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We also discuss the thermodynamic uncertainty relations, which relate current fluctuations in non-equilibrium steady
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Abstract

An inherent feature of small systems in contact with thermal reservoirs, be it
a pollen grain in water, or an active microbe flagellum, is fluctuations. Even
with advanced microscopic techniques, distinguishing active, non-equilibrium
processes defined by a constant dissipation of energy to the environment from
passive, equilibrium processes is a very challenging task and a vastly develop-
ing field of research. For small (microscopic) systems in contact with thermal
reservoirs, the experimental / theoretic framework that addresses these funda-
mental questions, is called stochastic thermodynamics.

In this thesis, we study the stochastic thermodynamics of microscopic ma-
chines with colloidal particles as working substances. In particular, we use
a path integral based framework to characterize the fluctuations of thermody-
namic observables, such as Work, Heat and Entropy production in colloidal
heat engines. We obtain exact analytic solutions at finite operational times and
the results reveal model independent features of Work and Efficiency fluctua-
tions.

We also discuss the thermodynamic uncertainty relations, which relate cur-
rent fluctuations in non-equilibrium steady states to the average rate of entropy
production. Based on this relation, as well as exact analytical solutions for ex-
plicit models, we propose a simple and effective way to infer dissipation from
current fluctuations in non-equilibrium systems, from short empirical trajecto-
ries.

Finally, we conclude with a discussion on possible extensions of our re-
sults.





Sammanfattning

Typiskt för småsystem i kontakt med en värmereservoar, oavsett om det är ett
pollenkorn i vatten eller en flagell hos en mikrob, är att deras egenskaper fluk-
tuerar. Att särskilja sådana aktiva icke-jämviktsprocesser, vilka kännetecknas
av ett konstant avgivande av energi till omgivningen, från passiva jämviktspro-
cesser är trots tillgången till avancerade mikroskopiska tekniker en utmanande
uppgift och ett snabbt växande forskningsområde. Det experimentella och
teoretiska studiet av små(mikroskopiska) system som står i kontakt med en
värmereservoar kallas för stokastisk termodynamik.

Denna avhandling inleds med ett studium av den stokastiska termody-
namiken hos mikroskopiska värmemotorer vars aktiva substans utgörs av kol-
loidala partiklar. Vi använder vägintegralbaserade metoder för att karakterisera
fluktuationer hos termodynamiska storheter som arbete, värme och entropipro-
duktion. Vi härleder också exakta analytiska lösningar för ändliga driftstider
ur vilka modelloberoende egenskaper hos arbete- och effektivitetsfluktuationer
kan extraheras.

I avhandlingen diskuterar vi även den termodynamiska osäkerhetsrelation
som knyter samman strömfluktuationer hos icke-jämviktstillstånd med den
genomsnittliga hastigheten med vilken entropi produceras. Utgående från denna
relation och exakta analytiska lösningar för explicita modeller formulerar vi en
enkel och effektiv metod för att uppskatta energispridningen från strömfluktua-
tioner. Metoden kan tillämpas på korta empiriska banor för icke-jämviktstillstånd.

Avhandlingen avslutas med en diskussion om möjliga utvidgningar och
generaliseringar av våra resultat.
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1. Introduction

In this chapter, we introduce the general framework of the results presented
in this thesis. Most of this Chapter is adapted from the Licentiate thesis ti-
tled "Finite-time non-equilibrium thermodynamics of a colloidal particle", de-
fended at the Physics department of Stockholm University in May 2018.

Classical thermodynamics studies the thermodynamics of processes in equi-
librium, or processes that take systems from one equilibrium state to another
[1]. There are two fundamental laws which govern the thermodynamics of
classical systems. The first law is a statement about energy conservation. It
states that the amount of work done on a system (d̄W ) partly increases the in-
ternal energy of the system (dE) and is partly dissipated to the environment as
heat (d̄Q) .

d̄W = dE− d̄Q (1.1)

If the environment is a heat bath maintained at a constant temperature T through-
out the process, the latter causes an increase in entropy of the heat bath by an
amount dSm. The second law of thermodynamics states that for any sponta-
neous process the total entropy STot, which is the sum of the system entropy
Ssys and the entropy of the medium Sm, cannot decrease.

dSTot = dSsys +dSm ≥ 0 (1.2)

For processes that begin and end with an equilibrium state, one can re-state the
second law as,

d̄W ≥ dE−T dSsys ≡ dF, (1.3)

where we have introduced the variable F which is the Helmholtz Free energy
of the system in equilibrium. In the integrated form, this relation implies,

W ≥ ∆F. (1.4)

The difference, W − ∆F is defined as the dissipated work Wd . The second
law therefore implies that the work (W ) required to go from one equilibrium
state to another, is always greater than or equal to the equilibrium free energy
difference (∆F) between the two states.
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The thermodynamic characterization of systems in equilibrium is justified
microscopically within the framework of Equilibrium statistical mechanics,
which asserts that for a system in thermal equilibrium with a heat bath, the
probability to find it in a microstate i with energy Ei is given by the Boltzmann
factor as, P(Ei) =

E−βEi

Z , where Z = ∑i e−βEi is the partition function. For
small deviations from equilibrium, linear response theory provides a means
to express transport properties due to small external fields, in terms of equi-
librium correlation functions [2–4]. The thermodynamic characterization of
systems beyond the linear response regime, i.e., in far-from equilibrium states,
remained not addressed until the beginning of the 21st century.

Figure 1.1: The Gas-Piston example. The cylinder has a movable piston ini-
tially kept at a position x0, which determines the initial volume of the gas V0. The
thermodynamic process consists of applying an external force to move the piston
from x0 to x f , doing a work W on the gas particles.

Let us now look at an example of a system that consists of a cylinder of
gas molecules maintained at a temperature T (Figure 1.1 ). The cylinder has
a movable piston initially kept at a position x0, which determines the initial
volume of the gas molecules V0, and the initial equilibrium Free energy F0.
Now consider the process, carried out slow or fast, in which we move the
piston from x(t = 0) = x0 to x(t = τ) = x f . At the end of the process, if we wait
sufficiently long ( determined by the relaxation time, which is the characteristic
time non-equilibrium correlation functions take to relax to the corresponding
equilibrium values), the system should equilibrate with a free energy Ff . If the
container has an Avogadro number of particles, one always needs to do roughly
the same amount of work1 W for a fixed protocol x(t). Now lets say we look
at a small system that has, not 1023 particles, but 10 particles. Then each time
one does the work measurement, even for a slow protocol, the final value of
W we get can fluctuate a lot, depending on how many particles the piston had
to work against, during the process. There could be realizations which require
less work than the equilibrium free energy difference between the initial and
final positions, leading to an apparent violation of the second law at the level
of single realizations (trajectories).

1Fluctuations will be of the order 1√
N

, where N is the number of gas molecules present.
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As a second example, let us consider a polymer chain, which is in a thermal
bath, held fixed at one end and pulled at its other end using a constant external
force fext, for a period of time τ . It is possible that the bath molecules ( with
thermal energy ∼ kBT ) interact with the polymer in such a way that they help
the polymer to move in the direction of the force in one of the realizations, or
inhibit its motion in another, giving rise to a fluctuating value of W , just as in
the previous case ( see Figure 1.2 ).

Figure 1.2: (a) Experimental setup for the DNA pulling experiment. The DNA
hairpin ( sequence shown in (b) ) is attached to two beads. A micro pipette keeps
the bottom bead and an optical trap captures the top bead. (c) Typical work
distributions at different loading rates. The figures are adapted from the article
[5] with permission.

Compared to the macroscopic piston-gas system, the significant difference
in the two latter cases, is that they are small, i.e., they have only a few degrees
of freedom. As a consequence, the energy scales involved in the transformation
processes ( during which, the system can be arbitrarily far from equilibrium )
become of the order of the thermal energy and the effect of thermal fluctuations
becomes crucial. It is natural to ask, if the standard notions of classical ther-
modynamics can be extended to such small systems as well. Such a formalism
needs to take into account the probabilistic nature of the thermodynamic ob-
servables and place the apparent second law violations on a consistent footing
with large systems and equilibrium counterparts. For small systems in contact
with a heat bath, the theoretical and experimental framework that addresses
these fundamental issues, goes under the name Stochastic thermodynamics [6].

Typical small systems studied in the context of stochastic thermodynamics
are confined colloidal particles, biopolymers, chemical reaction networks etc.
The non equilibrium nature of these systems, can appear due to different rea-
sons. It can be that the system was initially prepared in some arbitrary initial
distribution and is relaxing to its equilibrium distribution. Nonequilibrium can
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arise also in the presence of non conservative forces such as torques, or in the
presence of an external (usually time dependent ) driving. All of these systems
are assumed to be in contact with a heat bath, which has a well defined tem-
perature T . The relevant degrees of freedom constitute the state of the system
( also referred to as meso states [7]). Let us denote a state by I. Assume that
we also know the time evolution of the system (trajectory) I(t), through ex-
periments or numerical simulations. It is assumed that the environment (bath)
is large such that the environmental degrees of freedom relax very quickly to
equilibrium compared to those of the system, and the temperature T remains
a well defined quantity throughout the process. For the system’s trajectory,
this time scale separation implies a Markovian dynamics since there will be no
memory effects caused by the coupling to the bath [6].

The Markovian dynamics of a system with a discrete number of states {I}
and transition rates kIJ , can be represented using a master equation which is
a time evolution equation for the probability measure [8]. For thermodynamic
consistency, the transition rates between any pair of states are then required
to satisfy the local detailed balance condition, which relates the ratio between
forward and reverse transition rates, in a very special way to the temperature
of the environment ( we expand on these points in Appendix A ). For systems
with a continuous state space, an equivalent description for the evolution of
the probability measure is given by the Fokker-Planck equation. In addition to
that, the dynamics itself can be represented using Langevin equations which
are ordinary differential equations with an added noise term to account for the
effects of the thermal bath.

In this thesis we mainly deal with systems with a continuous state space.
The theoretical foundation of stochastic thermodynamics, in this case, can be
laid using the paradigmatic model of a colloidal particle that is trapped in a har-
monic optical trap V (x,λ ), in contact with a heat bath at temperature T . Here
λ is an external control parameter. For example, one can set up a harmonic
trap V (x,λ ) = κ

2 (x−λ )2, where the mean position of the trap with stiffness κ

is controlled with the parameter λ . A dynamical equation for the colloidal par-
ticle can be obtained by looking at the various forces acting on it. First of these
is the restoring force FV = − ∂V (x,λ )

∂x exerted by the confining potential, trying
to bring the particle close to the minima of the potential. Secondly, the con-
stant interaction of the particle with the molecules of the bath results in both
a dissipation of its kinetic energy due to friction Fdiss =−γ ẋ and the action of
fluctuating thermal forces which is represented by Fflc =

√
2kBT γ η(t). Here,

η(t) is a white Gaussian noise, with 〈η(t)〉 = 0 and 〈η(t)η(s)〉 = δ (t − s).
Notice that the magnitude of the fluctuating force is related to the frictional
force via γ . This relation is called the Einstein relation [2]. The dynamics of
the colloidal particle can now be described using the force balance equation,
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which is the Langevin equation,

mẍ(t) =−γ ẋ(t)− ∂V (x,λ )
∂x

+
√

2kBT γ η(t). (1.5)

In the discussions that follow, we will assume that the inertial term containing
the mass of the colloidal particle in the above equation is negligible. In this
limit, we get the overdamped Langevin equation,

ẋ(t) =−1
γ

∂V (x,λ )
∂x

+

√
2kBT

γ
η(t). (1.6)

The Fokker-Planck equation for the time evolution of the probability measure
P(x, t), corresponding to this Langevin equation can be written down as [8],

∂

∂ t
P(x, t) =

∂

∂x

(
1
γ

V ′(x,λ )+D
∂

∂x

)
P(x, t), D =

kBT
γ

. (1.7)

It is possible to show that for t � τγ =
γ

κ
, where κ is the stiffness of the trap,

and for a fixed λ = λ0, the system will eventually reach an equilibrium distri-
bution - the Boltzmann distribution, given by,

Peq(x) =
1
Z0

e−βV (x,λ0), Z0 =
∫

dx e−βV (x,λ0). (1.8)

Now let us perform a process on this particle. We change the parameter λ in
a time dependent manner using an external control which will take the system
away from equilibrium. We notice that this process changes also the total
energy of the particle (which is only the potential energy, since the mass of the
particle is neglected.). We can write the change in the internal energy as,

dV =
dV
dλ

dλ +
dV
dx
◦dx. (1.9)

The first part is the change in the energy of the particle, due to the external
perturbation, which is formally (in the usual thermodynamic sense) identified
with work done on the particle, dW . The second part is the change in the
energy due to the change in the configuration of the particle. This we identify
with the heat dissipated to the medium, Q = T ∆Sm. In the definitions of heat,
notice that we have represented a dot product with a "◦". This corresponds to
the Stratanovich convention we use for integrating along a stochastic trajectory
according to the mid point discretisation:∫

f(x)◦dx = ∑
i

f(
xi +xi+1

2
) · (xi+1−xi). (1.10)
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Integrating over the whole trajectory, we get the trajectory dependent values of
work and heat as,

W [x(·)] =
∫

τ

0
dt

∂V
∂λ

λ̇ , Q [x(·)] =
∫

τ

0
dt

∂V
∂x
◦ ẋ. (1.11)

This extension of the thermodynamic notions of W and Q on the level of indi-
vidual trajectories was first provided by Sekimoto in [9, 10]. In Figure 1.3, we
show the experimental results for thermodynamics of a colloidal particle in a
time dependent anharmonic potential, adapted from [11].

Figure 1.3: First law illustrated for a Colloidal particle in a harmonic trap. (a)
The quantities Q, W and ∆V for about 100 periods of the protocol. (b) Dis-
tribution histogram of δ =W −Q−∆V , the experimentally observed deviation
from the first law of thermodynamics ( The standard deviation falls within the ac-
cepted range of error ∼ 1

2 kBT ). Reprinted figure with permission from: Blickle,
Valentin, et al. "Thermodynamics of a colloidal particle in a time-dependent non-
harmonic potential". Physical review letters, 96(7):070603, 2006. 13, 14 [11].
Copyright 2006 by the American Physical Society.

As we mentioned earlier, Q determines the entropy change in the medium
∆Sm during any process. The total entropy change ∆STot also has trajectory
dependent contribution from the system’s entropy change given by [12],

Ssys =− logP(xt ,λt), (1.12)

where P(xt ,λt) is the instantaneous probability distribution of the position of
the colloidal particle during the process. Using this we get the system entropy
change and the total entropy change for a single realization of the process as,

∆Ssys = log
P(xτ ,λτ)

P(x0,λ0)
, ∆STot = ∆Ssys +∆Sm. (1.13)
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The total entropy production ∆STot can also be obtained from the thermody-
namic relation T ∆STot = W −∆F . Since W , Q and STot are functionals of a
stochastic trajectory, they are stochastic variables themselves, characterized
by a probability distribution. We now know that these probability distributions
are not arbitrary, but are constrained by certain symmetry relations which go
under the name, fluctuation theorems [12–15]. In the most general form the
fluctuation theorem reads,

e−∆STotP(∆STot) = P(−∆STot). (1.14)

That is, a positive value of the entropy production is exponentially more likely
to be observed than its negative counterpart. If we integrate Eq.(1.14) with
respect to ∆STot, we get the integrated version of the fluctuation theorem,

〈exp(−∆STot)〉= 1. (1.15)

The Jarzynski equality, which relates non equilibrium work measurements to
equilibrium Free energy differences by the relation〈

e−W〉= e−β∆F , (1.16)

can be shown to be a trivial consequence of the fluctuation theorems [16].
Fluctuation relations, also imply (this follows from Jensen’s inequality [17] )
that the second law only holds statistically in small, out of equilibrium systems,
i.e.,

〈∆STot〉 ≥ 0 ⇔ 〈W 〉 ≥ ∆F. (1.17)

putting stochastic thermodynamics on a consistent footing with the results of
classical thermodynamics. For a detailed discussion of these results, we rec-
ommend the review article by Seifert [6].

It is worth repeating at this point that for small systems, fluctuations are
significant! The value of the first moment (mean of certain observables) alone,
as it appears in the (macroscopic) second law, is insufficient to characterize
the complete process. In the case of observables with a Gaussian probability
distribution, the first two moments (mean and variance) determine the proba-
bility distribution completely and therefore are sufficient to determine the full
statistics. However, as we will see, in many small systems, the probability
distribution of thermodynamic observables often turn out to be non-Gaussian
[11, 18]. In Chapter 2, we discuss a path integral formalism to thermodynam-
ically characterize diffusive non-equilibrium systems. Using this framework,
we further compute non-Gaussian work fluctuations in certain deterministi-
cally and stochastically driven colloidal particle systems. Our determination
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of the distribution of work fluctuations hence adds to the list of relatively few
solved models in which these fluctuations are non-Gaussian.

Yet another frontier research area in stochastic thermodynamics is inspired
by complex microscopic machines in nature such as molecular motors in living
systems. Recent advances in micro manipulation technologies have enabled
us to develop and study such small scale engines experimentally in the labo-
ratory [19]. Well studied examples in this context are colloidal heat engines,
which consist of a single colloidal particle as the working substance [20, 21].
In Chapter 3, we obtain a universal theory for the efficiency fluctuations in
microscopic machines, where we identified typical long-time features of the
fluctuating efficiency in thermal environments. An interesting new finding is
that, for such systems, it may be possible to reduce fluctuations and make the
performance more predictable even at very large times, by fine tuning initial
conditions.

More recent developments in stochastic thermodynamics have focused on
identifying governing rules for out-of-equilibrium systems beyond the ones al-
ready predicted by the fluctuation relations. One of the major breakthroughs
in this regard was the discovery of the thermodynamic uncertainty relation
[22] which puts stronger constraints on the fluctuations of any currents in non-
equilibrium steady states. The uncertainty relation states that the ratio of the
mean and variance of an arbitrary non-vanishing current J measured for a pe-
riod of time τ is bounded by the rate of entropy production σ = 〈∆Stot〉

τ
as [23],

τVar [J(τ)]
〈J〉2

≥ 2kB

σ
. (1.18)

In cases when σ is directly known, the uncertainty relation can be seen to iden-
tify a fundamental cost σ for the precision (≡ the squared relative uncertainty,
Var[J(τ)]
〈J〉2

) of the current J(τ). For e.g., Work (J =W ), heat (J = Q) or entropy
production (J = ∆Stot) itself are physically relevant currents. For steady state
systems, this relation is known to hold for any finite time duration of the pro-
cess [24] and has also been proved rigorously in [25]. For non equilibrium
systems that never reach a steady state, it is known that this bound can be
lower than 2kB/σ [24, 26]. In Chapter 4, we illustrate the finite time uncer-
tainty relation in driven colloidal particle systems, by computing analytically
the LHS of Eq. (1.18) at arbitrary times. We have studied the system in various
temporal regimes, and have found interesting features such as a time of mini-
mum uncertainty, which may be relevant for the optimal functioning of small
systems [27].

So far we have made use of controlled, microscopic setups, for which we
know the dynamical equations, to describe the thermodynamics. Can we apply
these tools to microscopic systems in nature for which we don’t know or cannot
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obtain the detailed dynamical equations ? The rate of entropy production in the
medium, σ := 〈∆Stot〉/τ , is indeed an excellent candidate to quantify the non-
equilibrium character of a system. σ = 0 in equilibrium, and how large σ is
in units of the Boltzmann constant kB determines how far the system is from
equilibrium. However, for small systems in nature, where at best we can track
their dynamics, effectively determining σ remains an outstanding challenge.
In Chapter 5 of this thesis, we discuss a notable advancement we made on the
estimation of σ as well as the distribution of ∆Stot , using the thermodynamic
uncertainty relation, from the measurement of short system trajectories.

This thesis is organized as follows. In chapter 2, we introduce the basics of
stochastic thermodynamics using colloidal systems and discuss a path integral
based approach for computing work distributions. We will then summarize the
results of our first paper on asymptotics of work distributions. In Chapter 3,
we discuss about microscopic machines in general and colloidal heat engines
in particular. We then present the findings from our work on Efficiency fluctu-
ations in microscopic machines. In Chapter 4, we discuss the thermodynamic
uncertainty relation and summarize the results from our work, where we have
computed exact results for the finite time thermodynamic uncertainty relation.
In Chapter 5, we discuss the general approach to estimating entropy production
in non-equilibrium systems. Then we present our work on the short-time infer-
ence scheme, to exactly estimate entropy production in microscopic systems.
In Chapter 6, we summarize the thesis with an outlook.
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2. Stochastic thermodynamics
and work distributions

In this Chapter, we introduce the basics of stochastic thermodynamics using
the simplest paradigmatic model of a colloidal particle in an aqueous solu-
tion, optically confined using a controllable laser. We also provide the details
of various models we look at in this thesis and present a path integral based
approach to analyze their non-equilibrium thermodynamics.

Optically confined colloidal particles in aqueous solutions, are the simplest
models of microscopic systems in contact with thermal reservoirs which are
both analytically tractable and easily realized in experiments. In Fig. 2.1, we
illustrate one such setup.

Figure 2.1: Colloidal particle in a sliding harmonic optical trap.

If we do not disturb the colloidal particle confined in a harmonic poten-
tial V (x), in an aqueous medium at temperature T, it will eventually reach an
equilibrium state, where the statistics will be described by the corresponding
Boltzmann-Gibbs distribution P(x) ∝ e−βV (x), where β = 1

kBT . If we move the
optical trap to the right side with a constant velocity v as shown in the figure,
the state of the system becomes non-equilibrium with a time dependent statis-
tics, that is different from the Boltzmann-Gibbs distribution in general. If we
now stop moving the trap after a time duration τ , the system will relax to the
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new equilibrium state. Can we describe the thermodynamics of this process?
For e.g., how much work is done on the colloidal particle in this process and
how much heat is dissipated to the aqueous solution ? What is the total en-
tropy change of the system and environment ? If we were to repeat the process
again, how much variation do we expect in these values ? In this Chapter, we
discuss a path integral based approach to address these questions, with explicit
analytical solutions for colloidal systems such as the one in Fig. 2.1.

2.1 Stochastic thermodynamics of colloidal systems

The dynamics of a colloidal particle in a confining potential V (x), in an aque-
ous medium at temperature T and friction coefficient γ , and acted upon by an
additional non-conservative force fext(x), can be accurately described using the
overdamped Langevin equation,

γ ẋ(t) =−∇xV (x,λt)+ fext(x)+
√

2kBT γ η(t) (2.1)

where η(t) is a white Gaussian noise, with 〈η(t)〉 = 0, and 〈ηi(t)η j(s)〉 =
δi jδ (t− s). In principle, the potential could also be explicitly time dependent
through a set of parameters {λt}.

Models

Here we describe various colloidal non-equilibrium systems we study in this
thesis.

1. Colloidal particle in the breathing parabola potential : In this example,
we consider a colloidal particle in 1-d, in a harmonic trap, where the
stiffness of the harmonic trap is controlled externally [28, 29] as,

V (x,λ (t)) =
λ (t)

2
x2 (2.2)

In particular, we consider two deterministic protocols.

• The forward protocol,

λ
F(t) =

1
1+ τ− t

, t = 0 to τ (2.3)

• The time-reversed protocol,

λ
R(t) =

1
1+ t

, t = 0 to τ (2.4)

22



2. Colloidal particle in the sliding parabola potential, where the external
control is on the mean position of the harmonic trap [28, 30, 31] accord-
ing to,

V (x,λ (t)) =
1
2
(x−λ (t))2 . (2.5)

Particularly, we consider,

• a deterministic protocol

λ (t) = t, t = 0 to τ, (2.6)

• a stochastic protocol, where λ (t) is given by the Ornstein Uhlen-
beck process [32, 33],

λ̇ (t) =− λ

τ0
+
√

2A ξ (t). (2.7)

ξ (t) is again assumed to be a Gaussian noise with 〈ξ 〉= 0 and 〈ξ (t)ξ (s)〉=
δ (t−s). τ0 determines the relaxation time of λ correlations: 〈λ (t)λ (s)〉=
Aexp

(
− |t−s|

τ0

)
. The two noises ξ and η are assumed to not have cross

correlations, i.e. 〈η(t) ξ (s)〉= 0. We will refer to this particular confin-
ing potential as the stochastic sliding parabola or SSP in short.

3. The Brownian Gyrator Model: The Brownian Gyrator model was orig-
inally proposed by Filliger and Reimann in [34] and experimentally il-
lustrated recently in [35]. The model consists of a colloidal particle in
a 2−D potential well with principle axes u1 and u2, generically tilted
with respect to the coordinate axes by an angle α (see Figure 2.2), given
by

V (x,y) =
1
2
[

x y
][ cosα sinα

−sinα cosα

][
u1 0
0 u2

][
cosα −sinα

sinα cosα

][
x
y

]
.

(2.8)

In addition to this, the x and y degrees are kept in contact with two
different thermal reservoirs one at a hot temperature T1 and another at a
cold temperature T2.

As a consequence of the spatial asymmetry imposed by the optical trap
and the two different temperatures (see Fig. 2.2), the colloidal particle
starts to perform a systematic gyrating motion around the mean position
of the trap, with an average torque [34, 35],

〈x(t)×−∇U〉= −kB(T1−T2)(u1−u2)sin(2α)

u1 +u2− γ1−γ2
γ1+γ2

(u1−u2)cos(2α)
. (2.9)
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Figure 2.2: The Brownian gyrator model.

By introducing an additional external force,

fext(x) =− fextε x, where ε =

(
0 1
−1 0

)
(2.10)

is the two dimensional antisymmetric tensor, we can extract ’work’ from
this systematic gyrating motion. This constitutes a minimal heat engine
model, due to it’s intrinsic simplicity and autonomously generated gy-
rating motion.

In the overdamped limit, the dynamics of the Brownian Gyrator is then
described by the equations of motion

ẋ(t) =−A x(t)+B η(t), (2.11)

where

A =

(
K11
γ1

K12
γ1

K21
γ2

K22
γ2

)
, K = RT

α u Rα + fext ε, B =

 √
2kBT1

γ1
0

0
√

2kBT2
γ2

 .

(2.12)

Stochastic energetics

In this section, we describe how to measure thermodynamic observables of the
system such as Heat, Work and Entropy production for individual realizations
of a process.
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The First Law, heat and work Formally the First Law or the energy balance
condition for a realization of this process, x(·)≡{x(t)}τ

t=0 can be written down
as,

∆E[x(·)] = Q[x(·)]+W [x(·)], (2.13)

where the energy convention is such that all the energy going into the system is
positive. For an overdamped particle, the change in internal energy ∆E is en-
tirely due to the change in it’s potential energy, which can be straightforwardly
found as,

∆E[x(·)] =V (x(τ),λτ)−V (x(0),λ0) (2.14)

If, V was not explicitly time dependent, and fext = 0, then this should also
be the heat exchanged with the medium. Otherwise, there is the work (W )
contribution to the internal energy,

W [x(·)] =
∫

τ

0
dt
(

∂V
∂λt

λ̇t + fext(x)◦ ẋ(t)
)
, (2.15)

and all the other forces coming from the bath integrate to give the heat (Q) as,

Q[x(·)] =
∫

τ

0
dt
(

γ ẋ−
√

2kBT γ η(t)
)
◦ ẋ(t),

=
∫

τ

0
dt (∇xV (x,λt)− fext(x))◦ ẋ(t).

(2.16)

To make the above identification, we can alternatively multiply Eq. (2.1) with a
dx and integrate: all the terms contributing to ∆V because of changing external
controls are identified with Work (W ) and all the terms coming from the bath
are identified with Heat (Q).

Entropy production Since the medium is kept at a constant temperature
throughout the process, we can identify an entropy change in the medium using
the usual definition,

∆Sm[x(·)] =−
Q[x(·)]

T
, (2.17)

the minus sign appears due to the sign convention. The total change in entropy,
∆Stot , also has a contribution coming from the entropy change of the system
mentioned earlier,

∆Ssys[x(·)] = log
P(xτ ,λτ)

P(x0,λ0)
, (2.18)
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and ∆Stot = ∆Sm +∆Ssys. A more detailed, microscopic derivation of entropy
production along a trajectory can be found in [12].

Being functionals of stochastic trajectories, these thermodynamic observ-
ables indeed vary from realization to realization. For a complete thermody-
namic characterization of a system, one therefore needs to characterize these
fluctuations as well. In this thesis, we do this mainly using a path integral
based approach.

Time intensive and time extensive quantities. Among the various thermo-
dynamic observables, the trajectory integrated ones such as heat Q[x(·)] or
work W [(·)] will increase in magnitude with time. They are therefore referred
to as time extensive variables. On the other hand, observables such as the in-
ternal energy ∆E and the system entropy change ∆Ssys, only depend on the
initial and final states of the system, and are independent of the length of the
trajectory. They are hence referred to as time intensive variables.

2.2 The path integral approach

Assume that we are interested in the statistics of a generic functional Y [x(·)],
of a stochastic dynamical system,

ẋ(t) =A(x, t)+B ·η(t), (2.19)

over a time period τ , i.e., consider an ensemble of realizations of the system
(which will be different from each other due to different possible initial con-
ditions and noise histories η(t)). This will generate an ensemble of values
of Y [x(·)], with a characteristic distribution P(Y,τ). Can we determine this
P(Y,τ) ? Equivalently, can we determine the moments 〈Y 〉τ , 〈Y 2〉τ , 〈Y 3〉τ ... of
Y ?

Accurate estimates for the statistics of Y can be obtained in experiments or
in numerical simulations if we have sufficiently many (ideally an infinite num-
ber of) trajectories. An alternate method would be to use analytical techniques
that make use of the stochastic nature of Eq. (2.19). This has been done in the
literature using various statistically equivalent approaches involving the anal-
ysis of the Langevin equation or the corresponding Fokker Planck equation or
through an appropriate path integral representation. In this thesis we resort to
a path integral based approach. We provide the details in Appendix C.

In a path integral setting, the moment generating function of Y , Φ(u) ≡
〈e−uY 〉=

∫
dY e−u Y P(Y ) can be written down as,〈

e−u Y〉= ∫ ∞

−∞

dx0 P(x0)
∫

∞

−∞

dxτ

∫ xτ

x0

Dx(·) P[x(·)|x0] e−uY [x(·)] (2.20)
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Here the propagator P[x(·)|x0] is given in terms of an action functional S =∫
τ

0 dt L, as
P[x(·)|x0] = e−S[x(·)], (2.21)

where the Lagrangian L is given by,

L(ẋ,x, t) =
1
2
(ẋ(t)−A(x, t))T (2D)−1 (ẋ(t)−A(x, t)) , (2.22)

D =
1
2

BBT . (2.23)

The derivation of this path integral makes use of the Gaussian and Markovian
nature of the noise term η(t) and is discussed in Appendix C. In this path
integral representation, it is also possible to show that the part of the action
which is anti-symmetric under time reversal corresponds to Stot , as,

∆Stot [x(·)] = log
P[x(·)|x0]P[x0]

P[x̃(·)|x̃0]P[x̃0]
(2.24)

where, x̃ = x(τ− t) [12, 16].
To further evaluate these path integrals, various perturbative techniques

have been developed. A particular case when the path integrals can be exactly
evaluated corresponds to the case when the action S[x(·)] is quadratic: for e.g.,
when all the terms in S[x(·)] are of degree 2 in the variables x and ẋ. Assuming
that the initial distribution P(x0) is also a Gaussian function and following
several partial integrations, the integral in Eq. (2.20) can be shown to take the
form, 〈

e−uY [x(·)]
〉
=
∫

∞

−∞

dx
∫

∞

−∞

dxτ∫ xτ

x0

Dx(·) e−
∫

τ

0 dt xT Ou x + B. Ts.
(2.25)

Here Ou is a matrix differential operator, which for a 2 dimensional case is of
the form;

Ou =

(
a d2

dt2 +b c d
dt +d

−c d
dt +d e d2

dt2 + f

)
, (2.26)

where the constants a, b, ... f depend on the explicit form of the matrices A
and B. The boundary terms (denoted by B. Ts) can further be written down as,

B. Ts =
(

x0 ẋ0
)

M
(

x0
ẋ0

)
+
(

xτ ẋτ

)
N
(

xτ

ẋτ

)
. (2.27)
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The formal evaluation of the path integral then leads to,

〈
e−uY [x(·)]

〉
=

√
det Ou=0

det Ou
. (2.28)

A derivation of the above formula can be found in [36]. The numerator in the
RHS of Eq. (2.28) is coming from the Jacobian corresponding to a change of
variables x to the eigenbasis of the operator Ou, required for performing the
integration in Eq. (2.25).

A method for evaluating the determinant ratio appearing in Eq. (2.28) was
introduced in [37]. It was shown that, if Fu(l) is the characteristic polynomial
corresponding to the operator Ou, then,√

det Ou=0

det Ou
=

√
F0(0)
Fu(0)

. (2.29)

Just to give some more intuitive feeling, notice that this result is consistent, at
least in formulation to the familiar case of finite dimensional matrix operators,
where F(l) = det(O− l I). When it comes to an infinite dimensional operator
such as a differential operator, it turns out that there is a natural choice for the
identification of such a characteristic polynomial, in terms of the fundamental
solutions z(t) of the differential operator Ou such that Ou z(t) = 0, as well as
the matrices M and N. We discuss this in the Appendix.

The colloidal systems we consider in this chapter belong to the category
for which the path integrals can be evaluated exactly. In Fig. 2.3, we plot the
moment generating function of W thus obtained for the breathing parabola, for
both the forward and reverse protocols, for τ = 1.

This path integral based calculation is hence the framework of analysis
that lies behind all the results presented in this thesis. Notice that the MGF can
be calculated for arbitrary initial conditions as long as these have a Gaussian
form, and for arbitrary τ . This makes this method very powerful. We will first
consider the statistics of non-equilibrium work in colloidal systems.

2.3 Work distribution

The primary interest in work distributions comes from the Jarzynski relation
[13, 14] which enables us to compute the free energy differences ∆F , an equi-
librium quantity, from the non-equilibrium work measurements as,

〈e−βW 〉= e−β∆F (2.30)
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Figure 2.3: Plot of the moment generating function Φ of W defined as Φ(u) =〈
e−

u
2 W
〉

, for the breathing parabola problem, for the forward (F) and reverse

(R) protocols, for τ = 1. Φ satisfies the symmetry relation ΦF(u) = e−∆F ΦR(2−
u). The figure is reproduced with permission from our work: Exact results for
the finite-time thermodynamic uncertainty relation [27], Ref: J. Phys. A: Math.
Theor. 51 11LT01 (2018).

Equivalently, the Crooks fluctuation relation further connects the work prob-
ability distributions in a forward driving protocol PF(W ) to the distribution
corresponding to the time-reversed protocol PR(−W ) as,

PF(W ) = PR(−W ) eβ (W−∆F) (2.31)

Consequently, there have been several attempts to quantify work distributions
both theoretically and experimentally in a variety of small systems. Colloidal
particles in confining potentials are one among many extensively studied mod-
els in this context. The linear force- displacement relation observed for har-
monic potentials also mimics typical experimental situations such as single-
molecule experiments using optical tweezers [5]. Well studied models used
in stochastic thermodynamics are colloidal particles in the sliding parabola
potential [38–41] or in the breathing parabola potential [18, 42–45]. For the
sliding parabola, for any arbitrary deterministic driving, the work distribution
can be shown to be a Gaussian [38, 42, 43]. The breathing parabola, is one
of the simplest models showing non-Gaussian work fluctuations [42]. Another
system for which an exact calculation of the work distribution has been carried
out is the colloidal particle in a logarithmic-harmonic potential [46],

V (x, t) =−g log(x)+
1
2

λ (t) x2, g,x > 0, (2.32)

which also has non-Gaussian work fluctuations. In [47], exact work statistics
have also been obtained for a colloidal particle in the uniformly dragged two
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dimensional confining potential,

V (x,y, t) =
1
2
(
(x− v t)2 + y2) , v = constant. (2.33)

and in the presence of additional non conservative forces such as torques [47].
In this case also, the work distribution is found to be a Gaussian.

Large deviation theory An exact expression for the full work distribution
P(W ) or the moment generating function (MGF) at arbitrary times τ is hard to
find, except in the few cases mentioned above. However, an approximate form
of the probability distribution, which contains information regarding the nature
of fluctuations, can be obtained by using techniques such as large deviation
theory [48], which is primarily concerned with fluctuations of some parameter
dependent random variable sn on the scales where the parameter n is large.
For example, this parameter can be the time duration of the process τ itself.
Crucial to this theory is the identification of a rate function I(s) such that the
limit

lim
n→∞
−1

n
log P(sn = ns) = I(s), (2.34)

exists. Then P(sn) is said to satisfy a large deviation principle with the rate
function I(s) and we denote the asymptotic equivalence by writing, P(sn) �
e−nI(s). The large deviation rate function I(s) has to be a convex, positive
function by definition. Additionally I(s̄) = 0, where s̄ is the average of the
random variable s over the distribution P(s), in the large τ limit. By Taylor
expanding I(s) around the minimum value, we get,

I(s) = I(s̄)+ I′(s)|s=s̄ (s− s̄)+
1
2

I′′(s)|s=s̄ (s− s̄)2 + ... (2.35)

=
1
2

I′′(s)|s=s̄ (s− s̄)2 + ... (2.36)

To the leading order, we therefore get Gaussian fluctuations. However, I(s) can
be a non-quadratic function in general, and quantifies also the non-Gaussian
fluctuations. Exact expressions for these rate functions are known only for
very few models. A brief summary of this theory is given in Appendix B.

EN theory One of the recent developments in this regard concerning col-
loidal particle systems, is a large deviation based approach developed in [43]
by Engel and Nickelsen (EN Theory). EN theory is used to compute the tail
forms of work distributions including the pre-exponential factor at arbitrary
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Potential U(x(t), λ (t)) Tail behaviour
κ

2 [x(t)−λ (t)]2 A e−(B W−C)2

1
2 λ (t)x(t)2 A |W |−1/2 e−B|W |

−g log |x|+ 1
2 λ (t)x(t)2 A |W |−(1−β g)/2 e−B|W |

λ (t) |x(t)| A e−B |W |

Table 2.1: Asymptotic behaviour of work distributions. List of asymptotic
forms of P(W ) known so far ( table adapted with permission from: Holubec,
Viktor, et al. "On asymptotic behavior of work distributions for driven Brow-
nian motion." The European Physical Journal B Vol88. 12 (2015): 340 [49]).
A,B,C are constants that depend upon the explicit form of the driving protocol
λ (t) and the duration of the protocol τ . In all these cases, λ (t) considered is a
deterministic function of time.

times τ in cases where the exact P(W ) is not known 1. The analytical pre-
dictions obtained from EN theory can then be combined with results from ex-
periments/numerical simulations to construct the full histogram. A number
of driven colloidal particle systems have been studied using this method. Ta-
ble 2.1 is adapted from [49], where the results known so far for the asymptotic
forms of work distributions (using and not using EN theory) for various driving
protocols are listed. In all these cases λ (t) is considered to be a deterministic
driving protocol.

A class of systems for which only large deviation results (for large τ) ex-
isted previously are stochastically driven colloidal particle systems [32, 33, 50–
52]. These are systems in which the driving protocol λ (t) follows a Markovian
dynamics of its own, varying from realization to realization. The stochastic-
ity of λ (t) is usually athermal in origin. The stochastically driven system that
we consider is the stochastic sliding parabola model. Apart from the large
deviation results mentioned before, exact finite time work statistics was not
looked at in this model. In accompanying paper 1, we extend EN theory to
include such stochastically driven systems also. In addition to that, we obtain
an exact formula for the moment generating function of the dissipated work
W −∆F (= T ∆Stot) at arbitrary times τ . In the following section, we summa-
rize the results from paper 1.

1The large deviation parameter in EN theory is β = 1
kBT . The asymptotic results are there-

fore valid for finite-time durations of the process.
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2.3.1 Discussion of results from the paper : Asymptotics of work dis-
tributions in a stochastically driven system

In this work, we determined the asymptotic forms of work distributions for
large W values, at arbitrary times τ , in a class of driven stochastic systems
using a path integral based approach developed by Engel and Nickelsen (EN
theory) [43]. We consider the dynamics of a colloidal particle in a confining
potential V that is externally controlled according to a protocol λ (t). The
stochastic dynamics of the colloidal particle can be described by the over-
damped Langevin equation,

ẋ(t) =−∂V (x(t),λ (t))
∂x(t)

+
√

2/β η(t). (2.37)

Here β = 1/kBT . During the interval [0,τ] the confining potential changes
between V0(x) =V (x,λ (0)) and V1(x) =V (x,λ (τ)) according to the protocol
λ (t). The position of the colloidal particle at every instant of time determines
the trajectory of the system given by x(·) = {x(t)}τ

t=0. The work done on the
colloidal particle along this trajectory can be obtained as,

W [x(·)] =
∫

τ

0
dt

∂V
∂λ

λ̇ . (2.38)

W [x(·)] being a functional of a stochastic trajectory, is a stochastic variable
itself. We are interested in finding the probability distribution P(W ) of W ≡
W [x(·)].

Assuming equilibrium initial conditions, P(W ) can be formally written
down as the path integral,

P(W ) =
N

Z0

∫
dx0

∫
dxτ

∫ dq
4π/β

∫ x(τ)=xτ

x(0)=x0

D[x(·)] e−β S[ x(·), q ], (2.39)

with the action,

S[ x(·), q ] =V0(x0)+
1
2

∫
τ

0
dt
(

1
2
[ẋ+

∂V
∂x

]2 +
iq
2

∂V
∂λ

λ̇

)
− iq

2
W. (2.40)

Here N is the normalization factor, which for the Stratanovich convention is
given by

N = exp
(

1
2

∫
τ

0
dt

∂ 2V
∂x2

)
. (2.41)

Z0 is the initial partition function,

Z0 =
∫

dx0 exp(−βV (x0,λ0)). (2.42)
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In Eq. (2.40), q is the Lagrange-multiplier constraining the trajectories to have
a work value W . A detailed derivation of the above path integral is given in
[36]. In order to obtain the full probability distribution, all the integrals in the
above expression need to be evaluated, which is usually difficult. However, for
very large values of W , notice that the integrand is a quantity that fluctuates
very fast. Therefore, by using a saddle point approximation, good asymptotic
estimates of P(W ) can be obtained. This is the main idea behind EN theory.
Formally the saddle point approximation corresponds to the contraction prin-
ciple of large deviation theory, with β being the large parameter.1 Evaluating
the action along the optimal trajectory x̃(·), q̃ that minimizes the action, ob-
tained by solving the corresponding Euler-Lagrange equations together with
the constraint, the asymptotic estimate for P(W ) is obtained as,

P(W )∼ e−β S[ x̃(·), q̃ ] (2.43)

For example, doing the above computation for a harmonic potential, with
λ (t) = t, it can be shown that the work distribution has the asymptotic form
[43],

P(W )∼ e
−(W−σ2

W /2)2

2σ2
W , σ

2
W = (−1+ τ + e−τ). (2.44)

An improved estimate can then be obtained by including the second order con-
tributions from the trajectories close to the optimal trajectory. This is done by
expanding S to second order in variations around the optimal trajectory and by
performing Gaussian integrations over the variations. This then requires the
evaluation of a functional determinant.2 For quadratic actions3, this approxi-
mation of P(W ) including the pre-factor then becomes exact for large values
of W .

We studied in detail the asymptotics of P(W ) for the breathing parabola
and the stochastic sliding parabola models using this approach in paper 1.
These models also constitute a special class of quadratic actions S[x(·),λ (·)]
in that all the individual terms in the action are of degree 2. We were able to

1β → ∞ corresponds to the low noise limit of the Langevin equation [48]
2The theory of functional determinants is a well developed subject in mathematics. Various

technical details of adapting this theory are presented in paper 1, and are also explained in
Appendix D.

3 A simple example would be the path-integral of a harmonic oscillator in quantum me-
chanics, which also has a quadratic functional. A solution of this path integral for a three
dimensional case, explicitly in terms of the eigenvalues of the kernel operator, can be found in
[53]. In a generic situation, such as the cases that we discuss in this thesis, it is hard to find
solutions to the eigenvalue problem. However, the path integrals can still be evaluated using
the approach which is built upon the characteristic polynomial function of the kernel operator
(Appendix D).
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show that for systems having the above mentioned class of quadratic actions,
the asymptotics of work distributions have a general form,

P(W )∼

√
C1

|W |
e−C2|W |. (2.45)

Note that this is a non-Gaussian work distribution as opposed to Eq. (2.44).
Here C1 and C2 are parameters which depend on the time duration of the pro-
cess τ , and the noise intensities. For the breathing parabola, the exact asymp-
totic form of P(W ) with the pre-exponential factor, for both forward and re-
verse protocols with τ = 1 is determined to be,

PF(W )∼ 0.73√
|W |

e−1.33486|W |, PR(W )∼
√

2× 0.73√
|W |

e−2.33486|W |. (2.46)

In figure 2.4, we show the agreement of our theoretical predictions with nu-
merical results.

Figure 2.4: P(W ) vs. W for the forward (red) and reverse (blue) protocols ( log -
scale on the right ). The symbols show results from the simulation of the langevin
equation with a step size of ∆t = 0.001 and an average over 106 realizations.
We set β = 1 and τ = 1. The line indicates the asymptotic form including the
pre-exponential factor computed using EN theory. The figure is adapted from
our work: "Asymptotics of work distributions in a stochastically driven system"
[36], and is available under the terms of the Creative Commons Attribution 4.0
International License.

We also obtained the asymptotic form of Wd ≡W −∆F , for the stochastic
sliding parabola in the transient state (for a specific choice of the initial distri-
bution) as well as in the steady state. These distributions are found to have the
same universal behaviour as in Eq. (2.45). These findings add to the existing
list of analytic solutions for work distributions, particularly at finite operational
times τ .
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3. Towards microscopic machines

In recent times, there has been a lot of interest in the development of small en-
gines which have the dimensions of the order of nano/micrometers [54]. These
attempts are motivated by the quest to understand the remarkable performance
of microscopic machines such as molecular motors, in living cells [55]. Recent
developments suggest that artificial microscopic machines could be potentially
used in a variety of applications such as nanorobotics [56] and drug delivery
to tumorous cells [57]. One method to characterize their performance is to es-
timate their efficiency. In this Chapter, we discuss various model independent
features of efficiency fluctuations in microscopic machines. For simplicity, we
consider microscopic heat engines.

A heat engine is a device, which converts thermal energy to mechanical work.

Figure 3.1: A typical heat engine that takes up Qh amount of heat from a hot
reservoir at temperature Th and performs W units of work and dumps Qc amount
of heat to the cold reservoir at temperature Tc.

For macroscopic heat engines, one of the quantities that measures it’s perfor-
mance is the efficiency η , which is the ratio of work done by the system −W
to the energy input from the hot reservoir Qh, defined as,

η =−W
Qh

(3.1)

A well studied macroscopic heat engine is the Carnot engine, which is a the-
oretical construct predicted by Carnot, that operates between a cold and a hot
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reservoir in a reversible manner. The efficiency of a Carnot engine is given by

ηC = 1− Tc

Th
, (3.2)

where Tc is the temperature of the cold reservoir and Th is the temperature of
the hot reservoir. As a consequence of the second law, the Carnot efficiency
can be shown to be the limiting efficiency of a heat engine operating between
two reservoirs at different temperatures. No macroscopic engine can therefore
have an efficiency higher than the Carnot efficiency.

Recently due to developments in micro-manipulation techniques, there has
been a lot of interest in microscopic versions of such machines [58]. As com-
pared to the macroscopic ones, the significant difference is that the fluctuations
in their power output or heat intake can be comparable in magnitude to the
average values of these quantities. Yet, we find numerous examples of simi-
lar machines in nature such as molecular motors [59], which constantly work
in non-equilibrium environments and perform well designated tasks. Under-
standing various factors that can influence the performance of such machines
as well as developing strategies to optimize their performance pose very inter-
esting open problems in the field.

Colloidal heat engines Simple versions of such microscopic machines have
been studied both theoretically and experimentally within the framework of
stochastic thermodynamics, using colloidal particles as working substances
[20, 21, 60]. One of the simplest versions of such a heat engine is made up of
a colloidal particle in a breathing parabola potential [61], with a cyclic driv-
ing protocol as illustrated in Fig. 3.2. In this case a heat engine cycle consists
of four steps. In step 1, the colloidal system is in contact with a hot thermal
reservoir at temperature Th, and the stiffness of the harmonic trap is gradu-
ally decreasing such that the probability distribution of the colloidal particle
changes from Pa to Pb. In step 2, the colloidal system is (rather unrealisti-
cally) brought in contact with a thermal reservoir at temperature Tc, and the
stiffness of the trap is simultaneously decreased so that the distribution is kept
unchanged. In step 3, the trap stiffness is gradually increased so that the distri-
bution goes back to Pa, at the temperature Tc. In Step 4, the system is switched
back to be in contact with the hot reservoir and the trap stiffness is instantly in-
creased to the initial value so that the distribution Pa is unaltered. This machine
was shown to be exactly solvable using stochastic energetics, namely the heat
absorbed and work performed per cycle were computed analytically and it’s
efficiency was demonstrated to approach the Carnot limit in the large cycling
time limit [61].
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Figure 3.2: A theoretical model of a colloidal heat engine in the breathing
parabola potential. The picture shows a cyclic process with 4 steps, which also
includes coupling to different thermal reservoirs at step 1 and 3.

Advanced versions of these heat engines have looked at carefully imple-
mented Carnot cycles [20], colloidal steam engines [62] as well as colloidal
engines in non-equilibrium baths [63]. A review of these studies can be found
in [60]. An intrinsically simple colloidal heat engine among them is the Brow-
nian gyrator model [34, 35] we discussed in Chapter 1. Interestingly, the study
of this simple microscopic machine provides us the means to obtain model
independent, universal features of non-equilibrium microscopic machines. In
this Chapter, we will look at one particular aspect of the performance of mi-
croscopic machines, namely the statistics of efficiency.

3.1 Efficiency fluctuations

For microscopic machines such as colloidal heat engines, since both heat and
work are fluctuating for every realization, efficiency is also a fluctuating ran-
dom variable. Characterizing it’s distribution is therefore a natural way to
analyze the performance of such machines.

A theory for the fluctuations of this stochastic efficiency, in machines hav-
ing a finite state space (number of possible states of the machine is finite),
was proposed by Verley, Willaert, Van den Broeck, and Esposito (VWVE) in
[64, 65], using a large deviation approach. They begin with assuming that the
joint distribution of Q and W obeys a large deviation principle,

P(Q = qτ,W = wτ)� e−τ I(q,w). (3.3)
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From this, the distribution of the stochastic efficiency η can be obtained as,

P(η) =
∫

dW
∫

dQ P(Q,W ) δ (W +ηQ), (3.4)

=
∫

dQ P(Q,−ηQ), (3.5)

�
∫

dq e−τ I(q,−ηq). (3.6)

The final expression can be approximated using the contraction principle of
large deviation theory, that amounts to performing a saddle point approxima-
tion of the integral. We can therefore write,

P(η)� e−τ J(η), J(η) = min
q

I(q,−ηq). (3.7)

It can also be demonstrated that, J(η) can be extracted from the scaled cumu-
lant generating function (sCGF) of heat and work,

φ(λQ,λW ) := lim
τ→∞

1
τ

ln
〈

e−λQQ1−λWW
〉

τ

, (3.8)

according to the minimization [65]

J(η) =−min
λ

φ(ηλ ,λ ) . (3.9)

Interestingly, it was shown that the large deviation rate function J(η) had
certain universal features as a consequence of the fluctuation theorem as well
as the convexity property of φ . Below we summarize these.

1. Fluctuation theorem The VWVE theory is concerned with machines
having a finite state space. For such systems, in the long time limit,

∆Stot ∼
ηC

Tc
Qh +

W
Tc
. (3.10)

If we further consider machines operating in the steady state or under
time-symmetric driving, then ∆Stot obeys P(∆Stot) = e∆Stot P(−∆Stot).
Consequently, φ satisfies a fluctuation relation,

φ(λQ,λW ) = φ(
ηC

Tc
−λQ,

1
Tc
−λW ). (3.11)

From normalization of probabilities, it also follows that,

φ(0,0) = 0. (3.12)
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Figure 3.3: Typical form of J(η) for a finite state space system as predicted by
VWVE theory. J(η) is a smooth function with a minimum at the macroscopic
efficiency η̄ , and a maximum at the Carnot efficiency ηC. Reprinted figure with
permission from Manikandan et. al., Phys. Rev. Lett. 122, 140601 (2019) [66].
Copyright 2019 by the Americal Physical Society.

2. Least likeliness of Carnot efficiency From the convexity property of
φ and fluctuation theorem, it can be argued that ( ηC

2Tc
, 1

2Tc
) is a global

minimum point of φ , with value minφ = φ̂ . Using Eq. (3.9), we get
that when η = ηC, J(η) takes the maximum possible value, which is
J(ηC) =−φ̂ . Consequently ηC becomes the least likely efficiency.

3. Macroscopic efficiency η̄ is the most likely efficiency From Eq. (3.9),
it follows that J(η)≥ 0. The minimum value of J(η) = 0 is taken when
η = η̄ ≡− W̄

Q̄h
, making it the most likely efficiency.

We illustrate a typical J(η) obtained from the VWVE theory in Fig.
3.3.

The VWVE theory has been tested and verified in a variety of theoretical
and experimental setups both having a finite [67–74] and infinite state space
(models with infinite state space are like the models of colloidal particles that
we have discussed so far, in which the particle’s state is specified by a contin-
uum of values over an infinite range) [68, 73, 75, 76]. It was noticed however
that a few systems having an infinite state space, displayed a behaviour at odds
with the theory [77–79]. In these cases, the rate function J(η) is not smooth
and/or exhibits degenerate maxima. This is illustrated for the Brownian heat
engine model in Fig. 3.4

It was not clear why some systems with infinite state space obeyed the
VWVE theory while others did not. We developed a theory of efficiency fluc-
tuations for microscopic heat engines, which is consistent with the VWVE
theory for finite state space systems, but resolves the discrepancies found for
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Figure 3.4: J(η) (= L(η) in the figure) for a linear heat engine model that
doesn’t follow the VWVE theory. Reprinted figure with permission from Park
et. al., Phys. Rev. E 94, 012127 (2016) [77]. Copyright 2016 by the Americal
Physical Society.

infinite state space systems.

3.1.1 Discussion of results from the paper: Efficiency fluctuations in
microscopic machines.

In our work, we begin the analysis by considering a heat engine such as the
Brownian gyrator, that is simultaneously in contact with a hot reservoir at tem-
perature Th and a cold reservoir at temperature Tc. During a process of duration
τ , let Qh be the heat taken up from the hot reservoir and Qc be the heat dumped
to the cold reservoir. If we perform a work W on the system during this pe-
riod, the energy balance condition would yield, Qh +Qc +W = ∆E, where
∆E = E(τ)−E(0) is the internal energy change of the system. Further, we can
identify the total entropy production in the system as,

∆Stot = ∆Sm +∆Ssys, (3.13)

=−Qc

Tc
− Qh

Th
+∆Ssys, (3.14)

=
ηC

Tc
Qh +

W
Tc

+∆Sint , (3.15)

where ∆Sint = ∆Ssys− ∆E
T2

is the net time-intensive contribution to ∆Stot that de-
pends only on the initial and final states of the system. We further write down
the sCGF of the combined probability distribution of the individual contribu-
tions from (3.13),

φ(λQ,λW ,λS) := lim
τ→∞

1
τ

ln
〈

e−λQ Q1−λW W−λS ∆Sint
〉

τ

, (3.16)
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Figure 3.5: Contour plots of a typical φ(λQ,λW ,λS) for λS = 0, 1
2 ,1 along with

the domain of convergence C and the domain of convergence C0 for φ at λS = 0.
The functional form of φ(λQ,λW ,λS) is the same in all λS = const planes, but the
limited domain of convergence leads to cutoffs whose location changes as a func-
tion of λS. The symmetry around the point (λ ∗Q/2,λ ∗W/2,1/2) is a consequence
of the fluctuation theorem. Reprinted figure with permission from Manikandan
et. al., Phys. Rev. Lett. 122, 140601 (2019) [66]. Copyright (2019) by the
American Physical Society.

which will have the fluctuation theorem symmetry,

φ(λQ,λW ,λS) = φ(λ ∗Q−λQ,λ
∗
W −λW ,1−λS) , (3.17)

where λ ∗Q = ηC
Tc

and λ ∗W = 1
Tc

. The sCGF (3.8) of heat and work alone which
appears in Eq. (3.9) is the restriction of that “total” sCGF to the λS = 0 plane,
i.e. φ(λQ,λW ) = φ(λQ,λW ,0). In Fig. 3.5, we plot a typical sCGF. Notably, φ

has a limited domain of convergence C.
The origin of this limited domain of convergence is related to the tail be-

haviour of the joint probability distribution P(Qh,W,∆Sint). For a given value
of (λQ,λW ,λS), the sCGF (Eq. (3.8)) is convergent only if the tails of the proba-
bility distribution P(Qh,W,∆Sint) fall faster than the exponent e−λQQh−λWW−λS∆Sint .
If any one of these variables have large fluctuations, then the corresponding
probability distribution will feature a long tail in that variable, and hence the
sCGF will have a strongly limited domain of convergence in the corresponding
conjugate variable. This is why machines having only finitely many accessible
states (finite state space systems) can behave in a fundamentally different man-
ner as compared to infinite state space counterparts, as far as the dependence of
C on λS is concerned. For finite state space systems, ∆Sint is a bounded func-
tion, and hence will have bounded fluctuations. Therefore C will not depend
on λS at all. For an infinite state space system, ∆Sint is an unbounded function
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which can fluctuate a lot depending on the system parameters. Therefore, C
will strongly depend on λS, and φ can have restricted domain of convergences
accordingly.

In the paper, we look at the consequences this limited domain of conver-
gence has for efficiency fluctuations. In the light of this limited domain of
convergence, we show that whether the system has a finite or an infinite state
space can make a difference. Our crucial findings are listed below:

General features of efficiency fluctuations.

1. Cutoffs in infinite state space systems.

The previous theory for efficiency fluctuations (VWVE theory [64, 65])
dealt with models with a finite state space where the λS dependent cut-
offs do not arise in the sCGF φ(λQ,λW ). We begin with the role such
cutoffs play for a generic φ .

(See Fig. 3.5 )

2. The Minimizing contour and it’s location.

When we apply the minimization procedure as in Eq. (3.9), we can trace
out a contour λ̃ in the λQ, λW space. We refer to this contour as the min-
imizing contour. In cases when the cutoff C0 intersects the minimizing
contour, we will see deviations from the VWVE theory.

(See Fig. 2 from our paper)

3. Strongly coupled systems with cutoffs.

Strongly coupled systems are those for which the sCGF φ(λQ,λW ) is a
function of a single variable within the limited domain of convergence.
As a geometrical consequence of this, such sCGFs will also have a de-
generate global minima, which can lead to degenerate maxima in the
rate function J(η). Additionally, cutoffs also significantly influence the
shape of J(η). In our work, we show that the Brownian gyrator falls in
this class of strongly coupled systems.

(See Fig. 3 from our paper)

Additionally, we find that the least likeliness of the Carnot efficiency is
not guaranteed for infinite state space models as opposed to the finite
state space case.

Exact results for the Brownian gyrator model. For the Brownian gyrator
model we introduced in Chapter 1, the joint fluctuations of Qh, W and ∆Sint as
well as the efficiency rate function J(η) can be computed analytically using
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Figure 3.6: φ(λQ,λW ,λS) for the Brownian gyrator

the path integral technique. In Fig. 3.6, we illustrate φ for this model. The
crucial distinction between Figure 3.5 and Figure. 3.6 is that the latter is a
tightly coupled system. For such systems, J(η) has plateaus. The detailed
analytic calculations are provided in the supplemental material of our paper.
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4. Fluctuations in non-
equilibrium steady states -
I

In Classical Statistical Physics, a fundamental result is the fluctuation dissi-
pation relation which demonstrates that, using near equilibrium fluctuations
one can deduce the non-equilibrium response to small perturbations [3, 4, 80,
81]. In this chapter, we study the thermodynamic uncertainty relation, which
extends these fluctuation dissipation relations to far-from-equilibrium steady
states by bounding the fluctuations of arbitrary currents in terms of the total
entropy production rate.

A non-vanishing entropy production rate σ ≡ 〈∆Stot〉
τ

and non-vanishing
fluctuating currents are defining characteristics of any non-equilibrium sys-
tem. Recent developments in stochastic thermodynamics have established cer-
tain inequalities referred to as thermodynamic uncertainty relations, relating
the two. For non-equilibrium steady state systems, the thermodynamic uncer-
tainty relation states that, the fluctuations of any current J is bounded by the
entropy production rate σ as [22],

τVar(J)
〈J〉2

≥ 2
σ
, (4.1)

where we have set the Boltzmann constant kB = 1. The thermodynamic un-
certainty relation holds for arbitrary times τ in the steady state, and the proof
follows from a σ− dependent bound on the large deviation function of any
steady state current fluctuation. The thermodynamic uncertainty relation also
captures a trade-off between the precision of measurement of any current J
captured by the relative uncertainty estimate ε2 = Var(J)

〈J〉2
and the thermody-

namic cost of maintaining a non-equilibrium steady state σ τ as ε2στ ≥ 2.
This means, a more precise measurement (small relative uncertainty ) will cost
a large amount of entropy production and vice versa [22].

In this Chapter, we will first introduce the thermodynamic uncertainty re-
lation. Then we will briefly summarize results from our work where we obtain
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exact results for the finite time version (LHS of Eq. (4.1) as a function of
τ) of the thermodynamic uncertainty relation. We will begin with a guide to
the proof of the thermodynamic uncertainty relation, which is formulated in a
Markov jump processes framework.

4.1 Thermodynamic uncertainty relation for fluctuating cur-
rents

Here we outline the proof of the thermodynamic uncertainty relation, for large
values of τ . We begin with introducing the framework of Markov jump pro-
cesses on a discrete set of states and continuous time, and the notion of entropy.
Langevin equations that model colloidal systems, correspond to the continuum
limit of these processes.

The framework Let us begin with considering a system which has N states
labelled by A, B and C... Let the transition rate between any two states B
and C be called ωBC and the corresponding reverse transition be labelled ωCB.
Assume that the system is in contact with a thermal reservoir at temperature
T . As we discussed previously, the local detailed balance condition (see Ap-
pendix A), constrains the ratios of the forward and reverse rates by the entropy
production across the link B−C according to,

log
ωBC

ωCB
= σ

m
BC, (4.2)

where σm
BC is the average rate of entropy production in the medium due to the

transition from B to C. We have set kB = 1. In other words, local detailed
balance asserts that the energy gain or loss due to a transition is entirely me-
diated by the bath. The net current between any two pairs of states is then,
jBC = P(B)ωBC −P(C)ωCB, where P denotes the probability to be in a par-
ticular state. The two are related by the Master equation which governs the
probability evolution as,

∂P(C)

∂ t
= ∑

B 6=C
jBC. (4.3)

In the long time limit, if there are no explicit time dependent drivings present,
the system will reach a steady state where the probability P doesn’t change
with time anymore. However, this steady state can be an equilibrium state or a
non-equilibrium state.

Equilibrium is the special case when the probabilities and rates obey the
detailed balance condition such that jBC = 0 for any two pairs of states B and
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C., i.e.,

PB

PC
=

ωCB

ωBC
, P(C) = PEq(C). (4.4)

If we define the ratio log PB
PC

= σ
sys
BC , then the detailed balance condition implies

that σ
sys
BC = −σm

BC and the total entropy production rate σBC = σ
sys
BC +σm

BC = 0
for an equilibrium system.

On the other hand, according to Eq. (4.3), for a steady state to exist (such
that the probabilities are time independent), jBCs need not all vanish individ-
ually. It is only required that the sum ∑B 6=C jBC vanishes for every C. This
situation corresponds to a non-equilibrium steady state. The rate of entropy
production for a non-equilibrium steady state can be obtained as,

σ = ∑
links

jBCσBC (4.5)

= ∑
links

(P(B)ωBC−P(C)ωCB) log
P(B)ωBC

P(C)ωCB
. (4.6)

≥ 0. (4.7)

This means that non-vanishing currents on an average imply a non-zero en-
tropy production rate and vice versa. As we will see, if we consider the fluctu-
ations of currents, they are also strongly correlated to the entropy production
rate.

Current fluctuations and the thermodynamic uncertainty relation Let us
now consider a realization of the Markov process x(t), that hops through the
states A, B, C... etc., and assume that we don’t explicitly know the rates ω or
the density P. We can still estimate the density empirically from the trajectory
x(t) as,

P(B)τ =
1
τ

∫
τ

0
dt δx(t),B (4.8)

The current across a link B,C for a time duration τ can be obtained as,

jτ
BC =

1
τ

∫
τ

0

(
δx(t+),C)δx(t−),B−δx(t+),C)δx(t−),B

)
. (4.9)

In the τ → ∞ limit, these densities and currents will reduce to the correspond-
ing mean currents in the steady state,

lim
τ→∞

Pτ(B) = P(B), (4.10)

lim
τ→∞

1
τ

jτ
BC = jBC = P(B)ωBC−P(C)ωCB. (4.11)
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For any finite τ , however, this current will be a fluctuating current. If the value
of τ is large enough, one can describe those fluctuations using large deviation
theory as, P(Jτ = τ j) � e−τI( j). Moreover, if we consider any generalized
current, jd = ∑links d(B,C) jB,C, where d(x) is an arbitrary weight function,
then P(Jd = jd τ)� e−τ I( jd).

As we mentioned previously in Chapter 2, computing I( jd) for explicit
models with known transition rates, is a technical issue. However, given the
generic framework of Markov jump processes, and certain advanced tools from
large deviation theory, one can significantly constrain the form of I(Jd) even
without having to compute it explicitly. In [23], the authors showed that the
rate function I( jd) obeys the parabolic bound [23],

I( jd)≤
( jd−〈 jd〉)2

4〈 jd〉2
σ , (4.12)

for any choice of the weight function d(x). If we define the sCGF as,

φ
σ
J (λ )≡ log lim

τ→∞

1
τ

〈
e−λ

σJd τ

〈Jd 〉

〉
, (4.13)

this bound translates to [82],

φ
σ
J (λ )≥−σ(λ (1−λ )). (4.14)

The thermodynamic uncertainty relation can be proved from any one of these
relations. For e.g., by computing the coefficient of λ 2 on either sides of this
inequality, we get,

1
2τ

Var(Jd)×
σ2τ2

〈Jd〉2
≥ σ ⇒ τVar(Jd)

〈Jd〉2
≥ 2

σ
, (4.15)

which is the thermodynamic uncertainty relation. This proof outlined here is
valid for large τ . The proof of the uncertainty relation for arbitrary values of
τ can also be obtained in a large deviation setting by considering a fixed value
of τ in the limit of a large number of realizations of the process [83].

Notice that the uncertainty relation is an inequality in general. When the
inequality in Eq. (4.12) or Eq. (4.14) saturates, the inequality in Eq. (4.15) will
also saturate. We will discuss this point in greater detail in the next Chapter.
Now we will consider thermodynamic uncertainty relations in colloidal setups.

Thermodynamic uncertainty relation for colloidal systems The thermo-
dynamic uncertainty relation can be tested in overdamped Langevin setups in
a steady state, with arbitrary currents defined as,

Jd =
∫

d(x(t))◦dx, (4.16)
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Figure 4.1: Colloidal particle in a harmonic trap where the mean position of the
trap switches at stochastic times between λ− and λ+.

where d(x(t)) is an arbitrary weight function and ◦ corresponds to the Stratanovich
discretisation. The sign of Jd is reversed under time reversal for physical
currents, which can be implemented by imposing the anti symmetry, d(x) =
−d(-x). When Jd = ∆Stot , the thermodynamic uncertainty relation reduces to
an inequality for the fano factor of ∆Stot as,

Var(∆Stot)

〈∆Stot〉
≥ 2. (4.17)

Shortly following the discovery of the thermodynamic uncertainty relation,
the finite time variant of it was conjectured using a colloidal setup [24], where
the mean position of the trap switches at stochastic times between two values
±λ0(t). The model studied is illustrated in Fig. 4.1. For this model, the work
done on the colloidal particle by the switching process was seen to obey the
thermodynamic uncertainty relation, even for arbitrarily short durations of the
process.

In our work Exact results for the finite-time thermodynamic uncertainty
relation, we exactly calculate the Fano factor of ∆Stot for arbitrary values of τ

and hence illustrate the thermodynamic uncertainty relation for the stochastic
sliding parabola setup, which is very similar to the model in [24]. The calcu-
lations are done using the path integral technique presented in Chapter 2.

4.1.1 Discussion of results from the paper: Exact results for the finite
time thermodynamic uncertainty relation

In this work, we studied the Fano factor of Wd = T ∆Stot, where T is the temper-
ature of the medium, in two models of driven colloidal particles: the stochastic
sliding parabola and the breathing parabola. An exact expression for the un-
certainty function (Fano factor in Eq. (4.17)≡Unc(τ) ) was obtained for these
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models, by solving the exact moment generating function, using path integrals.
Interestingly, this method provides access to the generating function and hence
the Fano factor for all durations of time, and as a function of all the system pa-
rameters, even for different initial conditions. Note that Eq. (4.17) is a function
of time since both the numerator and denominator are in general complicated
functions of time.

We consider different non-equilibrium scenarioes in this work:

1. Stochastic sliding parabola in the steady state.

For steady state initial conditions in the stochastic sliding parabola model,
we found that the uncertainty function ≥ 2 (in units of kBT ) for all
times and all parameter values as expected. The uncertainty function
was found to be monotonically increasing as a function of τ , reaching
a constant value at large times. We illustrate this in Fig. 2 of our paper
[27].

2. Stochastic sliding parabola evolving from an arbitrary initial distribution

The thermodynamic uncertainty relation is known to hold only for steady
state conditions. Here we nevertheless looked at the behaviour of the
LHS of Eq. (4.17) for an arbitrary initial condition of the SSP. The corre-
sponding Wd = T ∆Stot can be computed from the path integral represen-
tation of the dynamics straight forwardly. We found that the uncertainty
relation continued to hold, but the function is no longer monotonic. We
illustrate this in Fig. 3 of our paper [27].

3. The breathing parabola with equilibrium initial conditions.

In the breathing parabola model, for equilibrium initial conditions, and
explicit time dependent driving protocols, the Uncertainty relation was
found not to hold in general. This was also not expected, since the sys-
tem is not in a steady state. We illustrate this in Figure 6 of our paper.

Explicit analytical calculations in these models also revealed some inter-
esting features, that if they generally hold true, could have interesting practical
consequences. We list them below.

Time of minimum uncertainty In the case of the stochastic sliding parabola,
evolving from an arbitrary initial conditions, we found in particular that the
uncertainty function can have minima as a value of time, τ = τm for a cer-
tain range of parameter values. We think the position of this local minimum
can provide an optimal time-of-functioning for microscopic systems, when the
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precision can be made high with a relatively low cost. At large times, the un-
certainty function is found to saturate to the same value as in the steady state
case. We illustrate this in Fig. 4 of our paper [27].

Hierarchy of moment relations Our explicit analysis further revealed that
a hierarchy of moment relations might be existing for steady state systems,
generalizing the uncertainty relation. We showed that, the ratio of the 4th
moment to the 3rd. 6th to the 5th and so on are also bounded from below by 2,
which could be a generic feature of non-equilibrium steady state systems. We
illustrate this in Figure 5 of our paper [27].

Saturation of the uncertainty function. Our analysis showed that the un-
certainty relation saturates in the τ→ 0 limit for all the models studied and all
initial conditions. The interesting practical consequences of this are discussed
in the next Chapter.
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5. Fluctuations in non-
equilibrium steady states -
II

In this Chapter, we provide an effective method to infer dissipation in non-
equilibrium systems. Our results are built upon the thermodynamic uncertainty
relation discussed in the last chapter.

The entropy production rate σ of a system is an effective quantifier of how
far it is from equilibrium, however it is a very difficult quantity to obtain in ex-
periments. If the non-equilibrium dynamics can be represented using a Master
equation or a Langevin equation, stochastic thermodynamics provides us with
the means to estimate this entropy production for individual realizations of the
process. However, in practice, this is only possible for a limited number of
controlled setups [6]. For most non-equilibrium processes in nature, such as
Biological/ active matter systems [84], we do not always know the underlying
dynamical equations. Hence, extending the usual thermodynamic notions (as
we discussed in Chapter 2), is not straightforward for these systems.

This limitation is overcome to a certain extent, by using trajectory based
estimators, where entropy production can be obtained as a measure of time ir-
reversibility of the trajectories in the steady state [85]. Another direct strategy
relies on estimating the steady state currents and densities from the trajectory
data [86]. However, as the dimensionality of the system increases, the statisti-
cal convergence of these estimators become very difficult.

Recently, it has been shown that this curse of dimensionality can be over-
come to a certain extent by using entropy estimators based on the thermody-
namic uncertainty relation (TUR) [86]. By re-arranging the terms in the TUR
in Eq. (4.1), we can get a lower bound σL for σ as,

σ ≥ σL ≡
2〈J〉2

τVar(J)
. (5.1)

However, since the uncertainty relation is an inequality, for any fixed value τ ,
the uncertainty relation gives only a lower bound for σ unless it saturates, in
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which case one can use it to infer σ exactly. If the system is close to equi-
librium, the thermodynamic uncertainty relation is known to saturate for the
current J = ∆Stot. However, for a generic non-equilibrium system, and for a
fixed value of τ , the bound in Eq. (5.1) can be arbitrarily far from the actual
value of σ .

In this Chapter, we demonstrate that this fundamental limitation of TUR
based estimates can be overcome, by using Eq. (5.1) in the short-time limit as
[87],

σ = max
J

{
lim
τ→0

σL
}
. (5.2)

Eq. (5.2) holds for arbitrary non-equilibrium conditions, and is based on the
saturation of the TUR in the τ → 0 limit for the current J = ∆Stot . We begin
our discussion by summarizing the various standard approaches to quantify-
ing dissipation in non-equilibrium systems. We will then briefly discuss the
advantage of the TUR based estimates over the standard ones and present the
short-time inference scheme.

5.1 Quantifying dissipation from stationary trajectories

A common theme of various estimation schemes is that, they take in a time
series data as the input, perform some statistical analysis, and provide an es-
timate for the entropy production rate, which is a purely physical quantity, as
depicted in Fig. 5.1. Here, we revisit some of the standard methods known in
the literature to estimate entropy production in non-equilibrium systems in a
stationary state, from the stationary trajectories.

1. Estimating the entropy production rate using the property of the time
reversal asymmetry of the steady state trajectory

One of the first attempts to obtain σ = 〈∆Stot〉
τ

from time series data was
based on the fact that ∆Stot is a measure of the time reversal asymmetry
of the trajectories [85]. As we discussed in Chapter 2, using Eq. (2.24),
one can in principle obtain σ as,

σ =
1
τ

∫
D[x(·)]P[x(·)]∆Stot[x(·)] (5.3)

=
1
τ

∫
D[x(·)]P[x(·)] log

P[x(·)|x0]P[x0]

P[x̃(·)|x̃0]P[x̃0]
, (5.4)

where x̃(t) = x(τ − t). Using an ensemble of time discretised trajec-
tories, each of the form x(t) = {xi}N

i=1, where xi = x(i ∆t), σ can be
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Figure 5.1: A generic estimation scheme takes in the stationary trajectories from
a non-equilibrium system, which is a time series data, and applies an algorithm
to it to output the entropy production rate, σ . Here we depict a prototype of
such a scheme, where we consider a non-equilibrium system which performs
the task of moving a bead filament in a cold reservoir at temperature Tcold . The
filament is powered by an engine which takes up energy from a hot reservoir at
temperature Thot . The time series data is obtained by tracking the positions of the
beads individually, as shown for three beads.

estimated as,

σ = lim
N→∞

1
N ∑

x1, x2,...xN

P(x1, x2, ...xN) log
P(x1, x2, ...xN)

P(xN , xN−1, ...x1)
. (5.5)

2. By empirically estimating the closed form expression for σ , known for
non-equilibrium systems having a diffusion dynamics.

For diffusive systems, using standard stochastic thermodynamics tools,
an estimate of σ can be obtained as [12],

σ =
∫

dx
JT

ss(x)D
−1Jss(x)

Pss(x)
. (5.6)
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Here Pss(x) is the steady state density, which can be estimated from the
trajectory as Pss(x) = limτ→∞ Pτ

ss(x) where [86],

Pτ
ss(x) =

∆t
τ

τ

∆t

∑
i=1

K(xi∆t ,x). (5.7)

Here K is a kernel function necessary to spatially coarse grain the data.
One simple choice is to take it as an indicator function which takes
a value 1 or 0 depending on whether or not a point lies in a given
grid. Similarly, the steady state current Jss can be estimated as Jss(x) =
limτ→∞ Jτ

ss(x), where [86],

Jτ
ss(x) =

Pτ
ss(x)
2∆t

∑

τ

∆t−1
i=2 K(xi∆t ,x)

(
x(i+1)∆t −x(i−1)∆t

)
∑

τ

∆t−1
i=2 K(xi∆t ,x)

. (5.8)

In Eq. (5.6), D is the diffusion matrix, which can in general be an in-
homogeneous function of x. In such cases, D(x) can be determined in
terms of the correlation function 〈∆xi ∆x j〉. Efficient algorithms have
been developed for implementing this as well [88–90].

3. Estimates based on the thermodynamic uncertainty relation (TUR)

An efficient framework to infer a lower bound for σ using Eq. (5.1) has
been developed in [86]. The central idea here is to maximize the LHS
of Eq. (5.1), over an ensemble of currents measured for a fixed duration
τ , and take the maximum value one gets as the best estimate of a lower
bound for σ .

In this scheme, an arbitrary current Jd can be obtained as

Jd =
∫

dx d(x)Jτ
ss(x), (5.9)

where Jτ
ss(x) is an estimate of the steady state current and d(x) is a

weight function, which can be chosen as a linear combination of a set
of basis functions. The terms 〈Jd〉 and Var(Jd) in Eq. (5.1) can be ob-
tained from a large ensemble of Jd values generated from statistically
independent trajectories, in the steady state. Then an algorithm could
scan through all the choices of the currents Jd , or the vectors d(x), until
the lower bound to σ is maximized.

The first two strategies have the disadvantage that they rely on the sta-
tistical binning of the data to obtain probability densities and/or cur-
rents, which can become increasingly difficult as the dimensionality of
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the system increases. In this context, the estimator based on the thermo-
dynamic uncertainty relation provides an alternative approach, where
one doesn’t need to know the stationary distributions or currents apri-
ori. Furthermore, rather non-trivially, TUR estimates are also known
to perform better with statistical convergences, for higher dimensional
systems [86]. This has been attributed to the robustness of the TUR
estimates to the specific random current chosen.

5.2 The short-time inference scheme

A significant drawback to TUR based approaches is however that they only
infer a lower bound to σ unless the system is close to equilibrium. In our work
"Inferring entropy production from short experiments" we have shown that this
limitation can be overcome by evaluating the RHS of Eq. (5.1) in the τ → 0
limit as [87],

σ = max
J

lim
τ→0

2〈J〉2

τVar(J)
. (5.10)

The current that saturates the thermodynamic uncertainty relation in this limit
is J = ∆Stot. Our results are based on extensive analytical evidence for ex-
actly solvable models. Following our work, rigorous proofs for this saturation
have also been obtained for diffusive non-equilibrium systems, by explicitly
computing the limiting behavior of 〈J〉 as well as Var(J) in the τ → 0 limit
[91, 92]. This result can be alternatively obtained, in the framework of current
fluctuations in the steady state. The saturation of the TUR can be seen as a con-
sequence of the scaled cumulant generating function φ τ

∆Stot
= 1

τ
log
〈
e−λ∆Stot

〉
equalling the parabolic function −σλ (1−λ ) in the τ → 0 limit, as,

lim
τ→0

φ
τ
∆Stot

=−σλ (1−λ ). (5.11)

We indeed see this behaviour in explicit models, as illustrated in Fig. 5.2.
The results suggest that, for diffusive systems, in the short-time limit, the

fluctuations of currents become Gaussian. Particularly, if the current is J =
∆Stot, and if the fluctuations are Gaussian, one can use the fluctuation theorem
P(∆Stot) = e∆StotP(−∆Stot) to show that Var(∆Stot)

〈∆Stot〉 = 2.
In practice, we implement the short-time inference scheme by considering

the shortest segments of a trajectory, each of length corresponding to the mini-
mal temporal resolution ∆t of the experiment, and an arbitrary weight function
d(x). An arbitrary current in the short time limit can be defined as,

Ji
d = d(

xi∆t +x(i+1)∆t

2
) ·
(
xi∆t −x(i+1)∆t

)
. (5.12)
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Figure 5.2: The saturation of φ τ
∆Stot

(λ ) to the parabolic function −σλ (1−λ )
(thick, red curve) in the τ → 0 limit, for the Brownian gyrator model. Curves
from top to bottom corresponds to different τ values decreasing in magnitude.
The bottom figure is a magnified view near the minima of the parabolic function

The uncertainty function can then be estimated by computing the mean and
variance of the ensemble {Ji

d}. An optimization scheme for performing the
maximization in Eq. (5.1) will proceed by updating the currents Jd by modify-
ing the function d(x) in the direction of increasing σL. Since Jd corresponds
to a current, d(x) can be further constrained by the anti-symmetry property,
d(−x) = −d(x). The optimal d = d∗ will correspond to Jd∗ = ∆Stot . The op-
timal function d(x) will be equal to d∗(x) = JT

ssD−1

Pss(x) , which corresponds to the
dissipative force field in the steady state [86].

As an interesting consequence, this latter point illustrates that, the short
time TUR can also spatially resolve the dissipative force fields in a non-equilibrium
steady state. As we discussed previously (see Eq. (5.6)), this task would have
otherwise required trajectory estimation of the steady state densities and cur-
rents. In the following we discuss the results from our paper.

5.2.1 Discussion of results from the paper: Inferring entropy produc-
tion from short experiments

We first argue that, for systems in a non-equilibrium steady state the thermo-
dynamic uncertainty relation:

σ ≥ 2kB〈J〉2

τVar(J)
≡ σL. (5.13)
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where J is any arbitrary current in the steady state, can be saturated in the
short-time limit, when J = ∆Stot. The motivations to make this argument are
as follows.

1. Results of exactly solvable models.

In the previous Chapter, we showed that the thermodynamic uncertainty
relation saturates for the stochastic sliding parabola model, in the τ→ 0
limit, using exact analytic solutions. We were able to verify this in two
other analytically tractable cases, namely the Brownian Gyrator as well
as the isothermal work-to-work converter engine.

2. Applicability of a proof, previously used to argue the saturation of the
thermodynamic uncertainty relation in the Equilibrium limit

In the work [93], authors showed that the thermodynamic uncertainty
relation saturates whenever ∆Stot → 0. For our purpose, we note that
this happens not only in the equilibrium limit, but also in the τ → 0
limit.

3. Argument based on fluctuation theorem.

Using the integral fluctuation theorem 〈e−∆Stot 〉= 1 and convexity prop-
erty of the arbitrary time cumulant generating function φ(λ )≡ 1

τ
log〈e−λ∆Stot 〉,

we show that a series of moment identities can exist, one of which is the
thermodynamic uncertainty relation. We verify this with exact solutions.

Based on these evidences, we propose the short time inference scheme for
the exact inference of σ as,

σ = max
J

{
lim
τ→0

σL
}
. (5.14)

In Fig. 5.3, we illustrate the central result of our paper. In Fig. 5.4 we illustrate
numerically the short-time inference scheme for the Brownian gyrator model,
together with the corresponding dissipative force field. In Fig. 5.4 left, we have
plotted the vector field d(x) = jss(x)D−1

pss(x) which corresponds to J = ∆Stot. On the
right, we have the inference of entropy production at arbitrary times τ . The
black dashed line corresponds to the actual entropy production rate. The blue-
dashed line corresponds to σL(τ) for J = ∆Stot. The red squares correspond
to inference of σ with a data set that had 5×107 points. As shown, at τ → 0
we obtain σ exactly. Additionally, the inference at short times is less noisy
as compared to that at large τ , since clearly the very same time-series can be
divided into many more intervals when τ is small compared to when it is large.
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Figure 5.3: An illustration of σ inferred as a function of time, for the Brownian
gyrator model, with analytic solutions for σL in Eq. (5.1). We define an arbitrary
current J in the system as the linear combination J = c1

ηC
T2

Q1+c2
1
T2

W +c3 ∆Sint,
where c1, c2 and c3 random numbers, uniformly chosen from the interval [−1, 1].
In particular, when c1 = c2 = c3 = 1, we get J = ∆Stot. The black horizontal
line corresponds to the actual entropy production rate. The results show that the
best inference of σ is given by J = ∆Stot (green dashed line) in the τ → 0 limit.
Reprinted figure from [87]. Figure is available under the terms of the Creative
Commons Attribution 4.0 International License.
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Figure 5.4: Entropy production rate inferred in the τ→ 0 limit, for the Brownian
gyrator model [34, 66]. The current we chose is Jd = ∆Stot. Left: The d vector
field corresponding to J = ∆Stot. Right: σ inferred as a function of τ . The black
dashed line corresponds to the actual entropy production rate. The blue-dashed
line corresponds to σL(τ) for J = ∆Stot. The red squares correspond to inference
of σ with a data set that had 5× 107 points. As shown, at τ → 0 we obtain σ

exactly. Additionally, the inference at short times is less noisy as compared to that
at large τ , since clearly the very same time-series can be divided into many more
intervals when τ is small compared to when it is large. Reprinted figure from
[87]. Figure is available under the terms of the Creative Commons Attribution
4.0 International License.
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Inferring fluctuations of ∆Stot : Our second contribution in this work is
to show that, we can also infer fluctuations of ∆Stot by measuring arbitrary
currents. We propose two strategies to do this.

1. Since the current that infers σ the best at τ = 0 is J = ∆Stot, one can
directly compute it’s fluctuations. In practice, however this approach
can be limited by the accessibility of the τ → 0 limit.

2. Using the structure of the scaled cumulant generating function of an
arbitrary current in the steady state, φ σ

J (λ ,τ)≡ 1
τ

log
〈

e−λ
στJ
〈J〉
〉

τ

at large
τ .

Using large deviation techniques, it has been shown recently that φ σ
J

obeys the bound [23, 82],

−σλ (1−λ )≤ φ∆Stot(λ ,τ)≤ φ
σ
J (λ ,τ), (5.15)

Using this relation, we show in our work that we can infer φ∆Stot(λ ,τ)
as,

φ∆Stot(λ ,τ) = min
J
{φ σ

J (λ ,τ)} . (5.16)

Consequently, if M(n)
J is the n-th cumulant of the normalized current

στJ/〈J〉, we also get,

M(n)
∆Stot

= min
J
{M(n)

J }. (5.17)

The cumulants thus inferred can then be used to construct the histogram
of ∆Stot straightforwardly. We illustrate these results in Figure 3 of our
paper.
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6. Summary and outlook

In this thesis, we have mainly worked on the thermodynamic characterization
of microscopic systems such as optically trapped colloidal particles, using the
framework of stochastic thermodynamics [6] as well as large deviation theory
[48]. In a typical stochastic thermodynamic setting, thermodynamic observ-
ables such as heat, work [9, 10] or entropy production [12] can be identified
at the level of fluctuating dynamical trajectories of the system (for e.g., for an
optically trapped colloidal particle), given the dynamical equations of motion.
This way one can perform a complete thermodynamic characterization of the
underlying microscopic system, and for e.g., quantify the energy dissipation to
the thermal reservoirs analytically [6]. In our work, we were able to develop
and apply a path-integral based technique, built upon the theory of functional
determinants [37], to obtain new analytic solutions at finite observational times
τ for work fluctuations in a class of non-equilibrium systems [36]. Our results
are consistent with the previously known, large -τ results from large deviation
theory, and also reveal certain interesting properties that hold at short times.
As an additional advantage of the method, we could easily study the initial
condition dependence, which can be crucial for small-scale systems [27].

Within this framework, one can also characterize the performance of
microscopic heat engines, such as the ones having a single colloidal particle as
the working substance [60]. In a collaborative work, we were able to provide a
universal theory for the efficiency fluctuations in microscopic machines [66],
where we identified typical long-time features of the fluctuating efficiency in
thermal environments, that are independent of system specific details. We ex-
actly solved for the distributions of efficiency for two non trivial setups and
thus inferred some general features applicable to any classical microscopic
machine. An interesting new finding was that, for such systems, it may be pos-
sible to reduce fluctuations and make the performance more predictable even
at very large times, by fine tuning initial conditions [66]. There are a number
of interesting future prospects of this work. In an ongoing collaboration, we
are working on experimentally realizing a colloidal heat engine using optical
tweezers. The colloidal particle is further driven by controllable microscopic
flows, and we are particularly interested in the efficiency fluctuations of this
engine.

The most relevant observable of a non-equilibrium system is it’s entropy
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production, which provides a physical measure of how far a system is from
equilibrium, in terms of the energy lost to the environment [94]. However, it
is a very difficult quantity to determine from experiments. Stochastic thermo-
dynamics also has it’s limitations when it comes to estimating entropy produc-
tion in the usual way, as these methods rely on the underlying master equa-
tion or Langevin equation [12]. Interestingly, recent theoretical developments,
broadly referred to as thermodynamic inference problems [95, 96] suggest that,
dissipation can also be estimated in indirect ways, from the measurable fluctua-
tions of the system trajectories. The original idea of thermodynamic inference
problem was suggested in 2015 in two seminal articles [22, 23]. Using this
scheme, a lower bound σL for the average dissipation rate σ can be obtained
from the experimental measurement of any fluctuating current J. In two of the
research works discussed in this thesis [27, 87], we believe we have also sig-
nificantly contributed to the thermodynamic inference problem, by proposing a
novel scheme which can, in principle, infer the entropy production rate exactly
for any non-equilibrium system, by looking at very short time-series data from
experiments. Our results are built upon insights obtained from exact solutions
[87], which show that the thermodynamic uncertainty relation can also be used
to obtain an exact estimate of the fluctuating entropy production by restricting
the analysis to short times. We believe that this scheme, combined with suit-
able computational algorithms can be applied to characterize a wide range of
non-equilibrium systems in nature, particularly in the biological context.

There are other interesting areas, where the research presented in this thesis
is very relevant. One of them concerns the non-equilibrium physics of active
matter systems [84]. Active matter systems are made up of self-driven com-
ponents which extract energy from their environment and operate in far-from
equilibrium states [97, 98]. Recently there has been significant interest in the
field to generalize results from classical thermodynamics / stochastic thermo-
dynamics to active matter systems [99–102]. Interesting experimental systems
studied in this regard include a cyclic colloidal heat engine in an active media
[63] as well as various rachet models [103–105]. A fundamental question ad-
dressed in these research works is regarding the relationship of macroscopic
observables such as dissipated heat or entropy production to microscopic non-
equilibrium dynamics of active matter. It would be very interesting to see, if
the thermodynamic uncertainty relation can be suitably modified and applied
to the study of active-matter systems.

Another very interesting area of research that is very relatable to this thesis
is the study of non-equilibrium thermodynamics of microscopic quantum sys-
tems [106, 107], such as quantum heat engines [108]. Recent developments
have shown that, using path integral techniques [109–111], dissipation can be
quantified for a number of model systems [112–114]. Furthermore, efficiency
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fluctuations were characterized in a recent work [115] for a model of a mi-
croscopic quantum engine. Generalizations of the thermodynamic uncertainty
relations to open quantum systems have also been considered [116, 117]. Re-
search in these directions is currently making rapid progress. It will be in-
teresting to investigate if there are (model-independent) signatures of purely
quantum mechanical properties such as entanglement / coherence [118] in the
thermodynamics of quantum, non-equilibrium systems.
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A. Thermodynamics on a discrete
set of states

The Markovian dynamics of a system with a finite number of states {I} and
transition rates kIJ ( which can be time dependent ) can be characterized by
using a certain probability PI(t), which satisfies a master equation,

∂

∂ t
PI(t) = ∑

J 6=I
[ kJIPJ(t)− kIJPI(t) ] (A.1)

Examples of discrete dynamical systems include random walks (more gener-
ally, diffusive processes on a lattice), birth-death processes, growth processes,
conformational changes between discrete states of a biomolecule or chemical
reaction networks. The system is said to have reached a steady state when the
probability distributions become time independent, i.e., ∂

∂ t PI(t) = 0. This hap-
pens when the RHS of Eq. (A.1), which is a sum, vanishes. This can happen
in two different ways.

• The sum vanishes because each of the terms in the summation ( ≡ cur-
rent JIJ ) vanishes.

• Not all individual terms vanish, but the sum vanishes.

The former condition is called the detailed balance condition, and it leads to an
equilibrium steady state. The latter condition corresponds to a non-equilibrium
steady state or NESS.

To make a thermodynamic description possible for these systems, addi-
tional constraints on the rates kIJ need to be imposed, which basically impose
the condition that the energy required for the system to jump from a state I
to state J must depend on the respective reservoir(s) that mediate that transi-
tion. This condition goes by the name local detailed balance condition. As
an example, consider an equilibrium system, for which the microstates ξ (en-
ergies H(ξ )) that constitute a mesostate I, are always in equilibrium with the
thermal reservoir which has an inverse temperature β . The probability of any
mesostate I is then given by,

Pe
I = ∑

ξ∈I

exp [−β (H(ξ )−F)] , F =− 1
β

log

(
∑
ξ

exp [−βH(ξ )]

)
. (A.2)
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Since this is an equilibrium system, it must satisfy the detailed balance condi-
tion given by, kJIPe

J −kIJPe
I = 0. From this thermodynamically consistent rates

can be obtained immediately as,

kIJ

kJI
=

Pe
J

Pe
I
= exp(−β (FJ−FI)), FI ≡−

1
β

log

(
∑
ξ∈I

exp [−βH(ξ )]

)
.

(A.3)

Now let us consider a system which is in contact with a thermal reservoir, but
has not necessarily reached equilibrium (PI(t) 6= Pe

I ). The notion of thermo-
dynamics for any state I(t) of this system can be developed in the following
manner. First notice that, in the absence of external time dependent pertur-
bations, any energy change associated with a transition for the closed system
must be associated with a dissipation to the medium, leading to,

∆IJE =−∆IJQ, ∆IJE = EJ−EI. (A.4)

The associated change in the entropy of the medium is given by, ∆IJSm =
−∆IJQ/T . During the transformation the entropy of the system also changes
by an amount ∆IJSsys, where Ssys is given by (in units of kB = 1),

Ssys = SI(t)− logPI(t)(t), SI(t) = β
2
∂β FI. (A.5)

The first term is the intrinsic entropy of a mesostate I (arises only when each
mesostates consists of several microstates) and the second term is called the
stochastic entropy of the mesostate I [7]. If we assume that the internal struc-
ture of the mesostates do not contribute to the entropy production significantly,
the total entropy change associated with any transition can be computed to be
( see Refs: [7, 12] for a derivation),

∆IJSTot = ∆IJSsys +∆IJSm = log
[

PI(t)kIJ

PJ(t)kJI

]
(A.6)

Notice that, for equilibrium systems, the detailed balance condition ensures
that ∆IJSTot = 0. For non-equilibrium systems, the association between the
ratio of rates to ∆STot and particularly the entropy change in the medium in the
form of Eq. (A.6) is referred to as the local detailed balance condition.

Then the entropy production rate, ( defined as the average of the time
derivative of the above expression ) becomes [7, 12],

σ =
d
dt
〈∆STot〉 ≡∑

IJ
PI(t)kIJ∆IJSTot (A.7)

= ∑
I<J

[ kJIPJ(t)− kIJPI(t) ] log
[

PI(t)kIJ

PJ(t)kJI

]
≥ 0. (A.8)
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The last inequality simply follows from the functional form of σ and shows
that the formulation is consistent with the macroscopic second law. Notice
that in equilibrium, both the total entropy change and the entropy production
rate vanish.

The formula given in Eq. (A.6) can be shown to be true for the total en-
tropy production, also for closed, time dependent driven systems or open sys-
tems coupled to multiple particle reservoirs [7, 119]. These systems need not
necessarily reach an equilibrium state. However, analogous quantities to the
free energy F or entropy S can be defined [120].
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B. Large deviation theory

In this section we give a brief summary of large deviation theory (LDT) which
is concerned with quantifying fluctuations that are exponentially small in prob-
ability, as a function of a certain parameter. This parameter can be the system
size N (alternatively the time τ for which the stochastic system is observed),
the strength of the noise or the temperature of the chemical reaction depend-
ing on the physical system we are studying. Avoiding the technical details, in
simple terms, a random variable sn or its pdf P(sn) is said to satisfy a Large
Deviation Principle (LDP) if the following limit exists:

lim
n→∞
−1

n
log P(sn = ns) = I(s). (B.1)

where I(s) is called the rate function. This means that for large n, the pdf of Sn

can be written as,
P(sn = ns)� e−n I(s). (B.2)

The symbol � denotes asymptotic equivalence. Notice that usually, the large
deviation function is an approximation to the full probability distribution, in-
cluding both small and large values of sn. An exact calculation of the rate
function is possible at least in the following cases.

• When an exact solution of P(sn) is known, the rate function can be de-
rived from it by taking an explicit asymptotic limit.

• The Gartner-Ellis theorem states that if the scaled cumulant generating
function of sn defined as

λ (k) = lim
n→∞

1
n

log 〈 enksn 〉 (B.3)

exists and is differentiable for all k ∈R, then sn satisfies a large deviation
principle, i.e.,

P(sn)� e−nI(s), (B.4)

with a rate function I(s) given by

I(s) = sup
k∈R
{ k s−λ (k) } (B.5)
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• In cases when the LDP for a variable s is known, the LDP for any func-
tion f (s) can be obtained using the contraction principle as,

P̃( f (sn) = bn)� e−nJ(b) (B.6)

where the rate function given by,

J(b) = inf
f (sn)=bn

I(s) (B.7)

In practice, the contraction principle amounts to carrying out a saddle-point
approximation on the rate function, together with the constraint, f (sn) = bn.
When an exact solution to the probability distribution is not known, large de-
viation theory is particularly useful in obtaining at least an asymptotic result.
There are also standard methods developed to include finite-parameter correc-
tions, so as to make the agreement with numerics/ experiments better. It is
important to note that the large deviation rate function, when it exists, contains
information about the small deviations from the mean behaviour also, which
is given by the central limit theorem. In a broader sense, therefore, large de-
viation theory is the extension of the central limit theorem to include large
fluctuations as well. A recent pedagogical introduction to large deviations can
be found in [121].
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C. Path integrals for stochastic
differential equations

The derivation given here closely follows the derivation of pathintegrals for
Stochastic differential equations provided in the PhD thesis of Dr. Daniel
Nickelsen [122] and the unpublished Master’s thesis of Lennart Dabelow
[123].

Given a stochastic dynamical system of the form,

ẋ(t) =A(x, t)+B ·η(t), (C.1)

with η being a white noise with 〈η(t)〉 = 0 and 〈η i(t)η j(s)〉 = δ i jδ (t − s),
one can obtain statistical averages of any observable O(x(·)) of the system in
a path integral representation as,

〈O(x(·))〉=
∫

∞

−∞

dx P(x0)
∫

∞

−∞

dxτ

∫ xτ

x0

Dx(·) P[x(·)|x0] O[x(·)] (C.2)

Here the propagator P[x(·)|x0] is given in terms of an action functional S =∫
τ

0 dt L, as
P[x(·)|x0] = e−S[x(·)], (C.3)

where the Lagrangian L is given by,

L(ẋ,x, t) =
1
2
(ẋ(t)−A(x, t))T (2D)−1 (ẋ(t)−A(x, t)) ,

D =
1
2

BBT .

(C.4)

In the following we discuss the path integral derivation for the system governed
by Eq. (C.1).

A simple derivation of the path integral Let x(·) = {x(t)}τ
t=0 denote a tra-

jectory of the system, which is a solution of Eq. (C.1). Let P denote the col-
lection of all such paths. Then the statistical average of any observable O[x(·)]
is the average,

〈O[x(·)]〉= ∑
x(·)∈P

O[x(·)]P[x(·)|x0], (C.5)
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where P[x(·)|x0] is the probability of a particular trajectory starting from an
initial point x0. Path integrals help us represent the probability function P in a
systematic way.

The first step is to discretize the paths in time, and to consider

xN [(·)] := {xi∆t}N
i=0 . (C.6)

As N→ ∞, xN [(·)]→ x[(·)]. Since x[(·)] is Markovian process, we can write,

P[x(·)|x0] =
N

∏
i=1

p(ti,xi|ti−1,xi−1), (C.7)

where p(ti,xi|t0,xi−1) is the transition probability to go from a point xi−1 at
time ti−1 to a point xi at time ti. Further, one can write the sum over the paths
as the limit of sums over discretized paths as,

∑
x[(·)]∈P

...= lim
N→∞

∫ N

∏
i=0

dxi∆t ... (C.8)

To obtain the path integral, we will now look at what the transition probabilities
in Eq. (C.7) should be. We first discretize Eq. (C.1) in the Stratanovich sense
as,

x(i+1)−xi =A(
xi +xi+1

2
,
ti + ti+1

2
)∆t +B ·dWi(t)

√
∆t, (C.9)

where ∆t = ti+1− ti and dWk(t) are independent Gaussian white noise values
with mean 0 and variance 1. Notice also that it is the square root of ∆t that
is multiplying the noise term. This takes care of the diffusive scaling property
of the white noise process, 〈W 2(t)〉 ∼ t. With this discretization, the transition
probability p in Eq. (C.7) conditioned on a noise realization dWi(t) can be
written down as,

p(ti,xi|ti−1,xi−1,Wi) = δ

(
x(i+1)−xi−A(

xi +xi+1

2
,
ti + ti+1

2
)∆t−B ·dWi(t)

√
∆t
)

(C.10)

Using the Fourier representation of a path integral, we can further re-write this
transition probability as,

p(ti,xi|ti−1,xi−1,Wi) =
∫ ddq

(2π)d e−iqT
(

x(i+1)−xi−A(
xi+xi+1

2 ,
ti+ti+1

2 )∆t−B·dWi(t)
√

∆t
)

(C.11)
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Integrating over the Gaussian distribution for the noise,

P(dWi) =
1

(2π)d/2 e−
dWT

i ·dWi
2 , (C.12)

we get,

p(ti,xi|ti−1,xi−1) =
∫ ddq

(2π)d e−
∆t
2 qT BBT q−iqT

(
x(i+1)−xi−A(

xi+xi+1
2 ,

ti+ti+1
2 )∆t

)
(C.13)

=

[
det2D
(2π∆t)d

]1/2

e−
∆t
2

[
xi+1−xi

∆t −A(
xi+xi+1

2 ,
ti+ti+1

2 )
]T

(2D)−1
[

xi+1−xi
∆t −A(

xi+xi+1
2 ,

ti+ti+1
2 )

]
.

(C.14)

which is the transition probability at an instant t = ti. The Probability of the
entire trajectory can then be obtained using Eq. (C.7) as,

P[x(·)|x0] ∝ e−
∆t
2 ∑

N
i=0

[
xi+1−xi

∆t −A(
xi+xi+1

2 ,
ti+ti+1

2 )
]T

(2D)−1
[

xi+1−xi
∆t −A(

xi+xi+1
2 ,

ti+ti+1
2 )

]
(C.15)

In the continuum limit of N→ ∞ and ∆t→ 0, we get

P[x(·)|x0] ∝ e−
∫

τ

0 dt [ẋ(t)−A(x,t)]T (2D)−1[ẋ(t)−A(x,t))] (C.16)

as in the path integrals defined in Eq. (C.3) - Eq. (C.4).
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D. Functional determinants

Reproduced from the the first version of paper 1 on the arxiv: arXiv:1706.06489v1

Path integral calculations usually require the evaluation of functional deter-
minants, as we have came across several times in this thesis. Computing the
leading-order contribution within the EN theory framework is one among such
standard situations. In many problems, it is a ratio of functional determinants
that is required to be evaluated. One or both of the operators can in principle
have a zero mode, in which case the ratio can become ill-defined. Fortunately,
profound mathematical techniques have been developed to compute functional
determinants (or the ratio of determinants) even in situations when the oper-
ators have a zero mode. In this thesis we have used the contour integration
method developed in [37] to evaluate the functional determinant ratios. For
the SSP model, these operators become 2× 2 matrix differential operators.
The general theory presented in [37] is applicable to such situations also, even
though in contrast to previous studies (e.g., [124] ), the matrix differential op-
erator A that we study here has differential operator entries in the off-diagonal
terms of the matrix. The determinant ratio we need to evaluate has the general
form,

Ratio≡ detAk=1

detAk
, (D.1)

where the operator Ak in case of the SSP is

Ak =

 − d2

dt2 +
δ 2

τ2
0

k δ

τ0

d
dt −

δ 2

τ2
0

−k δ

τ0

d
dt −

δ 2

τ2
0
− 1

θ

d2

dt2 +
1

θτ2
0
+ δ 2

τ2
0

 ; k ≡ 1−u, (D.2)

The associated eigenvalue problem in this case is,

Ak

[
y(t)
z(t)

]
= l
[

y(t)
z(t)

]
, (D.3)

together with Robin-type boundary conditions:

M


y(0)
z(0)
ẏ(0)
ż(0)

= 0, N


y(T )
z(T )
ẏ(T )
ż(T )

= 0. (D.4)
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Here M and N are 4× 4 matrices, obtained from the boundary terms of the
path integral. We will first give a brief description of the contour integration
method. For simplicity, all the illustrations are given for the SSP model in the
transient state, considered in paper 1 [36].

Summary of the technique Suppose that we are interested in computing the
ratio of the determinants of two operators A1 and A2. In [37], it is shown that
this ratio can be obtained using the relation,

det A1

det A2
=

G1(0)
G2(0)

. (D.5)

where, G1(l) / G2(l) are functions identified by the fact that they have zeros at
the eigenvalues ln of the operator A1 / A2. Eq. (D.5) also requires that both G1
and G2 have the same asymptotic behaviour, that is,

lim
l→∞

G1(l)
G2(l)

= 1. (D.6)

An outline of this non-trivial result will be given in the next section.
In the case when one or both of the operators have a zero mode, for exam-

ple, when G2(0) = 0, the ratio G1(0)/G2(0) will become ill defined. Under
such circumstances, this zero mode needs to be omitted from the definition of
the determinant, by replacing the function G2 with another function G̃2 which
does not vanish at l = 0. The method discussed in [37] also gives us a natu-
ral choice for this function G̃2(0) in terms of the zero mode itself, so that the
determinant ratio becomes,

det A1

det A2
=

G1(0)
G̃2(0)

. (D.7)

The following section is adapted from the long version of paper 1 ( available on
the arxiv ), in which we have discussed the method in detail, also elaborating
on how to compute the function G(l) (or G̃(l) when required) explicitly.

D.1 Determinants from the spectral -ζ function: The con-
tour integration method

The technique that we use to compute the functional determinant is the contour
integration method discussed in [37] that is built upon the spectral-ζ function
of Sturm-Liouville type operators. The contour integration method can be
briefly described as follows. Assume that we know a function G(l), whose
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roots are the eigenvalues of the operator A. In standard terminology, G is then
the characteristic polynomial function of A. Using this function G(l), let us
define a function, ζ (called the zeta function) as,

ζ (s) =
1

2πi

∫
C

dl l−s d
dl

ln G(l). (D.8)

Notice that, if G(l) has zeros at the eigenvalues of the operator A, then
d
dl

ln G(l)
has poles at the eigenvalues of A. C is a contour that encloses these poles.
From the definition of the ζ function in Eq. (D.8), the determinant of A is then
obtained as,

detA = e−ζ ′(0), ζ
′(0) =

d
ds

∣∣∣∣
s=0

ζ (s). (D.9)

Applying the residue theorem, it can be verified that Eq. (D.8) and (D.9) to-
gether lead to the usual definition of a determinant as a product of eigenvalues
[125]. Ensuring analyticity of the integrand (i.e., for an appropriate range of s
values ), ζ (s) can be computed by converting the contour integral in Eq. (D.8)
into a line integral. For the simplest case when the eigenvalues are all positive,
this can be achieved by shrinking the contour to the negative real axis, giving:

ζ (s) =
sin(πs)

π

∫
∞

0
dx x−s d

dx
ln G(−x). (D.10)

If the integral is finite at s = 0, one can immediately compute ζ ′(0), which
would amount to computing the function ln G(−x) at the boundaries. But with
absolute determinants, this is usually not the case. Imposing the convergence
sometimes makes the integral in Eq. (D.8) not defined at s = 0. In these situa-
tions, one can still determine the integral (D.10), but now the integration limits
have to be split and each piece needs to be evaluated separately and added up,
ensuring the convergence property [125]. The situation simplifies a lot when
we have a ratio of determinants. For determinant ratios we can generalize Eq.
(D.9) to obtain,

detA1

detA2
= e−(ζ

′
1(0)−ζ ′2(0)). (D.11)

where,

ζ1(s)−ζ2(s) =
1

2πi

∫
C

dl l−s d
dl

ln
G1(l)
G2(l)

. (D.12)

When both the functions G1(l) and G2(l) have the same asymptotic behaviour
at l→ ∞, Eq. (D.12) becomes finite at s = 0, and from Eq. D.10,

ζ
′
1(0)−ζ

′
2(0) =−ln

G1(0)
G2(0)

. (D.13)
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Notice that when the two functions G1/G2 have the same asymptotic behaviour,
then the boundary value at ∞ become zero since the ratio is = 1. Interested
readers are encouraged to look at articles [37, 125] for further details.

Now the problem reduces to finding an appropriate G(l). In simpler situ-
ations, namely a second order Sturm-Liouville problem in one dimension and
no zero modes, a suitable choice for this function G(l) is one of the boundary
conditions, provided the other boundary condition is already applied to the so-
lution1. One can easily show that a suitable choice of G(l) in this case is the
determinant of the system of boundary conditions(D.4). In terms of the matrix
of independent solutions (the fundamental matrix ) of Eq. (D.3), Hl(t) :

Hl(t) =


y1(t) y2(t) y3(t) y4(t)
z1(t) z2(t) z3(t) z4(t)
ẏ1(t) ẏ2(t) ẏ3(t) ẏ4(t)
ż1(t) ż2(t) ż3(t) ż4(t)

 (D.14)

one can write
G(l) = det [M+NHl(T )] . (D.15)

The points at which this determinant vanishes correspond to those values of
l for which a non trivial solution exist. From the definition of the eigenvalue
problem Eq. (D.3), these are precisely the eigenvalues of the operator A. For a
ratio of two determinants, one can therefore write using Eq. (D.12),

ζ1(s)−ζ2(s) =
1

2πi

∫
C

dl l−s d
dl

ln
det [M1 +N1H1,l(T )]
det [M2 +N2H2,l(T )]

. (D.16)

If the two functions in the ratio have the same asymptotic behaviour, then using
Eq. (D.11) and (D.13) we have,

detA1

detA2
=

det [M1 +N1Y1(T )]
det [M2 +N2Y2(T )]

, where Yi(t) = lim
l→0

Hi,l(t). (D.17)

Notice that what goes into the final answer are the solutions to the homoge-
neous equation,

A
[

y(t)
z(t)

]
= 0, (D.18)

together with the same boundary conditions that we have discussed above2.
There is still an arbitrariness in the choice of the matrix of fundamental solu-
tions, since any linear combinations of four fundamental solutions can create

1The reader may think of the particle in a box problem, where imposing the second bound-
ary condition gives the quantized eigenvalues of the Hamiltonian.

2The computation of the functional determinant of an arbitrary operator always reduces to
the solutions of the corresponding homogeneous equation in the presence of a suitable reference
operator.

82



another set of fundamental solutions. Here this matters because it can lead to
some non-zero contributions to the integral (D.12) at ∞ . In order to avoid this,
one has to use suitably normalized matrices of fundamental solutions, and one
natural choice is Yi(0) = I4 [37]. This particular result is used to compute the
exact form of the MGF in Paper 2.

Now we turn to the more relevant situation when one of the operators has a
zero mode1. This is the situation that arises when we try to compute the asymp-
totics of work distributions in paper 1. In this case the standard technique of
deforming the contour to the negative real axis does not work, because the in-
tegrand now has a pole at the origin. Therefore one has to replace the function
G(l) with another function G̃(l) with the same asymptotic behaviour but with
the problem at l = 0 resolved so as to make the integral well defined. As we
will see, this alternate choice of function naturally comes from the self adjoint-
ness of the operator together with the boundary conditions under consideration
[37].

D.2 Determinant omitting the zero mode

We will now look at the case of obtaining the determinant ratio, when one of
the operators has a zero mode. As mentioned previously, the problem comes
in going from Eq. (D.8) to Eq. (D.10). The contour C cannot be shrunk to
the negative real line [0,−∞), because the integrand has a pole at l = 0. The
idea is then to replace the function G(l) by another function G̃(l) such that
G̃(0) 6= 0, all other roots of the two functions remaining the same. In order to
identify a natural choice for the function G̃, the following method, which uses
the self adjointness property of the operator under consideration, is suggested
in [37]. Here we apply this method to the operator A in Eq. (D.3). Consider
the integral, ∫ T

0
dt u0(t)∗ A ul(t) = l〈u0(t)|ul(t)〉. (D.19)

where A is the operator given by Eq. (D.2), and ul(t) is the solution of the
eigenvalue problem,

(A− l)ul(t) = 0, (D.20)

satisfying Hl(0) = I4. For simplicity, we will choose the parameter values and
boundary conditions, that correspond to the transient case of the SSP discussed
in paper 1. Denoting,

ul(t) =
[

yl(t)
zl(t)

]
, (D.21)

1In principle both the operators can have zero modes, but that could be taken care of in the
same manner.
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and then doing a partial integration on the left hand side of Eq. (D.19), one
gets,

[−y0ẏl + ẏ0yl− z0żl + ż0zl +(1− iq)(y0zl− z0yl) ]
T
0

+
∫ T

0
ul(t) (A u0(t))† = l〈u0(t)|ul(t)〉.

(D.22)

Using A u0(t) = 0, We get,

[−y0ẏl + ẏ0yl− z0żl + ż0zl +(1− iq)(y0zl− z0yl) ]
T
0 = l〈u0(t)|ul(t)〉. (D.23)

Now assume that u0(t) satisfies all the four boundary conditions, and ul(t),
satisfies three out of four boundary conditions, with the fourth one set propor-
tional to det[M+NHl(T )]. i.e., we set,

M


y0(0)
z0(0)
ẏ0(0)
ż0(0)

+N


y0(T )
z0(T )
ẏ0(T )
ż0(T )

=


0
0
0
0

 and (D.24)

M


yl(0)
zl(0)
ẏl(0)
żl(0)

+N


yl(T )
zl(T )
ẏl(T )
żl(T )

=


0
0
0

det [M+NHl(T )]

 . (D.25)

This gives 8 equations for the 16 unknowns in Eq. (D.23). This means that 8
of them may be written in terms of the remaining 8. For any possible choice,
one can show that,

[−y0ẏl + ẏ0yl− z0żl + ż0zl +(1− iq)(y0zl− z0yl) ]
T
0 =−det [M+NHl(T )]

B
.

(D.26)
In this case,

B =
1

z0(T )
. (D.27)

Using the above, we find

det [M+NHl(T )] =−Bl〈u0(t)|ul(t)〉 ≡ −l g0(l), (D.28)

where

g0(l) =
〈u0(t)|ul(t)〉

z0(T )
. (D.29)

Now g0(l) thus defined, will not have a pole at zero. Using g0(l) one can write
down the function G̃(l) as,

G̃(l) = (1− l) g0(l). (D.30)

Notice that as l → ∞, G̃(l) has the same asymptotic behaviour as G(l), but
G̃(0) 6= 0.
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Appropriately normalized solutions u0(t). As we saw in the last Section,
to calculate the determinant of A omitting the zero mode, we need to compute
appropriately normalized solutions ul=0(t) = u0(t). This is done by identify-
ing ul(t) =

[
yl(t) zl(t) ẏl(t) żl(t)

]T , which satisfy all but one boundary
condition. A choice of normalization suggested in [37] is,

(M+NHl(T ))


yl(0)
zl(0)
ẏl(0)
żl(0)

=


0
0
0

det(M+NHl(T ))

 . (D.31)

When l is not an eigenvalue, one can invert this relation to find
yl(0)
zl(0)
ẏl(0)
żl(0)

= (M+NHl(T ))−1


0
0
0

det(M+NHl(T ))

 . (D.32)

Given the fundamental matrix Hl , one can use the equation above to find
the initial conditions. However what enters into G̃(0) are solutions in the
l → 0 limit. Notice that in this limit, the RHS of Eq. (D.32) is still well de-
fined even though M+NHl(T ) is not invertible. We choose Hl=0(t) such that
Hl=0(0) = I4. Now using this and Eq. (D.32) one can find the initial condi-
tions. Because of the particular choice of the fundamental matrix, it can be
seen that the normalized solution u0(t) with initial condition (D.32) is,

u0(t) =
[

yN
0 (t)

zN
0 (t)

]
= y(0)

[
yN

1 (t)
zN

1 (t)

]
+ z(0)

[
yN

2 (t)
zN

2 (t)

]
+ ẏ(0)

[
yN

3 (t)
zN

3 (t)

]
+ ż(0)

[
yN

4 (t)
zN

4 (t)

]
.

(D.33)

where in the RHS, the superscript N refers to solutions which make up the
fundamental matrix of choice Hl=0(0) = I4. Notice that Hl=0 is identical to
the fundamental matrix corresponding to the solution of the Euler-Lagrange
equations. This also has the implication that in the problems we look at, the
asymptotic form of P(W ) can be obtained just in terms of the solutions of the
Euler-Lagrange equations.
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