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Abstract
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respect to the perturbation parameter for various quantities of interest. In par-
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155. (Also in Theory Probab. Math. Statist., 89, 2014, 153–168.)

III Petersson, M. (2014). Asymptotics of ruin probabilities for perturbed
discrete time risk processes. In: Silvestrov, D., Martin-Löf, A. (eds)
Modern Problems in Insurance Mathematics. Chapter 7, EAA Series,
Springer, Cham, 95–112.

IV Petersson, M. (2015). Quasi-stationary asymptotics for perturbed semi-
Markov processes in discrete time. Research Report 2015:2, Department
of Mathematics, Stockholm University, 36 pp. and arXiv:1603.05889.
(Under revision for Methodology and Computing in Applied Probabil-
ity.)

V Petersson, M. (2016). Asymptotic expansions for moment functionals of
perturbed discrete time semi-Markov processes. arXiv:1603.05891, 23
pp. (Accepted for publication in: Rančić, M., Silvestrov, S. (eds) Engi-
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Part A

1. Introduction
Let us begin by outlining the structure of Part A. In Section 1.1, we give a
background of the problem studied in the present thesis by reviewing the liter-
ature of closely related research areas. A short summary of each of the papers
included in the thesis is given in Section 1.2. Then, in Section 2, we give
a mathematical introduction where we define the most important models for
our studies. In Section 3, we summarize the main results in a rather informal
manner without going too deeply into mathematical details. Some examples
of more specific models where our results can be used are discussed in Section
4. Finally, in Section 5, we make some concluding remarks and suggest some
directions for future studies.

1.1 Background

Renewal equations, in discrete or continuous time, arise in many applications
such as risk theory, queuing systems, reliability models, population dynamics,
and epidemic models. Often some quantity of interest related to these models
is the solution of a renewal equation and the values of this quantity for large
time values are objects of interest.

The basic limit theorem for the discrete time renewal equation is given in
Erdös, Feller and Pollard (1949) and Feller (1950). This result gives conditions
under which the solution of the renewal equation converges as time tends to
infinity and gives an expression for the limit. The corresponding result for
continuous time renewal equations is given in its final form in Feller (1966,
1971).

One of the main reasons for the importance of the renewal equation is that
one-dimensional distributions of regenerative processes satisfy renewal equa-
tions. This type of processes was introduced by Smith (1955) and cover a large
class of interesting processes, in particular, Markov chains and semi-Markov
processes with discrete state spaces. Using the fact that such processes regen-
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erate at return times into some fixed state, we can use the renewal theorem to
obtain ergodic theorems. Moreover, using the method of artificial regenera-
tion developed in Kovalenko (1977), Athreya and Ney (1978), and Nummelin
(1978) it is sometimes possible to apply the tools of renewal theory to obtain
ergodic theorems for Markov processes with general state spaces.

A class of regenerative processes which will be given much attention in
this thesis is discrete time semi-Markov processes on a finite state space. For
an introduction to the theory of such processes we refer to Barbu, Boussemart,
and Limnios (2004) and Barbu and Limnios (2008).

A subject of special interest in our work is the long-time behavior of re-
generative processes which describe stochastic systems with finite lifetimes.
Usually in this case, the lifetime of the system is the first time the process hits
some special absorbing subset of the state space. This means that the station-
ary distribution will be concentrated on this absorbing subset. However, if the
time before this happens is long, one can often observe something that resem-
bles a stationary distribution over the non-absorbing states before absorption
takes place. This type of behavior is called a quasi-stationary phenomenon.

The extensive research related to quasi-stationary phenomena started in the
1960’s where the papers by Vere-Jones (1962), Kingman (1963), Darroch and
Seneta (1965), and Seneta and Vere-Jones (1966) are examples of some im-
portant early works on Markov chains. Extensions to semi-Markov processes
are presented in Cheong (1968, 1970) and Flaspohler and Holmes (1972). Ad-
ditional references to works in this area can be found in, for example, the book
by Collet, Martínez and San Martín (2013). A survey on quasi-stationary dis-
tributions for models with discrete state spaces are given by van Doorn and
Pollett (2013).

A classical application of the renewal theorem is to approximate the ruin
probability of a Cramér-Lundberg risk model which describes the evolution
of capital of an insurance company. This is a continuous time model which
was originally studied by Lundberg (1903, 1926, 1932) and Cramér (1930,
1955) without the use of renewal theory. The main result of these studies is
the Cramér-Lundberg approximation which gives the limit of a normalized
ruin probability as the initial capital tends to infinity. Later, Feller (1966)
proved this result using the renewal theorem. The discrete time analogue of
the Cramér-Lundberg model, which is often called the compound binomial
model in the literature, was introduced by Gerber (1988) and further studied
by, for example, Shiu (1989) and Willmot (1993). This model can also be in-
terpreted in terms of the number of customers in a queuing system. We refer
to Li, Lu and Garrido (2009) for a review of the literature related to discrete
time risk models.

Over the years, renewal theory has been generalized in several directions.
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A generalization which deals with perturbed renewal equations plays an impor-
tant role for the results of this thesis. A perturbed renewal equation arises when
a probability model, where some related quantity satisfies a renewal equation,
also depends on a small perturbation parameter. In this case, one is often inter-
ested in the asymptotic behavior for large time values and small values of the
perturbation parameter.

The studies of the perturbed renewal equation started with the works of
Silvestrov (1976, 1978, 1979). In these papers, the basic limit theorem was
generalized for perturbed continuous time renewal equations. Later, starting
with Silvestrov (1995), this theory was further developed by the construction
of exponential asymptotic expansions for the solution of the renewal equation.
This provides a framework for analyzing stochastic systems with nonlinear
perturbations as illustrated by Gyllenberg and Silvestrov (1999, 2000a, b). The
book by Gyllenberg and Silvestrov (2008) collects the results in this line of re-
search until this year together with some new results. This book also contains
an extensive bibliography of works in related areas. Further generalizations are
investigated by Englund (2001) and Ni (2011, 2014) who consider perturba-
tions of a non-polynomial type. Related work has also been done by Blanchet
and Zwart (2010) who gives asymptotic expansions for a perturbed renewal
equation under conditions where some moments of the distribution generating
the renewal equation are allowed to be infinite.

The corresponding studies for perturbed discrete time renewal equations
started in Gyllenberg and Silvestrov (1994) where the theory was used to de-
scribe a quasi-stationary behavior for a meta-population model. Asymptotic
expansions for the discrete time model was first studied by Englund and Sil-
vestrov (1997). The perturbed discrete time renewal equation has also been
considered in Silvestrov (2000) and Englund (2001).

In the literature cited above, the perturbed renewal equation and its appli-
cations have received much more attention for the continuous time case com-
pared to the discrete time case. However, the discrete time case is interesting
in its own right with its own special features, and methods used for continu-
ous time models do not necessarily translate directly into discrete time models.
Also, sometimes a discrete time model gives a more intuitive interpretation, for
example, when some stochastic system is only observed at given time points,
such as days or months. Furthermore, in some situations, it may be an ad-
vantage to use a discrete approximation of a continuous time model, see, for
instance, Mode and Pickens (1988), Dickson, Egídio dos Reis, and Waters
(1995), and Cossette, Landriault, and Marceau (2004).

The aim of the present thesis is to thoroughly investigate the asymptotic
behavior of the perturbed discrete time renewal equation and to apply this the-
ory in order to study different asymptotic properties of perturbed discrete time
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regenerative processes, risk processes, Markov chains, and semi-Markov pro-
cesses.

There exists a large set of literature where different types of perturbations
have been studied for Markov chains and semi-Markov processes under var-
ious assumptions. Let us first review the literature concerned with perturbed
discrete time Markov chains on a finite state space. To a large extent, this area
of research emerged from the studies of large stochastic systems with weak
interactions. In these studies, it is assumed that the system can be partitioned
into a finite number of subsystems where interactions within each subsystem
are strong while interactions between different subsystems are weak. This
idea was formalized by Simon and Ando (1961) who considered the weak in-
teraction link between the subsystems as a perturbation parameter. In this pa-
per, it was noted that equilibrium within each subsystem was achieved much
faster than for the whole system. In particular, it was proposed that the station-
ary distribution for the whole system could be approximated by using local
calculations for each subsystem separately combined with a coupling matrix
relating the different subsystems to each other. This method is often called
the aggregation technique. This idea and several generalizations of it have
later been employed to find approximations of stationary distributions, see, for
example, Pervozvanskiı̆ and Smirnov (1974), Courtois and Louchard (1976),
Delebecque (1983), Courtois and Semal (1984), and Vantilborgh (1985).

In the works mentioned above, the main objective is to find computa-
tionally tractable methods for approximating the stationary distribution of a
Markov chain with a large state space. However, these studies also stimulated
research concerned with other aspects of stationary distributions for perturbed
Markov chains. For example, the sensitivity of the stationary distribution sub-
ject to small perturbations in the transition probabilities has been studied by
Schweitzer (1968), Stewart (1991), and Hunter (2005) and a perturbation tech-
nique is used to calculate the exact stationary distribution in Hunter (1991).

Attention has also been given to several other types of characteristics. For
example, first hitting times are studied in Latouche and Louchard (1978), La-
touche (1991), and Hassin and Haviv (1992). The fundamental matrix and the
closely related deviation matrix are considered in Lasserre (1994), Avrachenkov
and Lasserre (1999), and Avrachenkov and Haviv (2004). Multi-step transition
probabilities are objects of interest in Gaı̆tsgori and Pervozvanskiı̆ (1975) and
Yin and Zhang (2003).

The book by Avrachenkov, Filar, and Howlett (2013) contains a chapter
devoted to perturbed discrete time Markov chains on a finite state space where
this line of research is discussed thoroughly and several results from the above
mentioned papers are presented.

Finally, let us mention some further examples of works where perturbed
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Markov chain and semi-Markov processes are investigated. Continuous time
Markov chains on a finite state space are considered in Phillips and Kokotovic
(1981), Coderch, Willsky, Sastry, and Castanon (1983), Rohlicek and Willsky
(1988), and Yin and Zhang (1998). Continuous time semi-Markov processes
on a finite state space are investigated thoroughly in Gyllenberg and Silvestrov
(1999, 2000b, 2008) and Silverstrov, D. and Silvestrov, S. (2015). Some re-
sults for Markov chains and semi-Markov processes on a countable or general
measurable state space are given in Kartashov (1996), Altman, Avrachenkov
and Núñez-Queija (2004), and Koroliuk and Limnios (2005, 2010).

1.2 Summary of Papers

We now give a short summary of each of the six papers contained in the present
thesis. In order to avoid repetitions, let us mention here that for all asymptotic
expansions obtained in the papers, we also give explicit recursive formulas for
calculating its coefficients.

Paper I

In this paper, we study the asymptotic behavior of the solution of a perturbed
discrete time renewal equation. The main result gives asymptotic expansions
of exponential type for this solution. We discuss how the results can be ap-
plied to obtain different types of ergodic theorems for regenerative processes
with regenerative stopping times. Furthermore, examples related to queuing
systems and risk processes are given. To make the paper more self-readable,
we also include a derivation of the renewal equation for the ruin probability of
a discrete time risk process.

Paper II

In this paper, perturbed discrete time regenerative processes with regenerative
stopping time are considered. The regenerative stopping time is interpreted as
the lifetime of some stochastic system. For each fixed value of the perturba-
tion parameter, we can find quasi-stationary distributions for such processes by
applying the renewal theorem. The main result of the paper is an asymptotic
power series expansion for the quasi-stationary distribution with respect to the
perturbation parameter. The results are illustrated by explicit calculations for
an alternating regenerative process. We also discuss applications of the results
for asymptotic analysis of ruin probabilities.

13



Paper III

In this paper, we investigate the asymptotic behavior of the infinite time hori-
zon ruin probability of a perturbed discrete time risk process. By applying the
results obtained in Paper I, an exponential asymptotic expansion for the ruin
probability is obtained. We then further generalize this result by also construct-
ing an asymptotic expansion for the renewal limit considered as a function of
the perturbation parameter. This gives approximations of the ruin probabil-
ity which have zero asymptotic relative error under some balancing condition
on the rate at which the initial capital tends to infinity and the perturbation
parameter tends to zero.

Paper IV

In this paper, we study perturbed discrete time semi-Markov processes on a
state space which consists of one finite communicating class and, in addition,
one absorbing state. Our main interest is the asymptotic behavior of the joint
probability of the position of the process and the event that the process has not
yet been absorbed. By applying the results of Paper I, we obtain exponential
asymptotic expansions for these probabilities. As an intermediate result, which
is interesting in its own right, we construct asymptotic expansions for moment
functionals of first hitting times.

Paper V

In this paper, we consider the same model as in Paper IV. Our interest here
lies in certain moment functionals of mixed power-exponential type which are
important for our studies of quasi-stationary distributions. Under some condi-
tions, these moment functionals can be expanded in asymptotic power series
with respect to the perturbation parameter. The main results show how the
coefficients in these expansions can be computed from the coefficients in the
expansions of certain moment functionals of transition probabilities.

Paper VI

In this paper, the asymptotic expansions for moment functionals obtained in
Paper V play a central role. Using these expansions we construct asymp-
totic power series expansions for quasi-stationary distributions of perturbed
discrete time semi-Markov processes. This is done by applying the technique
developed for perturbed regenerative processes in Paper II. As a particularly
important special case, the results can be used for discrete time Markov chains.
In order to demonstrate this, we also include an illustrative numerical example.
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2. Mathematical Introduction
In this section, we define discrete time renewal equations and describe some of
its applications which are relevant for the theoretical results presented in this
thesis. In order to keep the presentation on an appropriate but not too technical
level, we allow ourselves to make some small simplifications at some places.

2.1 Discrete Time Renewal Equations

Let q(n), n = 0,1, . . . , be a sequence of real valued numbers and let f (n), n =
0,1, . . . , be a sequence of non-negative real valued numbers satisfying F(∞)≤
1 and f (0) < F(∞), where F(∞) = ∑

∞
n=0 f (n). Consider the following recur-

sive relation,

x(n) = q(n)+
n

∑
k=0

x(n− k) f (k), n = 0,1, . . . (2.1)

Relation (2.1) is called a discrete time renewal equation.
The renewal equation is important for its applications in probability theory.

Often some characteristic of a probability model is the solution of a renewal
equation. Examples of this are given in what follows.

The quantity f = 1−F(∞) is called the defect of f (n). If f = 0, then
f (n) is the probability distribution of a random variable. In the case f > 0, we
can interpret f (n) as the probability distribution of a random variable which
takes the value ∞ with probability f . If f = 0, then f (n) is called a proper
distribution and if f > 0 it is called an improper distribution. Furthermore,
we call the corresponding renewal equation proper or improper depending on
whether f = 0 or f > 0.

The classical discrete time renewal theorem is an important asymptotic
result which states that if f (n) is a non-periodic proper distribution with finite
expectation m = ∑

∞
n=0 n f (n) and ∑

∞
n=0 |q(n)|< ∞, then

x(n)→ 1
m

∞

∑
k=0

q(k)< ∞, as n→ ∞.

This result and various modifications of it can often be applied to obtain
different types of limit theorems for stochastic processes. In particular, for a
discrete time Markov-type process, the one-dimensional distribution at time n
usually satisfies a renewal equation. This makes the renewal theorem useful in
order to obtain ergodic theorems for such processes.
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2.2 Discrete Time Regenerative Processes

In this section we define regenerative processes in discrete time and show how
they are related to the renewal equation.

Let Z(n), n = 0,1, . . . , be a stochastic process taking values in some set
X . For simplicity, let us assume that X = {0,1,2, . . .} is a countable set. Let
0 = τ0 < τ1 < τ2 < · · · , be a sequence of proper random variables defined
on the same probability space as Z(n). The process Z(n), n = 0,1, . . . , is a
regenerative process with regeneration times τ0,τ1, . . . , if the following holds:

(a) For every k = 0,1, . . . , the process Z(τk + n), n = 0,1, . . . , and the ran-
dom sequence τk+n−τk, n = 0,1, . . . , are independent of the random se-
quence Z(n∧(τk−1)), n = 0,1, . . . , and the random variables τ0, . . . ,τk.

(b) The joint finite-dimensional distributions of the process Z(τk + n), n =
0,1, . . . , and the random sequence τk+n− τk, n = 0,1, . . . , are the same
for every k = 0,1, . . .

Intuitively, a regenerative process is a process such that there exist random
times where the future of the process is independent of the past and the pro-
cesses starting from these random times are probabilistic copies of the process
starting from time zero.

It can be shown that for any i ∈ X , the probabilities Qi(n) = P{Z(n) = i}
satisfy the renewal equation

Qi(n) = qi(n)+
n

∑
k=0

Qi(n− k) f (k), n = 0,1, . . . ,

where
qi(n) = P{Z(n) = i, τ1 > n}, f (k) = P{τ1 = k}.

A homogeneous Markov chain on a discrete state space with one class of
communicating states is one example of a regenerative process. In this case,
the regeneration times are successive return times to the initial state. This is
illustrated in Figure 2.1. Semi-Markov processes, which will be discussed in
Section 2.5, constitute another important class of regenerative processes.

2.3 Regenerative Stopping Times

It is often of interest to analyze the long-time behavior of a process which
terminates at some point, but the expected time until this happens is large. For
example, in a population dynamics model we might know that the population
eventually will go extinct, but that it is expected that the population will persist
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Figure 2.1: Trajectory of a regenerative process.

for a long time. For the model of regenerative processes this would mean that
τn = ∞ for some n. But such a process is not a regenerative process according
to the definition given in Section 2.2. In this section, we describe how this
problem still can be analyzed by renewal theory by introducing a special kind
of random variable for the lifetime of the process.

Let µ be a random variable defined on the same probability space as the
regenerative process Z(n) and taking values in the set {1,2, . . . ,∞}. We say
that µ is a regenerative stopping time associated with the regenerative process
Z(n) if the probabilities Pi(n) = P{Z(n) = i, µ > n}, n = 0,1, . . . , satisfy the
renewal equation

Pi(n) = qi(n)+
n

∑
k=0

Pi(n− k) f (k), n = 0,1, . . . , (2.2)

where

qi(n) = P{Z(n) = i, µ > n, τ1 > n}, f (k) = P{τ1 = k, µ > τ1}.

This means that the regenerative stopping time possesses a memoryless
property at times of regeneration. Also note that f = P{µ ≤ τ1}, that is, the
defect of f (k) is equal to the stopping probability in one regeneration period.

A typical example of a regenerative stopping time is the first time the pro-
cess hits some special subset of the state space. For instance, the stopping time
can be the first hitting time of some particular fixed state or the first time the
process exceeds some fixed level.

We can use a regenerative stopping time µ to describe the random lifetime
of a stochastic system. For example, µ can be the time of extinction of some
population or the time of extinction of an epidemic.
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2.4 Quasi-Stationary Distributions

When describing the long-time behavior of a stochastic process, it is often of
interest to characterize a stationary distribution. For a stochastic process de-
scribing a system with a finite lifetime, such a distribution will be degenerated.
However, before the lifetime of the system goes to an end, one can often ob-
serve something that resembles a stationary distribution.

Consider the model of regenerative processes with regenerative stopping
time where the stopping time µ represents the lifetime of some stochastic sys-
tem. If we expect the lifetime to be large, it can be of interest to determine a
distribution πi, i ∈ X , and some conditions under which we have

P{Z(n) = i | µ > n}→ πi, as n→ ∞, i ∈ X .

Such a distribution is called a quasi-stationary distribution.

2.5 Discrete Time Semi-Markov Processes

In this section, we define discrete time semi-Markov processes on a finite state
space.

In order to define a semi-Markov process, we first introduce a special type
of Markov chain. Let (ηn,κn), n = 0,1, . . . , be a homogeneous discrete time
Markov chain on the state space X ×N, where X = {0,1, . . . ,N} and N =
{1,2, . . .}. Furthermore, let us assume that its transition probabilities

Qi j(k) = P{ηn+1 = j, κn+1 = k |ηn = i, κn = l}, k, l ∈ N, i, j ∈ X ,

do not depend on the current state of the second component. Such a process is
called a discrete time Markov renewal process.

Let us also define ν(n) = max{k ≥ 0 : τ(k) ≤ n}, where τ(0) = 0 and
τ(n) = κ1 + · · ·+κn, for n≥ 1. Now, we define

ξ (n) = ην(n), n = 0,1, . . .

The process ξ (n) is called a discrete time semi-Markov process with initial
distribution Qi = P{η0 = i} and transition probabilities Qi j(n). By definition,
κn are the times between successive moments of jumps, τ(n) are the moments
of the jumps, and ν(n) are the number of jumps in the interval [0,n]. Further-
more, the process ηn, n= 0,1, . . . , is a homogeneous Markov chain on the state
space X with transition probabilities

pi j = ∑
∞
k=1Qi j(k), i, j ∈ X ,
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...
...

κ1 κ2 κ3 κ4

Figure 2.2: Trajectory of a semi-Markov process.

and it is called the embedded Markov chain.
An illustration of a semi-Markov process is given in Figure 2.2.
Let us now define random variables called first hitting times. The first

hitting time of state j ∈ X for the embedded Markov chain ηn is defined by

ν j = min{n ∈ N : ηn = j}.

The first hitting time of state j ∈ X for the semi-Markov process ξ (n) is
defined by

µ j = τ(ν j) = ∑
ν j
k=1κk.

Under some conditions, a semi-Markov process is a special case of a re-
generative process. Indeed, let us assume that the state space X is a communi-
cating class for the embedded Markov chain ηn and that the initial distribution
of ξ (n) is concentrated at some state i∈X . Then ξ (n) is a regenerative process
and successive return times to the initial state i serve as regeneration times.

In the present thesis, we are interested in the behavior of the semi-Markov
process ξ (n) before it hits state 0 for the first time when starting from some
state i 6= 0. Therefore, the following probabilities play an important role,

Pi j(n) = Pi{ξ (n) = j, µ0 > n}, n = 0,1, . . . , i, j 6= 0,

where Pi denotes conditional probabilities given that {η0 = i}.
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It can be shown that the probabilities Pi j(n) satisfy the following renewal
equation,

Pi j(n) = hi j(n)+
n

∑
k=0

Pi j(n− k)gi(k), n = 0,1, . . . , i, j 6= 0, (2.3)

where

hi j(n) = Pi{ξ (n) = j, µ0 > n, µi > n}, gi(k) = Pi{µi = k, ν0 > νi}.

Thus, µ0 is a regenerative stopping time. Also note that the defect of the
distribution gi(k) is given by gi = Pi{ν0 ≤ νi}, that is, the defect is equal to the
probability of hitting state 0 before returning to state i.

Let us also mention that a Markov chain is a special case of a semi-Markov
process. Indeed, let ηn, n = 0,1, . . . , be a homogeneous Markov chain on the
state space X , with transition probabilities

pi j = P{ηn+1 = j |ηn = i}, i, j ∈ X .

Let us define the transition probabilities of the Markov renewal process as
follows,

Qi j(n) =
{

pi j n = 1, i, j ∈ X ,
0 otherwise.

Then, by definition, ξ (n) = ηn.

2.6 Discrete Time Risk Processes

In this section, we describe a model which has applications in, for example,
queuing theory and risk theory. In queuing theory, it can be used to describe
the number of customers in a system where customers arrive individually but
are served in groups. In risk theory, it can be used to model the evolution
of capital of an insurance company. In this section, we shall use the latter
interpretation.

Let X1,X2, . . . , be a sequence of random variables which are non-negative,
integer-valued, independent, and identically distributed. For a non-negative
integer u, let

Zu(0) = u, and Zu(n) = u+n−
n

∑
k=1

Xn, n = 1,2, . . . (2.4)

We call the process defined by relation (2.4) a discrete time risk process.
We can interpret u as a starting capital and Xn as the claim costs at time n,
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n

Zu(n)

u

Figure 2.3: Trajectory of a risk process.

where Xn = 0 means that there are no claims at time n. In this model, cap-
ital is measured in units equivalent to expected premiums per time unit. An
illustration of such a process is given in Figure 2.3 where the downward jumps
correspond to claim arrivals.

It is convenient to characterize the risk process by

p = P{X1 > 0} and g(n) = P{X1 = n | X1 > 0}, n = 0,1, . . . ,

which we call the claim probability and the claim size distribution, respec-
tively. We also define the expected claim size by µ = ∑

∞
n=0 ng(n) and the load-

ing rate by α = pµ .
An object of interest is the probability that Zu(n) ever falls below zero

given an initial capital u. This probability is called the ruin probability and is
defined by

Ψ(u) = P{min
n≥0

Zu(n)< 0}, u = 0,1, . . .

If α ≥ 1, it can be shown that Ψ(u) = 1 for all u ≥ 0. If α ≤ 1, it can
be shown (see Section 23.5 in Paper I) that the ruin probability satisfies the
renewal equation

Ψ(u) = q(u)+
u

∑
k=0

Ψ(u− k) f (k), u = 0,1, . . . , (2.5)

where

q(u) = p
∞

∑
k=u+1

(1−G(k)), f (k) = p(1−G(k)), G(k) =
k

∑
n=0

g(n).

Note here that the defect of f (n) takes the form f = 1−α .
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As an example, it can be interesting to note that in the case where the claim
size distribution is concentrated at 2, the model reduces to the model for the
classical gambler’s ruin problem.

3. Summary of Main Results
In this section, we summarize the main results of the present thesis. The results
will be presented in a somewhat informal manner and we will not go into
details about the conditions under which the results hold but only mention the
most important assumptions. For details, we refer to the papers I–VI.

3.1 Perturbed Renewal Equations

For every ε ≥ 0, let q(ε)(n), n = 0,1, . . . , be a sequence of real-valued num-
bers and let f (ε)(n), n = 0,1, . . ., be a probability distribution which may be
improper. Assume that q(ε)(n) and f (ε)(n) converge pointwise (i.e. for ev-
ery n = 0,1, . . .) to q(0)(n) and f (0)(n), respectively, as ε → 0. Consider the
following perturbed discrete time renewal equation,

x(ε)(n) = q(ε)(n)+
n

∑
k=0

x(ε)(n− k) f (ε)(k), n = 0,1, . . . (3.1)

We are interested in the asymptotic behavior of the solution x(ε)(n) of
equation (3.1) as n → ∞ and ε → 0. It turns out that the defects f (ε) =
1−∑

∞
n=0 f (ε)(n) have a large influence on the structure of this asymptotic be-

havior. We can separate between three different cases:

(a) Stationary case: f (ε) = 0 for all ε ≥ 0.

(b) Pseudo-stationary case: 0 < f (ε)→ 0 as ε → 0.

(c) Quasi-stationary case: f (ε) > 0 for all ε ≥ 0.

These three cases have different interpretations depending on the model
under consideration, as we will see below.

Let us define the following functions,

φ
(ε)(ρ,r) = ∑

∞
n=0nreρn f (ε)(n), ρ ∈ R, r = 0,1, . . . , (3.2)

ω
(ε)(ρ,r) = ∑

∞
n=0nreρnq(ε)(n), ρ ∈ R, r = 0,1, . . . (3.3)
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In what follows, we will refer to these quantities as mixed power-exponential
moment functionals. In particular, note that φ (ε)(ρ,0) is the moment generat-
ing function for the (possibly improper) distribution f (ε)(n).

Of crucial importance for our results is the solution, with respect to ρ , of
the following equation,

φ
(ε)(ρ,0) = 1. (3.4)

We call (3.4) the characteristic equation. If it is assumed that φ (ε)(δ ,0) ∈
(1,∞) for some δ > 0, then there exists a unique non-negative solution ρ(ε) of
this equation.

The solution of the characteristic equation is important since it enables us
to transform improper renewal equations into proper ones, which are mathe-
matically simpler to handle. Indeed, multiplying both sides of equation (3.1)
with eρ(ε)n we obtain a renewal equation where the distribution is given by
eρ(ε)n f (ε)(n). Since ρ(ε) is the solution of the characteristic equation, it fol-
lows from (3.2) and (3.4) that this is a proper distribution.

In Paper I, it is shown that for any non-negative integer valued function
n(ε), such that n(ε)→ ∞ as ε → 0, we have

eρ(ε)n(ε)x(ε)(n(ε))→ x̃(0), as ε → 0, (3.5)

where

x̃(0) =
ω(0)(ρ(0),0)
φ (0)(ρ(0),1)

.

A good property of relation (3.5) is that it allows n→ ∞ and ε → 0 in an
arbitrary manner. However, a serious drawback is that the quantity ρ(ε) is only
given implicitly as the solution of the nonlinear equation (3.4). In order to get
more explicit asymptotic relations, we can construct an asymptotic expansion
for ρ(ε). In order to do this, we need to impose a stronger perturbation condi-
tion on the distributions f (ε)(n). Specifically, it is assumed that for some k≥ 1,
we have for r = 0, . . . ,k,

φ
(ε)(ρ(0),r) = φ

(0)(ρ(0),r)+a1,rε + · · ·+ak−r,rε
k−r +o(εk−r). (3.6)

Then, as is shown in Paper I, the root of the characteristic equation has the
following asymptotic expansion,

ρ
(ε) = ρ

(0)+ c1ε + · · ·+ ckε
k +o(εk), (3.7)

where the coefficients c1, . . . ,ck can be calculated from recursive formulas
which are rational functions of the coefficients in the expansions given by
equation (3.6).
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The first coefficient ρ(0) in the asymptotic expansion (3.7) is the limit of
ρ(ε) as ε → 0. The second coefficient c1 is a measure of the sensitivity of
ρ(ε) with respect to small perturbations from ε = 0. The higher order coeffi-
cients c2, . . . ,ck can be useful in order to improve numerical approximations of
ρ(ε) for values of ε which are not small enough for higher order terms in the
expansion to be neglected.

Now, let us assume that n(ε) is a non-negative integer valued function of ε

such that
ε

rn(ε)→ λr ∈ [0,∞), for some 1≤ r ≤ k. (3.8)

Using the expansion (3.7) in relation (3.5) and assuming that the balancing
condition (3.8) holds, we get the following asymptotic expansion of exponen-
tial type,

x(ε)(n(ε))
exp(−(ρ(0)+ c1ε + · · ·+ cr−1εr−1)n(ε))

→ e−crλr x̃(0), as ε → 0. (3.9)

Relation (3.9) is the main asymptotic result of Paper I.

3.2 Perturbed Regenerative Processes

For every ε ≥ 0, let Z(ε)(n), n= 0,1, . . ., be a discrete time regenerative process
with regeneration times 0 = τ

(ε)
0 < τ

(ε)
1 < · · · , and regenerative stopping time

µ(ε), as defined in Sections 2.2 and 2.3. However, let us now assume that the
process takes values in a general measurable state space (X,Γ).

Now, let

q(ε)(n,A) = P{Z(ε)(n) ∈ A, µ
(ε) > n, τ

(ε)
1 > n}, n = 0,1, . . . , A ∈ Γ,

f (ε)(n) = P{τ(ε)
1 = n, µ

(ε) > τ
(ε)
1 }, n = 0,1, . . .

Assume that the functions f (ε)(n) and q(ε)(n,A) converge pointwise to
f (0)(n) and q(0)(n,A), respectively, as ε → 0, at least for all sets A in some
subset Γ0 ⊆ Γ. In this case, we get a perturbed version of the renewal equation
(2.2), that is,

P(ε)(n,A) = q(ε)(n,A)+
n

∑
k=0

P(ε)(n− k,A) f (ε)(k), n = 0,1, . . . , (3.10)

where
P(ε)(n,A) = P{Z(ε)(n) ∈ A, µ

(ε) > n}, n = 0,1, . . .

Our interest here is to study the asymptotic behavior of the probabilities
P(ε)(n,A) as n→ ∞ and ε → 0. This asymptotic behavior is different depend-
ing on which of the cases (a)–(c) described in Section 3.1 that holds. In the
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stationary case (a) we have that the regenerative stopping time µ(ε) =∞ almost
surely for all ε ≥ 0. In the pseudo-stationary case (b) we have that µ(ε)→ ∞

in probability as ε → 0. In the quasi-stationary case (c), the stopping times
µ(ε) are stochastically bounded as ε → 0.

Conditions imposed for regenerative processes are formulated in terms of
the functions q(ε)(n,A) and f (ε)(n). This means that the results obtained for
perturbed renewal equations in Paper I are directly applicable for regenerative
processes. In particular, we get an asymptotic relation corresponding to (3.9)
for the probabilities P(ε)(n,A).

Mixed power-exponential moment functionals for the functions f (ε)(n)
and q(ε)(n,A) in the renewal equation (3.10) are defined in analogy with (3.2)
and (3.3) and are denoted by φ (ε)(ρ,r) and ω(ε)(ρ,r,A), respectively. Let us
also define

π̃
(ε)(A) =

ω(ε)(ρ(ε),0,A)
φ (ε)(ρ(ε),1)

, A ∈ Γ, ε ≥ 0. (3.11)

Then, if n(ε)→ ∞ as ε → 0 in such a way that the balancing relation (3.8)
holds, then we have the following exponential asymptotic expansion,

P{Z(ε)(n(ε)) ∈ A, µ(ε) > n(ε)}
exp(−(ρ(0)+ c1ε + · · ·+ cr−1εr−1)n(ε))

→ e−crλr π̃
(0)(A), as ε → 0.

In the context of regenerative processes, it is also of interest to consider
the renewal limit (3.11) as a function of ε . This is because normalized renewal
limits can be interpreted as quasi-stationary probabilities for regenerative pro-
cesses. Indeed, for a fixed ε ≥ 0, the classical discrete time renewal theorem,
applied to a transformed version of (3.10), gives the following limit,

eρ(ε)nP(ε)(n,A)→ π̃
(ε)(A) as n→ ∞, A ∈ Γ. (3.12)

Using (3.12) and the definition of conditional probability, it follows that

P{Z(ε)(n) ∈ A |µ(ε) > n}→ π
(ε)(A), as n→ ∞, A ∈ Γ,

where

π
(ε)(A) =

π̃(ε)(A)
π̃(ε)(X)

=
ω(ε)(ρ(ε),0,A)
ω(ε)(ρ(ε),0,X)

. (3.13)

Formula (3.13) can be used to obtain asymptotic power-series expansions
for quasi-stationary probabilities of perturbed regenerative processes. In order
to achieve this, we need to assume that (3.6) holds together with an additional
perturbation condition on the functions q(ε)(n,A).
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Assume that for some k ≥ 0, we have the following expansions for r =
0, . . . ,k, A ∈ Γ0,

ω
(ε)(ρ(0),r,A)

= ω
(0)(ρ(0),r,A)+b1,r(A)ε + · · ·+bk−r,r(A)εk−r +o(εk−r).

(3.14)

Then, we can construct the following asymptotic expansions,

π
(ε)(A) = π

(0)(A)+d1(A)ε + · · ·+dk(A)εk +o(εk), A ∈ Γ0, (3.15)

where the coefficients d1(A), . . . ,dk(A) can be calculated from recursive for-
mulas which are rational functions of the coefficients in the expansions given
by equations (3.6) and (3.14). This is the main result of Paper II.

3.3 Perturbed Semi-Markov Processes

For every ε ≥ 0, let ξ (ε)(n), n = 0,1, . . . , be a discrete time semi-Markov pro-
cess on the state space X = {0,1, . . . ,N}, with transition probabilities Q(ε)

i j (n),
n = 1,2, . . . , i, j ∈ X , as defined in Section 2.5.

Assume that Q(ε)
i j (n) converges pointwise to Q(0)

i j (n) as ε → 0. Further-
more, we assume that the states {1, . . . ,N} is a communicating class of states
for all sufficiently small ε .

In this case, we get the following perturbed version of the renewal equation
(2.3),

P(ε)
i j (n) = h(ε)i j (n)+

n

∑
k=0

P(ε)
i j (n− k)g(ε)i (k), n = 0,1, . . . , i, j 6= 0, (3.16)

where

P(ε)
i j (n) = Pi{ξ (ε)(n) = j, µ

(ε)
0 > n},

h(ε)i j (n) = Pi{ξ (ε)(n) = j, µ
(ε)
0 > n, µ

(ε)
i > n},

g(ε)i (k) = Pi{µ(ε)
i = k, ν

(ε)
0 > ν

(ε)
i }.

We are interested in the asymptotic behavior, as n→ ∞ and ε → 0, of the
probabilities P(ε)

i j (n). Again, the asymptotic behavior is different depending
on which of the cases (a)–(c) described in Section 3.1 that is considered. The
first hitting times µ

(ε)
0 of state 0 can be given the same interpretations as the

regenerative stopping times in Section 3.2. This means that in the stationary
case (a) transitions into state 0 are not possible for any ε ≥ 0. In the pseudo-
stationary case (b), transitions into state 0 are possible for ε > 0 but not for
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ε = 0. Finally, in the quasi-stationary case (c), transitions into state 0 are
possible for all ε ≥ 0.

Using the renewal equation (3.16), we can apply the results obtained for
perturbed renewal equations in Paper I to get an asymptotic relation corre-
sponding to (3.9) for the probabilities P(ε)

i j (n).

Mixed power-exponential moments for the functions g(ε)i (n) and h(ε)i j (n) in
the renewal equation (3.16) are defined in analogy with (3.2) and (3.3) and are
denoted by φ

(ε)
i (ρ,r) and ω

(ε)
i j (ρ,r), respectively.

If n(ε)→ ∞ as ε → 0 in such a way that the balancing relation (3.8) holds,
then we have the following exponential asymptotic expansion,

Pi{ξ (ε)(n(ε)) = j, µ
(ε)
0 > n(ε)}

exp(−(ρ(0)+ c1ε + · · ·+ cr−1εr−1)n(ε))
→ e−crλr π̃

(0)
i j , as ε → 0, (3.17)

where

π̃
(0)
i j =

ω
(0)
i j (ρ(0),0)

φ
(0)
i (ρ(0),1)

.

In the pseudo-stationary case, the limit constants π̃
(0)
i j do not depend on the

initial state i and are given by the stationary probabilities of the limiting semi-
Markov process. This is the main result of Paper IV.

Let us make some comments about this result. First, we note that since the
characteristic equation now is given by φ

(ε)
i (ρ,0) = 1, it first appears as the

coefficients in the expansion of ρ(ε) in relation (3.17) should also depend on i.
However, under conditions imposed on exponential moments of φ

(ε)
i (ρ,0) in

our papers, the root of the characteristic equation is independent of i. This is
shown both in Paper IV and V.

Then, let us also note that in order to compute the coefficients c1, . . . ,cr

in (3.17) we need the coefficients in expansions corresponding to (3.6) for the
moment functionals φ

(ε)
i (ρ(0),r) for some i 6= 0 which we can choose arbi-

trarily. However, perturbation conditions for semi-Markov processes are more
naturally formulated in terms of the following moment functionals of transition
probabilities,

p(ε)i j (ρ,r) = ∑
∞
n=0nreρnQ(ε)

i j (n), ρ ∈ R, r = 0,1, . . . , i, j ∈ X .

Our perturbation condition now has the following form, for r = 0, . . . ,k,

p(ε)i j (ρ(0),r)

= p(0)i j (ρ
(0),r)+ ei j[1,r]ε + · · ·+ ei j[k− r,r]εk−r +o(εk−r).

(3.18)
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Thus, in order to apply the results obtained for perturbed renewal equa-
tions, we need to be able to compute the coefficients in asymptotic expan-
sions of φ

(ε)
i (ρ(0),r) as functions of the coefficients in the expansions given by

(3.18). This can be done by first linking p(ε)i j (ρ,r) and φ
(ε)
i (ρ,r) via systems

of linear equations which, for r = 0,1, . . . , are connected recursively. Then, us-
ing these systems and arithmetic rules for asymptotic expansions of solutions
for systems of linear equations, we can construct the desired expansions for
φ
(ε)
i (ρ(0),r). In Paper IV, it is shown in detail how this is done.

We also consider quasi-stationary distributions for semi-Markov processes,
that is, distributions independent of the initial state i 6= 0 which for each fixed
ε ≥ 0 satisfy the following relation,

π
(ε)
j = lim

n→∞
Pi{ξ (ε)(n) = j |µ(ε)

0 > n}, j = 1, . . . ,N.

Using the same type of renewal arguments as we did for regenerative pro-
cesses in Section 3.2, it can be shown that the quasi-stationary distribution is
given by the following formula,

π
(ε)
j =

ω
(ε)
i j (ρ(ε),0)

∑k 6=0 ω
(ε)
ik (ρ(ε),0)

, j = 1, . . . ,N,

where i 6= 0 can be chosen arbitrarily. Using this formula, asymptotic expan-
sions for π

(ε)
j can be obtained by using the techniques developed for regen-

erative processes. In order to do this, we need the coefficients in expansions
corresponding to (3.6) and (3.14) for the moment functionals φ

(ε)
i (ρ(0),r) and

ω
(ε)
i j (ρ(0),r). Using the technique based on recursive systems of linear equa-

tions mentioned above, these expansions can be computed from the coeffi-
cients in the expansions given by (3.18). We give a detailed description of how
this is done in Paper V.

For the quasi-stationary distribution, we get the following asymptotic power
series expansion,

π
(ε)
j = π

(0)
j +d1, jε + · · ·+dk, jε

k +o(εk), j = 1, . . . ,N, (3.19)

where the coefficients d1, j, . . . ,dk, j can be computed from explicit recursive
formulas which are rational functions of the coefficients in the expansions
given by equation (3.18). This is the main result of Paper VI.

3.4 Perturbed Risk Processes

For every ε ≥ 0, let Z(ε)
u (n), n = 0,1, . . . , be a discrete time risk process with

claim probability p(ε) and claim size distribution g(ε)(n), as defined in Section
2.6.

28



Assume that p(ε)→ p(0) as ε → 0 and that g(ε)(n) converge pointwise to
g(0)(n) as ε → 0.

In this case, the ruin probability satisfies a perturbed version of the renewal
equation (2.5), that is,

Ψ
(ε)(u) = q(ε)(u)+

u

∑
k=0

Ψ
(ε)(u− k) f (ε)(k), u = 0,1, . . . , (3.20)

where

Ψ
(ε)(u) = P{min

n≥0
Z(ε)

u (n)< 0},

q(ε)(u) = p(ε)∑∞
k=u+1(1−G(ε)(k)),

f (ε)(k) = p(ε)(1−G(ε)(k)),

G(ε)(k) = ∑
k
n=0 g(ε)(n).

We are interested in the asymptotic behavior, as u→ ∞ and ε → 0, of the
ruin probabilities Ψ(ε)(u). Also in this case, the scenarios (a)–(c) described in
Section 3.1 have different interpretations. Here, the stationary case (a) is trivial
and corresponds to the situation where ruin is certain to occur for all ε ≥ 0. In
the pseudo-stationary case (b), the ruin probability is strictly less than one for
ε > 0 but ruin occurs with probability one for the limiting model where ε = 0.
Finally, in the quasi-stationary case (c), ultimate survival is possible for all
ε ≥ 0.

We can apply the results obtained for perturbed renewal equations in Paper
I to get an asymptotic relation for the ruin probability corresponding to (3.9).

Mixed power-exponential moment functionals of f (ε)(n) and q(ε)(n) are
denoted by φ (ε)(ρ,r) and ω(ε)(ρ,r), respectively, as in equations (3.2) and
(3.3). Let us define

π̃
(ε) =

ω(ε)(ρ(ε),0)
φ (ε)(ρ(ε),1)

, ε ≥ 0.

Assume that u(ε)→ ∞ as ε → 0 in such a way that

ε
ru(ε)→ λr ∈ [0,∞), for some 1≤ r ≤ k. (3.21)

Then, we have the following exponential asymptotic expansion,

Ψ(ε)(u(ε))
exp(−(ρ(0)+ c1ε + · · ·+ cr−1εr−1)u(ε))

→ e−crλr π̃
(0), as ε → 0, (3.22)

where c1, . . . ,cr can be computed from recursive formulas which are rational
functions of the coefficients in the expansions of φ (ε)(ρ(0),r).
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For a fixed ε ≥ 0, the classical discrete time renewal theorem, applied to a
transformed version of (3.20), implies the following discrete time analogue of
the Cramér-Lundberg approximation,

eρ(ε)u
Ψ

(ε)(u)→ π̃
(ε), as u→ ∞.

This motivates that relation (3.22) can be improved by also taking the asymp-
totics of π̃(ε) as ε → 0 into account. In order to do this, we can construct an
asymptotic expansion π̃(ε) = π̃(0)+d1ε + · · ·+dlε

l +o(ε l). Under additional
perturbation conditions imposed on the moment functionals ω(ε)(ρ(0),r), this
can be done by applying the same type of technique as used for regenerative
processes in Paper II. Using this asymptotic expansion in relation (3.22) and
taking the balancing relation (3.21) into account, we get the following asymp-
totic relation,

Ψ
(ε)(u(ε))/Ψ̂

(ε)
r,l (u

(ε))→ 1, as ε → 0, (3.23)

where

Ψ̂
(ε)
r,l (u) =

π̃(0)+d1ε + · · ·+dlε
l

exp{(ρ(0)+ c1ε + · · ·+ crε
r)u}

.

Relation (3.23) shows that the approximations Ψ̂
(ε)
r,l (u) have zero asymp-

totic relative error under the balancing condition (3.21). These approximations
can be seen as generalizations of discrete time analogues of both the Cramér-
Lundberg approximation and the diffusion approximation for ruin probabili-
ties. This is the main result of Paper III.

4. Examples
In this section, we present some examples of perturbed discrete time models
where the results of the present thesis can be used. In particular, these exam-
ples show that even simple linear perturbations of model parameters may lead
to nonlinearly perturbed Markov chains or semi-Markov processes of the type
studied in this thesis.

4.1 An Epidemic SIS Model

In this example, we consider a model for the spread of an infectious disease in
a closed homogeneously mixed population of size N, which is a variant of the
classical Reed-Frost stochastic epidemic model. The difference is that an in-
fected individual who recover gets susceptible again. We follow the definition
given by Longini Jr. (1980).

30



The model under consideration is a discrete time model where each time
unit is called a period of infectiousness. During one such period, any individ-
ual in the population is either infected or susceptible. It is assumed that the
number of infected and susceptible individuals at time n+ 1 only depends on
the corresponding numbers at time n. At time n, each of the infected indi-
viduals, independently of one another, has infectious contact with each of the
susceptible individuals in the population, independently, with probability p.
The infected individuals at time n+1 are those susceptible individuals which
got infected at time n. The individuals that were infectious at time n are sus-
ceptible at time n+1.

The evolution of the number of infected individuals can be described by a
discrete time Markov chain. Let In denote the number of infected individuals
at time n. Notice that a susceptible individual escapes infection if and only
if he/she avoids infectious contact with all infected individuals. If In = i, this
happens with probability (1− p)i. Since all susceptible individuals are infected
independently of one another, this means that if In = i then In+1 ∼ Bin(N−
i,1− (1− p)i). Thus, the Markov chain has one-step transition probabilities
pi j = P{In+1 = j | In = i} given by

pi j =

{ (N−i
j

)
(1− (1− p)i) j(1− p)i(N−i− j) 0≤ j ≤ N− i,

0 otherwise.
(4.1)

Here, state N can be excluded since unless we start with all individuals in-
fected, this state cannot be reached. Then, the Markov chain described above
has one class of transient communicating states {1,2, . . . ,N− 1} and one ab-
sorbing state 0.

If the population size N is not too small, then the epidemic can persist for
a long time even for small values of the individual infectious probability p. In
this case, the quasi-stationary distribution can be used to describe the number
of infected individuals in the long run before the epidemic disappears.

The results of the present thesis can be used to study the sensitivity of the
quasi-stationary distribution subject to small changes in the infectious proba-
bility p. For example, let us assume that p = p(ε) = p0+ε , for some reference
value p0 > 0. Then, the Markov chain In will have the same class structure as
described above for all sufficiently small ε . Furthermore, we see from (4.1)
that the transition probabilities will be nonlinear functions of ε , so this leads
to the model of a nonlinearly perturbed Markov chain. Since the transition
probabilities can be expanded in power series with respect to ε , we can con-
struct asymptotic expansions for the quasi-stationary distribution by applying
the results of Paper VI.
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4.2 The Wright-Fisher Model with Selection

In this example, we consider a classical model from population genetics which
describes the genetic drift of a certain gene type in a population with non-
overlapping generations.

Let N be an even positive integer and consider a one-sex population of N/2
individuals, each carrying two copies of a certain gene type. This gene type
exists in two different variants called alleles which we denote by A1 and A2. It
is assumed that the allele frequency in generation n+ 1 only depends on the
allele frequency in generation n. The alleles in a new generation are formed by
sampling N times with replacement from the alleles in the previous generation.

The model described above is called the Wright-Fisher model. This model
and several variants of it have attracted a lot of attention over the years, see,
for instance, the books by Ewens (2004) and Durrett (2008). Here, a slight
extension which allows us to include selection in the model will be considered.
Assume that allele A1 has a selective advantage s, meaning that a sampled
allele enters the new generation with probabilities proportional to 1+ s and 1
for A1 and A2, respectively. Then, the probability that a sampled allele that
enters the new generation is of type A1, given that there are i alleles of type A1
in the previous generation, is equal to

pi =
(1+ s)i

(1+ s)i+N− i
, 0≤ i≤ N. (4.2)

Now, let ηn, n = 0,1, . . . , be the number of gene copies with allele A1 in
generation n. It follows from the description above that ηn is a discrete time
Markov chain on the state space X = {0,1, . . . ,N} with one-step transition
probabilities given by

pi j =

(
N
j

)
p j

i (1− pi)
N− j, i, j ∈ X . (4.3)

The Markov chain described above have one transient class of communi-
cating states {1, . . . ,N− 1} and two absorbing states 0 and N. The absorbing
states correspond to a fixation of one of the two alleles. However, if N is large
and s is small, the time to absorption may be very long. In this case, the quasi-
stationary distribution can be used to describe the frequency of A1 alleles in
the long run before fixation.

Using the results of this thesis, we can study the sensitivity of the quasi-
stationary distribution subject to small perturbations of the selection parameter.
Here, a natural choice is to consider the selection parameter itself as the per-
turbation parameter, that is, s = s(ε) = ε . Then, the Markov chain ηn will have
the same class structure as described above for all sufficiently small ε . Let us
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note here that we have two absorbing states while our results are formulated
for processes with one absorbing state. However, in this case we can eas-
ily construct a modified process with one absorbing state which has the same
quasi-stationary distribution as the process described above by merging 0 and
N into one state.

From (4.2) and (4.3) we see that the perturbed transition probabilities are
nonlinear functions of ε , so this is another example of a nonlinearly perturbed
Markov chain. Furthermore, these transition probabilities can be expanded in
power series with respect to ε , so we can apply the results obtained in this
thesis to construct asymptotic expansions for the quasi-stationary distribution.

4.3 An Alternating Semi-Markov Process

In this example, we consider a simple reliability model describing the working
status of a repairable system which eventually will have a fatal non-repairable
failure. We refer to Barbu, Boussemart, and Limnios (2004) and Barbu and
Limnios (2008) for an introduction to reliability theory of discrete time semi-
Markov systems.

Let us consider a stochastic process which starts in state 2 and stays there
for a random time with distribution f2(n). After this, the process goes to state
1 and stays there for a random time with distribution f1(n). Then, with some
small probability p, the process is absorbed in state 0, or, with probability
1− p, the process starts over in state 2.

Such a process can, for example, be interpreted as the working status of a
machine which is successively being repaired after breakdowns. In this case,
state 2 means that the machine is functioning without problems. In state 1
the machine is not working but can possibly be repaired, while state 0 means
that the machine is broken and cannot be repaired. We assume that in each
discrete time step, the machine is in either of these three states. Furthermore,
f2(n) is the distribution of the time between repair and breakdown, f1(n) is the
distribution of the time it takes to locate the error after a breakdown, and p is
the probability of a fatal non-repairable failure.

This can be modeled by a discrete time semi-Markov process ξ (n), n =
0,1, . . . , on the state space X = {0,1,2} with transition probabilities given by

Qi j(n) =


f2(n) i = 2, j = 1,
(1− p) f1(n) i = 1, j = 2,
p f1(n) i = 1, j = 0,
χ(n = 1) i = 0, j = 0,
0 otherwise.
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Note that if p = 0, then {1,2} is a closed communicating class and 0 is
an isolated state. If p > 0, then we have one class of transient communicating
states {1,2} and one absorbing state 0.

This example is considered in detail in Paper II where we present ex-
plicit formulas for calculating asymptotic expansions for quasi-stationary dis-
tributions when the probability p and the distributions f1(n) and f2(n) are
perturbed. Here, higher order perturbation conditions are formulated for the
probability p and mixed power-exponential moment functionals ψi(ρ,r) =
∑

∞
n=0 nreρn fi(n), i = 1,2.

Now, suppose that the sojourn time distributions f1(n) and f2(n) belong to
some parametric class of distributions. If some parameters in these distribu-
tions are estimated by some statistical procedure, then it may be of interest to
know how small perturbations from the estimated values affects some quantity
of interest, for example, the stationary or quasi-stationary distribution.

For the sake of simplicity, let us assume that f1(n) and f2(n) are shifted
Poisson distributions with parameters λ1 > 0 and λ2 > 0, i.e.,

fi(n) =
λ

n−1
i

(n−1)!
e−λi , n = 1,2, . . . , i = 1,2.

Even though this might not be realistic in the context of failure and repairing
times, Poisson distributed sojourn times may have applications in other areas.

The moment generating functions for the sojourn time distributions are
given by

ψi(ρ) = exp(ρ +λi(eρ −1)), ρ ∈ R, i = 1,2. (4.4)

Mixed power-exponential moment functionals ψi(ρ,r) for fi(n) are obtained
by differentiating ψi(ρ).

Now, let us assume that the parameters λ1 and λ2 are linear functions of
ε , that is λ

(ε)
1 = a0 +a1ε and λ

(ε)
2 = b0 +b1ε . In this case, we see from (4.4)

that the mixed power-exponential moment functionals ψi(ρ,r) will be nonlin-
ear functions of ε , so we get a model which is a nonlinearly perturbed semi-
Markov process. Furthermore, these moment functionals will have asymptotic
power series expansions with respect to ε , so our results can be used to con-
struct asymptotic expansions for stationary distributions (if p = 0) or quasi-
stationary distributions (if p > 0).

Another possibility in this example is to simply take the probability of a
fatal error as the perturbation parameter, that is, p = p(ε) = ε . This provides
an example of the pseudo-stationary case.
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5. Conclusion
This thesis presents a number of asymptotic results for perturbed discrete time
stochastic models. In particular, models describing stochastic systems with a
finite lifetime are objects of special interest. The results are obtained by first
developing methods for constructing asymptotic expansions for solutions of
perturbed discrete time renewal equations. These methods are then applied
and further developed in the context of regenerative processes, risk processes,
Markov chains, and semi-Markov processes.

Let us briefly comment on three important features of our results. First
of all, throughout the thesis, we focus exclusively on processes with discrete
time. As pointed out in the introduction, discrete time models are interesting
in their own rights and appear naturally in applications where some quantity is
measured only at specific time points. Several of the results in this thesis were
previously only available for continuous time models.

Another feature is that the characteristics of the processes we study are
allowed to be nonlinear functions of the perturbation parameter. This is im-
portant since even simple linear perturbations of model parameters often lead
to nonlinearly perturbed Markov chains and semi-Markov processes, as illus-
trated in Section 4.

The third feature we would like to mention is that all our main asymptotic
results are given in the form of higher order asymptotic expansions. This may
be useful since higher order coefficients can improve approximations in nu-
merical computations if the perturbation parameter is not small enough for a
linear approximation to be satisfactory.

Let us finally mention some possible directions for future studies. All re-
sults presented in this thesis are given for a very general class of stochastic
processes. Indeed, it would also be interesting to study more specific types
of processes which belong to the framework developed here. In such cases,
perturbation conditions are usually formulated for some local characteristics
of the model under consideration. Then, in order to apply the results of the
present thesis, we first need to find the coefficients for the perturbation condi-
tions formulated for moment functionals of transition probabilities. In some
cases, this may be a very difficult step.

Another interesting area for future studies are numerical investigations.
The formulas for the coefficients in our asymptotic expansions are very in-
volved and are given in a recursive form. Only in very special cases it is
possible to find explicit formulas. Thus, numerical studies are natural comple-
ments to our analytical results in order to understand the asymptotic proper-
ties. Moreover, investigations of this type will certainly lead to new interesting
questions. Some numerical experiments for some closely related models have
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been done, for instance, by Ni (2011, 2014) and Silvestrov, Petersson, and
Hössjer (2016).

Another potential continuation of the studies in this thesis is to consider
Markov chains and semi-Markov processes with a countable or general mea-
surable state space. In the proofs of our results, the assumption of a finite
state space plays a central role. A relaxation of this assumption will make the
problem substantially more complicated. An interesting question is if we still,
with the results of Paper II as a framework, can obtain higher order asymp-
totic expansions of stationary and quasi-stationary distributions, at least for
some models having a special structure. For example, a first step could be
to consider a Markov chain or semi-Markov process of birth-death type on a
countable state space.
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Sammanfattning

Inom sannolikhetsteorin används matematiska modeller för att beskriva olika
händelser som innehåller slump och därmed inte kan förutsägas exakt. Speci-
ellt så används stokastiska processer för att beskriva hur tillståndet av någon
typ av system utvecklas med tiden. Exempel på stokastiska processer är ut-
vecklingen av antalet smittade i en sjukdomsepedemi eller hur förekomsten av
en genvariant varierar mellan olika generationer inom en viss population.

I denna avhandling fokuserar vi främst på en klass av stokastiska proces-
ser som kallas regenerativa processer, där speciellt viktiga delklasser utgörs av
Markovkedjor och semi-Markovprocesser. Kännetecknande för denna typ av
processer är att det existerar ett tillstånd sådant att när processen återkommer
till detta tillstånd så är processens framtida utveckling oberoende av vad som
hänt tidigare och har samma egenskaper som den hade från början. Processen
säges regenerera vid de tidpunkter då den återvänder till detta tillstånd. Den-
na egenskap gör att regenerativa processer lämpar sig väl för att analyseras
matematiskt.

En ytterligare komponent i de processer som behandlas i denna avhand-
ling är att definitionen av dem även innehåller en så kallad störningsparameter.
Detta är en typ av parameter vars värde i någon mening kan antas vara ett li-
tet positivt tal. Till exempel så kan denna parameter vara sannolikheten att en
genvariant muterar. Ett annat exempel är att störningsparametern kan beskriva
en osäkerhet för andra parametrar som vi bara vet ett approximativt värde på.

Den centrala frågan i denna avhandling är hur störningsparametern påver-
kar olika mått som beskriver processens egenskaper över lång tid. Eftersom re-
lationen mellan störningsparametern och de mått vi är intresserade av är myc-
ket komplicerad så är det nästan aldrig möjligt att hitta ett explicit teoretiskt
samband som beskriver denna relation. Det som då kan göras är att konstruera
approximativa samband mellan störningsparametern och de olika måtten av in-
tresse. De samband som konstrueras i denna avhandling kallas för asymptotis-
ka utvecklingar och ges av det exakta värdet på måttet när störningsparametern
är lika med noll, plus en summa av ett antal korrektionstermer.

För stokastiska processer kan man bland annat skilja mellan om de utveck-
las i diskret eller kontinuerlig tid. Att en process utvecklas i diskret tid betyder
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att den bara observeras för givna tidpunkter, till exempel dagar, månader eller
generationer, medan en process i kontinuerlig tid observeras för alla tidpunk-
ter. Denna skillnad gör att den matematiska teorin för stokastiska processer ofta
skiljer sig åt beroende på om tiden antas vara diskret eller kontinuerlig. Den
teori som används i denna avhandling har tidigare främst utvecklats och ap-
plicerats for stokastiska processer i kontinuerlig tid. Denna avhandling bidrar
med en omfattande studie av denna teori och dess tillämpningar för stokastiska
processer i diskret tid.
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