http://www.diva-portal.org

Preprint
This is the submitted version of a paper published in Journal of magnetic resonance.

Citation for the original published paper (version of record):
Kaderavek, P., Zapletal, V., Fiala, R., Srb, P., Padrta, P. et al. (2016)
Spectral density mapping at multiple magnetic fields suitable for C-13 NMR relaxation
studies
Journal of magnetic resonance, 266: 23-40
https://doi.org/10.1016/j.jmr.2016.02.016

Access to the published version may require subscription.
N.B. When citing this work, cite the original published paper.

Permanent link to this version:
http://urn.kb.se/resolve?urn=urn:nbn:se:su:diva-130855

Spectral Density Mapping at Multiple Magnetic Fields
Suitable for 13C NMR Relaxation Studies
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Abstract
Standard spectral density mapping protocols, well suited for the analysis
of 15 N relaxation rates, introduce significant systematic errors when applied to 13 C relaxation data, especially if the dynamics is dominated by
motions with short correlation times (small molecules, dynamic residues of
macromolecules). A possibility to improve the accuracy by employing crosscorrelated relaxation rates and on measurements taken at several magnetic
fields has been examined. A suite of protocols for analyzing such data has
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been developed and their performance tested. Applicability of the proposed
protocols is documented in two case studies, spectral density mapping of
a uniformly labeled RNA hairpin and of a selectively labeled disaccharide
exhibiting highly anisotropic tumbling. Combination of auto- and crosscorrelated relaxation data acquired at three magnetic fields was applied in
the former case in order to separate effects of fast motions and conformational
or chemical exchange. An approach using auto-correlated relaxation rates acquired at five magnetic fields, applicable to anisotropically moving molecules,
was used in the latter case. The results were compared with a more advanced
analysis of data obtained by interpolation of auto-correlated relaxation rates
measured at seven magnetic fields, and with the spectral density mapping
of cross-correlated relaxation rates. The results showed that sufficiently accurate values of auto- and cross-correlated spectral density functions at zero
and 13 C frequencies can be obtained from data acquired at three magnetic
fields for uniformly 13 C-labeled molecules with a moderate anisotropy of the
rotational diffusion tensor. Analysis of auto-correlated relaxation rates at
five magnetic fields represents an alternative for molecules undergoing highly
anisotropic motions.
Keywords: Nuclear magnetic resonance, relaxation, spectral density
function, magnetic field, nucleic acids, carbohydrates
1. Introduction
Nuclear magnetic resonance (NMR) not only serves as an important
source of structural data, but also provides insight into molecular motions
on a time scale ranging from 10−12 to 103 s. As fluctuations of local magnetic fields are the only sources of relaxation for spin-1/2 nuclei, stochastic
motions causing the magnetic fields to fluctuate can be effectively studied by
measuring and analyzing the NMR relaxation rates, most typically of 15 N,
13
C, and 2 H nuclei. Fluctuations of individual magnetic fields and their interference are described by auto-correlation and cross-correlation functions,
respectively. The semi-classical theory of spin relaxation in isotropic liquids
[1, 2, 3, 4, 5] shows that relaxation rates are given by linear combinations
of Fourier-transformed correlation functions, known as spectral density functions, evaluated at specific eigenfrequencies. Hence, the measured relaxation
rates directly reflect stochastic dynamics of the molecule.
Numerous NMR experiments have been designed in order to measure
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relaxation of various quantities. In principle, values of spectral density functions at individual eigenfrequencies can be extracted from the relaxation
rates, such process is known as spectral density mapping. From the practical
point of view, each measured relaxation rate represents one known experimental value and each spectral density value represents an unknown parameter to be determined. Obviously, the procedure requires the number of
measured relaxation rates to be equal or greater than the number of spectral
density values contributing to them. The major challenge of the spectral
density mapping is the fact that various types of magnetic fields contribute
to relaxation in real systems. As a consequence, values of multiple auto- and
cross-correlated spectral density functions at several eigenfrequencies contribute to the measured relaxation rates, which greatly increases the number
of unknown parameters in the spectral density mapping analysis. Therefore,
the practical analysis of relaxation rates requires a certain level of simplification.
One possibility is to a priori define particular functional form(s) of the
spectral density function. Such an approach is the essence of various versions
of the model-free analysis [6, 7, 8, 9, 10]. The aim is to choose a form described
by less parameters than the number of spectral density values contributing
to the relaxation rates. The experimental relaxation rates are then used
to determine the parameters describing the assumed functional form of the
spectral density function instead of calculating its individual values. This
elegant idea made the NMR relaxation a widely used method of motional
analysis of biomacromolecules.
In spite of numerous successful applications, the model-free analysis has
its limitation. From the statistical point of view, the correct choice of the
number of relevant motional modes is a difficult problem, considering the
low amount of experimental data and high non-linearity of the target function. From the physical point of view, the model-free approach is well
applicable to relatively rigid molecular fragments whose internal motions
can be described reliably by a single motional mode. However, higher motional richness requires more complex functional forms of the spectral density functions described by more parameters and the simplifying potential
of the model-free approach disappears. More importantly, the assumptions
of the statistical independence and symmetry of the individual motions are
not valid in general, and an unjustified use of the model free approach may
lead to incorrect results. Various advanced approaches have been proposed
[11, 12, 13, 14, 15, 16, 17] to overcome the limitations, but they are consid3

erably more computationally demanding.
Another possibility is to find a setup of the relaxation experiments and/or
analysis when the number of the spectral density values to be determined does
not exceed the number of available experimental values. It can be achieved
by (i) assuming higher symmetry of molecular motions, (ii) reducing the
number of eigenfrequencies (reduced spectral density mapping [18, 19]), or (iii)
extending the set of relaxation rates measured. The first option is frequently
used but applicable only to certain types of motions (usually isotropic). The
second possibility is typically exploited in 15 N relaxation studies, when the
high difference between 15 N and 1 H relaxation rates permits to replace highfield values of the given spectral density function with a single effective value
without introducing a too large error. The third route is experimentally more
demanding, but it has a potential to overcome limitations of the first two
approaches. It can include both new types of experiments and measurements
repeated at multiple magnetic fields.
In this paper, we examine the potential of extending the number of experimental data for reduced spectral density mapping by using multiple magnetic
fields and including cross-correlated relaxation rates. We focus on relaxation of protonated 13 C nuclei, where some simplifications routinely applied
to peptide-bond 15 N are not well justified (large difference of 15 N and 1 H
magnetogyric constants, collinearity of the 15 N-1 H bond and the main axis
of the 15 N chemical shift tensor). Several methods of a combined analysis of relaxation rates obtained at multiple fields are described. Systematic
errors are simulated and propagation of random experimental errors is analyzed in order to estimate when application of individual methods may be
beneficial. Finally, analyses of relaxation data of two real molecules are
presented. The tested samples included a uniformly 13 C,15 N-labeled pppGGCACUUCGGUGCC, an RNA hairpin containing the UUCG tetraloop, and
methyl β-d-glucopyranosyl-(1→6)-α-d-[6-13 C] mannopyranoside, a β-(1→6)
linked disaccharide with a selectively 13 C labeled bridging methylene group.
The RNA sample documents that the multiple-field mapping is applicable to
relatively large uniformly labeled molecules. Also, it allowed us to test the
influence of a significant conformational or chemical exchange. The disaccharide served as an example of a molecule exhibiting fast and highly anisotropic
motions. The selective labeling allowed us to collect a large set of relaxation
rates at seven magnetic fields, and to compare the performance of various
methods of spectral density mapping in a systematic manner.
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2. Methods
2.1. Sample preparation
2.1.1. UUCG haiprin
Fully 13 C- and 15 N-labeled sample of RNA oligomer pppGGCACUUCGGUGCC was synthesized in-vitro from 13 C and 15 N-labeled NTPs. T7 RNA
polymerase was used for the transcription from a DNA template. The synthesized oligomer was purified by a gel electrophoresis [20, 21]. A 3.0 mM
oligomer sample was prepared in 99.95% D2 O at pH∗ 6.7 (uncorrected reading). The sample contained 0.2mM EDTA and 10 mM sodium phosphate
buffer. A small amount of sodium azide was added to the sample. A detailed
description of the sample preparation was published elsewhere [22].
2.1.2. β-d-Glcp-(1→6)-α-d-Manp-OMe
The sample was prepared by dissolving 9.5 mg of freeze-dried methyl β-dglucopyranosyl-(1→6)-α-d-[6-13 C] mannopyranoside [23] in 367 µl DMSO-d6
(99.96 % 2 H, Euriso-Top) and 204 µl D2 O (99.96 % 2 H, Aldrich). The solution
in a 4 mm NMR tube was degassed by three cycles of freezing, application of
a mild vacuum, and melting. Then the evacuated NMR tube was heat-sealed.
2.2. NMR experiments
2.2.1. UUCG hairpin
NMR experiments were carried out at the temperature of 298.2 K on
the 400 MHz Varian Unity spectrometers with a double resonance (1 H, 13 C)
room-temperature probe, and on 500 MHz and 600 MHz Varian Unity spectrometers with triple resonance (1 H, 13 C, 15 N) room-temperature probes.
The temperature was calibrated based on the chemical shift differences of
pure methanol peaks. Delays of the polarization transfer periods were set
for a 200 Hz 13 C-1 H scalar coupling. Two-dimensional data were processed
with the cosine square apodization and four-fold zero filling in the program
nmrPipe[24]. The phase in the direct dimension was manually adjusted to
pure absorption. The spectra were analyzed and the peak heights were evaluated in the program Sparky[25]. The resonances were assigned according to
the literature [26]. The published [27] NMR pulse programs were used for the
measurements of the R1 and R1ρ relaxation rates with the R1 relaxation delays of 5, 30*, 60, 100, 145, 200, 280*, and 420 ms at 400 MHz; 5, 35, 65, 100,
135, 175, 220, 275, 335, 410, 585, and 835 ms at 500 MHz; 5, 25*, 50, 80, 110,
150, 205, 265, 350, and 495 ms at 600 MHz and with the R1ρ relaxation delays
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of 3, 9*, 21, 33, 48, 66, 93*, and 138 ms at 400 MHz; 3, 9, 15, 24, 33, 48, 63, 81,
108, and 150 ms at 500 MHz; 3, 9*, 15, 24, 33, 48, 63, 81, 108*, and 150 ms at
600 MHz. The asterisk denotes the spectra recorded twice. Relaxation rates
were obtained by fitting peak intensities to a mono-exponential decay using
the program Octave[28]. The R2 relaxation rate was calculated from the
measured R1 and R1ρ rates as R2 = (∆ν02 + ν12 )R1ρ /ν12 − ∆ν02 R1 /ν12 , where
∆ν0 is the difference between a particular spin resonance frequency and spin
lock carrier frequency and ν1 is the spin lock field strength, determined based
on the linearity of the power amplifier and verified by calibration. The field
strengths of the spin lock were 2784, 1964, and 4808 Hz at 400 MHz, 500 MHz,
and 600 MHz spectrometers, respectively. The 13 C-1 H steady-state NOE [27]
at 500 MHz was measured twice to test the effect of various length of the relaxation period (3.5 and 5.0 s) and 1 H irradiation length (3.0 and 1.5 s) used
to achieve a steady state. Both experiments provided values which did not
differ significantly. NOE at 400 MHz and 600 MHz was measured with 3.0 s
relaxation period and 3.0 s 1 H irradiation period to achieve a steady state.
The reference spectra were measured interleaved together with the spectra
under the steady state conditions. The transverse cross relaxation rate Γ2
was measured using constant time HSQC coupled in the indirect dimension
[29] with the constant time evolution delay T = 30 ms, and evaluated as
(ln(I1 /I0 ))/2T , where I0 and I1 are the intensities of the coupled peaks. The
error of transverse cross relaxation rate was determined from the comparison of results of measurements with T = 30 ms and 15 ms, and errors of
the other measurements were recalculated based on the experimental noise.
The measured experimental data were deposited in the Biological Magnetic
Resonance Data Bank (http://www.bmrb.wisc.edu) as entry 18616.
2.2.2. β-d-Glcp-(1→6)-α-d-Manp-OMe
The NMR experiments were carried out at 293.2 K at the following spectrometers and probeheads: 300 MHz Bruker Avance III with a room-temperature
BBO-F probe, 400 MHz Bruker Avance III with a room-temperature BBI
probe, 500 MHz Bruker Avance III with a cryogenic Prodigy BBO probe,
600 MHz Bruker Avance III with a cryogenic TCI probe, 700 MHz Bruker
Avance III with a room-temperature TXI probe, 850 MHz Bruker Avance III
with a cryogenic TXO probe, and 950 MHz Bruker Avance III with a cryogenic TCI probe. The 1 s recycle delay was used in all experiments except the
heteronuclear NOE measurement, run with a 2 s recycle delay. The broadband proton decoupling was achieved by a WALTZ-16 scheme with a 80µs
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length of the 90◦ pulse. Carbon carrier frequency was placed on-resonance
to the observed signal, the spectral width of 60 ppm and 1 s acquisition time
was used in all experiments. The spectra were processed in the program
nmrPipe[24] by applying 10 Hz line broadening, four-fold zero filling, Fourier
transform, adjusting phase to obtain pure absorption lineshape, and using
a zero-order polynomial function to correct the baseline. The longitudinal
relaxation rate of 13 C was measured using the inversion recovery experiment
with 1, 5, 10∗ , 20, 30, 50, 80∗ , 140, 220, 350∗ , 500, and 650 ms delays. The
transverse relaxation rate was measured using R1ρ experiment at a spin-lock
frequency of 1 kHz (300 MHz, 400 MHz, 500 MHz, and 600 MHz) or 2 kHz
(700 MHz, 850 MHz, and 950 MHz) and with the following relaxation delays:
1∗ , 5, 10∗ , 20, 35, 50, 70∗ , 100, 140, 200∗ , and 300 ms (asterisk denotes spectra recorded twice). In order to account for the sample heating during long
relaxation delays, fitting of the relaxation rates was repeated with variable
number of data points, with the longest used relaxation delay ranging from
70 ms to 300 ms, and the obtained relaxation rates were extrapolated to a
zero length of the relaxation delay. The R1ρ relaxation dispersion was also
monitored at 600 MHz by repeating the R1ρ experiments with 28 different
spin-lock field strengths (from 300 Hz to 2 kHz) to check for possible slow
exchange contribution. The longitudinal and transverse cross-correlated relaxation rates were measured without decoupling as described earlier [30].
The inversion recovery for determination of longitudinal cross-correlated relaxation was measured with relaxation delays of 1∗ , 5∗ , 10, 15∗ , 20, 25∗ , 30,
35∗ , 40, 45∗ , 50, 55∗ , 60, 70, 80, 90, 1000∗ , 1500∗ , and 2000∗ ms. The coupled
R1ρ experiment, used for the determination of the transverse cross-correlated
relaxation rate, was performed with a 1 kHz (300 MHz, 400 MHz, 500 MHz,
and 600 MHz) or 2 kHz (700 MHz, 850 MHz, and 950 MHz) spin-lock field
applied for 1, 5∗ , 10, 15∗ , 20, 25, 30∗ , 35, 40, 45∗ , 50, 55∗ , 60, 70, 80, 90 ms
(asterisk denotes spectra recorded twice). The relaxation rates of left (Wi,2 ),
middle (Wi,1 ), and right (Wi,0 ) lines of the triplet in coupled spectra were
evaluated and the longitudinal (i = 1) and transverse (i = 2) cross-correlated
relaxation rates Γi = (Wi,2 −Wi,0 )/2 and Ξi = (Wi,2 −2Wi,1 +Wi,0 )/4 were determined [30] from data obtained with (i = 2) and without (i = 1) applying
the spin-lock field. Here, the symbols Γi refer to the cross-correlated relaxation rates involving interference of the dipole-dipole and chemical shielding
anisotropy (DD-CSA), while Ξi imply interference of two dipolar interactions.
The 13 C-1 H heteronuclear Overhauser enhancement was calculated from the
ratio of intensities in reference and saturated spectra measured by the dy7

namic NOE technique [31]. The dynamic NOE experiment was repeated five
times and other experiments three times. Bootstrap re-sampling was applied
to determine the experimental errors.
2.3. Relaxation rate analysis
In order to present the relaxation rate analysis in a compact form, the
following notation has been introduced. Frequencies ωn,f are labeled with
indices n, identifying the nucleus, and f , identifying the external magnetic
field (labeled B0,f ). The index n = 0 refers to the observed nucleus (with
the magnetogyric ratio labeled γ0 ). Indices n are also used to specify the
relaxation mechanism in the following text, n = 0 denoting relaxation of the
observed nucleus due to its chemical shift anisotropy (CSA) of the observed
nucleus and n > 0 denoting relaxation of the observed nucleus due to the
dipole-dipole interaction with the n-th nucleus. Furthermore, the relaxation
rates R1 , R2 , Γ1 , Γ2 , Ξ1 , Ξ2 , and steady-state NOE were converted to a form
that allowed us the express their combinations in a more compact fashion:
δf =

2R2 (B0,f ) − R1 (B0,f )
,
N
P
d2n (γn = γ1 )

(1)

n=1

ρf =

R1 (B0,f )
N
P

,

(2)

d2n (γn

= γ1 )


γ0
Iss (B0,f )
R1 (B0,f )
−1
=
,
N
Iref (B0,f )
γn P 2
dn (γn = γ1 )
n=1

σf

(3)

n=1

µf

bf Γ2 (B0,f )
2bf Ξ2 (B0,f )
P
=
= P P
,
c0 B0,f
(1 − δn,n0 )dn d0n pn,n0
dn p0,n
n∈C n0 ∈C

n∈C

λf =

(4)

bf Γ1 (B0,f )
bf Ξ1 (B0,f )
P
= P P
,
(1 − δn,n0 )dn d0n pn,n0
2c0 B0,f
dn p0,n

(5)

n∈C n0 ∈C

n∈C

where

bf =

2
c20 B0,f
+

N
X

!
d2n

n=1

/

N
X
n=1
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d2n (γn = γ1 ),

(6)

c0 =
dn =
p0,n =
pn,n0 =

r
γ0 ∆0
η2
√
1+ 0,
3
3 5
γ0 µ0 hγn
− √
,
3
2 5 8π 2 r0,n
−
+
2 − (3 + η0 ) cos2 θ0,n
− (3 − η0 ) cos2 θ0,n
p
,
2 1 + η02 /3
(3 cos2 θn,n0 − 1)/2,

(7)
(8)
(9)
(10)

Iss and Iref are peak intensities in the steady-state NOE and reference
spectra, respectively, C is the set of nuclei with a scalar coupling to the
observed nucleus evolving in the cross-correlated relaxation experiments, γ1
is the magnetogyric ratio of proton, N is the number of all interacting nuclei,
∆0 and η0 are anisotropy and asymmetry of the chemical shift tensor of
the observed nucleus, respectively, r0,n is the distance between the observed
±
nucleus and the n-th interacting nucleus, θ0,n
are the angles between the
direction of the internuclear vector ~r0,n (connecting the observed nucleus
with nucleus n) and the x and y eigenvectors of the chemical shielding tensor
of the observed nucleus, respectively, θn,n0 is the angle between internuclear
vectors ~r0,n and ~r0,n0 , µ0 is the permeability of vacuum, and h is the Planck’s
constant. Internuclear distances, bond angles, and chemical shift tensors
used in the data analysis were taken from the literature [32, 33, 34]. Note
that the second equalities in Eqs. 4 and 5 do not imply a generally valid
relation between Γi and Ξi , they only describe two possible definitions µf
or λf used in the approximative treatment of isotropically moving molecules
discussed in Section 3.1
Following a convention introduced in our previous study [35], we refer
to individual spectral density mapping protocols by the types of relaxation
rates used, abbreviated L for the longitudinal auto-relaxation rate R1 , T for
the transverse auto-relaxation rate R2 , N for the heteronuclear steady-state
NOE, X for the transverse cross-correlated relaxation rate Γ2 , and by the
number of magnetic fields employed. For example, analysis of R1 , R2 , and
steady-state NOE acquired at a single magnetic field is abbreviated LTN1.
The spectral density functions were normalized so that the autocorrelated
spectral density function J n,n (ω) = 6D/(36D2 + ω 2 ) for a rigid spherical
particle of a rotational diffusion coefficient D.

9

3. Results and Discussion
3.1. General concept
General forms of equations describing relaxation rates in terms of contributions of the spectral density values, presented in Appendix A, are relatively complex. Complexity of the spectral density mapping greatly reduces
if all motions contributing to the relaxation are isotropic and/or if the individual interactions can be described by collinear vectors. In such cases,
a single spectral density function J(ω) can be used to account for all interactions. The analysis is further simplified if the relaxation of the observed
13
C or 15 N nucleus is influenced only by protons. In such cases, five values
of the same spectral density function, J(0), J(ω0,f ), J(ω1,f ), J(ω1,f + ω0,f ),
and J(ω1,f − ω0,f ), are sufficient to describe various relaxation rates. Eqs.
A.1–A.6 can be then recast into

δf
ρf
σf
µf
λf

=
=
=
=
=

2ξf + 8bf J(0) + 12J(ω1,f ),
6bf J(ω0,f ) + 12J(ω1,f + ω0,f ) + 2J(ω1,f − ω0,f ),
12J(ω1,f + ω0,f ) − 2J(ω1,f − ω0,f ),
8bf J(0) + 6bf J(ω0,f ),
6bf J(ω0,f ),

(11)
(12)
(13)
(14)
(15)

where
ξf = Rex (B0,f )/

N
X

d2n (γn = γ1 ).

(16)

n=1

If the ρf , σf , µf , and λf values are available from measurements of R1 ,
R2 , steady-state NOE, and Γ2 or Ξ2 , calculation of four spectral density
values J(0), J(ω0,f ), J(ω1,f − ω0,f ), and J(ω1,f + ω0,f ) from four Equations
12–15 at each magnetic field is a trivial task. If the exchange contribution
ξf is negligible or known from an independent experiment, experimental δf
(derived from R2 and R1 ) can be also included in order to determine J(ω1,f ).
While solving Eqs. 12–15 is straightforward from the theoretical point
of view, precision of the obtained values might be compromised by high experimental error of some relaxation rates. For example, sensitivity of experiments for reliable measurement of longitudinal cross-correlated relaxation
rates, providing λf , is rather low. If sufficiently precise λf values are not
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available, additional data must be acquired or approximations must be used
to reduce the number of unknowns, i.e., of the spectral density values.
The most common approximative approach utilizing R1 , R2 , and steadystate NOE data acquired at a single magnetic field (abbreviated LTN1 in this
paper) is the method known as reduced spectral density mapping [18, 19, 36].
The set of Eqs. 11–13 is solved assuming that J(ω1,f − ω0,f ) ≈ J(ω1,f ) ≈
J(ω1,f + ω0,f ) and neglecting the exchange contribution. Systematic errors
introduced by such an approximation, referred to as reduction bias in this
paper, have been examined in our recent study for the isolated N-H bond
in the backbone of 15 N-labeled disordered proteins [35]. Simulations of the
systematic errors for Lorentzian spectral density functions L(ω) = τ /(1 +
ω 2 τ 2 ) showed that the assumption J(ω1,f − ω0,f ) ≈ J(ω1,f ) ≈ J(ω1,f + ω0,f )
is well acceptable when analyzing the 15 N relaxation of both ordered and
disordered proteins (data not shown here, cf. Fig. S1 in Ref. [35]). The
reduction bias of spectral density values obtained by alternative protocols
employing cross-correlated relaxation rates (LNX1 and LTX1) was also low
[35].
A similar simulation for 13 C is presented in Fig. 1. The solid lines correspond to the most sensitive case, when dipole-dipole interactions represent
the only source of relaxation. The dashed lines describe systematic errors
when the relative contribution of dipole-dipole interactions is reduced by a
relatively large (170 ppm) chemical shift anisotropy. The reduction bias of
the LTX1 protocol does not exceed 6 % for the Lorentzian spectral density
function evaluated at all three frequencies (green lines in Fig. 1). However,
the reduction bias of all three values calculated by the LTN1 protocol (i.e.,
the original reduced spectral density mapping) was greater than 15 % for
short correlation times (red lines in Fig. 1). Moreover, the spectral density
value at the 13 C frequency (L(ω0,1 )) was overestimated by approximately 5 %
even for large CSA and correlation times corresponding to the tumbling of
proteins and nucleic acids (dashed red line in Fig. 1b). The reduction bias
of the zero-frequency values calculated by the LNX1 protocol was also high,
exceeding 10 % (blue lines in Fig. 1a, note that the other values, plotted in
Fig. 1b,c are identical to those obtained by the LTN1 analysis). In summary,
the simulations show that systematic errors of the reduced spectral density
mapping at a single field are high in the case of 13 C, especially for motions
described by short correlation times.
Several methods correcting the reduction bias have been described in the
literature [36, 37]. These methods involve description of spectral density
11
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Figure 1: Simulation of relative reduction bias of J(0) (a), J(ω0,1 ) (b), and J(ω1,1 ) (c)
obtained by reduced spectral density mapping of an isolated 13 C-1 H pair at a single magnetic field (B0,1 = 11.75 T). Relative errors of the J(ω) values are described by functions
∆L(ω)/L(ω), where ∆L(ω) is a deviation of the back-calculated L(ω) from its correct
value. The red curve corresponds to the analysis of R1 , R2 , and NOE values (LTN1),
the green curve corresponds to the analysis of R1 , R2 , and Γ2 values (LTX1), and the
blue curve corresponds to the analysis of R1 , Γ2 , and NOE values (LNX1). The solid and
dashed lines correspond to errors calculated for ∆0 = 0 and ∆0 = 170 ppm, respectively.
Since the L(ω0,1 ) and L(εω1,1 ) are identical for LTN1 and LNX3, the blue curves (identical
with the red ones) are not plotted in Panels (b) and (c).
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functions in a certain frequency region by an approximative analytical form
and determine frequency dependence of the approximated regions of the spectral density function from data obtained at multiple magnetic fields. In this
study, we decided to employ relaxation rates measured at multiple fields in
a somewhat different manner, and to explore the possibility to obtain exact
spectral density values regardless of the actual analytical form of the spectral
density function.
In the ideal case of isolated 13 C-1 H spin systems in isotropically moving
molecules, number of the spectral density values to be determined can be
reduced without introducing any systematic error and for any form of the
spectral density function if the magnetic fields are chosen so that certain
eigenfrequencies match different eigenfrequencies at another magnetic field.
For example, four rescaled relaxation rates δ1 , δ3 , ρ2 , and σ2 , obtained from
R2 measured at B0,1 and B0,3 , steady-state NOE measured at B0,1 , and R1
measured at all three fields, can be combined in four different ways:
6ξ3 − ξ1
3 6ψ3 − ψ1
6δ3 − δ1 − 6σ2
= J(0) +
+
,
(17)
8(6b3 − b1 )
4(6b3 − b1 ) 2 6b3 − b1
b3 ξ1 − b1 ξ3
b3 ψ1 − b1 ψ3
2(b1 δ3 − b3 δ1 ) + (6b3 − b1 )ρ2 − (6b3 + b1 )σ2
= J(ω0,2 ) − 2
−4
,
6b2 (6b3 − b1 )
3b2 (6b3 − b1 )
b2 (6b3 − b1 )
(18)
b3 ξ1 − b1 ξ3
6ψ3 − ψ1
b3 δ1 − b1 δ3 + b1 σ2
− b1
, (19)
= J(ω1,1 ) +
2(6b3 − b1 )
6b3 − b1
6b3 − b1
b3 δ1 − b1 δ3 + 6b3 σ2
6ψ3 − ψ1
b3 ξ1 − b1 ξ3
= J(ω1,3 ) +
− b3
, (20)
12(6b3 − b1 )
6(6b3 − b1 )
6b3 − b1
where ψ1 = J(ω1,1 ) − J(ω1,2 − ω0,2 ) and ψ3 = J(ω1,3 ) − J(ω1,2 + ω0,2 ).
Left-hand sides of Eqs. 17–20 can be viewed as recipes for calculating the
four values of the spectral density function expressed explicitly. The terms
with ξf and ψf in Eqs. 17–20 represent exchange contribution and reduction
bias, respectively.
Obviously, 6ψ3 − ψ1 is equal to zero if
ω1,1 = ω1,2 − ω0,2

(21)

ω1,3 = ω1,2 + ω0,2 ,

(22)

and
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Conditions 21 and 22 are thus sufficient to obtain J(0), J(ω0,2 ), J(ω1,1 ),
J(ω1,2 ), and J(ω1,3 ) free of any reduction bias. These conditions are fulfilled
exactly if the ratio of magnetic fields B0,1 /B0,2 matches 1 − γ0 /γ1 and the
ratio B0,3 /B0,2 matches 1 + γ0 /γ1 . The optimal ratio of magnetic fields is
very close to 3:4:5 for the 13 C-1 H pair and to 11:10:9 for the 15 N-1 H pair (note
the decreasing field strength in the latter case due to the negative sign of the
magnetogyric ratio of 15 N). While the latter ratio is difficult to find among
spectrometers on the market, the former one is well available (e.g., 300 MHz,
400 MHz, and 500 MHz).
The effect of exchange in Eqs. 17–20 cannot be eliminated by the choice
of magnetic fields. However, it can be avoided by replacing δf with µf in the
analysis. In this case, the reduction bias is completely eliminated if
ω1,1 + ω0,1 = ω1,3 − ω0,3

(23)

(see Appendix B). This condition is fulfilled exactly for the magnetic
field ratio B0,3 /B0,1 = (γ1 +γ0 )/(γ1 −γ0 ), e.g., 300 MHz and 500 MHz for 13 C.
Note that an almost optimal ratio of magnetic fields for 15 N can be achieved
by using routinely available 500 MHz and 600 MHz spectrometers.
Complete protocols based on various combinations of relaxation rates are
presented in Appendix B.
In order to test performance of individual protocols and their limitations,
they were applied to molecules not representing ideal samples for relaxation
studies. In one case, the test molecule was uniformly labeled which introduced additional contributions to relaxation rates, not included in Eqs. 11–
15. In the other case, the studied molecule tumbled highly anisotropically,
which excluded the possibility to describe all interactions by a single spectral
density function.
3.2. Case study I: UUCG hairpin
The first case study represents an example of spectral density mapping of
a typical subject of relaxation studies, a well ordered macromolecule (RNA
hairpin). The UUCG hairpin was chosen as a well described model RNA
molecule [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51].
The motional probe used in this case study was the 13 C nucleus in C8-H8
and C6-H6 groups of purines and pyrimidines, respectively. This choice is
typical in relaxation studies of nucleic acids because 15 N relaxation experiments are usually limited to imino groups of guanine and uracil/thymine,
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whose signals might be too broad due to the exchange contribution in unpaired bases. The C-H bonds are more frequent in nucleic acid bases and their
peaks are well resolved and not influenced by proton exchange. The following protocols were applied to obtain J(ω) values for individual nucleotides,
assuming that the molecular motions are close to isotropic.
3.2.1. Auto-correlated mapping: LTN3
Application of the LTN3 protocol to the UUCG hairpin required minor
modifications of Eqs. 17–20. Since the studied molecule was uniformly labeled, Eqs. 11–13 do not fully describe the measured relaxation rates. The
complete equations, listed in Appendix A, contain additional terms with
frequencies of 13 C, 15 N, and their combinations. However, inspection of bond
lengths and magnetogyric ratios reveals that the dn constants describing
dipole-dipole interactions with 13 C and 15 N nuclei, are rather low. Therefore, the spectral density values of these interactions at frequencies different
from 0, ω0,f , ω1,f , and (ω0,f ± ω1,f ) can be neglected without introducing a
significant error, and Eqs. 11 and 12 can by replaced by

δf = 2ξf + 8bf J(0) + 12b0 J(ω0,f ) + 12J(ω1,f ),
ρf = 2b0 J(0) + 6bf J(ω0,f )
+ 12J(ω1,f + ω0,f ) + 2J(ω1,f − ω0,f ),

(24)
(25)

where
b0 =

N
X

d2n (γn

= γ0 )/

n=1

N
X

d2n (γn = γ1 )

(26)

n=1

The relatively small term 12b0 J(ω0,f ) in Eq. 24 can be safely neglected
and J(0) and J(ω0,2 ) expressed as
6ξ3 − ξ1
3 6ψ3 − ψ1
6δ3 − δ1 − 6σ2
−
−
,
(27)
8(6b3 − b1 )
4(6b3 − b1 ) 2 6b3 − b1
(8b1 − 6b0 )δ3 − (8b3 − b0 )δ1 + 4(6b3 − b1 )ρ2 − (24b3 + 4b1 − 6b0 )σ2
J(ω0,2 ) =
24b2 (6b3 − b1 )
(8b1 − 6b0 )ξ3 − (8b3 − b0 )ξ1 2ψ3 (4b1 − 3b0 ) + ψ1 (b0 − 8b3 )
−
−
. (28)
12b2 (6b3 − b1 )
2b2 (6b3 − b1 )
J(0) =
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Like in Eq. 17 and 18, ψ1 and ψ3 , representing the reduction bias, disappear if B0,1 /B0,2 matches 1 − γ0 /γ1 and B0,3 /B0,2 matches 1 + γ0 /γ1 . The
J(ω1,f ) values can be calculated in a similar manner, but they were not determined in this study because their accuracy is compromised by relatively
large systematic errors in uniformly labeled molecules (vide infra).
3.2.2. Exchange-free mapping: LNX2
If a slow exchange contributes to R2 , apparent spectral density values
calculated by the LTN3 analysis include the ξf terms. The exchange bias is
eliminated if Γ2 is used instead of R2 (approach LNX). Then, the spectral
density values are calculated from a set of ρf , σf , and µf , derived from R1 ,
NOE, and Γ2 , none of which is influenced by the slow exchange. Combining
Eqs. 25, 13, and 14 for B0,1 and B0,3 gives
ρ1 + σ1 − µ1 − 6ρ3 + 6σ3 + 6µ3
12ψ2
=
,
4(6b3 − b1 ) − 5b0
8(6b3 − b1 ) − 10b0
16ψ2
J(ω0,1 ) −
=
4(6b3 − b1 ) − 5b0
4b1 (6ρ3 − 6σ3 − 6µ3 − ρ1 − σ1 ) + (24b3 − 5b0 )µ1
,
6b1 (24b3 − 4b1 − 5b0 )
16ψ2
J(ω0,3 ) −
=
4(6b3 − b1 ) − 5b0
4b3 (6ρ3 − 6σ3 − ρ1 − σ1 + µ1 ) − (4b1 + 5b0 )µ3
,
6b3 (24b3 − 4b1 − 5b0 )
J(0) +

(29)

(30)

(31)

where ψ2 = J(ω1,1 + ω0,1 ) − J(ω1,3 − ω0,3 ) disappears for the magnetic
field ratio B0,3 /B0,1 = (γ1 + γ0 )/(γ1 − γ0 ).
3.2.3. Information on exchange: LTX3
Spectral density values can be also calculated from the R1 , R2 , and Γ2
rates (LTX3). Combinations of δ1 , δ3 , ρ2 , and µ2 provide
6ξ3 + ξ1
6ψ3 + ψ1
+3
=
4(b1 + 6b2 + 6b3 ) − 6b0
2(b1 + 6b2 + 6b3 ) − 3b0
δ1 + 6µ2 − 6ρ2 + 6δ3
,
8(b1 + 6b2 + 6b3 ) − 12b0

J(0) +
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(32)

6ψ3 + ψ1
6ξ3 + ξ1
−4
=
6(b1 + 6b2 + 6b3 ) − 9b0
2(b1 + 6b2 + 6b3 ) − 3b0
(2b1 + 12b3 − 3b0 )µ2 − 2b2 (δ1 − 6ρ2 + 6δ3 )
.
(33)
12b2 (b1 + 6b2 + 6b3 ) − 18b0 b2

J(ω0,2 ) − 2

Such an approach is inferior from the statistical point of view, but may be
useful in some cases. It allows one to avoid NOE measurements if accurate
values of the NOE enhancement are difficult to obtain [52]. Also, a strong
sensitivity of the LTX3 mapping may be used for a visual identification of a
slow exchange. Comparison of the exchange terms in Eqs. 27, 28, 32, and 33
shows a difference between LTX3 and another exchange-dependent protocol,
LTN3. In the case of LTX3, the slow exchange contributes to J(ω0,f ) and
J(0) always in the ratio −4 : 3. On the other hand, in the case of LTN3,
the slow exchange contributes to J(ω0,2 ) much less than to J(0). Hence, the
effects of fast and slow dynamics are well distinguished in the LTX3 data, but
can compensate each other in the LTN3 data. Therefore, the LTX3 approach
is better suited for a visual identification of a slow exchange. Note however,
that the orientational bias affects LTX3 in a similar manner as the exchange.
Therefore, possible deviations from isotropy of molecular motions must be
taken into account when interpreting the LTX3 results.
3.2.4. Systematic errors
Before presenting results of the analysis of the hairpin motions, three
possible sources of inaccuracy should be discussed.
First, asymmetry and orientation of the 13 C chemical shielding tensor
and additional dipole-dipole interactions do not allow us to assume that all
relaxation rates can be expressed using a single spectral density function in
all cases; this assumption is only valid for isotropically tumbling molecules.
In principle, the errors of spectral density values due to the anisotropy of
the overall rotational diffusion tensor can be calculated if the structure of
the molecule and the diffusion tensor are known and if the contributions of
local motions can be neglected. Such calculations were performed using the
published structure of the RNA hairpin, size, and orientation of its diffusion
tensor [49]. The simulation showed (Table S1 in Supplementary material)
that the bias of the J(0) and J(ω0,f ) values due to the tumbling anisotropy
is minor for the studied relatively small and rigid molecule, whose global
motion can be described [49] by an axially symmetric diffusion tensor with
Dk /D⊥ = 1.35 and by an average correlation time of 2.85 ns (recalculated for
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tumbling in 2 H2 O). The deviation of the J(0) and J(ω0,2 ) values calculated by
the LTN3 and LNX2 protocols did not exceed 0.04 ns rad−1 and 0.15 ns rad−1
for C5 and A4, respectively (residues with the orientation of the studied C-H
bond most sensitive to the motional anisotropy).
Second, 13 C R1 , R2 , Γ2 , and steady-state 13 C-1 H NOE were measured on
a uniformly 13 C,15 N-labeled sample as described in Methods (Section 2.1).
This relatively cheap labeling scheme introduces further complications because the measured 13 C relaxation is influenced by 13 C and/or 15 N nuclei
directly bonded to the observed 13 C6/8 nucleus. The resulting contributions
of spectral density values at the ωN , ωC ± ωN , 2ωC frequencies could not be
evaluated due to the lack of experimental data. Fortunately, the neglected
J(ωN ), J(ωC ± ωN ), and J(2ωC ) contributions are smaller than five J(ω)
values defining relaxation of the 13 C6-1 H6 or 13 C8-1 H8 pairs due to longer
internuclear distances and lower magnetogyric ratios (vide supra). As a consequence, only the high-frequency spectral density values are significantly
biased by neglecting J(ωN ), J(ωC ± ωN ), and J(2ωC ) (Fig. S1 in Supplementary material). The remaining contributions of the additional nuclei are
accounted for by the modified LTN3, LNX2, and LTX3 protocols, and their
systematic error does not exceed 3 %.
Third, the relaxation rates were measured at three spectrometers with a
magnetic field ratio 4:5:6 (400 MHz, 500 MHz, and 600 MHz, distinguished by
subscripts 1, 2, and 3, respectively, in the following text). Such combination
represents an easily accessible set of spectrometers with fields close enough
to the optimal ratio 3:4:5. If the high-frequency spectral density values J(ω)
are approximately proportional to ω −2 (i.e., if ω 2 τ 2  1), accuracy of the
calculated J(ω) values is further improved by replacing the high-frequency
values with the effective values J(εf ω1,f ) and by optimizing εf . The optimization of εf is analogous to Method 2 proposed by Farrow et al. [36].
Simulations showed (Fig. S2 in Supplementary material) that the suboptimal magnetic field ratio has only a marginal effect on the values of J(0),
J(ω0,2 ), and J(ω0,3 ) (systematic error less than 4 % in the limit of a single
motional mode).
3.2.5. Propagation of random errors
The fact that relaxation rates can be measured at magnetic fields required
by Eqs. 21, 23, and 22 makes the complete elimination of the reduction bias
possible in practice. However, this ultimate accuracy is achieved at the price
of calculating J(ω0,f ) and J(ω1,f ) by subtracting relaxation rates containing
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the J(0) term. Therefore, the relative random error of the determined J(ω0,f )
and J(ω1,f ) values is significantly larger than the experimental error of the
measured relaxation rates if J(ωn,f )  J(0) for n = 0 and 1. Evaluation
of propagated experimental errors of real data showed that LTN3, LNX2,
and LTX3 provided J(ω0,2 ), J(ω0,3 ), and J(ω0,2 ) values, respectively, with
an acceptable precision (Fig. 2). On the other hand, J(ω0,1 ) from the LNX2
analysis and J(ω0,2 ) from the LNX3 extension of the protocol (Equation
B.4) was considerably less precise, and errors of the J(ω1,f ) values were very
high (data not shown). It documents that the spectral density mapping
at multiple fields should be limited to the zero- and low-frequency values
in uniformly labeled molecules because both accuracy and precision of the
high-frequency values are poor.
3.2.6. Interpretation of the spectral density values
Results of the spectral density mapping are displayed in a form of J(0)
vs. J(ω0,f ) plots in this paper (Fig. 2). Such presentation of data depends
only on the knowledge of shielding tensors and local geometry, and on errors
of measurement and systematic errors of spectral density mapping, discussed
above; it is not influenced by any assumption of the nature and independence
of molecular motions. Nevertheless, it is instructive to consider certain limit
cases before describing the general interpretation of the results.
In the limit of rigid-body isotropic tumbling, values of J(0), J(ω0,f ) of all
residues are represented by a single point at the solid curve in Fig. 2 (blue
circle in Fig. 2d). Position of the point is given by the correlation time of
the tumbling, τ0 .
In the limit of the simple Lipari-Szabo approach [8, 9], dynamics is influenced by an additional local motion, described by a mono-exponential
correlation function independent of the tumbling. Values of J(0), J(ω0,f ) of
individual residues (white circle in Fig. 2d) are then weighted averages of
values represented by the blue and red circles in Fig. 2d. The weights of the
overall tumbling and of the local motion are equal to the order parameter
S 2 and to 1 − S 2 , respectively. Position of the red circle is given by the
effective correlation time τ1 (with the correlation time of the local motion
being (τ1−1 − τ0−1 )−1 ). The values of S 2 in different regions of the plot are
represented by the background color in Fig. 2d, ranging from dark red for
S 2 = 0 to blue for S 2 = 1 above the white line. Motions slower than the
tumbling (conformational or chemical chemical exchange) further shift the
white circle in a direction depending on the particular spectral density map19
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Figure 2: Apparent J(0) vs. J(ω0,2 ) values obtained by LTN3 (a), J(0) vs. J(ω0,3 ) values
obtained by LNX2 (b), and J(0) vs. J(ω0,2 ) values obtained by LTX3 (c), applied to
the relaxation data of the UUCG RNA hairpin. The ellipses indicate the experimental
errors. Data are labeled with residue numbers. Color-coding of the LTX3 spectral density
values is defined in Panel (d). The value of the overall correlation time τ0 , defining the
blue limit, was estimated by fitting the experimental Γ2 /R1 ratio of residues 4, 5, 10–14
to the ratio given by Eqs. 25 and 14, with J(ω) approximated by τ0 /(1 + (τ0 ω)2 ). The
white circle represents the weighted average of the red and blue circles for S 2 = 0.7. The
green arrow indicates that the actual experimental spectral density values are shifted to
the black circle due to an exchange contribution.
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ping protocol. The green arrow in Fig. 2d shows the shift for LTX3. In the
absence of experimental errors, values below the white line clearly indicate
an exchange contribution if the molecule moves isotropically. The size of the
exchange term for τ1 = 0 is indicated by the content of green color in the
region below the white line in Fig. 2d.
When the Lipari-Szabo approach is not applicable, S 2 , τ0 , and τ1 cannot be determined. However, a straightforward general interpretation of the
plotted values is still possible. Values in the blue region above the white line
correspond to residues with dynamics dominated by the overall tumbling.
Increasing contribution of fast local motions is manifested by shifts of the
data towards the dark red boundary. Such shift are identical in all protocols.
On the other hand, shifts in directions depending on the type of analysis
carry information about the exchange on a slow time scale. Shift of values
provided by the LTX3 analysis below the white line in Fig. 2d indicate conformational or chemical exchange (color-coded by increasing content of green
in the background). A quantitative estimation of the exchange contribution
can be obtained by comparing J(0) values from the LTN3 and LNX2 protocols, which differ by a factor of (6ξ3 − ξ1 )/(24b3 − 4b1 ) (cf. Eqs. B.1 and
B.3).
3.2.7. Experimental results
The J(0), J(ω0,2 ) values obtained from the LTN3 analysis are plotted
in Fig. 2a. The exchange-free J(0), J(ω0,3 ) values calculated by LNX2
are presented in Fig. 2b. The J(0), J(ω0,2 ) values provided by the LTX3
analysis are displayed in Fig. 2c. The less precise and inaccurate spectral
density values are not presented.
The displayed spectral density values were determined with a good precision, with the exception of G1, G2, and G9. Signal-to-noise ratio of peaks
of the mentioned residues was very low in the spectra, resulting in a large
experimental error of the obtained values. Spectral density values of the
remaining residues were interpreted as described in the preceding section.
The following picture of the hairpin dynamics was obtained. Bases of
the loop residues U7 and C8 exhibit higher flexibility on the ns-ps time
scale and large exchange contributions on the µs-ms time scale, with the
fast motions more pronounced at U7 and slow motions more pronounced
at C8. Identification of the strong exchange in C8 was based solely on the
LTX3 analysis because Γ2 was not measurable for 13 C6 of C8 at B0,3 due
to a peak overlap in the coupled spectrum. Low signal intensities reflected
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by large experimental errors do not allow for reliable interpretation of J(ω)
values for another loop base, G9. Nevertheless, the observed line broadening
serves as an indirect evidence that G9 is also influenced by motions on a slow
time scale. The same applies to the terminal base of G1. The J(ω) values
and line broadening show that G2 is also affected by some sort of a slow
exchange. The remaining stem residues gave J(ω) values close to the limit
of overall tumbling. Nevertheless, the comparison of J(0) values provided
by LTN3 (Fig. 2a) and LNX2 (Fig. 2b) reveals that the stem residues also
exhibit signs of a slow exchange. These small exchange contributions are also
visible in the LTX3 plots (Fig. 2c). A structure of the RNA hairpin colored
according to Fig. 2d is presented in Fig. 3.
In principle, the effects interpreted as exchange contribution cannot be
distinguished from the error due to neglecting anisotropy of the molecular
motions. However, comparison of the differences observed in Fig. 2 with
simulations presented in Table S1 in Supplementary material showed that
the influence of the anisotropic motions is smaller than the shifts observed
in the plots. Therefore, most of the differences between J(0) plotted in
Fig. 2a and 2b and shifts in Fig. 2c can be attributed to the exchange
contribution. However, it should be emphasized that rotational diffusion
of the studied molecule only moderately deviates from isotropic tumbling.
Higher anisotropy of the molecular motions increases the error introduced
0
by combining the (in principle different) J n,n (ω) spectral density functions.
In the case of molecules undergoing highly anisotropic rotational diffusion,
LNX2 and LTX3 approaches are not applicable. Spectral density mapping
of such a molecule is discussed in the next section.
3.3. Case study II: β-d-Glcp-(1→6)-α-d-Manp-OMe
In order to examine effects of the large motional anisotropy and of short
timescales of the motions, a strongly anisotropically tumbling disaccharide
was investigated as the second test molecule. Thanks to the selective labeling, the studied 1 H-13 C-1 H group represents an isolated AMX spin system.
Presence of a single 13 C nucleus in the studied molecule allowed us to apply
fast one-dimensional 13 C-detected experiments and to collect large amount
of experimental data in a short time.
R1 , R2 , Ξ1 , Ξ2 , and NOE values for the studied molecule were already
reported by Zerbetto et al. [23] at 400 MHz, 600 MHz, and 900 MHz. However, this combination of magnetic fields is not well suited for the multiplefield spectral density mapping protocols tested in this paper. Therefore, we
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Figure 3: Stereoview of the RNA hairpin (PDB structure 1KOC) with carbon atoms whose
relaxation data were analyzed highlighted by spheres colored according to Fig. 2d. Slow
exchange that was obvious from line broadening but could not be described quantitatively
due to a high experimental error is indicated by the green color.

started our study by measuring a new set of relaxation data, namely R1 ,
R2 , Γ1 , Γ2 , Ξ1 , Ξ2 , and steady-state NOE at seven magnetic fields. The
13
C and 1 H frequencies at various magnetic fields are referred to as ω0,f and
ω1,f , respectively, in this paper, with f = 1, 2, 3, 4, 5, 6, 7 for data acquired
at 300 MHz, 400 MHz, 500 MHz, 600 MHz, 700 MHz, 850 MHz, and 950 MHz
spectrometers, respectively. The obtained relaxation rates, listed in Table
S2 in Supplementary material, are in a good agreement with the previously
published values [23]. The measured 13 C relaxation rates are dominated by
dipole-dipole interactions with two attached protons, while the CSA contribution is relatively small [34]. The shape of the disaccharide indicates that
its motions are likely to be largely anisotropic, as confirmed in previous studies [23, 53, 54]. Relaxation rates of such a molecule cannot be described by
the same spectral density function. Therefore, the auto- and cross-correlated
relaxation rates were analyzed separately.
3.3.1. Cross-correlated spectral density mapping
Quantities J Ξ (ω) and J Γ (ω), proportional to the spectral density function
J 1,2 (ω) and to the combination (J 0,1 (ω)+J 0,2 (ω))/2, respectively, were calculated from the cross-correlated relaxation rates separately for each magnetic
field as

J Γ (0) =

3Γ1 (B0,f ) − 6Γ2 (B0,f )
,
32c0 d1 B0,f
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(34)

Table 1: Values of spectral density functions, expressed in units of ps/rad, calculated from
cross-correlated relaxation data of β-d-Glcp-(1→6)-α-d-Manp-OMe for ideal tetrahedral
geometry and axial CSA tensor with the main axis coinciding with the C6–O bond. Errors
of the last digits, expressed as standard deviations, are given in the parentheses.

B0,f /T
7.05
9.39
11.74
14.09
16.44
19.97
22.31

J Γ (0)
932(286)
809(258)
914(100)
977(060)
907(097)
859(028)
922(028)

J Γ (ω0,f )
813(145)
695(090)
602(029)
565(027)
532(046)
461(010)
412(006)

J Ξ (0) J Ξ (ω0,f )
69(79) 187(33)
119(51) 193(19)
140(25) 166(09)
140(20) 178(09)
73(49) 207(14)
112(14) 204(05)
119(15) 209(06)

Γ1 (B0,f )
,
8c0 d1 B0,f
3Ξ1 (B0,f ) − 6Ξ2 (B0,f )
J Ξ (0) =
,
16d21
Ξ1 (B0,f )
J Ξ (ω0,f ) = −
.
4d21
J Γ (ω0,f ) = −

(35)
(36)
(37)

The coefficients in Eqs. 34–37 correspond to ideal tetrahedral geometry
and to axial CSA tensor with the main axis coinciding with the C6–O bond
[34], and J Ξ (ω) and J Γ (ω) are normalized to approach J(ω) in the limit of
isotropic motions.
Since the calculations did not require combination of data acquired at
several spectrometers with given magnetic field ratios, data probing the 13 C
frequency in a broad range (75–238 MHz) was obtained. The results are
presented in Table 1 and Figure 4. Precision of the measurement strongly
depended on the sensitivity of the spectrometer. The experimental error was
relatively high at low magnetic fields, while highly precise spectral density
values were calculated from the high-field data. The number of magnetic
fields employed allowed us to monitor the frequency dependence of J Γ (ω) and
J Ξ (ω) in detail. Large differences between J Γ (ω) and J Ξ (ω) values and their
dependence on the frequency clearly indicated that the molecular motions
are highly anisotropic (vide infra).
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3.3.2. Auto-correlated spectral density values
LTN3 represents the simplest protocol providing spectral density values
free of the reduction bias if a slow exchange does not affect the relaxation
and if the CSA contribution is negligible (bf = 1 for any f ). Therefore,
relaxation rates acquired at the lowest magnetic fields (300 MHz, 400 MHz,
and 500 MHz in our study) are best suited for such an analysis. Also, the ratio
of magnetic fields required by the LTN3 protocol is fulfilled almost exactly for
relaxation rates measured at 300 MHz, 400 MHz, and 500 MHz (f = 1, 2, 3,
respectively). In the absence of the CSA contribution (∆0 = 0), relaxation
of an anisotropically moving molecule can be described in terms of values of
the combination J ∆ (ω) = (J 1,1 (ω) + J 2,2 (ω))/2. The definition of J ∆ (ω) was
chosen so that the J ∆ (ω) values approach values J(ω) of Eqs. 11–15 in the
limit of isotropic motion. The J ∆ (ω) values are provided by Eqs. 17–20 with
the J(ω) terms replaced by J ∆ (ω). R1ρ relaxation dispersion at 600 MHz
did not reveal a significant exchange contribution (Rex (B0,4 ) < 0.1 s−1 , data
not shown). Therefore, the exchange terms were neglected in the analysis.
Results of the analysis are listed in Tables 2 and 3 (line 1).
Another combination of magnetic fields in a ratio close to the requirements of LTN3 is provided by the 500 MHz, 700 MHz, and 850 MHz spectrometers (f = 3, 5, 6, respectively). Analysis of the rates evaluated at the
mentioned magnetic fields (line 2 in Table 2) provided J ∆ (0) only slightly
higher than J ∆ (0) calculated from rates at measured at 300 MHz, 400 MHz,
and 500 MHz (line 1 in Table 2). In addition, J ∆ (ω1,3 ) values, determined for
both sets, were very similar. It shows that the effect of the CSA contribution
is small even at the higher fields.
In presence of the CSA contribution, J ∆ (0) and J ∆ (ω0,f ) are mixed with
J 0,0 (0) and J 0,0 (ω0,f ), respectively. Therefore, J(0) and J(ω0,f ) in Eqs. 11
and 12 must be replaced by their combination, defined as


2
1 c20 B0,f
0,0
∆
Σ
J (ω) + J (ω) .
(38)
Jf (ω) =
bf
2d21
Similarly to J ∆ (ω), the values of J Σ (ω) converge to the isotropic J(ω)
values if the anisotropy of molecular motions is negligible. The fact that the
zero-frequency term JfΣ (0) depends on the magnetic field B0,f prohibits to
apply the LTN3 protocol to the data obtained at three magnetic fields in a
rigorous manner. Considering the low value of ∆0 for the studied molecule,
one possible approach is to ignore the inequality JfΣ (ω) 6= J ∆ (ω) at the zero
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Table 2: Values of spectral density functions at zero frequency, expressed in units of ps/rad,
calculated from auto-correlated relaxation data of β-d-Glcp-(1→6)-α-d-Manp-OMe using
various LTN protocols. Errors of the last digits, expressed as standard deviations, are
given in the parentheses.

Protocol
1
2
3
4
5
6
7
8
9
10
11

LTN3a,b
LTN3b,c
LTN3a,d
LTN3c,d
LTN5e
LTN5f
LTN4g
LTN1h,i
LTN1i,j
LTN1h,k
LTN1j,k

J 0,0 (0)

J ∆ (0)

520(18)
536(16)
505(18) 505(18)
493(15) 493(15)
276(459) 512(31)
215(150) 511(11)
407(1934) 508(73)

JfΣ (0)
f =2
f =5
520(18)
536(16)
505(18)
493(15)
508(23) 500(11)
506(09) 505(08)
507(53)
636(17)
527(16)
570(26)
496(26)

a

using data from 300 MHz, 400 MHz, and 500 MHz spectrometers
for ∆0 = 0.
c
using data from 500 MHz, 700 MHz, and 850 MHz spectrometers
d 0,0
J (0) and J ∆ (0) are assumed to be identical
e
using data from 300 MHz, 400 MHz, 500 MHz, 700 MHz, and 850 MHz spectrometers
f
using interpolations of data from all spectrometers
g
using data from 300 MHz, 400 MHz, 500 MHz, and 700 MHz spectrometers
h
using data from 400 MHz spectrometer
i Σ
J (0) = (5δf − 6σf )/40bf and JfΣ (ω0,f ) = (5ρf − 7σf )/30bf
j
using data from 700 MHz spectrometer
k Σ
J (0) = (5δf −6σf )/40bf +21sω0,f /10bf and JfΣ (ω0,f ) = (5ρf −7σf )/30bf +8sω0,f /5bf ,
where s = 0.1(σf +1 − σf )/(ω1,f +1 − ω1,f )
b
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Table 3: Selected values of spectral density functions at 13 C and 1 H frequencies, expressed
in units of ps/rad, calculated from auto-correlated relaxation data of β-d-Glcp-(1→6)-αd-Manp-OMe using various LTN protocols. Errors of the last digits, expressed as standard
deviations, are given in the parentheses.

Protocol
1
2
3
4
5
6
7
8
9
10
11

a,b

LTN3
LTN3b,c
LTN3a,d
LTN3c,d
LTN5e
LTN5f
LTN4g
LTN1h,i
LTN1i,j
LTN1h,k
LTN1j,k

JfΣ (ω0,f )
f =2
f =5
425(20)
374(11)
413(20)
343(10)
416(37) 348(24)
418(07) 350(01)
415(46)
499(03)
402(03)
449(02)
379(04)

f =1
228(26)
235(26)
232(29)
239(10)
233(43)

a

J ∆ (ω1,f )
f =2
f =3
f =5
f =6
189(21) 124(15)
114(14) 53(21) 53(14)
194(21) 126(15)
134(14) 65(21) 56(14)
191(23) 125(16) 59(20) 55(12)
128(02)
55(01)
192(32) 125(18)

using data from 300 MHz, 400 MHz, and 500 MHz spectrometers
for ∆0 = 0.
c
using data from 500 MHz, 700 MHz, and 850 MHz spectrometers
d 0,0
J (0) and J ∆ (0) are assumed to be identical
e
using data from 300 MHz, 400 MHz, 500 MHz, 700 MHz, and 850 MHz spectrometers
f
using interpolations of data from all spectrometers
g
using data from 300 MHz, 400 MHz, 500 MHz, and 700 MHz spectrometers
h
using data from 400 MHz spectrometer
i Σ
J (0) = (5δf − 6σf )/40bf and JfΣ (ω0,f ) = (5ρf − 7σf )/30bf
j
using data from 700 MHz spectrometer
k Σ
J (0) = (5δf −6σf )/40bf +21sω0,f /10bf and JfΣ (ω0,f ) = (5ρf −7σf )/30bf +8sω0,f /5bf ,
where s = 0.1(σf +1 − σf )/(ω1,f +1 − ω1,f )
b
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frequency and to apply the LTN3 approach to rates measured at three fields
in spite of the motional anisotropy (lines 3 and 4 in Tables 2 and 3). In such
a case, J ∆ (0) is calculated with a systematic error, but the spectral density
values at other frequencies are much less influenced.
A more rigorous approach is to treat J 0,0 (0) and J ∆ (0) separately (Eqs.
39, 40–42). In such a case, combinations described by Equation 17 must be
calculated for two sets of three magnetic fields B0,1 , B0,2 , B0,3 and B0,4 , B0,5 ,
B0,6 (protocol LTN6), both in the ratio (γ1 − γ0 ) : 1 : (γ1 + γ0 ) in order to
separate J 0,0 (0) and J ∆ (0).
6δ6 − 6σ5 − δ4 − 6δ3 + 6σ2 + δ1
,
(39)
8(6b6 − b4 − 6b3 + b1 )
(6b6 − b4 − 5)(6δ3 − 6σ2 − δ1 ) − (6b3 − b1 − 5)(6δ6 − 6σ5 − δ4 )
,
J ∆ (0) =
40(6b6 − b4 − 6b3 + b1 )
(40)
0,0
∆
6ρf − δf −1 − 6δf +1 + 8(6bf +1 + bf −1 − 7)J (0) + 56J (0)
JfΣ (ω0,f ) =
,
36bf
(41)
J 0,0 (0) =

where f is 2 or 5. Note that the low-frequency values are obtained only
as combinations JfΣ (ω0,f ) which cannot be further separated.
The high frequency values can be calculated as
2
δf
− ((bf − 1)J 0,0 (0) + J ∆ (0)).
(42)
12 3
In theory, the number of measurements can be reduced if B0,3 is equal to
B0,4 or to B0,5 (protocol LTN5). However, spectrometers operating at such
magnetic fields are not easily available. A simpler alternative is to measure
relaxation data at four magnetic fields (protocol LTN4) chosen so that the
ratios B0,1 : B0,2 : B0,3 and B0,2 : B0,3 : B0,4 are close to (γ1 −γ0 ) : 1 : (γ1 +γ0 )
(note that this requirement cannot be fulfilled exactly). Spectral density
values can be then obtained from equations 39–42 with the subscripts 4, 5, 6
replaced by 2, 3, 4, respectively.
In this study, relaxation rates were measured at five magnetic fields in a
ratio very close to that required by the LTN5 protocol (at 300 MHz, 400 MHz,
500 MHz, 700 MHz, and 850 MHz). It allowed us to test the LTN5 protocol
without introducing substantial systematic errors. The obtained spectral
J ∆ (ω1,f ) =
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density values are presented in Tables 2 and 3 (line 5). Comparison of the
LTN3 and LTN5 analyses showed a good agreement for lower magnetic fields,
when the CSA contribution is negligible (lines 1 and 2 in Tables 2 and 3).
An alternative approach to the analysis of relaxation rates at given magnetic fields was also examined, taking advantage of the large number of magnetic fields used. The R1 , R2 , and Iss /Iref − 1 values measured at various
fields were fitted to arbitrary functions Fi (B0 ) = (α1,i + α2,i B02 )/(1 + α3,i B02 ),
where αj,i are the fitted parameters and subscripts i distinguish R1 , R2 ,
and Iss /Iref − 1 (note that Fi has the same form as equations defining the
relaxation rates with the spectral density functions expressed as series of
Lorentzian functions and with the terms higher than B02 neglected). The
functions Fi allowed us to interpolate the relaxation data to any value of
B0 . Therefore, we were able to perform the LTN5 mapping for magnetic
fields in the exact ratios regardless of the commercial availability of the magnets. Moreover, correct interpolation should result in the following linear
relationship
Y = J ∆ (0) + J 0,0 (0)X,

(43)

2
2
X = c20 (6B+
− B−
)/10d21 ,

(44)

where

Y = (12R2 (B+ ) − 6R1 (B+ ) − 2R2 (B− ) + R1 (B− ) − 6R0 (B0 )) /80d21 , (45)

R0 (B0 ) =


γ0
Iss (B0 )
−1
R1 (B0 ),
Iref (B0 )
γ1

(46)

and
B± = (1 ± γ0 /γ1 )B0 .

(47)

Equation 43 provides not only estimates of J ∆ (0) and J 0,0 (0), but also
a check of the internal consistency of the relaxation data and of the model
used.
The LTN5 analysis of interpolated relaxation data was performed for
frequencies probed by the experimentally determined relaxation rates. The
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bootstrap re-sampling [55] of peak intensities was employed to estimate variance of determination of the spectral density values. In order to narrow the
estimation of J 0,0 (0), individual values of the distribution obtained by the
bootstrap re-sampling were weighted by the relative error of the slope of the
linear fit described by Equation 43 when the mean value and its standard
deviation was calculated. The complete list of obtained values is presented
in Tables 2 and 3 (line 6, only values calculated for magnetic fields within the
range used for fitting are listed). The calculated J ∆ (0), J2Σ (ω0,2 ), J5Σ (ω0,5 ),
J ∆ (ω1,1 ), J ∆ (ω1,3 ), and J ∆ (ω1,6 ) values were very well defined and close to
the results of the LTN5 analysis applied directly to experimental data (line
5 in Table 3). Only the standard deviation of J 0,0 (0) was high, reflecting low
contribution of J 0,0 (ω) to the relaxation due to the low ∆0 of the studied
molecule. It should be stressed that the high uncertainty of determination
of J 0,0 (0) has a little effect on precision of evaluation of JfΣ (0). The values of
J2Σ (0) = (0.506 ± 0.009) ns/rad and J5Σ (0) = (0.505 ± 0.008) ns/rad obtained
from the interpolated relaxation rates were close to the values calculated from
the experimental data ((0.508 ± 0.023) ns/rad and (0.500 ± 0.011) ns/rad, respectively).
The results of the LTN5 analyses were compared to approximative approaches as well. The LTN4 approach was applied to data acquired at
300 MHz, 400 MHz, 500 MHz, and 600 MHz spectrometers. Somewhat lower
J2Σ (0) and J2Σ (ω0,2 ) were obtained (line 7 in Table 3) and the decomposition of J2Σ (0) into J 0,0 (0) and J ∆ (0) failed (line 7 in Table 2). Finally, the
single-field reduced spectral density mapping (LTN1) was performed for each
magnetic field separately. The reduction bias of the LTN1 procedure resulted
in large deviations of the obtained spectral density values from the results of
the LTN5 protocols (lines 8 and 9 in Tables 2 and 3). Deviations of JfΣ (0)
and JfΣ (ω0,f ) were partially suppressed by applying a correction based on
approximating J ∆ (ω1,f ) with a linear function, the slope of which was calculated from NOE data obtained at two magnetic fields [36, 35] (lines 10 and
11 in Tables 2 and 3).
3.3.3. Comparison of auto- and cross-correlated spectral density values
The broad range of magnetic fields used in this study allowed us to map
spectral density functions for angular frequencies from 0 to 6 rad/ns (Figure
4). Comparison of various types of the spectral density functions (J 0,0 (ω),
J ∆ (ω), J Γ (ω), and J Ξ (ω)) clearly show that different interactions cannot be
described by a single spectral density function. It documents that isotropic
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Figure 4: Values of J 0,0 (ω) (black), J ∆ (ω) (blue), JfΣ (ω) (cyan), J Γ (ω) (green), and
J Ξ (ω) (red) calculated from relaxation rates of β-d-Glcp-(1→6)-α-d-Manp-OMe. The
cross-correlated values were calculated using Eqs. 34–37 for each field separately. The
J ∆ (ω) and JfΣ (ω) values were obtained by applying the LTN5 protocol to R1 , R2 , and
Iss /Iref measured at 300 MHz, 400 MHz, 500 MHz, 700 MHz, and 850 MHz. The plotted
J 0,0 (0) value is an average of values calculated from interpolated R1 , R2 , and Iss /Iref
measured at all magnetic fields, weighted by the relative error of the slope of the fit
described by Equation 44.

spectral density mapping or model-free analysis cannot be used to describe
highly anisotropic motions of the molecule.
The differences in the spectral density functions are most evident at low
frequencies. It can be interpreted easily if the spectral density functions are
decomposed into series of Lorentzian functions
X j
X
J j (ω) =
ai τi /(1 + (ωτi )2 ),
aj = 1.
(48)
i

i

−1

For ω  τ , the series inP
Equation 48 reduces to the weighted average
j
of correlation times J (ω) ≈ i aji τi , dominated by the longest correlation
times, describing the overall rotational diffusion. Their weights aji depend on
(very different) orientations of the interaction tensors (directions of 13 C-1 H
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bonds and of the axis of the 13 C CSA tensor) with respect to the diffusion
tensor [56, 57]. On the other hand, the shortest correlation
of fast
P times
j −2 −1
internal motions dominate for ω  τ −1 since J j (ω) ≈
a
ω
τ
i . It
i i
explains why the differences in spectral density values, reflecting anisotropy
of the overall tumbling, decrease as the frequency and contribution of short
correlation times increases.
Finally, we compared J(ω) values determined in this study to the values
obtained in the course of the analysis published by Zerbetto et al. [23]. The
latter values were retrieved by using the program C++OPPS [23] with the
parameters reported by Zerbetto et al. C++OPPS provided J ∆ (ω) values
higher by approximately 10 % than those calculated by the LTN3 and LTN5
protocols (lines 3, 5, and 6 in Table 3). The J Ξ (ω) values did not differ significantly. On the other hand, the C++OPPS analysis resulted in significantly
lower J Γ (ω) values (0.51 and 0.30 ns/rad at 0 and 1.5 rad/ns, respectively)
than those obtained this study. The difference may reflect the fact that Γ1
and Γ2 were not measured and the CSA contributions were neglected in the
previous study [23].
4. Conclusion
Various combinations of 13 C relaxation rates examined in this study offer
a possibility to calculate spectral density values without the reduction bias
and to separate exchange contributions from fast dynamics. The described
protocols rely on combining experimental data acquired at several magnetic
fields, whose ratios match the magnetogyric constants of 13 C and 1 H. In an
ideal case of 13 C-1 H spin systems in isotropically moving molecules, exact
J(ω) values can be obtained. Two case studies presented in this article document that the proposed spectral density mapping protocols are applicable
to real samples.
Approaches combining auto-correlated and cross-correlated relaxation rates
are applicable if rotational diffusion is close to isotropic. The uniformly 13 C,
15
N labeled RNA hairpin, investigated in the first case study, represents an
example of such a molecule. Three different spectral density mapping protocols (LTN3, LNX2, LTX3) were tested. The results showed that values of
spectral density functions at zero and 13 C frequencies can be obtained with
a good accuracy and precision even under non-ideal circumstances (suboptimal magnetic field ratios, additional spin-1/2 nuclei). Precision of the LTX3
analysis was sufficient to reveal fast and slow internal motions in a single plot.
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However, the analysis should be strictly limited to zero- and low-frequency
J(ω) values, unless a selective labeling is applied.
The case study of a selectively 13 C labeled disaccharide documented that
multiple magnetic fields make reliable spectral density mapping possible even
if highly anisotropic motions greatly increase the number of unknown parameters. In such cases, combination of auto-correlated and cross-correlated
relaxation rates introduces a large systematic error. Therefore, auto- and
cross-correlated data were analyzed separately. Analysis of auto-correlated
relaxation rates requires data measured at more than three magnetic fields
if the CSA contribution is significant. Two variants of the LTN5 protocol
were tested. The first variant was a direct mapping of the experimental
data acquired at five magnetic fields, the second one used interpolations of
rates measured at seven magnetic fields. Both variants provided identical
values of spectral density functions. Interpolation reduced the standard deviation of the calculated values, which is critical for estimation of the very
weak contribution of the chemical shift anisotropy (J 0,0 (0)). Analysis of the
cross-correlated relaxation rates confirmed that individual spectral density
functions differ dramatically and that the LNX2 and LTX3 protocols were
not applicable.
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Appendix A. Relaxation rates
Values of the relaxation rates determined at magnetic fields B0,f are given
by the following sums of contributions of all relevant interaction mechanisms
[1, 2, 3, 4]:
2
R1 (B0,f ) = 6c20 B0,f
J 0,0 (ω0,f )

+

N
X

d2n (6J n,n (ω0,f ) + 12J n,n (ωn,f + ω0,f ) + 2J n,n (ωn,f − ω0,f )),

n=1

(A.1)
R2 (B0,f ) = Rex (B0,f ) +
+

+

N
X
n=1
N
X

2
c20 B0,f
(4J 0,0 (0)

+ 3J

0,0

(ω0,f ))

d2n (4J n,n (0) + 3J n,n (ω0,f ))
d2n (6J n,n (ωn,f ) + 6J n,n (ωn,f + ω0,f ) + J n,n (ωn,f − ω0,f )),

n=1

(A.2)
Iss (B0,f )
1
= 1+
Iref (B0,f )
R1 (B0,f )

X γn
n∈S

γ0

d2n (12J n,n (ωn,f + ω0,f ) − 2J n,n (ωn,f − ω0,f )),
(A.3)

Γ1 (B0,f ) =

X

6c0 dn B0,f (J 0,n (ω0,f ) + J n,0 (ω0,f )),

(A.4)

n∈C

Ξ1 (B0,f ) =

XX

0

(1 − δn,n0 )6dn dn0 J n,n (ω0,f ),

(A.5)

n∈C n0 ∈C

Γ2 (B0,f ) =

X

c0 dn B0,f (4J 0,n (0) + 4J n,0 (0) + 3J 0,n (ω0,f ) + 3J n,0 (ω0,f )),

n∈C

(A.6)
Ξ2 (B0,f ) =

XX

(1 − δn,n0 )dn dn0 (4J

n,n0

(0) + 3J

n,n0

(ω0,f )),

(A.7)

n∈C n0 ∈C

where δn,n0 is the Kronecker’s delta.
The cross-relaxation rate of the operator Iˆ0,z was calculated from the
steady-state heteronuclear Overhauser enhancement due to saturation of all
protons, assuming that cross-relaxation rates of operators Iˆn,z are much lower.
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Note that Equation A.3 is valid only for magnetically nonequivalent protons,
examined in this study. Treatment of magnetically equivalent AX2 and AX3
systems is described elsewhere [56].
Appendix B. Basic LTN3, LNX2, and LTX3 protocols
The LTN3, LNX2, and LTX3 protocols of spectral density mapping for
nuclei influenced only by interactions with protons in isotropically moving molecules (or of isolated spin-pairs with axially symmetric CSA tensors
aligned along the internuclear vector) are defined as follows.
Protocol LTN3:

 
3(6ξ3 − ξ1 )
18(6ψ3 − ψ1 )


8(b1 ξ3 − b3 ξ1 )/b2 
 +  48(b1 ψ3 − b3 ψ1 )/b2 
−12(b1 ξ3 − b3 ξ1 )   −12b1 (6ψ3 − ψ1 ) 
−2(b1 ξ3 − b3 ξ1 )
−12b3 (6ψ3 − ψ1 )


0
−18
δ1


4(6b3 − b1 )/b2 −4(6b3 + b1 )/b2 
  δ3 
  ρ2 
0
12b1
0
12b3
σ2
(B.1)



J(0)

 J(ω0,2 ) 
1


+
 J(ω1,1 )  12(6b3 − b1 ) 
J(ω1,3 )

−3
18

1
 −8b3 /b2 8b1 /b2
=
−12b1
24(6b3 − b1 )  12b3
2b3
−2b1


If R2 is measured at B0,2 too, J(ω1,2 ) can be also calculated:
(6b3 − b1 )ξ2 − b2 (6ξ3 − ξ1 )
6b2 σ2 − b2 (6δ3 − δ1 ) + (6b3 − b1 )δ2
6ψ3 − ψ1
=
−b2
.
6(6b3 − b1 )
6b3 − b1
12(6b3 − b1 )
(B.2)
Protocol LNX2:

J(ω1,2 )+










J(0)
J(ω0,1 )
J(ω0,3 )
J(ω1,1 − ω0,1 )
J(ω1,1 + ω0,1 )
J(ω1,3 + ω0,3 )








1
+
 6b3 − b1











3
−4
−4
6b1
b1
b3
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 ψ2








1

=
24(6b3 − b1 ) 



3
3
−3
−18
18
18
−4
−4
24b3 /b1
24
−24
−24
−4
−4
4
24
−24
−4b1 /b3
36b3 12b1 − 36b3 −36b3 −36b1
36b1
36b1
6b3
6b3
−6b3
−6b1
6b1
6b1
b3
b3
−b3
−b1 12b3 − b1
b1











ρ1
σ1 

µ1 

ρ3 

σ3 
µ3
(B.3)

If Γ2 is measured at an additional field B0,f too (approach LNX3), J(ω0,f )
can be also calculated:
bf (6(ρ3 − σ3 − µ3 ) − ρ1 − σ1 + µ1 ) + (6b3 − b1 )µf
4ψ2
=
.
6b3 − b1
6bf (6b3 − b1 )
(B.4)
Protocol LTX3:

J(ω0,f ) −





 


J(0)
3(6ξ3 + ξ1 )
18
 J(ω0,2 ) 

  −24 

1
−4(6ξ3 + ξ1 )


+
+
 (6ψ3 + ψ1 )
 J(ω1,1 )  12(b1 + 6b2 + 6b3 )  −12(b1 ξ3 − (b2 + b3 )ξ1 )   −12b1 

J(ω1,3 )
2((6b2 + b1 )ξ3 − b3 ξ1 )
−12b3



3
18
−18
18
δ1



1
−4
−24
24 4(6b3 + b1 )/b2 

  δ3 
=
(B.5)
  ρ2 
−12b1
12b1
−12b1
24(b1 + 6b2 + 6b3 )  12b2 + 12b3
−2b3
12b2 + 2b1 12b3
−12b3
µ2
If Γ2 and/or R2 and R1 are measured at another B0,f too, the following
spectral density values can be also calculated:
6ψ3 − ψ1
6ξ3 + ξ1
−2
=
3(b1 + 6b2 + 6b3 )
b1 + 6b2 + 6b3
(b1 + 6b2 + 6b3 )µf − bf (δ1 + 6µ2 − 6ρ2 + 6δ3 )
,
(B.6)
6bf (b1 + 6b2 + 6b3 )
bf (6ξ3 + ξ1 ) − (b1 + 6b2 + 6b3 )ξf
6ψ3 − ψ1
J(ω1,f ) −
− bf
=
6(b1 + 6b2 + 6b3 )
b1 + 6b2 + 6b3
(b1 + 6b2 + 6b3 )δf − bf (δ1 + 6µ2 − 6ρ2 + 6δ3 )
.
(B.7)
12(b1 + 6b2 + 6b3 )
J(ω0,f ) −
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