. INTRODUCTION

In mutual neutralization, oppositely charged ions col-
lide and driven by non-adiabatic couplings, an electron is
transferred resulting in formation of neutral fragments.
An ab initio description of the reaction is challenging
since dynamics on highly excited electronic states has
to be considered and the reaction is induced by non-
adiabatic couplings between ionic and covalent states,
often occurring at large internuclear distances. In the
past there ahas been numerous semi-classical studies [1–
3] of the process using e.g. the Landau-Zener model [4, 5]
or similar approaches. Currently, there are just a handful
of fully quantum mechanical ab initio studies of the MN
reaction and all are limited to collisions between atomic
ions [6–13].
Here, mutual neutralization in collisions of He+ with

H− is theoretically studied, i.e.

He+ +H− → HeH∗ → He∗ +H. (1)

The calculation is performed ab initio and fully quantum
mechanically. Potential energy curves and non-adiabatic
interactions are computed using the configuration inter-
action method. The electronic states of the HeH com-
plex formed in the reaction are autoionizing states (they
are electronic resonant states) since they have potential
energies larger than the energy of the ground state of
HeH+. The present model includes autoionization using
local complex potentials. With the complex-Kohn varia-
tional method [14], fixed nuclei electron scattering calcu-
lations are carried out and the autoionization widths are
computed. The adiabatic resonant states are diabatized
and the nuclear dynamics are studied using Johnson’s
log-derivative method [15, 16].
The He++H− mutual neutralization reaction is an

ideal reaction for testing theory. The reaction forms a
molecular complex simple enough for accurate quantum
chemistry and electron scattering calculations. However,

∗ aasal@fysik.su.se

the reaction is also challenging to theoretical model since
it involves very highly excited electronic states that cou-
ple to the ionization continuum. To accurately describe
the process, a manifold of avoided crossings occurring at
internuclear distances ranging from 7-37 a0, have to be
considered.

Using crossed and merged beam experiments, the cross
section for mutual neutralization in collisions of 4He+

with H− has been measured, for energies ranging from a
few eV to several keV [17–21]. Additionally, measure-
ments on the cross section for neutralization in 4He+

+D− collisions have been performed [2, 21].

The He++H− mutual neutralization reaction was first
theoretically studied using the semi-classical Landau-
Zener model including ten coupled states [2]. It was
found that the cross section depends on the ionic-covalent
coupling parameters used in the model. By applying
coupling elements developed by Olson et al. [2], good
agreement with measured cross section below 2 keV was
obtained. In 1992, Ermolaev [22] calculated the neutral-
ization cross section at higher collision energies using a
one-active-electron model. In the theoretical study by
Chibisov et al. [23], all three electrons were included.
The nuclear motion was described classically and au-
toionization was not included. The total cross section
as well as the final state distributions were calculated for
collision energies ranging between 40 to 4000 eV.

The present study presents a theoretical ab initio inves-
tigation of the mutual neutralization reaction where all
degrees of freedom are described quantum mechanically
and autoionization is incorporated. Section II describes
how the relevant electronic potential energy curves and
autoionization widths of the resonant states are obtained
by combining electron scattering and structure calcula-
tions. We additionally compute the non-adiabatic cou-
plings that drive the reaction. Below, we formulate the
coupled nuclear Schrödinger equation for the resonant
states and describe the diabatization procedure and how
the resulting coupled equation is solved using the log-
derivative method. In section III, we present not only
the total neutralization cross section, but also the final
state distributions, differential cross section as well as an



2

analysis of isotopic substitution. Unless otherwise men-
tioned, atomic units are used.

II. THEORY

A. Electronic structure and scattering calculations

The X1Σ+ electronic ground state of HeH+ has the
dominant configuration (1σ)2. This state is associated
with the He + H+ fragments at large internuclear dis-
tances. The lowest two excited electronic states of the
ion are the a3Σ+ and A1Σ+ states with dominant con-
figurations corresponding to triplet and singlet coupled
(1σ)1(2σ)1, respectively. These states have repulsive po-
tential energy curves dissociating into He+ + H. The
X2Σ+ electronic ground state of the HeH system has a
repulsive potential. However, below the potential of the
ionic ground state of HeH+ there are manifolds of Ry-
dberg states with potential energy curves similar to the
ground state of the ion. There are also Rydberg states
converging to the excited ionic cores. These states have
potential energy curves situated in the ionization con-
tinuum of the ground ionic state and through electronic
interactions they will interact will the continuum to be-
come electronic resonant states. These states dissociate
into He∗ + H. The ion-pair fragments He+ + H− form a
molecular state of 2Σ+ symmetry. At large internuclear
distances the potential of the ion-pair state is described
by an attractive Coulomb potential and it will cross many
of the covalent resonant states dissociating into He∗ + H.
The present study includes eleven electronic reso-

nant states of HeH of 2Σ+ symmetry. These are the
electronic states associated with He[(1s)1(nl)1]+H[(1s)1]
limits, where n = 2 and n = 3. Also the n = 4 states
are energetically below the ion-pair limit, but the avoided
crossing distances induced by the ionic-covalent interac-
tions are anticipated to be larger than 100 a0 and these
states are therefore neglected [7].
The electronic scattering and structure calculations are

carried out using the MESA program [24]. To calculate
potential energy curves of the HeH+ and HeH systems,
the full configuration interaction (CI) method was used
with the aug-cc-pVQZ basis set for He [25] and the aug-
cc-pVTZ basis set for H [26]. Extra diffuse functions were
added on He to accurately describe the 3d-orbitals.
The electron scattering calculations could not be car-

ried out at the full-CI level. Instead by employing the
complex-Kohn variational method [14], the same basis
were used to construct natural orbitals of the ground
state of HeH at the full-CI level. This was followed
by a multi-reference configuration interaction (MRCI)
calculation where the reference configurations were ob-
tained by allowing for excitations of the three electrons
among ten natural orbitals. Single external excitations
were then added. By minimizing the complex-Kohn func-
tional [14], unknown parameters of the scattering trial
wave function can be optimized. This allows for deter-

mination of the scattering matrix and the corresponding
eigenphase sum. We then extract fixed nuclei energy po-
sitions and autoionization widts of the resonant state by
fitting the eigenphase sum to a Breit-Wigner form [27].
The radial first-derivative non-adiabatic coupling ele-

ments, fij (R) =
〈

Φi

∣

∣

∂
∂R

∣

∣Φj

〉

, were calculated analyti-
cally [28] using the MESA program. These calculations
could not be performed at the full CI level. Instead, using
the same basis set, the Multi-Configuration Self Consis-
tent Field (MCSCF) method was used with an active
space including all three electrons and ten orbitals. This
was followed by a MRCI calculation where the reference
configurations were generated by allowing for excitations
of the three electrons among ten orbitals. Up to double
external excitations were then included. These calcu-
lations were carried out in no symmetry. The resonant
states were identified by analyzing the dominant configu-
rations of the CI wave function. Since the sign of the elec-
tronic wave function is arbitrary, there are ambiguities
in the signs of the coupling elements. The signs of these
couplings were set by an optimization prcedure where
all signs of the electronic wave functions were optimized
such that the difference between the sums of all coupling
elements with previous calculated point was minimized.
It should be noted that at small internuclear distances

(R < 5 a0), the autoionization widths of the resonant
states are non-zero. This is the region were these states
become resonant states and will couple to the ionization
continuum. When the non-adiabatic coupling elements
were computed, the continuum part of the wave function
of the resonant states were not included. The resonant
states were treated as bound states and this is an ap-
proximation. To accurately compute non-adiabatic cou-
plings among electronic resonant states is an interesting
and challenging project beyond the goal of present work.
Additionally, as will be seen below, the non-adiabatic
couplings among the resonant states occurring at small
internuclear distances are not significant for the mutual
neutralization reaction studied here.
To confirm the non-adiabatic couplings, they have

also been computed at the full CI level using a three-
point finite difference method with a step-size of 0.1 a0.
Present FCI calculation is using molecular orbitals opti-
mized at large internuclear distances. The atomic orbital
coefficients are thus R-independent, and we assume all
derivates in the electronic wave functions originate from
derivatives in the CI-coefficients. The non-adiabatic cou-
pling elements computed using finite difference and the
analytical method are similar in magnitude and shape.

B. Nuclear Schrödinger equation for the resonant

states

Following the P- and Q- projection operator formal-
ism [29, 30] and by applying a partial wave expansion of
the nuclear wave function, the radial Schrödinger equa-
tion for the dynamics on the adiabatic resonant states can
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be derived. For fixed angular momentum ℓ, the equation
is given by

[

− 1

2µ

d2

dR2
+ Vi +

ℓ (ℓ+ 1)

2µR2

]

ui,ℓ +

∑

j

[

Wij −
1

µ
fij

d

dR
− 1

2µ
gij

]

uj,ℓ = Eui,ℓ. (2)

Here, the electronic states are approximate eigenstates

of the electronic Hamiltonian
〈

Φi

∣

∣

∣Ĥel

∣

∣

∣Φj

〉

= Vi (R) δij

coupled by the non-adiabatic coupling elements fij (R) =
〈

Φi

∣

∣

∂
∂R

∣

∣Φj

〉

and gij (R) =
〈

Φi

∣

∣

∣

∂2

∂R2

∣

∣

∣Φj

〉

. Autoioniza-

tion is included through the complex matrix elements
Wij . For electronic resonant states with high enough
energy, the “local Boomerang approximation” [31, 32] is
justified, where it is assumed that autoionization into
a complete set of vibrational eigenstates is possible.
We then neglect the energy-shift of the resonant states
and the Wij elements becomes purely imaginary of the
form [30, 33]

Wij(R) = −i

√

Γi(R)Γj(R)

2
. (3)

The diagonal elements Wii = −iΓi/2 account for the
autoionization, while the off-diagonal elements cause in-
direct electronic couplings between the resonant states
through the ionization continuum. By combining the
electronic structure with the electron scattering calcu-
lations described above, the potential energies of the adi-
abatic resonant states Vi(R), non-adiabatic coupling ele-
ments fij(R) and autoionization widths Γi(R) are com-
puted.

C. Diabatization

We assume a finite number (N=11), adiabatic elec-
tronic HeH states of 2Σ+ symmetry are coupled by non-
adiabatic couplings. By applying an orthogonal trans-
formation, the adiabatic states may be transformed to a
“strict diabatic” representation [34]. The transformation
matrix, T, can be obtained by integrating the equation

(

1
d

dR
+ f

)

T = 0. (4)

Here f is an anti-symmetric matrix containing the first-
derivative non-adiabatic coupling elements. The bound-
ary condition of the transformation matrix is given by
the unit matrix at large internucler distances. We thus
assume that asymptotically, the adiabatic and diabatic
states are identical and any non-zero asymptotic non-
adiabatic couplings are hence neglected. Once the trans-
formation matrix is computed, we transform the adia-
batic nuclear Schrödinger equation (2) to the correspond-

ing diabatic one
[

− 1

2µ

d2

dR2
+

ℓ (ℓ+ 1)

2µR2

]

ũi,ℓ+
∑

j

[

Ṽij + W̃ij

]

ũj,ℓ = Eũi,ℓ,

(5)

where Ṽ = TtVT and W̃ = TtWT.

D. Log-derivative method

Instead of directly solving the coupled nuclear
Schrödinger equation (5) in the diabatic representation,
the logarithmic derivative of the radial wave function
(yℓ = ũ′

ℓũ
−1
ℓ ) is introduced and the radial Schrödinger

equation is transformed to a matrix Riccati equation.
The physical boundary condition for the logarithmic
derivative at origin becomes a diagonal matrix with very
large (approximately infinite) diagonal elements. Using
a numerical procedure developed by Johnson [15, 16, 35],
the matrix Ricatti equation is integrated out to a region
where the potentials have reached their asymptotic form.
In the present study Rf = 50 a0 is used.
By combining the asymptotic value of logarithmic

derivative with the correct regular and irregular solu-
tions of the asymptotic states, the reactance matrix can
be calculated [10]. The elements of the scattering ma-
trix [Sij,ℓ(E)] are obtained as a Cayley transformation
between the open partitions of the reactance matrix. Fi-
nally the cross section for mutual neutralization can be
computed from the scattering matrix elements

σij(E) =
π

k2j

∞
∑

ℓ=0

(2ℓ+ 1) |Sij,ℓ − δij |2 , (6)

where kj =
√

2µ
(

E − Eth
j

)

is the asymptotic wave num-

ber of the incoming channel and Eth
j is the asymptotic

energy of state j. The summation of partial waves is
terminated when the ratios of partial cross section to ac-
cumulated total cross section are less than 10−4 for 25
terms in succession. The total neutralization cross sec-
tion is obtained by summarizing the contributions from
all covalent states.
By calculating the scattering amplitude

fij(θ, E) =
1

2i
√

kikj

∞
∑

ℓ=0

(2ℓ+ 1) (Sij,ℓ − δij)Pℓ (cosθ) ,

(7)
where Pℓ are the Legendre polynomials, the differential
cross section is obtained from

dσij

dΩ
=

ki
kj

|fij(θ, E)|2 . (8)

The formalism outlined above are usually applied to
study nuclear dynamics on electronically bound states.
However, the method can also be used to calculate cross
section when autoionization is added to the model using
local complex potentials [11, 36, 37].
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Figure 1. (Color online) Potential energy curves of the 2Σ+

(thin solid curves) and 2Π (thin dashed red curves) electronic
resonant states of HeH are displayed together with the three
lowest potential energy curves of HeH+ (thick black curves).
The curves show the potential energies obtained with FCI
structure calculations, while the symbols mark the corre-
sponding energies from electron scattering calculations at the
MRCI level.

III. RESULTS AND DISCUSSION

We start by presenting the potential energy curves, au-
toionization widths and non-adiabatic coupling elements
important for the description of the He+ + H− mutual
neuralization reaction. This is followed by an analysis of
the total neutralization cross section, where we investi-
gate the role of the autoionization widths and rotational
couplings. The reaction is studied for collisions of vari-
ous hydrogen and helium isotopes. Finally, the final state
distributions and differential cross sections are presented.

A. Molecular data of the resonant states

Potential energy curves of electronic resonant HeH
states are computed using the FCI method described
above. At the same level of theory also the lowest three
electronic states of the cation are computed. As can be
seen in Fig. 1, the potential energy curves of the resonant
states have energies larger than the ground state energy
of the ion. In the figure, we show potential energy curves
of 11 resonant states of 2Σ+ symmetry and 6 2Π reso-
nant states. We also obtain the resonance positions from
the electron scattering calculations carried out with the
MRCI method. These scattering calculations are carried
out for internuclear distances smaller than 5.0 a0. As
can be seen in Fig. 1, the energy positions obtained us-
ing the FCI structure and MRCI scattering calculations
agree well.

From the electron scattering calculations not only the
energy positions of the resonant states are obtained, but
also the corresponding autoionization widths displayed
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Figure 2. (Color online) Autoionization widths of the 2Σ+

electronic resonant states of HeH obtained using electron scat-
tering calculations at fixed internuclear distances.
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Figure 3. (Color online) Potential energy curves of 2Σ+ elec-
tronic resonant states of HeH.

in Fig. 2 for resonant states of 2Σ+ symmetry. The two
lowest resonant states have the largest widths. All widths
become negligible at internuclear distances larger than
5.0 a0.

Fig. 3 shows the potential energy curves of the elec-
tronic resonant states of 2Σ+ symmetry. At large in-
ternuclear distances there are avoided crossings occur-
ring due to the interactions between the ion-pair and
covalent states. For distances larger than 20 a0, there
are sharp avoided crossings among the ion-pair state
and the covalent states associated with He[(1s)1(nl)1]+H
limits, where n = 3, as shown in Fig. 4 (a). As will
be seen, non-adiabatic first-derivative coupling elements
fij (R) among theses states are the interactions driving
the He++H− reaction. These couplings are displayed
in Fig. 4 (b). The non-adiabatic coupling elements are
large in the vicinity of the avoided crossings and they
have approximately Lorentzian profiles. The large cou-
pling at 26 a0 is not originating from an interaction be-
tween ionic and covalent states, but due to an avoided
crossing between state 9 and 10. The avoided crossing
due to interactions between the ion-pair state and the
n = 2 covalent states occurring around 7-15 a0 are not
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Figure 4. (Color online) In (a), the avoided crossings between
adiabatic potential energy curves of 2Σ+ symmetry originat-
ing from the interactions between the ion-pair state and co-
valent states associated with the He[(1s)1(3l)2]+H limits are
displayed. In (b) the corresponding non-adiabatic coupling
elements (between neighboring sates) are shown.

as sharp and hence the corresponding coupling elements
are smaller than the n = 3 coupling elements.

In Fig 5, all coupling elements between all neighbor-
ing states are displayed for internuclear distances rang-
ing from 0.5 to 10 a0. For internuclear distances smaller
than 5 a0, there are huge non-adiabatic coupling elements
due to avoided crossing among the resonant states that
are Rydberg states converging to different excited ionic
cores. This is the region where autoionization widths
are non-zero. The resonant states are therefore inter-
acting with the ionization continuum. The approach to
compute the non-adiabatic coupling elements using stan-
dard structure calculations and identifying the resonant
states by analyzing the configurations of the wave func-
tion, is an approximation that in this region breaks down.
However, as will be shown, for the mutual neutraliza-
tion reaction the exact magnitudes of the non-adiabatic
coupling elements at small internuclear distances (< 5
a0) are not significant. To calculate the non-adiabatic
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Figure 5. (Color online) Non-adiabatic first derivative cou-
pling elements between neighboring HeH electronic resonant
states of 2Σ+ symmetry.
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Figure 6. (Color online) Calculated cross section of mutual
neutralization in collisions of 4He++H− is compared with
previous measurements [17, 20, 21] and theoretical predic-
tions [22, 23].

couplings among resonant states and to incorporate the
effects of the interactions to the continuum is an interest-
ing and challenging project beyond the scope of present
study.

B. Total cross section and isotope effects

The total mutual neutralization cross sections are cal-
culated for collision energies ranging between 1 meV to
600 eV. In Fig. 6, our 4He+ + H− cross section is com-
pared with measured ones [17, 20, 21] and previous the-
oretical predictions [22, 23]. At large energies, the cross
section connects smoothly to the measured and previous
calculated ones. However, at lower energies the calcu-
lated cross section is larger than the one measured us-
ing a merged-beam apparatus by Peart and Hayton [20].
The measured cross section does not display the same
low-energy E−1 behavior as observed in the calculation
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Figure 8. (Color online) Calculated cross section of mutual
neutralization in collisions of different isotopes of hydrogen
and helium ions.

and which is predicted by Wigner’s threshold law [39].
The role of autoionization can be investigated by turn-

ing on and off the imaginary term Wij as described by
equations (2) and (3). In Fig. 7, the total mutual neu-
tralization cross sections in collisions of 4He+ and H−

are displayed both when autoionization is included and
when it is not considered. As can be seen, the effect of
autoionization is negligible. This is due to the fact that
the autoionization widths are non-zero only at small in-
ternuclear distances (R ≤ 5 a0). At low energies, the
centrifugal barrier added the potentials will prevent the
system to reach these small distances.
The cross sections for mutual neutralization have been

calculated for collisions of different isotopes of the hydro-
gen and helium ions. For the different isotopologues, we
assume the adiabatic potential energy curves and non-
adiabatic coupling elements are the same, but the re-
duced mass of the molecular system is changed. In Fig. 7,
we compare the calculated cross sections for collisions
of 4He+ or 4He+ with H− or D−. As can be seen the
cross sections for the heavier isotopologues have a smaller
magnitude than the lighter ones. At large collision en-
ergies (E > 200 eV), the orders of the cross sections are

reversed. A similar isotope effect was found in mutual
neutralization in collisions of H+ with H− [38].
As described above in section IIIA, there are very

large non-adiabatic couplings among the resonant states
at small internuclear distances. This is the region where
autoionization widths are non-zero and our approach to
compute the coupling elements using structure methods
is approximate. We investigate the effects of these non-
adiabatic couplings at small distances by running calcu-
lations on the mutual neutralization reaction when all
coupling elements smoothly are turned to zero for dis-
tances smaller than 5.0 a0. At low energies, the calcu-
lated total cross section will then decrease by a few per-
cent (1−5 % for E < 10 eV) while at energies larger than
100 eV, the reduction increases to 18 %. Thus, the small
R non-adiabatic couplings have no significant effect on
the mutual neutralization cross section.
Previous quantum mechanical studies on mutual

neutralization reactions have neglected rotational cou-
plings [6–13]. However, in the review on recombination
processes written in 1982, Bardsley pointed out that ro-
tational couplings could be important in mutual neutral-
ization reactions and should be considered [40]. The ro-
tational couplings originate from correlation between the
rotational motion of the nuclei and the electronic motions
and it will give rise to different diagonal and off-diagonal
terms that should be added to the Hamiltonian. The
L-uncoupling terms will induce interactions between the
resonant states of 2Σ+ and 2Π symmetry that approxi-
mately have the form [41]

−
√

ℓ (ℓ+ 1)

2µR2

〈

Φi
Π |L+|Φj

Σ

〉

. (9)

Due to the factor R−2, these rotational couplings are lo-
calized at small internuclear distances. However, the fac-
tor

√

ℓ (ℓ+ 1) will make the rotational couplings large
when high angular momenta quantum numbers con-
tribute. This is the case in the mutual neutralization
reaction presently studied. The rotational couplings are
not calculated ab initio, but are here approximated us-
ing a pure precession approximation. The dominant con-
figurations of the adiabatic states have been identified
and for the 2Σ+ and 2Π states associated with the same
asymptotic limit they only differ by the highest occupied
molecular orbital and we have

〈

Φi
Π |L+|Φj

Σ

〉

≈
〈

(npπ)1 |l+| (npσ)1
〉

≈
√
2. (10)

For 2Σ+ and 2Π states not associated with the same
asymptotic limits, the rotational couplings are approx-
imated with 0. In the diabatization procedure, the rota-
tional couplings are transformed with a transformation
matrix of the form

T̃ =







T 0 . . .
0 1 . . .
...

...
. . .






, (11)
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Figure 9. (Color online) Calculated cross section of mutual
neutralization in collisions of different isotopes of hydrogen
and helium ions.

where T is the orthogonal transformation matrix for the
2Σ+ resonant states computed by numerically solving eq.
(4) above. No non-adiabatic interactions among the 2Π
states are considered.

The total mutual neutralization cross sections are cal-
culated for collisions of all isotopes of hydrogen and he-
lium ions, with and without the inclusion of the rota-
tional couplings as displayed in Fig. 9 with solid and
dashed lines, respectively for the 3He+ + H− and 4He+

+ D− collisions. These are the isotopologues where the
rotational couplings have the largest and smallest effects.
As can be seen, the rotational couplings will at large col-
lision energies (E > 10 eV) increase the neutralization
cross section. The effect is largest for the system, where
most partial waves contribute.

C. Final state distributions

From the scattering matrix elements, not only the total
cross section can be computed, but also the final state
distributions. Fig. 10 shows calculated branching ratios
for collisions of 4He++ H− in (a) and 4He++ D− in (b)
both with (solid lines) and without (dashed lines) the
inclusion of rotational couplings.

The dominant channels are all associated with the
He[(1s)

1
(3l)

1
]+H limits and these are the covalent states

with avoided crossings due to interactions with the ion-
pair state at internuclear distances ranging from 20-40
a0 as displayed in Fig. 4. Most important is the state
associated with the 1s3s 3S limit, which has the low-
est potential energy curve of the n = 3 states shown in
Fig. 4 (a). Note that although the isotope effect in the
total cross section is very small, there are some isotope-
dependence in the final state distributions.
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Figure 10. (Color online) Calculated final state distributions
in mutual neutralization in (a) 4He++ H− and (b) 4He++
D− collisions with (solid lines) and without (dashed lines)
inclusion of rotational couplings.
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D. Differential cross section

The differential cross section is calculated from the
scattering amplitude as described by eq. (8). In Fig. 11,
the total differential cross section (summed over all chan-
nels) is displayed for selected collision energies for colli-
sions of 4He+ with H−. As can be seen, the differential
cross section is peaked at small scattering angles (forward
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Figure 12. (Color online) Differential cross section for mutual
neutralization in collisions of 4He++H− and 4He++D− at 0.1
collision energy.

direction), with fast oscillations that at a given scatter-
ing angle becomes slower. Similar shape of differential
cross sections have been observed in mutual neutraliza-
tion reactions between other heteronuclear atomic ions
such as Li+ + H− [8] and Li+ + F− [13]. It has been dis-
cussed [8, 42] that this transition between slow and fast
oscillations reflects the Coulomb scattering angle where
the transition takes place at the distance of closest ap-
proach and when the collision energy increases, the tran-
sition angle decreases.

The differential cross sections are computed for colli-
sions of the different isotopes of the helium and hydro-
gen ions. They all show similar behavior of differential
cross sections, although the exact positions of the oscilla-
tions may vary. As an example, the differential cross sec-
tions for mutual neutralization in collisions of 4He++H−

and 4He++D− at 0.1 eV collision energy are displayed in

Fig. 12.

IV. CONCLUSION

Mutual neutralization in collisions of He+ and H− is
studied ab initio, where the nuclear motion is described
quantum mechanically. The reaction involve electronic
resonant states of HeH of 2Σ+ symmetry that have been
computed by combining electron scattering calculations
with structure calculations at the FCI and MRCI level
of theory. Non-adiabatic couplings are computed analyt-
ically. Total and differential cross sections are computed
as well as final state distributions. The reaction is stud-
ied for collisions of various isotopes of hydrogen and he-
lium ions. The total cross section is in agreement with
measurements and previous theoretical studies at higher
energies, but is larger than the cross section measured
using a merged beam apparatus [20] at relative low ener-
gies. At low collision energies, the autoionization and the
rotational couplings between the 2Σ+ and 2Π states, esti-
mated using a pure precession approximation, are found
to have a small effect on the outcome of the reaction.
The mutual neutralization reaction will be dominated by
formation of He(1s3s 3S)+H followed by He(1s3p 3P )+H
with ratios of approximately 50% and 30%, respectively
at low collision energies. The calculated differential cross
section shows a peak in the forward direction.
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J. Lecointre Phys. Rev. A, bf 93, 0327701 (2016).
[39] E. P. Wigner, Phys. Rev. 73, 1002 (1948).
[40] J. N. Bardsley Recombination Processes in Atomic and

Molecular Physics in Atomic and Molecular Collision

Theory ed. F. A. Gianturco (Plenum Press, New York,
1982).

[41] H. Lefebre-Brion and R. W. Field, Perturbations in the

Spectra of Diatomic Molecules (Academic Press, Or-
lando, Florida, USA, 1986).

[42] G. A. L. Delvigne and J. Los, Physica 67, 166 (1973).











NKAMBULE, ELANDER, LARSON, LECOINTRE, AND URBAIN PHYSICAL REVIEW A 93, 032701 (2016)

merged-beam technique. The total cross section has not been
determined, but rather the final state distributions.

For the theoretical calculations, we are using the same ab
initio quantum model for studying the process as the one by
Stenrup et al. [4]. Electronic states of 1�+

g and 1�+
u symmetries,

associated with the H(1) + H(n � 3) asymptotic limits, are
considered. The nonadiabatic couplings among the states,
computed ab initio by a three-point finite difference method,
are used to perform an adiabatic-to-diabatic transformation.
By solving the coupled Schrödinger equation for the different
partial waves, the scattering matrix elements are computed.
From the matrix elements, not only the total cross section but
also the differential cross section can be obtained. The total and
differential cross sections as well as the final state distributions
for collisions between all possible isotopes of positive and
negative hydrogen ions are calculated by using the appropriate
reduced mass of the system. The reaction is studied for all
possible isotopes of hydrogen ions and the symmetry effects
due identical nuclei and inversion symmetries are discussed.

The paper is arranged as follows. Section II discusses
the formulas for the total and differential cross sections for
collisions of different isotopes of hydrogen ions. In Sec. III, the
merged-beam measurements are described, while in Sec. IV
we present the computed differential and total cross sections as
well as the comparison between measured and calculated final
state distributions. A conclusion on the results can be found in
Sec. V.

II. SCATTERING THEORY

Employing the full configuration interaction method with
a basis set consisting of (11s,8p,7d,2f ) primitive Gaussian
basis functions contracted to (9s,8p,7d,2f ), the potential
energy curves and nonadiabatic interactions of the seven
lowest states of 1�+

g symmetry and six lowest states of 1�+
u

symmetry have been computed [4]. These are the states
associated asymptotically with the H(1)+H(n � 3) and the
ion-pair, H++H−, limits. Using the radial first derivative
nonadiabatic coupling elements, a strict adiabatic-to-diabatic
transformation is performed [33]. Instead of directly solving
the coupled radial Schrödinger equation, the matrix Riccati
equation is solved for the logarithmic derivative of the radial
wave function [32,34,35]. From the asymptotic value of the
logarithmic derivative, the partial wave scattering matrix (Sg/u

ij,� )
is obtained for both the gerade and ungerade manifold of states.
(For more details see Ref. [4].)

For scattering of nonidentical particles (where there is
no electron-inversion symmetry), the scattering amplitude is
calculated from the scattering matrix as [36]

fij (θ,E) = 1

2i
√

kikj

∑
�

(2� + 1)(Sij,� − δij )P�(cos θ ). (2)

Here ki and kj are the wave numbers of the final and initial
states (channels), respectively, � is the angular momentum
quantum number, and P�(x) is the Legendre polynomial of
degree �. The differential cross section is obtained from the
scattering amplitude as [36]

dσij

d	
(θ,E) = ki

kj

|fij (θ,E)|2. (3)

The total cross section is obtained by a direct integration of the
differential cross section over the entire unit sphere, resulting
in

σij (E) = π

k2
j

∑
�

(2� + 1)|Sij,� − δij |2. (4)

In the present work, we study scattering of systems with
two nuclei A and B which are isotopes. We study collisions
A+ + B− where the nuclear masses, mA and mB, may not
necessarily be the same. The electronic part of the problem has
inversion symmetry and the electronic states are labeled gerade
(g) or ungerade (u), respectively. We can now distinguish a
number of different cases caused by the colliding ions and
the particular detection system of the experiment where the
reaction products are measured:

(1) If the nuclear masses of the colliding ions are different
(mA �= mB), we do not have inversion symmetry but the
electronic states of the collision complex can be labeled as
gerade and ungerade, respectively. If we assume that we can
measure the masses of the different reaction products MA and
MB, we have one case (a), whereas if we cannot distinguish
them we have another case, (b). We thus now need to formally
study all cases.

(2) When ions with identical nuclei collide (A = B ⇒
mA = mB), the overall symmetry of the total wave function of
the collision complex (AB) must either be (a) antisymmetric
or (b) symmetric, depending on the spin of the nuclei. When
deriving the formulas of the differential cross sections for the
system with total inversion symmetry, we follow the ideas of
Masnou-Seeuws and Salin [37].

To formulate scattering amplitudes where the electrons are
localized on one of the nuclei, the direct and exchange am-
plitudes are evaluated as complex-valued linear combinations
of the scattering amplitudes of the gerade and ungerade states
[37,38],

f di
ij (θ,E) = 1

2

[
f

g

ij (θ,E) + f u
ij (θ,E)

]
,

f ex
ij (θ,E) = 1

2

[
f

g

ij (θ,E) − f u
ij (θ,E)

]
. (5)

For collisions of ions with nonidentical nuclei (mA �= mB

such as H++D−), the electronic part of the Schrödinger
equation still possesses the same inversion symmetry as when
mA = mB. For a system with moving nuclei of different
masses, the inversion symmetry is broken due to the shift
between the center of mass and the center of charge [39,40].
This causes mixing between the gerade and ungerade states;
however, this is neglected here.

Case 1(a). Assuming the mass of the detected atom at an
angle θ is not specified, the differential cross section at this
angle is obtained by incoherently adding the contributions
from the direct and exchange scattering at angles θ and π − θ ,
respectively [39,40]. The differential cross section becomes

dσij

d	
(θ,E) = 1

4

ki

kj

∣∣f g

ij (θ,E) + f u
ij (θ,E)

∣∣2

+ 1

4

ki

kj

∣∣f g

ij (π − θ,E) − f u
ij (π − θ,E)

∣∣2
. (6)
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The total cross section is then expressed as

σij (E) = π

2k2
j

∑
�

(2� + 1)
∣∣Sg

ij,� − δij

∣∣2

+ π

2k2
j

∑
�

(2� + 1)
∣∣Su

ij,� − δij

∣∣2
. (7)

Note that for collisions of ions with nonidentical nuclei,
the differential cross section exhibits the gerade-ungerade
coherence effects, while for the total cross section all these
effects are averaged out [39].

Case 1(b). If the mass of the reaction products at an angle
θ can be measured separately such that one can detect if it was
an atom with mass MA or MB that was found, the differential
cross section is given by one of the two terms of Eq. (6),
depending on the experimental arrangement.

Case 2(a). For collisions of ions with identical spin-1/2
nuclei (e.g., H++H− or T++T−), the overall wave function
has to be antisymmetric and hence the symmetric spin function
has to be combined with an antisymmetric scattering amplitude
and vice versa. The symmetric and antisymmetric scattering
amplitudes are calculated by linear combinations of the direct
and exchange scattering amplitudes [37,39,40]. By combining
the symmetrized spatial amplitudes with the corresponding
spin factors, the differential cross section becomes

dσij

d	
(θ,E) = 3

4

ki

kj

∣∣f g,odd
ij (θ,E) + f

u,even
ij (θ,E)

∣∣2

+ 1

4

ki

kj

∣∣f g,even
ij (θ,E) + f

u,odd
ij (θ,E)

∣∣2
. (8)

Here the superscript even or odd refers to a summation over
even or odd angular momentum quantum numbers when the
amplitudes are computed. The total cross section is again
obtained by a direct integration

σij (E) = 3π

4k2
j

∑
�,odd

(2� + 1)
∣∣Sg

ij,� − δij

∣∣2

+ 3π

4k2
j

∑
�,even

(2� + 1)
∣∣Su

ij,� − δij

∣∣2

+ π

4k2
j

∑
�,even

(2� + 1)
∣∣Sg

ij,� − δij

∣∣2

+ π

4k2
j

∑
�,odd

(2� + 1)
∣∣Su

ij,� − δij

∣∣2
, (9)

which is the same expression as given in Ref. [4].
Case 2(b). For collisions of ions with identical nu-

clei that have spin 1 (D++D−), the overall wave func-
tion has to be symmetric. The differential cross section
becomes

dσij

d	
(θ,E) = ki

3kj

∣∣f g,odd
ij (θ,E) + f

u,even
ij (θ,E)

∣∣2

+ 2ki

3kj

∣∣f g,even
ij (θ,E) + f

u,odd
ij (θ,E)

∣∣2
, (10)

and the total cross section is given by

σij (E) = π

3k2
j

∑
�,odd

(2� + 1)
∣∣Sg

ij,� − δij

∣∣2

+ π

3k2
j

∑
�,even

(2� + 1)
∣∣Su

ij,� − δij

∣∣2

+ 2π

3k2
j

∑
�,even

(2� + 1)
∣∣Sg

ij,� − δij

∣∣2

+ 2π

3k2
j

∑
�,odd

(2� + 1)
∣∣Su

ij,� − δij

∣∣2
. (11)

III. EXPERIMENTAL METHOD

Using the ion-ion merged beam apparatus in operation
at Université catholique de Louvain, the branching ratio
among the principal quantum numbers populated by MN was
determined between 11 and 185 eV. The apparatus has been
described previously [41], and it is an evolution of the original
setup of Szücs et al. [10]. The ∼ 7-keV H+ and H− beams
were extracted from an electron cyclotron resonance (ECR)
and a duoplasmatron source, respectively, and merged in the
ultrahigh-vacuum region of the apparatus. A 4.67-m-long drift
tube and a pair of position- and time-sensitive particle detectors
allow us to measure the time-of-flight (TOF) difference
between hydrogen atoms resulting from MN reactions [42].
The long flight path compared to the short interaction length
(7.5 cm) ensures that the small difference in exoergicity
between n = 2 and n = 3 levels, i.e., 1.891 eV, shows up in the
time-of-flight spectrum, as displayed in Fig. 1 for a collision
energy of 58 eV.

In order to measure the TOF difference between neutral
atoms in coincidence mode, we operated with inclined beams
intersecting under a shallow angle of ∼ 6 mrad. Each beam
was pointed in such a way that all pairs of scattered atomic
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FIG. 1. Time-of-flight difference spectrum recorded at a collision
energy of 58 eV (beam energies 6.1 and 7.9 keV, for H+ and H−,
respectively) at the end of a 4.67-m-long drift tube. Numbers 1–4 on
top indicate the expected time of flight for a reaction taking place in
the center of the interaction region and producing H(1)+H(n) pairs.
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FIG. 2. Differential cross section for mutual neutralization in
collisions of H+ and H− for selected collision energies. Arrows
indicate the angles where fast oscillations start.

products of the reaction fell within the geometrical acceptance
of the detectors, as verified from the impact positions recorded
in coincidence. A time-to-digital converter was used to build
the corresponding TOF difference spectrum. Note that a full
determination of the kinetic energy release is not achievable
due to the imperfect collimation of the atomic beams, which
prevents us from reconstructing the momentum vectors of
the MN products in the center-of-mass frame. The respective
contribution of each principal quantum number was extracted
by a fit to the double-peak structure (see Fig. 1). No statistically
significant contribution of n > 3 levels could be inferred from
this measurement, as their contribution would fall in the
leading edge of the H+H peak, whose asymmetry results
from both the inclined beam geometry and the residual
angular scattering in the center-of-mass frame. Furthermore,
no contribution of the ground-state products is observed, which
would fall at the right-hand side of the spectrum depicted in
Fig. 1. This finding is discussed below in Sec. IV C.

IV. RESULTS AND DISCUSSION

A. Computed differential cross sections

The scattering amplitudes are computed and total and
differential cross sections are obtained by summing up over
the angular momenta, �, as described in the previous section.
A similar convergence criterion as in Ref. [4] is introduced to
terminate the summation. The calculation of the differential
cross section is carried out at a number of fixed scattering en-
ergies, and the scattering angle is varied between 0◦ and 180◦.
The total differential cross section of mutual neutralization
in collisions of H+ and H− is presented in Fig. 2, for some
selected energies. Here the contributions from all covalent
states are added.

The differential cross section exhibits fast irregular os-
cillations as a function of the scattering angle reflecting
contributions of high angular momenta. For all collision
energies, the backward scattering dominates and there are
even faster oscillations in the differential cross sections at
large scattering angles. The arrows in Fig. 2 indicate the
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FIG. 3. Differential cross sections for mutual neutralization at
0.1 eV for collisions between different isotopes of positive and
negative hydrogen ions. We here assume that the reaction products
can not be distinguished.

positions where the differential cross sections change their
oscillatory behaviors. When the collision energy increases,
the angle where the fast oscillations start becomes larger
and the oscillations in the cross section become longer, with
decreasing amplitudes, indicating a more classical motion
of the particles. Additionally, as the energy increases, the
cross section decreases, predominantly at θ = 90◦, indicating
that the forward and backward scattering become more
pronounced, still with a dominance of the backward scattering.

The differential cross sections are computed for mutual
neutralization in collisions of all possible isotopes of the
hydrogen cations and anions. The results at a collision energy
of 0.1 eV are shown in Fig. 3 and it is clear that the differential
cross sections are very similar for all combinations of isotopes.
For collisions of ions with nonidentical nuclei the figure shows
the differential cross section where the mass of the detected
atom is not distinguished [using Eq. (6)]. This corresponds
to case 1(a), described in Sec. II. The overall magnitudes
and shapes of the differential cross sections are very similar,
although the exact form of the oscillations varies. The
isotope effects are very small and for all cases the backward
scattering dominates and the differential cross section shows
fast oscillations at large scattering angles. This does not seem
to be the case for mutual neutralization of heteronuclear ions,
where the molecular system has no inversion symmetry. For
example, quantum-mechanical ab initio studies of mutual
neutralization in collisions of Li+ and H− [43] as well as
Li+ and F− [44] produce differential cross sections peaked
at the forward direction. At small scattering angles, there are
fast oscillations, and at large angles, the oscillations are slow.
Using a semiclassical analysis of interfering branches of the
deflection function, Delvigne and Los [45] have discussed
that the angle where there is a transition between fast and
slow oscillations can be understood as the Coulomb scattering
angle, where the transition takes place at the distance of the
closest approach. When the collision energy increases, this
angle decreases.
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FIG. 4. Comparison of the direct and exchange contributions to
the total differential cross section of the D+ + H− system at 0.1 eV
collision energy.

The present system has inversion symmetry and it is
clear from Fig. 3 that the backward scattering dominates for
collisions of all isotopes with the fast oscillations at large
angles. The differential cross sections are computed using
Eqs. (6), (8), or (10), depending on the spin of the nuclei.
Since isotope effects are negligible, here we only present an
analysis of the results for collisions of nonidentical nuclei,
where Eq. (6) is applied. In Fig. 4, the contributions to
the differential cross section from the direct and exchange
scattering amplitudes are displayed for the D+ and H−
system at 0.1 eV collision energy. It is clear that exchange
scattering dominates at large angles. At θ ≈ 60◦, the direct
and exchange terms switch their dominance, with the direct
term having a small dominance at smaller angles. Note that
these cross sections correspond to case 1(b); i.e., the masses
of the products MA and MB are possible to distinguish in an
experimental measurement.

The direct and exchange amplitudes, given by Eq. (5), are
obtained as the sum (direct) and the difference (exchange)
of the complex-valued gerade and ungerade scattering ampli-
tudes, f

g

ij (θ,E) ± f u
ij (θ,E). We thus need to consider both the

magnitudes and the phases of these terms when computing
the likewise complex-valued direct and exchange scattering
amplitudes. This construction is illustrated in Fig. 5, where the
matrix elements of the amplitudes for scattering to the lowest
covalent state converging to the n = 3 limit are considered
at a collision energy of 0.1 eV. For both f

g

ij and f u
ij , the

largest magnitudes are obtained at small scattering angles.
For θ = 0◦ [see Fig. 5(a)], the f

g

ij and f u
ij are of similar

magnitudes, but almost out of phase. The magnitude of the
direct term, f

g

ij (θ,E) + f u
ij (θ,E), is thus relatively small and

has approximately the same phase as f
g

ij . The exchange
term, f

g

ij (θ,E) − f u
ij (θ,E), will be considerably larger than

the direct scattering term and this will give rise to the large
differential cross section observed in the backward direction.
For θ = 180◦, the gerade and ungerade scattering amplitudes
have different magnitudes, where |f g

ij | is larger than |f u
ij |.

The gerade amplitude is located in the third quadrant of the
complex plane while the much smaller ungerade amplitude
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FIG. 5. The importance of the phases of f g and f u when forming
the sums and the differences to obtain differential cross sections.
(a) The sum and difference when θ = 0◦ and (b) the results when
θ = 180◦. The procedure is discussed in the text.

is found in the fourth quadrant. Figure 5(b) illustrates the
consequence: the direct and exchange amplitudes have about
the same magnitudes and are both found in the third quadrant
of the complex plane. This kind of analysis, when carried out
for all angles and all isotope combinations, explains how the
differential cross section varies with the relative collision angle
as shown in Fig. 4. The large differential cross section in the
backward direction can hence be understood as an interference
effect due to the out-of-phase gerade and ungerade scattering
amplitudes at small angles. Since inversion symmetry is not
present in heteronuclear systems [43,44], the dominance of
the backward scattering in the differential cross section is not
likely to be found there.

B. Isotope dependence of the computed total cross section

By integrating the differential cross section, we obtain
the same total cross section for MN in H++H− collisions
as Stenrup et al. [4] computed directly using the scattering
matrix elements [using Eq. (9)]. The total MN cross sections
are computed for collisions of all hydrogen isotopes, and the
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FIG. 6. Calculated total cross sections for mutual neutralization in
collision of different isotopes of positive and negative hydrogen ions.
The computed results are compared with measured cross sections by
Peart and Hayton [7] and by Moseley et al. [6]. The experimental
measurements are for the MN reaction of H+ + H−.

results are presented in Fig. 6. We compare the calculated
total cross section with two experimental measurements. One
measurement is by Peart and Hayton [7], using a merged
beam apparatus, for collisions of H+ and H−. The measured
data cover the energy range 3–500 eV. At lower energies,
the measured cross section is smaller than the cross section
for H+ + H− MN here computed, while at higher energies
they are comparable. The other measurement is by Mosely
et al. [6], who used a merged beam technique to measure
the H+ + H− MN total cross section for collision energies
larger than 0.1 eV. This cross section is about a factor of 3
larger than our calculated cross section and, as pointed out
previously [7–10], for the whole energy range it is larger than
other results.

For collision energies approaching zero, the cross sections
for all isotopes are exhibiting the E−1 characteristics of a
Coulomb attraction [46]. The isotope dependence of the total
cross section is not very large. At low energies the collision
complex with larger reduced mass produces a slightly larger
cross section. At 0.001 eV, the ratios of the total cross section
for the heavier isotopes to that of H2 are HD, 1.10; HT, 1.15;
D2, 1.30; DT, 1.38; and T2, 1.47. Between 10 and 100 eV, the
cross sections have a minimum and then they start to increase
again. The inset of Fig. 6 shows the high-energy region where
the n = 2 channel starts to become important. The oscillations
in the cross sections are possibly quantum interference effects
(Stueckelberg oscillations [47]). The position of the minimum
is shifted toward larger energies with increasing reduced mass
of the molecular system. A very similar isotope dependence
for the present mutual neutralization reaction is obtained by
carrying out a semiclassical Landau-Zener [26,27] calculation.
In Fig. 7 the total mutual neutralization cross section is
calculated using the multistate Landau-Zener model [5]. The
electronic couplings between the ionic and covalent states
are here obtained using the formula obtained by Janev [48]
assuming a one-electron asymptotic method [49]. This model
only considers the avoided crossings between the ionic and
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FIG. 7. Total cross section for mutual neutralization in collision
of different isotopes of positive and negative hydrogen ions calculated
using the Landau-Zener model.

covalent n = 2 and n = 3 states occurring at large internuclear
distances.

By comparing Figs. 6 and 7, it is clear that the relatively
simple Landau-Zener model supports the isotope effects
observed in the fully quantum study. At low collision energies,
the system with heaviest reduced mass has the largest cross
section, while it is the opposite as the energy becomes large.
This isotope dependence was not observed by Croft et al. [43],
where their ab initio quantal treatment of mutual neutralization
in collisions of Li+ with H− or D− produced a larger cross
section at low energies for the lighter isotope. As the energy
increases, the isotope dependence became negligible.

C. Calculated and measured final state distributions

From the scattering calculations, we also obtain information
about the final state distributions in the mutual neutralization
process. The present model includes all covalent 1�+

g and 1�+
u

molecular states associated with the H(1)+H(n � 3) limits.
For all energies, the contribution to the H(1)+H(1) channel is
very small, with a ratio to the total cross section of the order of
10−6. Figure 8 presents the n = 2 and n = 3 branching ratios
for mutual neutralization in collisions of different isotopes
of hydrogen ions. At low collision energies the n = 3 channel
dominates and the mutual neutralization reaction is completely
driven by the avoided crossing between the ionic and covalent
states at an internuclear distance of about 35a0. At larger
energies, the avoided crossing at smaller distances can be
reached and the n = 2 channel starts to become important.
The minimum in the total neutralization cross section can be
understood from the change of dominance from the n = 3 to
the n = 2 dissociation channels. As can be seen, the switchover
occurs at lower energies for the lighter isotopologs.

In Fig. 8, the measured branching ratios for H+ + H−
MN using the merged beam technique, described in Sec. III,
are displayed. The measured final state distributions show a
similar trend as the ones calculated, with a dominance of the
n = 3 channel at low collision energies and the increasing
significance of the n = 2 channel as the energy increases, and
a complete absence of n = 1 contribution. At E > 50 eV the

032701-6





NKAMBULE, ELANDER, LARSON, LECOINTRE, AND URBAIN PHYSICAL REVIEW A 93, 032701 (2016)

[30] R. Shingal and B. H. Bransden, J. Phys. B: At. Mol. Opt. Phys.
23, 1203 (1990).

[31] V. Sidis, C. Kubach, and D. Fussen, Phys. Rev. A 27, 2431
(1983).

[32] B. R. Johnson, Phys. Rev. A 32, 1241 (1985).
[33] C. A. Mead and D. G. Truhlar, J. Chem. Phys. 77, 6090 (1982).
[34] D. E. Manolopoulos, M. J. Jamieson, and A. D. Pradhan,

J. Comput. Phys. 105, 169 (1993).
[35] B. R. Johnson, J. Comput. Phys. 13, 445 (1973).
[36] J. R. Taylor, Scattering Theory: The Quantum Theory of

Nonrelativistic Collisions (Dover, Mineola, NY, 2006).
[37] F. Masnou-Seeuws and A. Salin, J. Phys. B 2, 1274 (1969).
[38] L. A. Parcel and R. M. May, Proc. Phys. Soc. 91, 54 (1967).
[39] M. P. I. Manders, W. Boom, H. C. W. Beijerinck, and B. J.

Verhaar, Phys. Rev. A 39, 5021 (1989).

[40] R. M. Jordan and P. E. Siska, J. Chem. Phys. 69, 4634
(1978).

[41] T. Nzeyimana, E. A. Naji, X. Urbain, and A. L. Padellec, Eur.
Phys. J. D 19, 315 (2002).

[42] X. Urbain, J. Lecointre, F. Mezdari, K. A. Miller, and D. W.
Savin, J. Phys. Conf. 388, 092004 (2012).

[43] H. Croft, A. S. Dickinson, and F. X. Gadea, J. Phys. B: At. Mol.
Opt. Phys. 32, 81 (1999).

[44] S. M. Nkambule, P. Nurzia, and Å. Larson, Chem. Phys. 462,
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II. COMPUTATIONAL DETAILS

A. Electronic-structure calculations

The X̃ 1A1 ground state of H2O has the dominant config-
uration (1a1)2(2a1)2(1b2)2(3a1)2(1b1)2 in C2v symmetry. The
electron in the highest occupied molecular orbital is bound
with 12.6 eV, which if removed leads to the formation of
H2O+ in its 2B1 ground state. There are two other low-lying
ionic states corresponding to the removal of an electron in
the (3a1) orbital leading to the 2A1 and the 2B2 formed by the
removal of the (1b2) electron. The resonances seen in electron
scattering from H2O+ are Rydberg states converging to these
excited ionic states. They are crossed at large internuclear
separations by states converging to even higher ionic excited
states.

In this work, two sets of electronic structure calculations
have been performed. The first of them was carried out to
obtain Rydberg and resonant states involved in the direct DR
process, therefore we were particularly interested in achieving
a good description of the curve crossing between resonances
and the ionic-core potential. The focus for the second set
was on the indirect DR process and the calculations were
optimized to describe as well as possible the ionic ground
state and its Rydberg series at molecular geometries close to
the equilibrium.

For the direct DR model, the potential energy surfaces of
the ion as well as excited states of the neutral molecule are
calculated using the multireference configuration-interaction
(MRCI) method. This will provide us with the potential energy
of the electronically bound states that are situated below the
ground state of the ion. We also use the structure calculations
to interpolate the potentials of the resonant states between
the geometries where electron scattering calculations are
performed. Note that although at equilibrium the molecule has
C2v symmetry, if the molecule is stretched asymmetrically the
symmetry becomes Cs and a larger configuration-interaction
(CI) calculation is needed. Calculations were carried out in
both C2v and Cs symmetries.

In order to describe both the Rydberg series converging
to the various excited ionic states, which are the electronic
resonances, and the bound Rydberg states, we first carried out
a self-consistent-field (SCF) calculation on the neutral with a
basis set consisting of (4s,1p) primitive functions contracted
to [3s,1p] for the hydrogen and (9s,7p,1d) contracted to
[4s,4p,1d] for the oxygen atom. In the next step, these SCF
orbitals were used in a MRCI calculation on the three lowest
states of the ion, where the lowest orbital [(1a1) in C2v or
(1a′) in Cs], mainly composed of the the 1s atomic orbital on
oxygen, was frozen and the next four orbitals formed the active
space. A full CI was done in the active space and single and
double excitations from this set of configurations were allowed
into the remaining orbitals. Natural orbitals were obtained
from averaging the orbitals, over the lowest three ionic states.
The natural orbitals were then further expanded by adding
diffuse (1s,1p) orbitals on oxygen and (2s,2p) on hydrogen.

Then a MRCI calculation was carried out to determine
the potential energy surfaces of the ground state of the ion
as well as excited states of the neutral molecule. In these
calculations, the lowest (1a′) core orbital was kept doubly
occupied and the reference configurations were constructed

by excitations of eight electrons (seven for the ion) among
the seven orbitals: (2a′), (3a′), (4a′), (5a′), (6a′), (1a′′), and
(2a′′). Single excitations out of the reference configurations
were included.

A slightly different calculation was performed for the
indirect DR description. The first difference is regarding the
choice of the basis set. In the indirect DR model we used the
cc-pVTZ basis set [10] centered on each atom and included all
s, p, and d orbitals. The second change is with respect to the
computation of the natural orbitals. Since in the indirect DR
model only the knowledge of the Rydberg series converging to
the ground state of the ion is relevant, the natural orbitals are
obtained simply from a MRCI calculation on the ground ionic
state. The reference configurations were generated by keeping
the (1a′) core orbital doubly occupied and by allowing all
possible excitations among the following eight orbitals. The
last difference in the bound-state calculations is the choice
of expansion basis. The Rydberg energies were obtained
by further expanding the natural orbitals by adding at the
center of charge the diffuse universal Rydberg Gaussian basis
set (8s,7p,6d) [11] to the initial Gaussian basis. Then the
potential energy surfaces of the ion and the neutral system
were generated using a MRCI calculation with an active
space of eight orbitals (again keeping the core orbital frozen)
and by allowing for single external excitations. By using
this approach, we were able to obtain Rydberg states up to
n = 5 and therefore guarantee the convergence of the quantum
defects with respect to the principal quantum number.

B. Scattering calculations

The energy positions and autoionization widths of the
electronic resonant states were determined using the complex
Kohn variational method [9]. The trial wave function for the
neutral [(N + 1)-electron] system is written as

��0 =
∑

�

A[��F��0 ] +
∑

μ

d�0
μ �μ. (2)

The first sum is defined as the P -space portion of the wave
function and runs over the energetically open target states. Here
the symbol index � labels all quantum numbers representing
a physical scattering state, i.e., internal state of the target
and angular momentum quantum numbers of the scattered
electron; ��(r1, . . . ,rN ) represents the target wave function
for the ion; the function F��0 (rN+1) is the one-electron
wave function describing the scattered electron; and A is an
antisymmetrization operator for the electronic coordinates. As
the target wave function we used the MRCI wave functions
constructed with the direct and indirect DR picture in mind,
respectively. The second term, defined as the Q-space portion
of the wave function, contains the functions �μ(r1, . . . ,rN+1),
which are square-integrable N + 1 configuration state func-
tions that are used to describe short-range correlations and the
effects of closed channels. We used the same natural orbitals
as those applied in the structure calculations as described in
the previous section. The advantage of using natural orbitals
is that the orbital space used to generate these states is kept
manageable small. The one-electron scattering wave function
F��0 is in the case of electron-ion scattering further expanded
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FIG. 2. (Color online) Potential energy surfaces of the H2O resonant states of (a) 1A′, (b) 3A′, (c) 1A′′, and (d) 3A′′ symmetries are plotted
as functions of the OH coordinate where both OH bond distances vary R1 = R2, while the H-O-H angle θ = 108.8◦ is frozen. The solid lines
show potential energy surfaces of resonant states in C2v symmetry, while the dotted lines are the potentials of the corresponding states in Cs

symmetry. The potentials of the lowest two ionic states are displayed with the black thick solid lines.

where V +(Q) is the ion energy and Vn,α(Q) represents the
energy of the Rydberg state |α〉 with corresponding principal
quantum number n. In the right panel of Fig. 5 we show
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FIG. 3. (Color online) Potential energy surfaces of the resonant
states of H2O of 1A′ symmetry as functions of the bending angle and
for fixed radial coordinates (ROH = 1.986a0). Also, the potentials of
the three lowest ionic states are shown with thick solid lines. Dotted
(blue) lines show potential energy surfaces of electronically bound
states.

a comparison between these geometry-dependent quantum
defects from the bound-state calculations and the eigenphase
divided by π from the scattering data. As discussed in
Sec. III B, the variation of the quantum defect with the normal
mode coordinate determines the indirect DR cross section. The
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FIG. 4. (Color online) Autoionization widths for the 1A′ resonant
states of H2O plotted as functions of one OH coordinate, while
the other OH distance R1 = 1.9086a0 and the angle θ = 108.8◦ are
frozen.
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TABLE I. Vibrational frequencies of the symmetric stretch,
bending, and asymmetric stretch normal modes and permanent dipole
moments of H2O+ obtained in this study. For comparison, other
theoretical and experimental results are also shown. Frequencies are
given in cm−1 and permanent dipole moments μe in debye.

Symmetric Bending Asymmetric μe Method Reference

3339.5 1522.7 3402.7 CEPA this work
3127.1 1538.9 3454.1 2.37 MRCI this work
3388 1518 3469 MCSCF CI Ref. [27]

2.370 MRD CI Ref. [28]
3380.6 1476.6 3436.3 2.398 MRCI Ref. [29]
3182.7 1401.7 3219.5 Expt. Ref. [30]
3212.9 3259.0 Expt. Ref. [31]

agreement between the absolute values of the quantum defects
is not exact. However, their variations along the normal mode
coordinate agree. Therefore, cross sections obtained using
quantum defects from bound Rydberg state calculations or
obtained from the electron scattering calculations should be
nearly identical. The indirect DR cross section was calculated
using Eq. (8) [13] with the S matrix obtained from the electron
scattering calculations.

Extensive theoretical studies of the water Rydberg states
have been carried out by Child and co-workers [33–36]. The
quantum-defect functions were then generated by fitting a
quantum-defect matrix to ab initio potential energy surfaces
obtained using the configuration-interaction method. As an
example, the eigenquantum defects for Rydberg states of 1B1

symmetry at approximately the equilibrium geometry of the
water ion obtained by Theodorakopoulos et al. [34] are 1.44,
0.05, and 0.75. These should be compared with the numbers
1.49, 0.10, and 0.67 obtained here with the electron scattering
calculation.
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FIG. 6. (Color online) Direct DR cross section for the asymmet-
ric stretch dissociation. Colored lines show total direct contributions
from resonant states of different electronic symmetries.

C. Cross sections: Direct and indirect DR

The cross section for direct DR is calculated for both the
asymmetric and symmetric stretches where either one or both
OH bonds break. For the asymmetric stretch, the electronic
resonant states of H2O are not open for dissociation at low
collision energies. An energy larger than 2 eV is needed to
break the bond if the states are followed quasidiabatically
as described above. Figure 6 shows the cross section for
direct DR when only one the OH bonds breaks. The resonant
states produce cross sections with sharp peaks and oscillations.
Some of the peaks can be explained by tunneling resonances
(shape resonances) formed by barriers in the potential energy
curves. As seen for other systems, the regular oscillations
above 4 eV are due to energy dependence of the electron
capture probability [37,38]. For collision energies below 3 eV
electronic resonant states of 3A′′ symmetry dominate, while
above this energy, 3A′ states become important.
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FIG. 5. (Color online) Shown on the left are quantum defects for singlet electronic states as a function of the asymmetric stretch vibrational
mode. The plot shows the variation of the quantum defect with respect to the normal mode coordinate Q (in a.u. amu1/2) and the different
angular momentum values associated with each state. On the right is an example of the agreement between the geometry-dependent quantum
defects obtained from our bound-state calculations (solid lines) and the eigenphase shifts, divided by π , from our scattering results (dashed
lines) as a function of the symmetric stretch normal mode coordinate.
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FIG. 7. (Color online) Direct DR cross section for the symmetric
stretch where the resonant states have been followed in Cs (black
solid line) or C2v (black dashed line) symmetries. Colored lines show
the total direct contribution from Cs resonant states of the different
electronic symmetries.

The calculation of the direct DR cross section for the
symmetric stretch can be computed by following resonant
states in either Cs or C2v symmetry. In Fig. 7 we compare
the total cross section calculated with the two symmetries. For
resonant states of Cs symmetry, we display the contributions
from the different irreducible representations. When both
bonds break some resonant states are open for dissociation
at low collision energies. Most important are resonant states
of 3A′ symmetry and it is the lowest resonant state of this

symmetry driving the direct electron capture at low energies.
When the states are diabatized conserving the C2v symmetry,
the direct DR cross section does not significantly change
compared to the Cs result. There are some differences in
the cross sections at larger energies where the higher-lying
resonant states contribute.

The indirect DR cross section has been calculated up to the
energy that corresponds to v = 2 of the asymmetric stretch
threshold, as shown in Fig. 8. The sharp drop in the energy
dependence of the indirect cross section results from the
thresholds of the v = 1 and 2 levels of the three normal modes
of H2O+, as given by the expression (8). For comparison,
we have also plotted the data reported from a single-pass
merged beam measurement [1] and the results obtained in
the ASTRID [2] and CRYRING [3] storage ring experiments.
The cross section taken from the merged-beam measurement
needed to be divided by 2 due to an error in their calibration
procedure, as reported latter by Mitchell [39]. The ion-storage
ring data shown in the figure are the measured rate coefficient
divided by the velocity 〈σ 〉 = 〈vσ 〉/v. This will deviate from
the cross section when the collision energy is comparable to
the energy spread of the electrons [2]. At low collision energies
where the indirect process dominates, computed and measured
cross sections are in fairly good agreement. Above 1 meV, the
calculated indirect cross section is larger than the experimental
results. This is an expected behavior since in our theoretical
model we neglect autoionization under the assumption that
predissociation takes place on a much faster time scale.

At low energies the cross sections from the two ion-
storage ring experiments have been fitted to stronger energy
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FIG. 8. (Color online) Calculated cross sections for indirect and direct DR are compared with the results from the ion-storage rings
ASTRID [2] and CRYRING [3], as well as the single-pass merged electron-ion beams [1] (this cross section has been divided by 2). The
contributions from the resonant states lying below the first excited state of the ion (direct low) are shown separately from the contributions
from higher-lying resonant states (direct high).
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[38] J. B. Roos, Å. Larson, and A. E. Orel, Phys. Rev. A 78, 022508
(2008).

[39] J. B. A. Mitchell, Phys. Rep. 186, 215 (1990).
[40] E. P. Wigner, Phys. Rev. 73, 1002 (1948).
[41] A. E. Orel, K. C. Kulander, and T. N. Rescigno, Phys. Rev. Lett.

74, 4807 (1995).

012708-10



 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut top edge by 77.95 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420120526
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     77.9528
     Top
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut bottom edge by 77.95 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420120539
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     77.9528
     Bottom
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut left edge by 63.78 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420120552
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     63.7795
     Left
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut right edge by 63.78 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420120559
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     63.7795
     Right
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   StepAndRepeat
        
     Trim unused space from sheets: no
     Allow pages to be scaled: no
     Margins: left 0.00, top 0.00, right 0.00, bottom 0.00 points
     Horizontal spacing (points): 0 
     Vertical spacing (points): 0 
     Crop style 1, width 0.30, length 20.00, distance 10.00 (points)
     Add frames around each page: no
     Sheet size: 7.079 x 10.110 inches / 179.8 x 256.8 mm
     Sheet orientation: best fit
     Layout: rows 0 down, columns 0 across
     Align: centre
      

        
     D:20160420122208
      

        
     0.0000
     10.0001
     20.0001
     1
     Corners
     0.2999
     Fixed
     0
     0
     0
     0
     0.7600
     0
     0 
     1
     0.0000
     0
            
       D:20160420122156
       727.9370
       165x242 med skärmärken (179.8 x 256.8
       Blank
       509.6693
          

     Best
     491
     766
     0.0000
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     1
     0
     0 
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut top edge by 20.98 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420194614
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     20.9764
     Top
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut bottom edge by 20.98 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420194851
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     20.9764
     Bottom
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut left edge by 20.98 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420194913
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     20.9764
     Left
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut right edge by 20.98 points
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20160420194934
      

        
     32
            
       D:20150605160554
       685.9843
       Blank
       467.7165
          

     Tall
     1
     0
     No
     41
     702
    
     None
     Left
     5.6693
     0.0000
            
                
         Both
         2
         AllDoc
         44
              

       CurrentAVDoc
          

     Smaller
     20.9764
     Right
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0a
     Quite Imposing Plus 4
     1
      

        
     0
     180
     179
     180
      

   1
  

 HistoryList_V1
 qi2base





