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Abstract

Three particles interacting via Coulomb forces represent a fundamental prob-
lem in quantum mechanics with no known exact solution. We have investi-
gated resonance states composed of three particles interacting via Coulombic
and more general potentials in non-relativistic quantum mechanics, using the
complex scaling method. Our calculations have been applied to three different
systems.

(i) An investigation of resonances in the positron-alkali (Li, Na, K) sys-
tems has been conducted. Some calculations have previously been reported on
the resonances in positron-alkali systems, however, most of the work was lim-
ited to the lower partial wave, such as S−wave resonances. In this thesis, we
have extended the calculations to higher partial waves and extracted the reso-
nance positions and widths using the more accurate complex scaling method.
A dipole series of resonances has been found under positronium n = 2 thresh-
old, for natural parity and n = 3 threshold for unnatural parity states. Further-
more, these resonances were found to agree well with an analytically derived
scaling law. This series in the positron-alkali system are caused by the attrac-
tive potential formed by the dipole moment of positronium (the bound state
of an electron and a positron). This dipole moment is a hydrogen-like sys-
tem, and hence its energy levels are degenerate with respect to orbital angular
momentum. We have also predicted several new resonances.

(ii) A calculation of resonances in positron-hydrogen scattering, which
shows that we can represent this system with the accuracy needed for future
scattering calculations. Such cross sections are of interest since this is a way
to form anti-hydrogen.

(iii) A search for possible resonances in the pµe system, which has been
suggested as a possible reason for unexpected results from a recent measure-
ment of the proton radius in muonic hydrogen. We have ruled out the possibil-
ity of such resonances.

In all calculations, we used the Couple Rearrangement Channel Method,
where the wave function is represented by Gaussians expressed in Jacobi co-
ordinates. Thus, effects due to mass polarization are automatically included.
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Sammanfattning

Tre-kroppsproblemet är ett fundamentalt problem i kvantmekaniken, vilket in-
te har någon exakt lösning. Jag har med hjälp av numeriska beräkningar un-
dersökt resonanstillstånd (d.v.s. metastabila, nästan bundna kvantmekaniska
tillstånd) bestående av tre partiklar vilka växelverkar antingen med Coulomb-
krafter eller via mer generella potentialer. Jag har använt mig av icke-relativistisk
kvantmekanik och den s.k. komplexskalnings-metoden. Mina beräkningar har
utförts på tre typer av system:

1. En undersökning av resonanser i system bestående av en positron (anti-
elektron) och en alkaliatom (Li, Na, K) har utförts. Ett fåtal liknande beräk-
ningar har rapporterats tidigare, men de flesta tidigare arbeten var begränsade
till låga banimpulsmoment. I denna avhandling har jag utökat beräkningar-
na till att omfatta högre banimpulsmoment, och bestämt resonansernas energi
och vidd (livstid) genom den mera tillförlitliga komplexskalnings-metoden.
En modellpotential används för att beskriva växelverkan mellan atomens va-
lenselektron och dess inre del. En dipolserie av resonanser upptäcktes under
spridningströsklarna för olika exciterade tillstånd hos positronium (det bundna
tillståndet bestående av en elektron och en positron). Dessa resonanser föl-
jer väl en analytiskt härledd skalningslag. Resonanserna uppstår eftersom en
attraktiv potential bildas genom att ett elektriskt dipolmoment kan uppstå i po-
sitronium. Detta förutsätter att tillstånd med olika banimpulsmoment kan ha
samma energi, vilket är fallet i vätelika system som positronium. Jag har också
förutsagt flera nya resonanser.

2. En beräkning av resonanser i positronspridning på väte. Här visade det
sig att beräkningarna ger mycket exakta resultat, vilket ger goda förutsättningar
för framtida tvärsnittsberäkningar. Sådana beräkningar är mycket intressanta
eftersom detta är ett sätt att skapa antiväte-atomer.

3. En sökning efter resonanser i proton-myon-elektron systemet. Existen-
sen av sådana resonanser har föreslagits som en möjlig orsak till oväntade
resultat från de senaste mätningarna av protonens radie, genom spektroskopi
på myoniskt väte. Mina beräkningar utesluter möjligheten av sådana tillstånd.



xiv Sammanfattning

I samtliga beräkningar har jag använt mig av den s.k. kopplade rearrange-
mangskanalsmetoden, i vilken vågfunktionen representeras genom gaussianer
uttryckta i Jacobi-koordinater. Därigenom inkluderas effekter från masspolari-
sation automatiskt.



Abbreviations

Ps Positronium
PET Positron Emission Tomography
QED Quantum Electrodynamics
RMS Root Mean Square
S.E Schrödinger Equation
µ p Muonic Hydrogen
ep Electron Proton Scattering
CRC Couple Rearrangement Channel
pee Negative Hydrogen
COM Center-Of-Mass





List of Figures

1.1 Positronium formation process . . . . . . . . . . . . . . . . . 2

2.1 Approximate eigenvalues given by the Rayleigh-Ritz varia-
tional method . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Stabilization graph . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Effect of dilatation transformation . . . . . . . . . . . . . . . 10
2.4 Jacobi coordinates for a three-body system . . . . . . . . . . . 12
2.5 Coordinate system for two-electron atoms . . . . . . . . . . . 13
2.6 The three arrangement channels of the three-body system . . . 16
2.7 Vacuum polarization insertion in the photon propagator. . . . . 18

3.1 Energy level diagram of Ps(n = 1) and alkali atoms A. . . . . 22

4.1 An overview of the best proton charge radius measurements . 34
4.2 The 2S and 2P energy levels of muonic H. . . . . . . . . . . . 35
4.3 The spectrum of Hθ for H−. . . . . . . . . . . . . . . . . . . 38
4.4 Using different basis sets for the state N = 2, J = 0, . . . . . . 39





List of Tables

2.1 Corrections due to vacuum polarization of the 2S and 2P states
in muonic hydrogen . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Unnatural Parity States with the total orbital angular momen-
tum J . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 The dipole polarizability of alkali and hydrogen atoms. . . . . 21
3.3 Energy and width ratio for Ps and H . . . . . . . . . . . . . . 25
3.4 Energy and width ratios of successive resonances . . . . . . . 26
3.5 The non-universal Λ0 properties of e+-H and e+-alkali . . . . 27
3.6 Ground state energy of the e+Na system . . . . . . . . . . . . 27
3.7 Comparison of the calculated binding energies of the Na atom 28

4.1 Study of the rate of convergence for the different basis functions 37
4.2 Comparison of non-relativistic resonance energies of H− . . . 40
4.3 Comparison of non-relativistic resonance widths of H− . . . . 40
4.4 The ground state energy of pµµ (a.u). . . . . . . . . . . . . . 41





1. Introduction

Atomic physics is an important discipline of physics that describes the structure
of matter on the atomic scale and includes basic interactions in many-body sys-
tems. However, accurate descriptions of these many-body systems still pose a
significant challenge to atomic theorists.

In recent years, the study of positron collisions with atoms and molecules
has gained significant interest due to the development of experimental tech-
niques utilizing positrons [1, 2]. As the antimatter version of the electron,
the positron has identical mass but opposite charge. The interactions between
incident positrons and target atoms are different from those in electron-atom
scattering. In particular, the attractive interaction between the positron and
atomic electrons make correlation effects much more important. This repre-
sents a numerical challenge.

The positron was theoretically predicted by Paul Dirac [3] in 1928, and ex-
perimentally observed by Carl Anderson in 1932 [4]. The existence of a quasi-
bound state (resonance) arising from the Coulomb attraction of an electron and
a positron was also suggested in 1934 [5], and it was named positronium (Ps)
by R. E. Ruark in 1945 [6]. The Ps atom was first observed experimentally
by Deutsch in 1951 [7]. This system is unstable due to self-annihilation of the
two particles into gamma ray photons. Ps can be formed whenever an incident
positron possesses enough kinetic energy to "knock out" an electron from the
target (X) and temporarily bind to it, leaving the target as a positive ion as
shown in Eq.(1.1) and Figure 1.1:

e++X → X++Ps(e+,e−). (1.1)

The binding energy of a Ps atom is 6.8 eV, i.e., half of the binding energy of
ground state hydrogen atom . The existence of both positron and Ps atomic
bound states has become increasingly well-established and is one of the most
interesting problems in the field of positron physics [8–13].

The novel characteristics of positron provide us with a valuable tool to
understand the matter-antimatter interactions, with the help of positron-atom
scattering. Additionally, it helps us to investigate new scattering processes.
Resonance formation is one of the important phenomenon associated with
positron-atom scattering.
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Figure 1.1: Positronium formation process when interacting with a target atom.
In (a), the electron charge cloud has been shifted towards the positron. In (b), one
of the electrons has "knocked out" and temporarily binds to the positron, leaving
the target as a positive ion.

Positrons are primarily used for defect studies of materials and in positron
emission tomography (PET). A PET scan is useful in revealing or evaluating
several conditions, including some cancers, heart disease and brain disorders.
With regards to fundamental physics, positrons are required in order to under-
stand elementary particles, Ps and to form anti-hydrogen, as well as to investi-
gate positron binding to ordinary matter, i.e., neutral atoms and molecules.

In this thesis, we apply non-relativistic quantum mechanics to study three-
body systems. We use interaction potentials of Coulombic or Gaussian forms.
The formal and numerical approaches, used in this work, are in principle appli-
cable to any three-body system. A large part of this dissertation deals with the
interactions of positrons with hydrogen and alkali atoms. We have calculated
resonance energies and widths in these systems.

Another project presented here uses similar techniques. We are interested
in how the energies and widths of resonances scale with the masses of the par-
ticles. In our calculations, one particle is a proton while the two other particles
are negatively charged with masses between the electron and the muon mass.

Resonances in the positron-hydrogen system could play an important role
in the production of anti-hydrogen through rearrangement scattering of Ps by
anti-protons [14]. Unfortunately, there is no experimental data on positron-
hydrogen scattering [15–17]. The excited Ps is interesting since it has a prob-
ability of much higher formation cross-section [18]. The following processes
relating to cross-sections

e++H→ Ps+ p (1.2)

Ps+ p̄→ e−+ H̄, (1.3)

are of great importance since the anti-hydrogen atom is an ideal system for
studying charge conjugation symmetries of physics. Other exotic atoms, for
example, muonium, positronium and protonium, have short lifetimes and are
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not appropriate for high-precision spectroscopic research. Additionally, there
is a growing interest in studying various effects of positron-hydrogen scatter-
ing, especially for comparison with electron-hydrogen scattering.

Positron-alkali atom scattering differs greatly from positron-hydrogen scat-
tering in many aspects. Alkali atoms have large dipole polarizabilities, which
are strong enough to produce bound states [19]. Furthermore, the hydrogen
atom has degeneracy in its spectrum while alkali atoms do not have such char-
acteristics. An additional characteristic of a positron-alkali system is the rear-
rangement process, i.e., Ps formation. An interesting feature of e+A (where
A=Li, Na, K, Rb) scattering is that the Ps(1s) binding energy is higher than the
ionization energy of alkali atoms. As a result, Ps(1s) formation is energetically
possible even at the zero impact energy and is expected to have a significant
effect on the scattering process.

Finally, we studied the resonance energies and widths in the pµe system.
The primary motivation for our work is recent experiments on muonic hydro-
gen [20, 21]. Muonic hydrogen has attracted interest for a long time since
a measurement of the Lamb shift (2S− 2P energy difference) could give a
precise value for the root mean squared (RMS) charge radius of the proton.
An isolated (µ−p)2S system is metastable with a lifetime mainly determined
by muon decay (about 2.2 µs). The 2S− 2P splitting in muonic hydrogen
arises mainly through quantum electrodynamics (QED) effects such as vac-
uum polarization. It does, however, also depend on a finite-size correction of
the nuclear charge distribution. The proton radius is a basic property of the
simplest nucleus. It has been treated in the published 2010-CODATA [22]
adjustment as a fundamental physical constant. Recent experiments have mea-
sured the correction and thereby determined a new value of the proton radius,
0.84184 fm [20] but with a 5 standard deviation from the previous value. Vari-
ous experiments have been performed to examine the formation of a long-lived
meta-stable state of µ−p when muons are stopped in a low-pressure hydrogen
gas target.

Outline

In Chapter 2, we discuss in details the computational method used for the
calculation in all Papers. In Chapter 3, positron-hydrogen and positron-alkali
systems are discussed. Chapter 4 gives an overview of the proton radius prob-
lem, its origin and why it is important. We also discuss the scaling of the mass
of one of the electrons to make this a pµe system. A summary and outlook is
given in Chapter 5.





2. Theory

2.1 Variational Principle

The variational principle [23, 24] is a numerical minimization technique used
to find the approximate solutions of many-body problems by finding the best
possible approximation to the true ground state using a trial wave functions of
a certain form.

2.1.1 Linear Variational Principle

We deal with the stationary many-body Schrödinger Equation HΨ = EΨ and
represent the eigenfunctions and eigenvalues by Ψn and En, respectively. The
well-established Rayleigh-Ritz variational principle states that the variational
energy ε evaluated with an arbitrary trial function Ψt provides an upper bound
to the exact ground state energy of the Hamiltonian H, i.e.,

ε =
〈Ψt |H|Ψt〉
〈Ψt |Ψt〉

≥ E0 =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

, (2.1)

where E0 is the exact ground state energy. In order to find approximate varia-
tional solutions to the full Schrödinger Equation (S.E), we restrict the problem
to a smaller space spanned by a set of K basis functions ψk. Firstly, we expand
the trial wave function in this space, i.e.,

Ψ
t =

K

∑
k=1

ckψk (2.2)

where ck are the expansion coefficients. These coefficients determine Ψt com-
pletely within the space {ψk}.
How do we use the variational principle in practice to find the best Ψt , i.e. the
values of ck which gives the lowest ε?
To minimize ε we must have

∂ε

∂ck
= 0 f or k = 1,2, · · · ,K. (2.3)

From Eq. (2.1) and Eq. (2.2), we have
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ε =
∑

K
i=1 ∑

K
j=1 cic jHi j

∑
K
i=1 ∑

K
j=1 cic jSi j

, (2.4)

where

Hi j = 〈ψi|H|ψ j〉,

Si j = 〈ψi|ψ j〉.
(2.5)

Hence,

ε

K

∑
i=1

K

∑
j=1

cic jSi j =
K

∑
i=1

K

∑
j=1

cic jHi j. (2.6)

Taking the derivative with respect to (w.r.t.), cn

∂ε

∂cn

K

∑
i=1

K

∑
j=1

cic jSi j + ε

K

∑
i=1

(ciSin +Snici) =
K

∑
i=1

(ciHin +Hnici). (2.7)

Since ∂ε

∂cn
= 0 and Sin = Sni, Hin = Hni, one has

ε

K

∑
i=1

ciSin =
K

∑
i=1

ciHin, (2.8)

or

H̃c̄ = ε S̃c̄, (2.9)

where H̃ and S̃ are the matrix representations of the Hamiltonian and over-
lap operators, respectively and their elements are defined in Eq. (2.5). This is a
generalized eigenvalue equation of size K, with K real eigenvalues ε1 ≤ ·· · ≤ εK

and corresponding eigenvectors c1, · · · ,cK .

2.1.2 Hylleraas-Undheim-MacDonald Theorem and the Generalized
Eigenvalue Problem

The Hylleraas-Undheim-MacDonald theorem states that for a trial wave func-
tion with linear variational parameters such as Eq. (2.2), the higher eigenvalues
εi > ε0 of Eq. (2.9) are upper bounds to the excited states of the Hamiltonian.
This result is based on a theorem showing that as the number of basis func-
tion is extended from N to N + 1, the new eigenvalues interleave the former,
i.e. ε

N+1
0 ≤ εN

0 ≤ ε
N+1
1 ≤ εN

1 ≤ ·· · . Thus all eigenvalues, ordered according
to increasing energy, must decrease as the number of basis functions N is in-
creased. As N→∞ they will approach the true eigenvalues of the Hamiltonian.
It follows that for a finite N, εN

i is an upper bound to Ei as shown in Figure 2.1.
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Figure 2.1: Approximate eigenvalues given by the Rayleigh-Ritz variational
method with linear functions. Each root εN

i of the determinal Eq. (2.9) is an
upper bound on the corresponding exact eigenvalue Ei.

2.2 Theory of Resonances

The identification of continuum and resonant states are two significant aspects
in quantum physics. Generally, a resonant state is explained as a long-lived
state of the system which has sufficient energy to break up into two or more
subsystems [25]. While conducting an experiment, a particle is scattered from
the target. It can be an electron, an atom or a molecule and the target can
be a nucleus or any of the above. Three different processes can occur. One
is elastic scattering, in which the energy of the particles is conserved. An-
other is inelastic scattering, in which energy is exchanged between the particle
and the target. The last is reactive scattering, in which the particle and the
target collide with each other and form a different species. The resonance ap-
pears mostly below the atomic excitation thresholds. Such attractive potential
is very sensitive to the electron-electron correlation and target polarization ef-
fects. The investigation of the resonance phenomenon would shed light on
the detailed information about the collision dynamics, electron correlation and
positron-atom interactions.

A characteristic feature of resonances, particularly in experiments, is the
violent behaviour of the measured (calculated) cross section at certain (reso-
nance) energies, ER, creating sharp peaks in the cross section. This behaviour
of the cross section is associated with the observation that a particle with a cer-
tain energy has been trapped in the target system, as a result providing long-
lived collision. It is appropriate to note that not all peaks in a cross section are
linked with resonances.
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There are numerous methods used to calculate the energy and the lifetime
of resonances; here we discuss two of them.

2.2.1 Stabilization Method

The stabilization method provides an efficient approach to many problems in
atomic and molecular physics [26–28]. This method deals with real matrices
and basis functions, which directly exploits the locality of the resonance in the
interaction region. In applying the stabilization technique, we introduce a real
scaling parameter α by the transformations (for the Coulombic potential):

r→ rα, T → T
α2 , V → V

α
. (2.10)

Here T and V are the kinetic and potential energy matrix elements, respec-
tively. When we change the value of α , we get a stabilization graph as shown
in Figure (2.2), from which the resonance energies can be analysed. Eigenval-
ues E j(α) corresponding to bound states or resonances are stable with respect
to the variation of α . The stabilization method diagonalizes the Hamiltonian in
a basis set of ever larger extension around the region where the wave function
of the resonance is localized. If the energies decrease for each region, these
states are known to be continuum states and do not possess any bound state
properties. Also, the wave-vector k scales as k→ k/α , meaning that the en-
ergy of a continuum state scales as Ek = h̄2k2/2m→ (1/α2)Ek. To obtain the
resonance width Γ through a fitting procedure, it is important to calculate the
density of resonance states in the vicinity of an avoided crossing of two energy
levels in the stabilization plateaus. Once calculating the density of resonance
states, fitting it to the Lorentzian form yields the resonance width Γ [29, 30].

2.2.2 Complex Scaling

The Complex scaling method is a powerful tool in the numerical study of
resonances in few-electron systems [25, 33–39]. The Complex square inte-
grable (L2) method mathematically transforms the Schrödinger Equation it-
self, avoiding the asymptotic boundary problems for resonances. This method
enables us to calculate the resonance energy and width directly, as real and
imaginary parts of the complex eigenvalues. It helps us to investigate all the
resonances that lie inside the energy region of interest using the complex ro-
tated Hamiltonian.

In such a method, the radial coordinates r j are transformed into

r j→ r jeiθ , (2.11)
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Figure 2.2: Stabilization graph. The red rectangular box shows resonance state
of negative hydrogen (pee) below the n = 2 threshold with J=0.

and accordingly
∇ j→ ∇ je−iθ , (2.12)

where θ is the scaling angle which is restricted to 0 < θ < π/4.
The wave function φ(r) transforms under the complex dilatation operator U(θ)
by definition as

U(θ)φ(r) = e3iθ/2
φ(eiθ r). (2.13)

The factor e3iθ/2 gives the scaling of a three dimensional volume element dV =
(dxdydz). The scaled Hamiltonian H(θ) is defined as

H(θ) =U(θ)HU−1(θ) (2.14)

We also use potentials which are fitted as Gaussians in positron-alkali systems
calculation. The transformed Hamiltonian is particularly simple if V is the
Coulomb interaction

H(θ) = e−2iθ T + e−iθV, (2.15)

where e−i2θ and e−iθ are complex numbers which scale the kinetic and poten-
tial energy. H(θ) has complex eigenvalues with L2 eigenfunctions correspond-
ing to the resonant states of the system. When we apply this transformation to
the Hamiltonian operator, the S.E transforms to [25]

(
U(θ)HU−1(θ)

)
(U(θ)φres) = (Er− iΓ/2)(U(θ)φres) ,
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{{

Bound 
states

Bound 
states

Resonances
 (Hidden)

Thresholds

Resonances
 (Exposed)

2θ

σ(H) σ(H(θ))

Dilatation Transformation

Figure 2.3: Effect of dilatation transformation r→ reiθ on a spectrum "σ" of the
many-body Hamiltonian. Bound states and thresholds are invariant. However,
as the continua rotate, complex eigenvalues may be exposed. Such eigenvalues
correspond to poles but are "hidden" if θ = 0, and will be exposed if the cuts are
appropriately moved.

where Er and Γ represent the position and width of the resonance state, re-
spectively, and φres represents the diverging spherical out-going eigenfunction
corresponding to the complex eigenvalues of the resonance.

The following spectral properties of H(θ) are valid:

• The bound state eigenvalues obtained from H(θ) are independent of θ

and similar to those of H(θ = 0) for |θ | ≤ π/2.

• The continuous spectrum at each scattering threshold is rotated down-
ward making an angle of 2θ .

• H(θ) may have isolated complex eigenvalues corresponding to the res-
onance energies with L2 square-integrable complex eigenfunctions.

To understand this technique, we start with an example for short-range
potential. In such a case, the solutions for scattering states have asymptotic
behaviour given by

φ
scatt(r→ ∞) = A(k)e−ikr +B(k)e+ikr, (2.16)

with

E =
(h̄k)2

2m
. (2.17)
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The complex-scaled scattering states, r→ reiθ are given by

φ
scatt(reiθ )r→∞ = A(k)e−ikeiθ r +B(k)e+ikeiθ r. (2.18)

As we see in Eq. (2.18), one of the exponentials diverges as r→ ∞, violating
the boundary condition for a finite wave function. To preserve this asymp-
totic form, we take k as complex values k→ ke−iθ ; then E = (h̄k)2/2m→
e−2iθ (h̄k)2/2m for the allowed scattering eigenenergies. The continuum is
then rotated into the lower half of the complex energy plane by an angle of
2θ as shown in Figure 2.3. The bound states are unaffected by the rotation and
lie on the negative real energy axis. This shows that the continuous spectrum
of H(θ) is different from that of the unscaled Hamiltonian H which is the main
purpose of r→ reiθ transformation.

2.3 Modelling of Quantum Three-Body Systems

2.3.1 Coordinate System

A system with N particles has 3N degrees of freedom. If the particles are not
aligned on a straight line, the degrees of freedom may be reduced to 3N− 6
[23] by separating out the center-of-mass(COM) motion and rotations about
the COM. Thus, for a three-body system three coordinates are needed to de-
scribe the degrees of freedom.

Various coordinate systems are available when discussing three-body sys-
tems. Some of them are Jacobi coordinates [28, 40, 41], hyper-spherical coor-
dinates [28, 42] and Pekeris coordinates [43, 44] etc. All these coordinate sys-
tems are good when considering the bound-state calculation of the Schrödinger
equation. Hyper-spherical coordinates consist of a hyper-radius providing the
size of the cluster and two hyper-angles describing the radial and angular cor-
relation of the three-body system, respectively. This coordinate system is par-
ticularly interesting since the three dimensional problem now reduces to a one-
dimensional hyper-radius problem, with a set of effective potentials obtained
by solving a two-dimensional equation [42? ]. Pekeris coordinates are espe-
cially convenient when describing the wave function and the relative impor-
tance of different configurations of the system. The most suitable choice of the
coordinate system also depends on which physical system is studied, and may
be important for the efficiency of the numerical treatment.

Jacobi coordinates are one of the most suitable choices for describing scat-
tering processes and work equally well in bound-state calculations for three-
body systems. Jacobi coordinates, R = (x,y) describe the internal motion of
the system as shown in Figure (2.4).
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Figure 2.4: The Jacobi coordinates for a three-body system.

Here, x is the vector between particle 2 and 3, y is the vector between
particle 1 and COM of the pair (2,3), and θ is the angle between the vectors x,
y. The inter-particle distances, ri j, are associated with the Jacobi coordinates
(in one possible configuration)

r23 = x,

r12 =

(
y2− 2m3

m2 +m3
xycosθ +(

m3

m2 +m3
x)2
)1/2

,

r13 =

(
y2 +

2m2

m2 +m3
xycosθ +(

m2

m2 +m3
x)2
)1/2

.

Here m2 and m3 are the masses of particles 2 and 3, respectively. An advantage
of using Jacobi coordinates is their orthogonality, i.e., the kinetic energy oper-
ator is diagonal, meaning that there is no mixing of the different derivatives.

2.3.2 Mass Polarization

To understand the phenomena of mass polarization [45], we consider an atom
or ion containing a nucleus of mass M and charge Ze and N electrons of mass
m and charge −e. The coordinate of the nucleus with respect to the fixed
origin O is denoted by R0, and R1,R2.....RN those of the electrons. In the
absence of external fields, and neglecting all but the Coulomb interactions, the
non-relativistic Hamiltonian operator of this system is given by

H = T +V (2.19)
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Figure 2.5: Coordinate system for two-electron atoms.

where, the kinetic energy (K.E) operator, T is

T =− h̄2

2M
∇

2
R0
− h̄2

2m

N

∑
i=1

∇
2
Ri

(2.20)

and the Coulomb energy V is the sum of all the (N+1) particles of the system.
In order to separate the motion of the COM, we change our coordinates from
(R0,R1,R2, · · · ,RN) to (R,r1, · · · ,rN) where

R =
1

M+Nm
(MR0 +mR1 + · · ·+mRN) (2.21)

is the coordinate of the COM and

ri = Ri−R0, i = 1,2, · · · ,N (2.22)

are the relative coordinate of the electron w.r.t. the nucleus. It can be shown
from Eq. (2.21) and Eq. (2.22) that using the chain rule yields

∇R0 =
M

M+Nm
∇R−

N

∑
i=1

∇ri (2.23)

and
∇Ri =

m
M+Nm

∇R +∇ri . (2.24)

Hence,

∇
2
R0

=

(
M

M+Nm

)2

∇
2
R−

2M
M+Nm

N

∑
i=1

∇R ·∇ri +

(
N

∑
i=1

∇ri

)2

(2.25)
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and

∇
2
Ri
=

(
m

M+Nm

)2

∇
2
R +

2m
M+Nm

∇R ·∇ri +∇
2
ri
. (2.26)

Inserting Eqs. (2.25) and (2.26) into (2.20), we find the K.E operator in the
new coordinates becomes

T =− h̄2

2(M+Nm)
∇

2
R−

h̄2

2µ

N

∑
i=1

∇
2
ri
− h̄2

M ∑
i> j

∇ri ·∇r j , (2.27)

where
µ =

mM
m+M

(2.28)

is the reduced mass of the electron with respect to the nucleus. The Hamilto-
nian Eq. (2.19) may therefore be written as

H =− h̄2

2(M+Nm)
∇

2
R−

h̄2

2µ

N

∑
i=1

∇
2
ri
− h̄2

M ∑
i> j

∇ri ·∇r j +V (r1,r2, · · · ,rN).

(2.29)
The only term containing the coordinate R in Eq. (2.29) is the first one,

which shows the kinetic energy operator of the COM. The next represents the
sum of the kinetic energy operator of the N electrons. The third term is due to
nuclear motion, which is often called the "mass polarization" term. Note that
this term is smaller than the electronic kinetic energy by a factor µ/M. Thus,
for normal, atoms this is a small (though sometimes important) correction. For
exotic systems involving heavier particles such as muons, this term is larger
and cannot be neglected.

Now we instead solve this three-particle problem using Jacobi coordinates
defined by

R =
1

M+2m
(MR0 +mR1 +mR2), (2.30)

x = R1−R0, (2.31)

y = R2−
1

M+m
(MR0 +mR1). (2.32)

Here R is the position of the COM of the atom, x is the position of the first
electron relative to the nucleus, and y is the position of the second electron
relative to the COM of the other two particles.
The kinetic energy operator becomes

T =− h̄2

2M
∇

2
R0
− h̄2

2m
∇

2
R1
− h̄2

2m
∇

2
R2
. (2.33)
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The derivatives in Eq. (2.33) transform according to

∇R0 = (−∇x−
M

M+m
∇y +

M
M+2m

∇R),

∇R1 = (∇x−
m

M+m
∇y +

m
M+2m

∇R),

∇R2 = (∇y +
m

M+2m
∇R).

Now, the kinetic energy operator gives

T =

[
− h̄2

2

(
M+m

Mm

)
∇

2
x−

h̄2

2

(
M+2m

m(M+m)

)
∇

2
y−

h̄2

2(M+2m)
∇

2
R

]
, (2.34)

and the total Hamiltonian becomes

H =

[
− h̄2

2

(
M+m

Mm

)
∇

2
x−

h̄2

2

(
M+2m

m(M+m)

)
∇

2
y−

h̄2

2(M+2m)
∇

2
R

]
+V (x,y).

(2.35)
Eq. (2.35) has an important advantage in that there is no mass polarization
term in the kinetic energy part, but at the expense of making the expression for
the potential more complicated as we do not use inter-particle coordinates. We
note that for pairwise interactions, the potential can be written as

V (xi,yi) =V (x1)+V (x2)+V (x3), (2.36)

where i in xi denotes the three different ways (or rearrangement channels) in
which the Jacobi coordinates can be defined. To evaluate the potential matrix
elements, we thus need to be able to transform between different rearrange-
ment channels.

2.3.3 The Couple Rearrangement Channel method

In order to solve the many-body bound state problem accurately different meth-
ods are used. The Couple Rearrangement Channel (CRC) Method is one of
them, and was first introduced by M. Kamimura [46] in 1988. This method
has been applied to few-body problems of different types in atomic and nu-
clear physics [47]. The main advantage of this method is that it includes all
three possible sets of Jacobi coordinates and can thus describe different re-
arrangement channels. The detailed computational explanation of the CRC
method can be found in the work of Hiyama and co-workers [47].

The total three-body wave function is expanded in terms of basis functions
spanning the three rearrangement channels in the Jacobian coordinate system
η = a,b,c shown in Figure 2.6. The wave function has the form:
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Figure 2.6: The three arrangement channels of the three-body system and their
Jacobi coordinates.

ΨJM = ∑
µ

cµφµ , (2.37)

where

φµ = Nηrlη
η RLη

η e(−rη/rηi )
2
e(−Rη/RηI )

2 [
Ylη (r̂η)⊗YLη

(R̂η)
]

JMJ
(2.38)

and[
Ylη (r̂η)⊗YLη

(R̂η)
]

JMJ
≡ ∑

m,M
〈lη m Lη M|J MJ〉Ylη m

(r̂η)YLη M
(R̂η). (2.39)

In Eq. (2.38) lη(Lη) stands for the angular momentum of the relative motion
associated with the coordinate rη(Rη) and the [ ]JMJ represent the vector cou-
pling of the spherical harmonics. Also values of lη(Lη) are restricted to the
range 0 ≤ lη ≤ lmax

η , |J− lη | ≤ Lη ≤ J + lη respectively. The right hand side
term 〈 〉 in Eq. (2.39) is a Clebsch-Gordan coefficient.
The non-linear variational parameters rηi and RηI are chosen as a geometric
progression

rηi = rη1

(
rηn

rη1

) i−1
n−1

, i = 1, · · · ,n

RηI = Rη1

(
Rηn

Rη1

) I−1
N−1

, I = 1, · · · ,N.

(2.40)
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This choice gives a good balance between many basis functions in the inner
short-range region, and a few diffuse Gaussian which describe the long-range
behaviour. Also, an advantage of Gaussian basis functions is that they allow
analytical calculation of the kinetic energies, potential energies and overlap
matrix elements in the Jacobian coordinate system. The requirement 〈φµ |φµ〉=
1 gives the normalization constant Nη

Nη =

[
2lη+2

√
π(2lη +1)!!

(
2

rηi

)lη+3/2 2Lη+2
√

π(2Lη +1)!!

(
2

RηI

)Lη+3/2
]1/2

.

(2.41)
Note, however, that the basis functions are not orthogonal since 〈φµ |φν〉 6= 0,
which makes it necessary to also calculate the overlap matrix S, and solve a
generalized eigenvalue problem.

The main difficulty in constructing the Hamiltonian and overlap matrix
lies in the transformation between different sets of Jacobi coordinates, as both
functions in the matrix element must be expressed in the same coordinate sys-
tem. For the Coulomb potential (and more generally any potential of the form
rN) and Gaussian potentials, all integrals can be evaluated analytically.

2.4 Vacuum Polarization

In the mid 1930’s, the quantum electro dynamical (QED) notion of vacuum
polarization emerged from the work of Dirac, Furry and Oppenheimer, Serber
and Uehling [48–51]. Vacuum polarization is a distortion of the Coulombic
interaction due to the production of virtual electron-positron pairs by a strong
electromagnetic field. It can be expressed as a correction to the photon propa-
gator as shown in Figure (2.7).

Muonic hydrogen differs from ordinary hydrogen atoms in that the effect
of vacuum polarization is much larger and is the prime QED contribution. The
QED shift for an ordinary hydrogen atom is called the Lamb shift. The total
Lamb shift of the 2S level of ordinary H is 1058 MHz, while the vacuum
polarization is only −27 MHz. Thus for ordinary H, the vacuum polarization
is a small part of the total QED effect. For muonic hydrogen, the vacuum
polarization is the dominating QED correction for the 2S−2P splitting of µ p
by −0.2 eV. This is precisely the splitting which has been measured to obtain
the proton radius.

The following question then arises: Why are the P, D and F states less
shifted? The reason is that only in the S−state is the electron wave-function
different from 0 at r = 0 (i.e., close to the nucleus). The shift of the P-state is
given in Table 2.1. If we consider a charge distribution of the nucleus which is
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Figure 2.7: Vacuum polarization insertion in the photon propagator.

Table 2.1: Corrections due to vacuum polarization of the 2S and 2P states in
muonic hydrogen, calculated by first-order perturbation theory. Energies are in
meV. The experimental 2P-2S splitting is dominated by vacuum polarization, but
also includes various other small terms, including terms dependent on the proton
radius.

E(2S) meV E(2P) meV E(2P)−E(2S) meV
Experimental 206.295

Uehling potential −219.58 −14.58 205.01
Fitted Uehling potential −219.57 −14.57 205.00

symmetric, the effective Uehling potential [51] giving the first-order correction
to the Coulomb potential V (r) = Z1Z2/r reads as [52]

Vpol(r) =
2α

3

∫
∞

1
dt
√

t2−1
(

2
t2 +

1
t4

)
×

[∫ r

0
dr
′
r
′2

ρ(r
′
)
sinh(2tcr

′
)

ctr′
e−2ctr

r
+
∫

∞

r
dr
′
r
′2

ρ(r)
sinh(2tcr)

ctr′
e−2ctr

′

r′

]
,

(2.42)

where ρ(r
′
) is the charge distribution of the nucleus, α the fine-structure con-

stant and c the speed of light in vacuum. For hydrogen nuclei we can accurately
approximate ρ(r

′
) = δ 3(r

′
), yielding

Vpol(r) =
Z1Z2

r
α

3π

∫ 1

0
e−2cr/x(2+ x2)

√(
1
x2 −1

)
dx. (2.43)

This form of the potential is very difficult to treat numerically. Instead we use
the approach from [53] and fit it to a sum of 20 Gaussians.



3. Positron Scattering with
Hydrogen and Alkali Systems

3.1 Positron-Hydrogen Scattering (e+-H)

We searched for quasi-bound states in (e−, e+, p), a three-body system in-
cluding a positron, an electron, and a proton. Positron-atom and molecule
scattering is different from electron scattering since there is no exchange in-
teraction and the short-range positron-nucleus interaction is repulsive while
the positron-electron interaction is attractive, leading to stronger correlation
between the light particles. This problem has therefore attracted great inter-
est from theorists. Resonance phenomena have been studied extensively in
positron-hydrogen scattering. A variety of theoretical approximations have
been used to predict the positions and widths of these resonances [8–12],
though there have not yet been any experimental observations of them [14–
16]. Positronium formation is one of the unique phenomena in the process
of positron scattering from atoms and remained an important concern for re-
searchers over the last few decades. According to Mittleman [54], an infinite
sequence of resonances should exist below the H(N = 2) excitation threshold
(where N is the principle quantum number of H). Prior research argued for the
existence of resonances below the Ps(n = 2) threshold (where n is the principle
quantum number of Ps) [9, 11, 12].

3.1.1 Natural and Unnatural Parity

Resonances with so-called "unnatural parity" states satisfy: π = (−1)J+1,
whereas for "natural parity" π = (−1)J , where J is the total orbital angular
momentum of the system and π is the parity. The parity operator P̂ acting on
a state with angular momentum l gives P̂Ylm = (−1)lYlm. Thus the parity of
a state expressed in the coordinates of channel η is (−1)lη+Lη . For unnatural
parity states one then gets (−1)lη+Lη = (−1)J+1, i.e. for J even lη +Lη odd
and for J odd lη +Lη even. Further taking the rules for addition of angular
momenta into account we have |lη −Lη | ≤ J ≤ lη +Lη . We then immediately
see that if J = 0, lη = Lη and only even parity is possible, i.e. there are no un-
natural parity states with S symmetry. Further, if either lη = 0 or Lη = 0, then
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Table 3.1: States with the total orbital angular momentum J and the parity, π =
(−1)J+1.

State J (lη ,Lη ) N
′

Total basis
Pe 1 (1,1),(2,2),(3,3),(4,4) 12 7200
Do 2 (2,1);(1,2),(3,2);(2,3),(4,3);(3,4) 18 8200

also only natural parity is possible. However, if lη ,Lη ,J all ≥ 0 we can find
allowed combinations leading to unnatural parity (see Table 3.1). Table 3.1
shows the total number of basis functions used for a given angular momentum
state, as well as the individual (lη ,Lη ) pairs for different angular momentum
combinations. N

′
is the number of configurations used in the calculation.

For the Pe states both the electron and positron have the same angular mo-
mentum which couple to form the total orbital angular momentum J = 1 shown
in Table 3.1. There is no dipole series below the n = 2 threshold in unnatural
parity systems. The reason for this is that the dipole moment at n = 2 can only
come from the coupling of the degenerate 2s and 2p states in Ps. However, in
the coupling scheme leading to unnatural parity lη = 0 is not permitted (see
Table 3.1). Instead, the first dipole series arises below n = 3, with the dipole
coming from the coupling of the degenerate 3p and 3d Ps states. The numer-
ical results for unnatural parity states for Pe- and Do-waves are discussed in
Paper II (Tables V and VI).

3.1.2 Results

For the calculation of resonances, we use the complex scaling method de-
scribed in section (2.2.2). We have calculated resonance states for the e+-H
system with natural parity for S−, P− and D−waves both for physical and in-
finite proton masses. Most of the resonances are comparable with those found
in literature while a few of them have better accuracy. Some of the resonances
found have not been previously reported and are presented in Paper II. Our
results were obtained using 7000 Gaussians basis function with different pos-
sible combinations for angular momentum, with maximum values lη = Lη = 4
used for S−, P− and D−waves. A larger basis with more flexibility better
represents the inter-particle correlation and often leads to lower resonance en-
ergies (though strictly speaking the variational principle does not apply to res-
onances). We conclude that our results for resonances in e+-H is good to at
least about 10−6 atomic units for lower n states but the uncertainty is larger for
large n in both physical and infinite proton mass calculations. We also found a
dipole series of resonances below the Ps(n = 2) threshold. According to [13]
the ratio of binding energies of successive resonances should then be constant
for each threshold. We calculated these ratios and found reasonable agreement
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Table 3.2: The dipole polarizability of alkali and hydrogen atoms.

Z Atom Dipole Polarizability
1 H 4.5
3 Li 164.2

11 Na 162.8
19 K 290.0

with the analytical values discussed in Paper V.

3.2 Positron-Alkali Scattering (e+-A)

Alkali atoms are useful for studying atomic physics because they are relatively
simple in structure. An alkali atom has only one electron in its outermost shell
which is shielded from the nucleus by the core electrons. Therefore, it expe-
riences an effective nuclear charge A+ at long distances, while at shorter dis-
tances the shielding is incomplete, giving a deviation from the pure Coulomb
form of the potential. When a positron interacts with an alkali atom, different
rearrangement processes are possible:

e++A = A++ e++ e− (Ionization)

= A∗+ e+ (Excitation o f the atom)

= A+ e+ (Elastic scattering)

= A++ e+e−(Ps) (Positronium f ormation)

= A++2γ or 3γ (Annihilation).

The first three reactions are in common with electron scattering, but the last
two are particular to the positron. Annihilation has not been included in our
calculations.

Alkali atoms can be regarded as hydrogen-like atoms. Hydrogen cannot
bind a positron. However, there is a number of resonances, starting just below
the H(N = 2) threshold. These resonances can dissociate into a proton and a
Ps atom or into a positron and a hydrogen atom. The relative probability of
different dissociation channels are not given by the complex scaling method.
Both lithium and sodium can bind a positron as the static dipole polarizability
of these atoms is significantly larger than for the hydrogen atom as shown in
Table 3.2. But no bound state has been found in the positron-potassium and
rubidium systems. Since the ground state energy decreases with increasing
atomic number for the alkali atoms as shown in Figure 3.1. When the energy
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Ps(n=1)=-0.25

Li=-0.19814

Na=-0.18884

K=-0.15826

Rb=-0.13720

Ground State Energies (a.u.)

Figure 3.1: Energy level diagram of Ps(n = 1) and alkali atoms A.

gap between the Ps(1s)+A+ and e++A threshold becomes large, the probability
related to the e+-A channel decreases. This explanation is consistent with
the result of Mitroy [55], who determined a correlation between ionization
potential of the alkali atom and the binding energy of the positronic alkali
atoms.

The total Hamiltonian H for the system with the energy expressed in atomic
units (a.u.) is given by

H =− 1
2µ

∇
2
1−

1
2µ

∇
2
2 +V (e−)(r1)+V (e+)(r2)+V (e+e−)(r12,ρ), (3.1)

where the indices 1 and 2 refer to the coordinates of the electron and positron,
respectively, and r12 is the relative distance between them. V (e−) and V (e+) are
the interaction potentials between the core and the valence electron or positron,
and V (e+e−)(r12,ρ) is the electron-positron interaction. Here ρ is the distance
between the core and the center of mass of the electron and positron. For
the e+-H process, the inter-particle interactions are generally Coulombic, but
for the e+-A system it requires a model potential. The potentials between
the core and the particles have the form of a screened Coulomb interactions.
The Coulomb part ±1/r of this interaction was treated analytically, while the
remaining screening terms were fitted to a number of Gaussians in order to
represent the potential using a functional form which allows the Hamiltonian
matrix elements to be calculated analytically, also when complex scaling is
used.
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3.2.1 Dipole Series of Resonances and the Polarizability Potential

In Paper V of this thesis, we calculate dipole induced resonances below the
Ps(n = 2) threshold. Atomic states are generally eigenstates of the orbital an-
gular momentum operator L̂2, i.e, they have a well defined l quantum number.
The electric dipole moment of such a state is always zero since

〈φnl|er|φnl〉=−e〈r〉
√

4π

3
〈Ynl|Y10|Ynl〉, (3.2)

where we let r be oriented along the z-axis. By the rules for coupling of an-
gular momenta the matrix element of the spherical harmonics vanishes. An
exception occurs for hydrogenic systems, where the energy levels are degener-
ate with respect to l. The atomic state may then be any linear combination of
different l:s, and matrix elements of the type

D =−〈φnl|r|φn,l±1〉,

may give rise to a non-vanishing dipole moment also to leading order. The
dipole interaction gives a potential ∝

1
r2 .

For most atoms, though, there is no l-degeneracy, and hence the leading or-
der dipole moment vanishes. A dipole moment may, however, still be induced
by the perturbation caused by the interaction with an external electric field,
such as the field created by a nearby charged particle. This induced dipole mo-
ment then interacts back with the charged particle. This is thus a second-order
effect, which creates an attractive potential∼− αc

2r4 , where the static dipole po-
larizability αc is a measure of how much the atom is perturbed by an external
electric field. This potential is referred to as the polarizability potential.

A positron moving in the field of an excited hydrogen atom experiences a
dipole potential V (r) = λ

r2 for r→∞. If the asymptotic potential is sufficiently
attractive, i.e., λ < −1/4, it binds an infinite series of Feshbach resonances
converging to the hydrogenic thresholds. Similarly, the l-degeneracy of the Ps
levels also leads to a dipole field for excited state Ps in the field of the proton.
The sequences of such Feshbach type resonances follows a scaling law derived
by Temkin and Walker [13]

Em

Em+1
= e

2π

γ ,
Γm

Γm+1
= e

2π

γ , (3.3)

where γ takes different values for different threshold as shown in Table 3.3.
We here derive the dipole potential for Ps(n = 2) interacting with a charged

particle, such as an ionic core. The derivation follows closely that of Temkin
and Walker [13]. Here we neglect the effects of fine-structure (which in reality
will give an upper cut-off of the dipole series) and hence assume that 2s and
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2p states are degenerate (energy -1/16). We further do not include couplings
to the 1s state, as these are suppressed by the energy difference.

If the total angular momentum of the Ps-A+ system is J = 0, we can write
the wave-function at large Ps-A+ separation ρ as:

Ψ(r,ρ) = f1(ρ)R2s(r) [Y0(r̂)⊗Y0(ρ̂)]00 + f2(ρ)R2p(r) [Y1(r̂)⊗Y1(ρ̂)]00
(3.4)

where r is the e+-e− coordinates, R2s(r) and R2p(r) the radial wave-functions
of the hydrogen-like 2s and 2p states of the Ps, and in terms of the Clebsch-
Gordan coefficients:

[Yl(r̂)⊗Yl(ρ̂)]JM = ∑
m,M
〈lm l

′
m
′ |J M〉Ylm(r̂)Yl′m′ (ρ̂).

The functions f1(ρ) and f2(ρ) describe the motion along the coordinate ρ

between the ion and the Ps-center of mass. These are the functions sought here.
We proceed by inserting the form (3.4) for Ψ in the Schrödinger equation, and
projecting with the 2s and 2p states of Ps. This gives the coupled equations

(
− 1

2M
∂ 2

∂ρ2 −E

)
f1(ρ) =

3
µ

1
ρ2 f2(ρ) (3.5)(

− 1
2M

∂ 2

∂ρ2 +
1

Mρ2 −E

)
f2(ρ) =

3
µ

1
ρ2 f1(ρ)

Here M = 2me is the mass of the Ps-atom and µ = 1/2 is the reduced mass
of Ps. A similar expression is valid for H [13], but with M = µ = 1. E is the
energy relative the Ps(n = 2) energy −1/16, i.e. E= E +1/16, where E is the
total energy. The coupled equations can be rewritten as:

− 1
2M

∂ 2

∂ρ2

(
f1
f2

)
+Ṽ

(
f1
f2

)
= E

(
f1
f2

)
(3.6)

with Ṽ =

(
0 −6
−6 1/2

)
1

ρ2 . Diagonalising this matrix gives two roots: λ± =

1
4(1±

√
577). The root λ+ gives a repulsive potential while the root λ− gives

the attractive potential.

V−(ρ) =
(1−
√

577)
4ρ2

The potential can support in principle an infinite series of bound states. In
practice, though, since this potential is valid only for large ρ the series will
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Table 3.3: Dipole series for Ps and H, the parameter γ and energy ratios. For
some symmetries more than one solution exists.

Ps H
n J parity γ Em/Em+1 γ En/En+1

2 0 + 4.77 3.73 2.20 17.43
2 1 − 4.58 3.95 1.86 29.33
2 2 + 4.16 4.54 0.75 4422
3 0 + 7.74 2.25 3.64 5.61
3 1 + 5.64 3.05 2.23 16.75
3 1 − 7.94 2.21 3.74 5.35
3 1 − 4.70 3.80 1.82 31.32
3 2 + 6.88 2.49 3.07 7.73
3 2 + 3.48 6.07 – –
3 2 − 5.30 3.28 1.43 80.55

be cut from below by the physics at short range. As mentioned above the
series will be cut from above when binding energies become comparable to
fine-structure splitting. The eigenvalue problem for the attractive solution is:(

− 1
2M

∂ 2

∂ρ2 +
λ−
ρ2

)
f (ρ) = E f (ρ)

Its solution which is finite as ρ → ∞ is

f (ρ) =
√

κρH(1)
iγ (iκρ), κ =

√
−2ME (3.7)

where, H(1)
iα is the Hankel function of the first kind, and

γ =

√
−1

4
−2Mλ− (3.8)

where γ can be calculated analytically through Eq. (3.8). The value of γ is
different for different states and total orbital angular momenta shown in Ta-
ble 3.3 based on the general derivation in Paper III. The value of γ = 4.77
for the n = 2, S−wave sequence and En/En+1 = 3.73. It should be noted that
Ps(M = 2,µ = 1/2) and H(M = µ = 1) differ only by the masses. Both mass
factors work in the same direction, i.e. to increase λ− and γ for Ps as compared
to H. Thus, for Ps the dipole states lie closer in energy and the dipole approx-
imation can be expected to be valid over a wider range. Both effects increase
the number of dipole states. We found that our numerical energy and width
ratios agree well with the analytical value for all systems tabulated in Table
3.4. We see that the scaling of the first few resonances in the series deviates.
This deviation is as expected for these resonances because the formula holds
true for higher lying resonances.
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Table 3.4: Energy and width ratios of successive resonances located by the
present calculation for Ps(n = 2). e+-∞H stands for infinite proton mass.

Ratio Present results Analytical value
e+-H e+-∞H e+-Li e+-Na e+-K

En/En+1

1/2 3.79 3.79 3.58 3.49 3.67 3.73
2/3 3.75 3.75 3.62 3.65 3.88
3/4 3.74 3.74 3.69 3.72 3.63
4/5 3.73 3.73 3.76 3.73 3.74
5/6 3.73 3.73 3.73 3.73 3.73
6/7 3.73 3.73 3.73 3.73 3.75

Γn/Γn+1

1/2 2.05 2.05 0.61 2.18 2.67 3.73
2/3 3.27 3.25 5.89 4.31 1.72
3/4 3.61 3.62 4.31 3.76 3.58
4/5 3.73 3.73 3.90 3.75 3.73
5/6 3.73 3.73 3.77 3.77 3.71
6/7 3.72 3.72 3.75 3.78 3.63

The form of the dipole potential determines the scaling of the resonance
energies, but not their absolute values. This is instead determined by the short-
range physics, which is not universal, and thus is different for different atoms.
We can capture this information in a single parameter Λ0, which can be derived
from a short-range boundary condition, and takes the form

Λ0 =
√
−2MEe−ϕ/γenπ/γ (3.9)

This parameter Λ0 is defined up to a factor eπ/γ = 1.9 in the case n = 2,J = 0
(Ps). The results are presented in Table 3.5 . We find that for the unscreened
Coulomb potential with Z = 1, one obtains Λ0 = 0.78. For the alkalis this
value changes by at most 25%. Larger Λ0 corresponds to a more deeply bound
dipole series. We find that the systems which support a truly bound state (e+-
Li, e+-Na) below the Ps(n = 1) threshold have larger Λ0, and the more deeply
bound e+-Li has the largest Λ0. The heaviest alkali, K, which does not have a
bound e+-K state has Λ0 slightly smaller than H.

3.2.2 Model Potentials

We have tested different model potentials, all having free parameters chosen to
reproduce atomic energies. In addition, we have plotted the screening poten-
tial (between the valence electron and the A+ core) relating to different alkali
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Table 3.5: The non-universal Λ0 properties of e+-H and e+-alkali systems below
the Ps(n = 2). e+-∞H stands for infinite proton mass.

e+-H e+-∞H e+-Li e+-Na e+-K
0.77 0.78 0.98 0.87 0.71

atoms represented in Paper V (Figure 1). Now, here we discuss one of the
alkali atom model potentials with and without polarization potential.

Let us consider the case of sodium Na. Our first model potential has a form
which is similar to the one used by Kar and Ho [29], given by

V (e−)(r) =−1
r
[1+(Z−1)e−c1r + c2re−c3r], (3.10)

where Z = 11 is atomic charge number, c1, c2 and c3 are adjustable parameters,
which are determined by fitting the calculated energy levels to the experimental
values [56]. For V (e+) we use the same potential Eq. (3.10) but with the op-
posite sign because of the reversed charge. In doing this we neglect the effect
of exchange, which should be present in the case of core-electron interaction,
but not for core-positron interaction. Prior calculations [30, 32] suggest that
the inclusion of an exchange-like potential would not much affect the final re-
sults. The calculated ground state energy of the e+-Na system and the excited
state energies of Na using MP1 agree well with other calculations as shown
in Tables 3.6 and 3.7. Thus, we conclude that our fit to Gaussians is accurate
enough to obtain good energies.

The second model potential used for the valence electron-core interaction
is the same as used by Han et al. [30] and has the form

V−(r) =−
1
r
[Zc +(Z−Zc)e−a1r +a2re−a3r]− αc

2r4

[
W3

(
r
rc

)]2

, (3.11)

where
W3(r) = 1− e−r3

(3.12)

is a cut-off function, ensuring that the polarizability potential remains finite as
r→ 0. The second term in Eq. (3.11) arises from the polarization of the core

Table 3.6: Ground state energy of the e+Na system calculated using different
models. The results are compared with other available literature.

MP1 −0.250312
MP2 −0.250476
Han et al. Ref. [30] −0.250447
Kubota and Kino Ref. [31] −0.250401
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Table 3.7: Comparison of the calculated binding energies of the Na atom using
different model potentials for the experimental energies [56]. The experimental
energies are a weighted averages of the of all fine-structure levels [56].

Na
State Present results Experiment [56]

MP1 MP2
3s −0.18886 −0.18886 −0.18886
3p −0.11152 −0.11154 −0.11154
4s −0.07167 −0.07158 −0.07158
3d −0.05598 −0.05595 −0.05594
4p −0.05102 −0.05094 −0.05093
5s −0.03763 −0.03758 −0.03758
4d −0.03150 −0.03143 −0.03144
4 f −0.03134 −0.03126 −0.03127
5p −0.02924 −0.02917 −0.02919

due to the interaction with the charged particle, where αc is the Na+ polariz-
ability. In Eq. (3.11), the nuclear charge is Z = 11 and the charge of the Na+

core is Zc = 1. The other parameters were fitted to reproduce the experimen-
tally measured energy levels of the Na atom. For the positron-core interaction,
the sign of the static potential in Eq. (3.11) is changed while the polarization
term remains the same. We have calculated the energies of the ground and
excited states of Na by integrating the two-body interaction for bound states.
The calculated ground and excited states energies are compared with the exper-
imental ones, as shown in Table 3.7, again confirming that our fit is accurate.
We find that both models are in good agreement with the experimental ener-
gies [56]. For most states MP2 agrees slightly better, which could be expected
since it includes the effect from polarizability and has more free parameters.

The electron-positron interaction is of course the Coulomb attraction, how-
ever we also add an additional term Vcorr so that,

V (e+e−)(r12,ρ) =−
1

r12
+Vcorr(r12,ρ). (3.13)

As indicated above, the polarization correction in Eq. (3.11) results from the
core interaction with a charged particle at distance r. When we evaluate the
polarizability potential of Ps interacting with the ionic core, we have to allow
for the fact that when the electron and positron coalesce their combined charge
is zero, and hence, the polarizability should vanish in this situation. When
the interaction between the ionic core and Ps is considered there is, there-
fore, a risk of overestimating the effects of the polarizability, i.e. doubling it
rather than cancelling. In [32] this problem was dealt with by adding a term to
the electron-positron interaction which is analogous to a "di-electronic correc-
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tion", introduced for the sole purpose of correcting the polarizability potential
in this situation.

In our calculation we used a correction with a different functional form,
which can easily be calculated in the coordinate system used here,

Vcorr(r) =
αc

ρ4U(ρ)e−r2/r2
c , (3.14)

where ρ is the Ps centre-of-mass coordinate and r12 = |r2− r1|. Since Gaus-
sians cannot represent the−1/r4 asymptotic form, the matrix elements of these
terms in the potentials were calculated analytically (i.e. not included in the fit
to Gaussians mentioned above). Here U(x) = (1− e−x2

)2 is a cut-off func-
tion, which prevents this correction from diverging at the origin. We find that
this correction has the desired properties, since if the polarizability potential is
defined as (r1/2 being the coordinate of either the electron or the positron)

Vpol(r1/2) =−
αc

2r4
e−/e+

U(r1/2), (3.15)

When the e+ and e− coalesce r = 0, we have r1 = r2 = ρ and the sum

Vpol(r1)+Vpol(r2)+Vcorr(ρ) = 0, (3.16)

i.e. no net polarization potential.
We have performed calculations with and without the correction Vcorr. In

general, we find negligible changes to the Ps-type resonances (as can be ex-
pected since the leading interaction is ∼ 1/r2 from the dipole interaction (see
section 3.2.1)). However, for the bound ground-state (when it exists), the in-
fluence is larger. We compared our results for the e+-Na and e+-Li ground
state using different methods to other results in the literature as displayed in
Paper V (Table I).

3.3 Results

Above we discussed the model potentials used in our calculations, using Na as
an example. The calculations involving other alkalis are similar, and we will
therefore not go into the details of these. Also, the results have many features
which are similar for all atoms. Here we only briefly discuss our results, put in
the context of previous calculations, for the various systems.

3.3.1 e+-Na Scattering

Sodium is the second lightest and smallest alkali metal after lithium. For e+-
Na system we considered two different types of model potentials: One with-
out the polarization potential and the other including the polarization potential
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described above. We find only marginal differences between the results calcu-
lated using the two different models. We investigate the resonances in positron
scattering by applying the complex scaling method. S−, P−, and D−wave res-
onances with natural parity have been calculated for energies extending up to
the Ps(n = 2) formation threshold. Resonances with unnatural parities Pe and
Do have been calculated for energies extending up to the Ps(n = 3) threshold.
We found dipole series of resonances below these Ps thresholds, with binding
energies scaling in good agreement with expectations from an analytical calcu-
lation. The resonances existing below the excited Ps thresholds are the result
of an attractive, induced dipole potential created between an excited Ps atom
and a positively-charged ion or nucleus as discussed above in section (3.2.1).

There have been some prior theoretical works on resonances of the positron-
sodium scattering system. A pioneering calculation was performed by Ward
et al. [57] using a five-state close-coupling method. Recently, the stabiliza-
tion method was applied to evaluate the resonances in this system by Kar and
Ho [29] and by Han et al. [30]. Kar and Ho used Hylleraas-type wave func-
tions, while Han et al. used hyper-spherical coordinates in their calculations.
Subsequently, Jiao et al. [58] studied higher partial-wave resonance states
using the momentum space coupled-channel optical method. Some studies
[29, 30, 57, 58] have claimed that there exist shape resonances which lies just
above the Na(3p) threshold. We have not seen such a resonances in our study.
In [30] it was argued that these resonances are supported by the adiabatic cor-
rection to the hyperspherical potential curves, which creates a small barrier
and thus slightly increases the effective depth of the potential. We find this
explanation unlikely as the barrier does not seem to be high enough to support
the resonance.

There have been only a few experimental measurements of the total cross-
section [59, 60] and Ps formation [61, 62] for e±Na scattering, but not with
sufficient energy resolution to map out the resonance structure. Our results are
discussed in more detail in Paper III.

3.3.2 e+-K Scattering

There have been only two previous theoretical studies of resonances of the
positron-potassium system. Again, Ward et al. [57] carried out calculations
of the positron-potassium system using the five-state close-coupling method.
They used a model potential to determine the interaction between the active
valence electron and the core in their calculations. However, no Ps forma-
tion channel was included in their calculations. Later, Kar and Ho [29] used
the stabilization method to compute the resonances using Hylleraas-type wave
functions to represent the correlation effects between the valence electron, the
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positron, and the core.
From an experimental viewpoint, the total cross-section [59, 60, 63] and Ps

formation cross section [61, 64] have been measured for the e+-K scattering.
However, their energy resolution is not fine enough to map out the resonance
structure.

In the present work, we have calculated S−, and P−wave resonances in
the positron-potassium system for natural parity. We have also calculated res-
onances with unnatural parity. We found that there is a reasonable agreement
with other available theoretical calculations as shown in Paper IV. Note that
only three resonances had been reported in the neighbourhood of the K(4p)
and K(5s) thresholds, while we were able to report seven resonances in the
region K(4p,5s,5p,4d,6s,4 f ).

3.3.3 e+-Li Scattering

There are a few calculations reported with regard to resonances in the positron-
lithium system [57, 65–69]. As for the other alkali systems Ward et al. [57]
were the first to carry out calculations using the five-state close-coupling method.
Later, McAlinden et al. [65] performed close-coupling calculations with and
without the addition of Ps formation channels. Roy and Ho [66] have investi-
gated S−wave resonances in positron-lithium scattering using the stabilization
method with Hylleraas-type wave functions. Moreover, Han et al. [67] also
used the stabilization method to find the resonances by using hyper-spherical
coordinates. Recently, Liu et al. [68] have used a momentum-space coupled-
channels optical method approach to evaluate resonances in e+-Li system.
These studies were found to be in reasonable agreement with each other in
terms of resonance energies whereas the resonance widths determined by these
groups disagree.

In the present work, we have calculated the S−, and P−wave resonances in
the positron-lithium system. The results are similar to the other alkali systems,
as displayed in Paper VI. Again we were unable to find a shape resonance
reported in earlier works.





4. The Proton Radius Problem

The proton charge radius is an important quantity characterizing the proton
charge distribution related to the inner structure of the proton. The root-mean-
square value of the proton charge radius, rp, is defined as the square root of the
integral of the radial charge density of the proton weighted by r2, where r is
the distance from the center of the proton to infinity:√

〈r2
p〉=

√∫
∞

0
ρ(r) r2 dr (4.1)

The proton radius can be determined by two essentially different techniques:
from elastic electron scattering and hydrogen spectroscopy and from very pre-
cise Lamb shift measurements of muonic hydrogen, where the Lamb shift is
the energy difference between certain atomic energy levels of the bound elec-
tron (or muon).

4.1 Electron-Proton Scattering and Atomic Spectroscopy

Previous results from electron-proton scattering and from atomic spectroscopy
rely on small but measurable shifts in the hydrogen spectrum due to the proton
size. Electron scattering experiments yield a proton charge radius in the range
of 0.87−0.88 fm, as shown in Figure (4.1). The Lamb shift of 2S−2P transi-
tions in hydrogen give proton charge radius considering that the proton radius
effects are very small.

The previously accepted value for the proton radius was 0.8768(69) fm,
determined mainly from atomic hydrogen measurements in the 2006 CODATA
analysis [70]. The up-to-date 2010 CODATA value, is 0.8775(51) fm [22].
The result obtained from ep scattering was 0.879(9) fm, from the analysis of
Sick and others [73–75]. The most recent value extracted from the electronic
transition energies in hydrogen [76] is 0.8758(77). A reasonable agreement is
found between different electron measurements, and provide findings with the
uncertainty of the order of 0.6%.

A small uncertainty in the measurement is crucial as it will open the way
for checking bound-state QED calculations in hydrogen to an unprecedented
level of accuracy (3×10−7). But bound state QED is also needed to derive the
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Figure 4.1: An overview of the best proton charge radius measurements. Full
circles show findings of the scattering experiments. The brown triangles repre-
sent values obtained from Lamb shift spectroscopy. The values determined from
the muonic hydrogen measurements are coloured blue.

radius since the QED part of the Lamb shift must be known to see how much
comes from the proton radius. This is very interesting since bound-state QED
is challenging both from a technical and fundamental point of view.

In summary, the new proton radius value will lead to:

• An order-of-magnitude more accurate analysis of the theory explaining
hydrogen energy levels.

• An order-of-magnitude correction to the Rydberg constant (to a relative
level of 1×10−12), which is a vital part of the constants adjustment [70].

• A criterion for lattice quantum chromodynamics calculation aiming to
model the proton, starting from quarks and their interactions [71].

• Confrontation with the electron-proton scattering domain, which is the
historical way used to determine the proton radius [72].
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Figure 4.2: The 2S and 2P energy levels of muonic H.

4.2 Lamb Shift Measurement of Muonic Hydrogen

Only one group has measured the proton radius in muonic hydrogen; however,
it is the experiment with the smallest uncertainty limit. The proton size was
estimated from its effect on the muonic hydrogen spectrum, particularly the
2S−2P Lamb shift [20] which follow up in 2013 [21] by the same team. The
2S and 2P energy levels of muonic hydrogen are shown in Figure 4.2. The
muon, due to its mass, orbits closer to the proton than an electron, and its
energy levels are more intensely influenced by the proton size.

A muon is just like an electron, except for its mass; it is 200 times heavier
than an electron and has a finite lifetime. The size of the muonic hydrogen
atom is about 200 times smaller than ordinary hydrogen. Therefore, the proton
which has a diameter about 60,000 times smaller than ordinary hydrogen, it is
only 300 times smaller than muonic hydrogen. As a consequence, the influence
of the finite nuclear size on the energy levels is significantly increased. This
makes the details of muonic hydrogen more sensitive to the size of the proton,
and thus allows for a more precise measurement.

The first experiment using muonic hydrogen by Pohl et al. [20] provided
a value of the proton radius of 0.84184(67) fm. Recently, updated results [21]
give a value of 0.84087(39) fm. This consistency of the two measurements,
represents an important cross-check of the muonic results.

The shift due to the finite proton radius constitutes 4% of the total muonic
Lamb shift. Unfortunately, the precise measurements that arise from these ex-
periments are not consistent with the prior measurements of the proton radius,
using other methods [22]. As a result, this aspect has motivated us to examine
the possible exotic states involving 2S muonic H.
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4.3 The Proton Radius Puzzle

Both measurements using muonic hydrogen strongly disagree with the hydro-
gen spectroscopy and ep scattering results. The 5σ discrepancy compared to
the earlier, less precise measurement has attracted much attention.

It is obvious from these numbers that the discrepancy is severe, and it is
difficult to find an explanation for the observed shift in resonance position by 5
standard deviation. Jentschura [77] suggested that the presence of an electron
could result in a shift of the resonance position if the distance between the
electron and the µ p(2S) atom was about one Bohr radius. He suggested that
the spectroscopy might have been carried out not on a µ p(2S) atom, but on the
molecular ion (pµe)−.

It is important, therefore, to search for (pµe)− resonances using theoret-
ical calculations. One such study was performed by Karr and Hilico [78],
where they found a resonance in (pµµ)−; however, this resonance does not
survive as the muon mass is scaled mµ → me. In our work, we used another
numerical technique and discovered additional resonances in the (pex)− and
(pµx)−systems, where x is a muon with scaled mass.

4.4 The pµe Hypothesis

To explore the pµe hypothesis, we start with the negative hydrogen ion pe−e−

and change the mass of one e− to make an exotic particle. While gradually
scaling the mass of the exotic particle towards the muon mass, we follow the
binding energy and lifetimes of resonances in the three-body system. Exotic
particles are usually unstable and thus, have short lifetimes. Here we treat all
particles as having infinite lifetimes. In addition, exotic systems are suitable
objects for the testing of the general theory of three-body systems and analyz-
ing their inter-particle correlation. Because these exotic particles (except the
positron) are heavier than the electron, and therefore more strongly bound to
the nucleus than electrons, their transitions during the de-excitation are con-
siderably more energetic than those of electrons.

Like many negative atomic ions, H− has only one stable bound state. In
the ground state of H−, the correlation between the two electrons is especially
strong. Negative hydrogen ions have no singly excited states, but there ex-
ist doubly excited states, which are embedded in the continuous part of the
hydrogen spectrum and can be observed as resonances.

These resonances in H− were studied both experimentally and theoreti-
cally from the first identification of the presence of the resonances in electron-
hydrogen scattering studies by Burke and Schey [80], Smith and others [81–
86].
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Table 4.1: Study of the rate of convergence for the different basis functions
for the system p+e−e−. N

′
is the number of configurations, α is the scaling

factor and the maximum value used for the angular momenta L and l are 4. In
the last row we show the best ground state eigenvalue of the system from the
reference[79] and the present work.

N
′

α No. of Basis functions −ER

Infinite Proton mass
15 1 2985 -0.52775067690

3798 -0.52775074550
5101 -0.52775094624
5700 -0.52775101621

0.9 5101 -0.52775101472
0.3 5101 -0.52775101560

Ref. [79] -0.52775101654
Real Proton mass

15 1 5300 -0.52744588108
Ref. [79] -0.52744584392

The solution to the non-relativistic Schrödinger Equation for the three-
body problem was found using the Coupled Rearrangement Channel method
(discussed in section 2.3.3) [46], including the Complex Scaling method which
was discussed in section (2.2.2). In the Complex Scaling method, the separa-
tion of bound state, resonant states and the continuum states can be performed
without any ambiguity by the scaling angle θ as shown in Figure 4.3. Our
result for the ground state energy of H− for real proton mass is lower than the
value in ref. [79], hence by the variational principle it should be more exact. At
low values of the real scaling parameter α (discussed in section 2.2.1), the de-
viation of our results from literature value is 10−9 atomic units (a.u.) [79]. For
the resonances which have more extended wave functions, the best accuracy is
achieved for α ∼ 1.

We are interested in the resonance below the N = 2 threshold. Figure 4.4
shows the convergence using different basis functions for the N = 2 state. It
shows that within the stabilized plateau the rotational paths (E varies as a func-
tion of θ ) meet each other at the position of a pole. Hence, at the position of
a pole, the change in energy with respect to θ is minimized. In this case, their
position and widths are obtained by the condition ∂E/∂θ ≈ 0.

In Tables 4.2 and 4.3, we compare our present results with the experimental
results of Warner et al. [89], Williams [90], Sanchez and Burrow [91] and
theoretical results of Bürgers and Lindroth [85], Ho and Bhatia [87] and Chen
[88]. Our results for the resonance energy (ER) agree quite well with that [85].
The deviation in the energies is about 10−7 a.u. and about 10−6 a.u. for the
width. We thus conclude that our numerical method can represent the N = 2
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Figure 4.3: The spectrum of Hθ for H−. The ground state is marked with a blue
dot and black colour dots show a pseudo-continuum energies, rotated downwards
by 2θ in the complex energy plane. The resonance state, however, has a θ -
independent complex energy shown by the red dot.

resonances in H− with very good accuracy.

Our next step is to start scaling the mass of one of the electrons to higher
values. In this way, we want to find out whether the pµe system may support
any resonances under the µ p(2S) threshold. We replace the mass of one of
the orbital electrons in the negative hydrogen system and increase it steadily.
We call the system pex, where x is a negatively charged particle with mass
mx = xme. The atomic orbit of the x-particle is, therefore, closer to the proton
than the electron’s orbit in an ordinary hydrogen atom. Since we are interested
in the resonance which lies under the pµ(n = 2) threshold, we focus on reso-
nances under the px(n = 2) threshold. We find that the resonance disappears
at mx = 3.8me. We also see some extra resonances appear under the H(1s)
threshold around mx = 3me as shown in Paper I. The energy and width of the
resonances increase when we increase the mass of the x particle. When the
px(n = 2) and H(1s) thresholds cross at mx = 4me, the resonance starts to fol-
low the H(1s) threshold instead. We detect a resonance at binding energy 0.14
meV at mass mx = 6.7me but the width of the resonance above mx = 6me is too
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Figure 4.4: Using different basis sets for the state N = 2, J = 0, showing the con-
vergence. The value of complex scaling parameter θ changes with steps of 0.01
rad. The resonance is positioned at E = 0.014877625373− i0.00086617931.

small to be determined accurately. See Figure and Table in Paper I (Table 4,
Figure 3).

We also used another way to investigate the pµe hypothesis, starting with
the pµµ system and decreasing the mass of one of the muons to observe at
what mass the resonance state at n = 2 disappears, similar to the procedure
for the pex system. We first calculated the ground state energy for pµµ and
obtained a good agreement with the literature values [79, 92] shown in Table
4.4. For the resonance energy at the n = 2 threshold, we calculated the bind-
ing energy to be Eb = 120.4716543 eV and the width to be Γ = 7.146072583
eV. Our binding energy is slightly larger than that in [78, 93]. We compared
our results to [78] in Paper I, where a different numerical technique was em-
ployed. Because the muon’s orbit is close to the proton, the proton charge in
the pµe system is shielded from the outer electron. However, the muon and
proton in the 2S−2P state form a neutral core which interacts with the electron
via dipole interactions. As expected, when we decrease the mass of the third
particle, its orbital around the pµ(n = 2) core becomes larger and its binding
energy decreases. The resonance then follows the pµ(n = 2) threshold until it
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Table 4.2: Comparison of non-relativistic resonance energies of H− below N = 2
hydrogen threshold in a.u.

Theoretical values
Present results Bürgers and Lindroth [85] Ho and Bhatia [87] Chen [88]

States −ER −ER −ER −ER

1s2 1Se 0.52775101401 0.52775101654 −−− −−−
2s2 1Se 0.14877625373 0.14877625394 0.148775 0.148782
2s3s 1Se 0.12602006146 0.12602006374 0.126021 0.126021
2s3s 3Se 0.127104276 −−− 0.127104 0.1271042
2s4s 1Se 0.125059737 0.12505785 0.1250580 0.1250579
2s4s 3Se 0.125118188 −−− 0.12511818 −−−
2s3p 1Pe 0.1260498047 0.12604985948 0.126049 0.1260499
2s4p 1Pe 0.1250351840 0.125035052 −−− 0.1250349

Experimental values
states Present results Warner et al.[89] Williams [90] Sanchez and Burrow [91]

2s2 1Se 0.14877625373 0.14908(47) 0.14879(37) 0.14875(37)

Table 4.3: Comparison of non-relativistic resonance widths of H− below N = 2
hydrogen threshold in (a.u). The notation x[y] means x.10−y.

Theoretical values
Present results Bürgers and Lindroth[85] Ho and Bhatia[87] Chen [88]

States Γ/2 Γ/2 Γ/2 Γ/2
1s2 1Se −−− −−− −−− −−−
2s2 1Se 8.666[4] 8.666[4] 8.6 [4] 8.6 [4 ]
2s3s 1Se 4.525[5] 4.526[5] 4.4 [5] 4.47 [5]
2s3s 3Se 3.32 [7] −−− 3.35 [7] 3.42 [7]
2s4s 1Se 2.60 [6] 2.61 [6] 2.54 [6] 2.58 [6]
2s4s 3Se 3.0 [7] −−− −−− 2.0 [7]
2s3p 1Pe 5.029[7] 6.841[7] 6.6 [7] 6.1 [7]
2s4p 1Pe 5.8 [8] 3.9 [8] −−− 3.5 [8]

Experimental values
states Present results Warner et al.[89] Williams [90] Sanchez and Burrow [91]

2s2 1Se 8.666[4] 1.16[3] 8.25[4] −−−

disappears at mx ' 48me. On the other hand, we also find that a new resonance
appears under the px(n = 1) threshold at mx ∼ 65me. For the pµx system the
mechanism leading to an additional resonance below the px(n = 1) threshold
is similar to pex i.e. associated with the crossing of different thresholds. This
resonance also disappears as the x particle mass is further reduced (around
mx = 30me). The Figure and Tables are discussed in Paper I.

We also included the vacuum polarization in our calculation. The impor-
tance of vacuum polarization for the energy spectrum of µ p increases with the
reduction of atomic radius. The Bohr radius is about 200 times smaller, hence
S-state muonic wave functions overlap strongly with the charge distribution of
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Table 4.4: The ground state energy of pµµ (a.u).

Present result Frolov [79] Ancarani et al. [92]
-97.56699 -97.56698 -97.37476

the virtual e+e− pairs. The first-order Uehling potential for µ p gives a value
of 205.001 meV [77] for the 2P-2S Lamb shift.

We find that our fitted potential gives results agreeing very well with the
results using Eq. (2.43). The Vpol(r) causes a splitting ∆Epol ≡ E2P−E2S =
205.00 meV of n = 2 levels of µ p as shown in Table 2.1. However, the re-
sults agree very well with and without including the correction due to vacuum
polarization is given in Paper 1 (Table VI).

Thus, both techniques we have used clearly show that there is no pµe res-
onance under the pµ (2s) threshold. The cause for the discrepancy between
different determinations of the proton radius must, therefore, be sought else-
where.





5. Concluding Remarks and
Outlook

In summary, resonance positions and widths have been studied for three-body
systems. We have investigated three different types of systems and results have
been obtained using the CRC method with complex scaling. In addition, we
have been able to incorporate corrections to the Coulomb potential by express-
ing them as a sum of Gaussians, and applying complex scaling also to these
corrections. We have used different model potentials for the e+-A interactions
with and without a polarization term and found that the change in the results
using different model potentials are small. All the results are in reasonable
agreement with the available literature.

We have also reported resonances with unnatural parities for the e+-Na and
e+-K systems. To the best of our knowledge, there have been no such results
available in the literature before.

For both parities we find dipole series of resonances converging to Ps
thresholds. The energy and width ratios of the successive resonances were
found to agree well with an analytically derived scaling law. We found that the
sequence of binding energies of the S−wave resonances under the Ps(n = 2)
converged to exactly the analytical results. For binding energies with higher
L values, the agreement was also fair, while for the widths the results were
less accurate. This is probably due to numerical inaccuracies, because of the
difficulty in obtaining an extremely high numerical accuracy for a calculation
adjacent to the threshold, where the states are very extended and widths are
very small.

For proton radius puzzle, we used two different techniques to find the res-
onances in pµe system under the pµ (2S) threshold. Our calculations exclude
the possibility of such a state.

For outlook, we are working on resonances in the positron-helium system.
This system can be expressed as a three-body system consisting of the He+(1s)
core, an electron and a positron.

Another project is to develop our codes so that we can calculate scattering
cross sections. We have shown that positron-hydrogen resonances can be cal-
culated to very high accuracy. It would, therefore, be natural to look at positron
scattering on hydrogen in the first instance and also with alkali systems. Our
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three-body code, including all sets of Jacobi coordinates, is especially well
suited to calculate rearrangement processes such as positronium formation. Of
particular interest is the reverse process, hydrogen formation in positronium
scattering on a proton. This process (or rather its equivalent charge conjugate
process) could be a way of making anti-hydrogen.
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