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Abstract
In this thesis, we study the problem of location of the zeros of individual polynomials in sequences of polynomials generated
by linear recurrence relations.

In paper I, we establish the necessary and sufficient conditions that guarantee hyperbolicity of all the polynomials
generated by a three-term recurrence of length 2, whose coefficients are arbitrary real polynomials. These zeros are dense
on the real intervals of an explicitly defined real semialgebraic curve.

Paper II extends Paper I to three-term recurrences of length greater than 2. We prove that there always exist non-
hyperbolic polynomial(s) in the generated sequence. We further show that with at most finitely many known exceptions,
all the zeros of all the polynomials generated by the recurrence lie and are dense on an explicitly defined real semialgebraic
curve which consists of real intervals and non-real segments. The boundary points of this curve form a subset of zero locus
of the discriminant of the characteristic polynomial of the recurrence.

Paper III discusses the zero set for polynomials generated by three-term recurrences of lengths 3 and 4 with arbitrary
polynomial coefficients. We prove that except the zeros of the polynomial coefficients, all the zeros of every generated
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Paper IV extends the results in paper III and generalizes a conjecture by K. Tran [2]. We consider a three-term recurrence
relation of any length whose coefficients are arbitrary complex polynomials and prove that with the exception of the zeros
of the polynomial coefficients, all the zeros of every generated polynomial lie on a real algebraic curve. We derive the
equation of this curve.

Paper V establishes the necessary and sufficient conditions guaranteeing the reality of all the zeros of every polynomial
generated by a special five-term recurrence with real coefficients. We put the problem in the context of banded Toeplitz
matrices whose associated Laurent polynomial is holomorphic in the punctured plane. We interpret the conditions in terms
of the positivity/negativity of the discriminant of a certain polynomial whose coefficients are explicit functions of the
parameters in the recurrence.
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Abstract

In this thesis, we study the problem of location of the zeros of individual poly-
nomials in sequences of polynomials generated by linear recurrence relations.

In paper I, we establish the necessary and sufficient conditions that guaran-
tee hyperbolicity of all the polynomials generated by a three-term recurrence
of length 2, whose coefficients are arbitrary real polynomials. These zeros are
dense on the real intervals of an explicitly defined real semialgebraic curve.

Paper II extends Paper I to three-term recurrences of length greater than 2.
We prove that there always exist non-hyperbolic polynomial(s) in the gener-
ated sequence. We further show that with at most finitely many known excep-
tions, all the zeros of all the polynomials generated by the recurrence lie and
are dense on an explicitly defined real semialgebraic curve which consists of
real intervals and non-real segments. The boundary points of this curve form a
subset of zero locus of the discriminant of the characteristic polynomial of the
recurrence.

Paper III discusses the zero set for polynomials generated by three-term re-
currences of lengths 3 and 4 with arbitrary polynomial coefficients. We prove
that except the zeros of the polynomial coefficients, all the zeros of every gen-
erated polynomial lie on an explicitly defined real semialgebraic curve.

Paper IV extends the results in paper III and generalizes a conjecture by
K. Tran [2]. We consider a three-term recurrence relation of any length whose
coefficients are arbitrary complex polynomials and prove that with the excep-
tion of the zeros of the polynomial coefficients, all the zeros of every generated
polynomial lie on a real algebraic curve. We derive the equation of this curve.

Paper V establishes the necessary and sufficient conditions guaranteeing
the reality of all the zeros of every polynomial generated by a special five-
term recurrence with real coefficients. We put the problem in the context of
banded Toeplitz matrices whose associated Laurent polynomial is holomor-
phic in the punctured plane. We interpret the conditions in terms of the posi-
tivity/negativity of the discriminant of a certain polynomial whose coefficients
are explicit functions of the parameters in the recurrence.



Sammanfattning

I denna avhandling studerar vi nollställena till polynom i följder som definieras
av linjära rekursiva relationer.

I Artikel I, fastställer vi nödvändiga och tillräckliga villkor som garanterar
hyperboliteten för polynom i följder som ges av en linjär tre-term-
rekursionsrelation av längd två vars koefficienter är godtyckliga reella poly-
nom. Dessa nollställen är utgör en tät delmängd av de reella intervallen på en
explicit definierad reell semialgebraisk kurva.

Artikel II utvidgar resultaten i Artikel I till följder som ges av tre-term-
rekursionsrelationer av längder som är högre än två. Vi bevisar att det alltid
existerar icke-hyperboliska polynom i en sådan följd. Vi bevisar även att alla
nollställen för dessa polynom, med undantag för ett begränsat antal kända så-
dana, finns på, och utgör en tät delmängd av, en explicit definierad reell semial-
gebraisk kurva som utgörs av reella intervaller och icke-reella segment. Rand-
punkterna av denna kurva formar en delmängd till mängden av nollställen till
diskriminanten av det karakteristiska polynomet för rekursionen.

Artikel III behandlar nollställena för polynom genererade av tre-term-
rekursionsrelationer av längd 3 och 4 med godtyckliga polynomkoefficienter.
Vi bevisar att nollställena till sådana polynom, bortsett från nollställena till
polynomkoefficienterna, befinner sig på en explicit definierad reell semialge-
braisk kurva.

Artikel IV utvidgar resultaten i Artikel III och generaliserar en förmodan
av K. Tran [2]. Vi betraktar en tre-term-rekursionsrelation av godtycklig längd
vars koefficienter är godtyckliga komplexa polynom och bevisar att nollstäl-
lena till sådana polynom, bortsett från nollställena till polynomkoefficienterna,
finns på en reell algebraisk kurva. Vi härleder en formel för denna kurva.

Artikel V fastställer nödvändiga och tillräckliga villkor som garanterar att
nollställena till varje polynom som genereras av en specifik fem-term rekur-
sionsrelation med reella koefficienter är reella. Vi sätter problemet i en kontext
av Toeplitz bandmatriser vars associerade Laurentpolynom är holomorft på



det punkterade planet. Vi tolkar villkoren i termer av positivitet/negativitet av
diskriminanten av ett specifikt polynom vars koefficienter är explicita funk-
tioner av parametrarna i rekursionen.
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1. Introduction

This introduction is meant to give an overview of the basic concepts, defini-
tions and theorems relating to the topics on sequences of polynomials defined
by linear recurrence relations that we shall use in this thesis. In Section 1.1, we
begin with the general introduction to sequences of numbers and polynomials
defined by linear recurrences, in Section 1.2, we give a formal presentation
of some general results of root asymptotics for polynomials satisfying linear
recurrence relations. This is followed by Section 1.3, where we review some
preliminary results which form the foundation of the research questions ad-
dressed in this thesis. In Section 1.4, we give a description of the nets of
real rational functions followed by Section 1.5, where we provide a short in-
troduction to banded Toeplitz matrices. Finally in Sections 2.1–2.5, we give
a detailed overview of the papers included in this thesis. Some parts of the
introduction have already appeared in the author’s licentiate thesis [21].

1.1 The concept of sequences of numbers and polynomi-
als satisfying linear recurrences

1.1.1 Polynomially recursive sequences of numbers

The topic of number sequences generated by linear recurrence relations with
constant coefficients is classical and the methods on how to find solutions to
these recurrences can be found in many textbooks, see for example [23; 24] and
the references therein. On the other hand, there are sequences generated by
linear recurrences with polynomial coefficients. These sequences depending
on the author are called P-recursive (for polynomially recursive) or holonomic,
see [24].

More formally, an infinite sequence (un)
∞
n=0 of numbers is called P-recursive

of order d if there exist polynomials pk(x)∈C[x], k = 0,1, . . . ,d, with p0(x) 6=
0 6= pd(x), such that

pd(n)un+d + pd−1(n)un+d−1 + · · ·+ p1(n)un+1 + p0(n)un = 0, ∀ n≥ 0. (1.1)

Sequences satisfying (1.1) with d = 1 are called hypergeometric while those
satisfying (1.1) in which all the coefficients are constants are said be C-recursive.
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A formal power series G(x) =
∞

∑
n=0

unxn ∈ C[x] is said to be D-finite (for

differentially finite), if there exist polynomials qk(x) ∈ C[x], k = 0,1, ...,d,
with q0(x) 6= 0 6= qd(x), such that G satisfies the linear differential equation

qd(x)G(d)(x)+qd−1(x)G(d−1)(x)+ · · ·+q1(x)G′(x)+q0(x)G(x) = 0.

It is proven in [23] that a sequence (un)
∞
n=0 is P-recursive if and only if G(x) is

D-finite. For example, the sequence (n!)∞
n=0 is P-recursive since it satisfies the

first order linear recurrence un+1− (n+1)un = 0, n = 0,1,2, . . ..

Equivalently, its generating function G(x) =
∞

∑
n=0

n!xn satisfies a second order

differential equation x2G′′(x)+(3x−1)G′(x)+G(x) = 0.
P-recursive sequences and D-finite functions possess several closure prop-

erties namely linear combination, forward shift, Hadamard products, Cauchy
products among others [23]. Consequently, they appear quite often in com-
binatorics, analysis of algorithms, number theory, mathematical physics etc.
There are various subclasses of P-recursive sequences such as C-recursive, ra-
tional, hypergeometric and d’Alembertian sequences among others, each of
which has a unique representation. However, some P-recursive sequences lie
in neither of the above subclasses, an example in this case being the sequence
of harmonic numbers. In addition, sequences like (nn)∞

n=0 are not P-recursive.
More details can be found in [24; 37].

1.1.2 Sequences of polynomials satisfying finite linear recurrence re-
lations

Sequences of polynomials in one or several variables appear in many branches
of mathematics and in other areas such as physics and engineering. These
sequences range from trivial ones, for example, the sequence of monomials
{xn}∞

n=0 to complicated ones e.g., Bernoulli polynomials. The well-known
Pascal’s triangle is constructed in such a way that the (n+ 1)-th row consists
of the coefficients of the polynomial pn(x) = (1+ x)n, n = 0,1,2, . . .. This
generates a sequence of polynomials {pn(x)}∞

n=0 which satisfies a first order
homogeneous linear recurrence relation

pn+1(x) = (x+1)pn(x), n = 1,2, . . .

with p0 = 1.
Our main interest is sequences of polynomials defined by finite linear re-

currence relations with polynomial coefficients. Such sequences can arise in
many different ways some of which we describe below:

12



• as solutions of differential equations. This is exhibited for example, in Her-
mite polynomials Hn(x) which satisfy the second-order homogeneous linear
differential equation

y′′−2xy′+2ny = 0, n = 0,1,2, . . . ;

• by the orthogonality condition∫ b

a
w(x)pm(x)pn(x)dx = cnδmn,

where δmn = 1 if m = n and 0 otherwise, and w(x) is the weight function on the
interval (a,b) with a < b, and cn > 0. For example the Legendre polynomials
which satisfy the orthogonality condition∫ 1

−1
pm(x)pn(x)dx =

2
2n+1

δmn, m,n ∈ {0,1,2, . . .};

• by generating functions, for example, Chebyshev polynomials of the first
kind Tn(x), which appear as the coefficients of the series expansion,

1− xt
1−2xt + t2 =

∞

∑
n=0

Tn(x)tn = 1+ xt +(2x2−1)t2 +(4x3−3x)t3 + · · · .

All the above examples have one common property in that they satisfy finite
linear recurrences.

One interesting class of polynomial sequences are Appell polynomials.
These polynomials are often found in different applications in pure and ap-
plied mathematics. They have nice properties such as the one of satisfying
some linear recurrence relation.

Formally, Appell polynomials define a class of polynomial sequences
{An(x)}∞

n=0 satisfying the differential relation

d
dx

An(x) = nAn−1(x) for all n≥ 1,

with A0(x) = a0, where a0 ∈ R\{0} and n is the degree of An(x).
This definition has an equivalent characterization, see [38; 39], that there exists
an exponential generating function G(x, t), given by

G(x, t) = R(t)ext =
∞

∑
n=0

An(x)
n!

tn (1.2)

where

R(t) =
∞

∑
k=0

Ak

k!
tk , (R(0) 6= 0)

13



is an analytic function at t = 0, and Ak B Ak(0).
For each n≥ 1, the polynomial An(x) can then be extracted from (1.2). Below
we describe specific cases of Appell polynomials for some appropriate choices
of R(t).

• When R(t) =
t

et −1
, then Bernoulli polynomials Bn(x) are generated, i.e.,

An(x) = Bn(x) in (1.2), see [26]. Bernoulli polynomials appear in the study of
many special functions and in particular, generalization of the famous Riemann
zeta function and evaluation of Hurwitz zeta function. They are also found in
the remainder term expression of the composite Euler-Maclaurin Quadrature
formula [39].

•When R(t) =
2

et +1
, we obtain Euler polynomials, En(x), i.e., An(x) = En(x)

in (1.2), see [26]. These polynomials appear in the Taylor expansion in a neigh-
borhood of the origin of both trigonometric and hyperbolic secant functions
[39].

•When R(t) = e−
t2
4 , we obtain the classical Hermite polynomials [26]. These

polynomials occur in solutions of the heat and Schrödinger equations and
are also used in certain calculations involving Brownian motion [14]. Other
choices of R(t) can be found in [39; 46]. Numerous results about Appell poly-
nomials can be found in [45].

The theorem below relates Appell polynomials to linear recurrences.

Theorem 1.1.1 (see [26]) A polynomial sequence {An(x)}∞
n=0 is Appell if and

only if there exists a sequence of numbers (γk) with γ0 = 1 and hence an ex-

ponential generating function R(t) =
∞

∑
k=0

γk
tk

k!
such that the following linear

recurrence relation holds

An+1(x) = (x+β0)An(x)+
n−1

∑
i=0

(
n
i

)
βn−iAi(x), (1.3)

and the coefficients (βk) are obtained from the equation

R′(t)
R(t)

=
∞

∑
k=0

βk
tk

k!
.

From (1.3), it becomes immediately clear that when
n−2

∑
i=0

(
n
i

)
βn−iAi(x) = 0, ∀x ∈ R, and ∀n≥ 2,

then the linear recurrence relation (1.3) becomes a three-term linear recurrence.
Consequently, with the appropriate assumptions, this would generate orthog-
onal polynomials. However, it shown in [12] that only Hermite polynomials
among all the classical orthogonal polynomials are Appell.

14



It should be noted that Appell polynomials form a subclass of a much wider
class called the Sheffer polynomials, which is one of the most important fam-
ily of polynomial sequences applied in solving many mathematical problems
in theoretical physics, approximation theory etc. Other subclasses of Shef-
fer polynomials include Mahler polynomials, Laguerre polynomials, Meixner
polynomials and Moot polynomials among others. See [27] for more details.

1.1.3 Localization of zeros of polynomials in sequences of polynomi-
als satisfying linear recurrences

Let p(z) be a k-degree polynomial with complex coefficients. The problems
related to locating the zeros of polynomials p(z) have been extensively stud-
ied. Apart from being of theoretical interest, these problems have numerous
applications in several areas of applied mathematics, including linear control
systems, coding theory, signal processing, root approximation and many oth-
ers. A good source of information about the location of zeros of polynomials
is a book by Rahman and Schmeisser [7].

On the other hand, the question of location of zeros of polynomials in
sequences of polynomials, especially those that are generated by linear recur-
rence relations is of great interest since knowing the zeros of some polynomials
in the sequence may give information concerning the zeros of other polyno-
mials in the same sequence. For example, for the results about the zeros of
Appell polynomials, see Section 6.6 of [26]. In [8], we also find a number of
interesting illustrations, showing the location of zeros of some polynomials in
sequences of polynomials found in the area of combinatorics.

In studying the root distribution for a sequence of polynomials, keen in-
terest is given to real-rootedness as well as limits of zeros of these polynomi-
als. Real-rooted polynomials are central in analysis, good examples being the
classes of polynomials orthogonal on real intervals. In addition, they possess
nice properties, for example, if a polynomial with non-negative coefficients is
real-rooted, then the finite sequence of its coefficients is log-concave, which
in turn implies unimodality of this finite sequence [9]. On the other hand, for
the limits of zeros of polynomials in polynomial sequences, see for example
in [28; 42] some results on the ‘zero attractor’ of polynomials satisfying linear
recurrences with special polynomial coefficients. Beraha, Kahane and Weiss
in [4; 5] found an elegant theorem about the limits of zeros of polynomials in
sequences of polynomials satisfying linear recurrences with arbitrary polyno-
mial coefficients. Since this theorem is very important in our papers, we shall
give a detailed discussion about it in the next section.

This thesis is centred around the question of locating the zeros of polyno-
mials defined by linear recurrences. This study which initially drew inspiration

15



from a number of interesting results by K. Tran in the papers [2; 3], was also
motivated by fascinating numerical results from computer experiments per-
formed by myself and my advisor B. Shapiro.

1.2 Some general results of root asymptotics for polyno-
mials satisfying linear recurrence relations

In this thesis, we are mainly concerned with the study of the root geometry of
recursively defined sequences of polynomials. Interestingly, for general linear
recurrences, the roots of a recursive family of polynomials tend to cluster to
certain curves. In order to determine these limiting curves, we need a well-
known result by Beraha, Kahane and Weiss [4; 5].

Definition 1.2.1 Let { fn(z)} be a sequence of complex polynomials. A com-
plex number z∗ ∈ C is a limit of zeros of { fn(z)} if there exists a sequence of
complex numbers {zn} such that fn(zn) = 0 for all n and the sequence {zn}
converges to z∗.

Example 1.2.2 A primitive n-th root of unity is a zero of the polynomial zn−1,
and the limits of zeros of a sequence fn(z) = zn−1 consist of all the points on
the unit circle.

A family of polynomials { fn(z)}n≥0 is said to be recursive if fn(z) satisfies a
homogeneous linear recurrence relation

fn(z) =−
k

∑
i=1

βi(z) fn−i(z), n = k,k+1,k+2, . . . (1.4)

where the βi(z) are fixed polynomials and βk(z) 6= 0, and for some k-tuple
( f0(z), f1(z), . . . , fk−1(z)) of initial polynomials. Here, k is referred to as the
order of the recurrence relation (1.4). The characteristic equation of (1.4) is
the polynomial equation given by

λ
k +

k

∑
i=1

βi(z)λ k−i = 0. (1.5)

Notice that its solutions λ = λ (z) are algebraic functions, and there are exactly
k of them counting multiplicity.

Let λ1(z), . . . ,λk(z) be the solutions of (1.5). If all the λi(z)’s are distinct,
then the solution of (1.4) has the form

fn(z) =
k

∑
i=1

αi(z)λ n
i (z), (1.6)

16



where the αi(z)’s are determined by solving the system of k linear equations in
the αi(z) obtained by letting n = 0,1, . . . ,k−1 in (1.6) together with the initial
conditions. If there are repeated solutions at a given point z, then equation
(1.6) can be appropriately modified.

A recurrence relation is said to be degenerate if its characteristic polyno-
mial has two distinct characteristic roots whose ratio is a root of unity. Other-
wise it is nondegenerate. For the recursive family of polynomials in (1.4), the
nondegeneracy conditions are as follows.

(ND1) { fn} does not satisfy a linear recurrence relation of order less than k.

(ND2) |λi(z)| 6= |λ j(z)| for 1≤ i < j ≤ k.

For more details about these nondegeneracy conditions, refer to [4; 5].

The theorem below provides a description of the limits of zeros of a recur-
sive family of polynomials, and will be central to our work.

Theorem 1.2.3 (see [4]) Beraha-Kahane-Weiss Theorem: Let { fn(z)} be a
sequence of polynomials satisfying (1.4), the nondegeneracy conditions ND1,
ND2 and be given by

fn(z) =
k

∑
i=1

αi(z)λ n
i (z).

Then z∗ ∈ C is a limit of zeros of fn(z) if and only if either

(i) two or more of the λi(z∗) are of equal modulus, and strictly greater (in
modulus) than the others (if any) or

(ii) for some i, λi(z∗) has modulus strictly greater than all the other λ j(z∗)
and αi(z∗) = 0.

Remark 1.2.4

The points z∗ ∈ C for which conditions (i) and (ii) of Theorem 1.2.3 hold
are called non-isolated and isolated limits of zeros respectively. These non-
isolated limits of zeros exhibit equimodularity condition and are the curves
in the complex plane which in this thesis we call the limiting or the Beraha-
Kahane-Weiss curves.

Example 1.2.5 Let {Pn(z)} be a sequence of polynomials given by

Pn(z) = α1(z)λ n
1 (z)+α2(z)λ n

2 (z)+α3(z)λ n
3 (z),

where α1(z) = 1,λ1(z) = z−1,α2(z) = z,λ2(z) = z,α3(z) =−z,λ3(z) = 1.
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It is clear that none of the functions α j(z) for 1 ≤ j ≤ 3 is identically zero.
Moreover, there is no point ω on the unit circle for which λi(z) = ωλ j(z)
where i 6= j. Thus, the nondegeneracy conditions ND1 and ND2 of Theorem
1.2.3 are satisfied. By Theorem 1.2.3 (i), the non-isolated limits of zeros are
obtained by considering 4 distinct cases, namely

(i) |λ1|= |λ2|= |λ3|;

(ii) |λ1|= |λ3|> |λ2|;

(iii) |λ1|= |λ2|> |λ3|;

(iv) |λ2|= |λ3|> |λ1|.

We can therefore find the non-isolated limits of zeros of Pn(z) as follows.

(i) The condition |λ1| = |λ2| = |λ3| is equivalent to having |z− 1| = |z| =
1. Note that |z− 1| = |z| corresponds to the points z ∈ C lying on two
unit circles, one centered at (1,0) and the other at the origin. These
are precisely the two points z = 1

2 ± i
√

3
2 . Moreover, these points satisfy

|z| = 1 and |z− 1| = 1. In this case, the limits of zeros of Pn(z) are
z = 1

2 ± i
√

3
2 .

(ii) If |λ1| = |λ3| > |λ2|, then we have |z− 1| = 1 > |z|. Solving |z− 1| = 1
gives all the points on the unit circle centered at (1,0). On the other
hand, |z− 1| > |z| consists of points z ∈ C such that z = x+ iy, where
x < 1

2 . Since the required z must also satisfy |z| < 1, we conclude that
the only solutions to |z−1|= 1 > |z| are all the points on the unit circle
centered at (1,0) and lying to the left of the line ℜ(z) = 1

2 . These points
are therefore the limits of zeros of Pn(z) in this case.

(iii) If |λ1|= |λ2|> |λ3|, then we have |z−1|= |z|> 1. Note that |z−1|= |z|
implies that z = x+ iy lies on the vertical line x = 1

2 . Also, |z− 1| > 1
consists of all the z ∈ C lying outside the unit circle centered at (1,0).
Since |z| > 1 consists of all points z ∈ C lying outside the unit circle
centered at the origin, we deduce that the solutions to |z−1|= |z|> 1 are
the points z ∈C such that z = 1

2 + iy where |y|>
√

3
2 . These are the limits

of zeros of Pn(x) in this case.

(iv) The last case |λ2| = |λ3| > |λ1| gives |z| = 1 > |z− 1|. The solution of
|z| = 1 consists of the points on the unit circle centered at the origin.
Furthermore, |z| > |z− 1| consists of points z = x+ iy where x > 1

2 . In
addition, |z− 1| < 1 consists of all the points z ∈ C lying in the interior
of the unit circle centered at (1,0). Thus the solutions to |z|= 1 > |z−1|
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consists of the points on the unit circle centered at the origin and lying to
the right of the line ℜ(z) = 1

2 . These points are as well the limits of zeros
of Pn(z).

Since there are no points z∈C for which Theorem 1.2.3 (ii) holds, we conclude
that Pn(z) has no isolated limits of zeros. Therefore, Pn(z) has only non-isolated
limits of zeros, see Fig. 1.1.

Figure 1.1: Part of the curve showing the limits of zeros of Pn(z)

Example 1.2.6 (see [4]) Consider the following linear recurrence relation

Pn(z) = Pn−1(z)+ zPn−2(z), (1.7)

subject to the initial conditions

P0(z) = 1 and P1(z) = 1+ z.

The characteristic equation of (1.7) is

λ
2(z)−λ (z)− z = 0. (1.8)

Solving Equation (1.8) gives

λ1(z) =
1+
√

1+4z
2

and λ2(z) =
1−
√

1+4z
2

.
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Since λ1 and λ2 are distinct, the general solution to (1.7) is

Pn(z) = α1(z)
(

1+
√

1+4z
2

)n

+α2(z)
(

1−
√

1+4z
2

)n

. (1.9)

Applying the initial conditions to (1.9) gives

α1(z) =
1+2z+

√
1+4z

2
√

1+4z
and α2(z) =

−1−2z+
√

1+4z
2
√

1+4z
.

Hence we have

Pn(z) =
(

1+2z+
√

1+4z
2
√

1+4z

)(
1+
√

1+4z
2

)n
+
(
−1−2z+

√
1+4z

2
√

1+4z

)(
1−
√

1+4z
2

)n

Observe that the nondegeneracy conditions ND1 and ND2 of Theorem 1.2.3
are satisfied and hence we can find the limits of zeros of Pn(z) as follows.

To find non-isolated limits of zeros, set z∗ = a + ib. Then |λ1(z∗)| =
|λ2(z∗)| if and only if |1+

√
1+4z∗|= |1−

√
1+4z∗|. If

√
1+4z∗ ∈ R\{0},

then the equality cannot hold. So we must have that ℜ(
√

1+4z∗) = 0. This
implies that 1+ 4z∗ ≤ 0⇒ z∗ ≤ −1

4 . In this case, the non-isolated limits of
zeros of Pn(z) are all the points on the real interval (−∞,−1

4 ]. On the other
hand, the isolated limits of zeros of Pn(z) are obtained as follows. We note that
there is no z∗ ∈ C for which α1(z∗) = 0. Further, it is clear that α2(z∗) = 0 if
and only if z∗ = 0. Since 0 = |λ2(0)|≯ |λ1(0)|= 1

2 , we obtain a contradiction.
We deduce that Pn(z) has no isolated limits of zeros.

1.3 Results on the zero distribution of polynomials satis-
fying three and four-term recurrence relations

In this section, we give some preliminary results in a general setting to the
problems addressed in this thesis.

For fixed complex-valued polynomials Q1(z), . . . ,Qk(z), consider a finite
recurrence relation of length k of the form

Pi(z)+Q1(z)Pi−1(z)+Q2(z)Pi−2(z)+ · · ·+Qk(z)Pi−k(z) = 0, (1.10)

with standard initial conditions

P0(z) = 1,P−1(z) = P−2(z) = · · ·= P1−k(z) = 0. (1.11)

Several studies investigating the location of the zeros of polynomials Pn(z)
in the sequence of polynomials generated by (1.10) have been carried out, see
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for example [4–6; 22]. In the majority of the situations, the zeros of polynomi-
als Pn(z) tend to only accumulate along the Beraha-Kahane-Weiss curve, Γ as
n→ ∞ and it is difficult to describe their location for small subscript n except
for cases when all the zeros are real.

Recent studies by Tran [2; 3] have found non-trivial cases where a three-
term recurrence relation of (1.10) subject to (1.11) generate polynomials Pn(z)
whose zeros are not necessarily real, and (almost all of them) lie on the curve
Γ. Below we give a reformulation of these results.

Let A(z) and B(z) be a fixed pair of complex polynomials, and {Pn(z)} be
the sequence of polynomials satisfying the three-term recurrence relation

Pn(z)+B(z)Pn−`(z)+A(z)Pn−k(z) = 0, (1.12)

with standard initial conditions

P0(z) = 1,P−1(z) = P−2(z) = · · ·= P−k+1(z) = 0, (1.13)

where 1≤ ` < k are coprime.

Theorem 1.3.1 (see [2]) For `= 1 and 2≤ k ≤ 4 in (1.12) and (1.13), all the
zeros of Pn(z) satisfying A(z) 6= 0 lie on a real semialgebraic curve Γ defined
by

ℑ

(
Bk(z)
A(z)

)
= 0 and 0≤ (−1)k

ℜ

(
Bk(z)
A(z)

)
≤ kk

(k−1)k−1 . (1.14)

Moreover, the zeros of Pn(z) become dense in Γ as n→ ∞.

In the same paper, Tran formulated the following conjecture.

Conjecture 1.3.2 (see [2]) For `= 1 and any arbitrary k in (1.12) and (1.13),
all the zeros of Pn(z) satisfying A(z) 6= 0 lie on a real semialgebraic curve Γ

defined by (1.14). Moreover these zeros of Pn(z) become dense in Γ as n→ ∞.

In a subsequent paper [3], Conjecture 1.3.2 was proven but only for poly-
nomials Pn(z) with sufficiently large n. More recently, B. Shapiro (oral com-
munication) formulated a conjecture generalizing Conjecture 1.3.2 as follows.

Conjecture 1.3.3 In the above notation, consider (1.12) and (1.13). Then
all the zeros of every polynomial Pn(z) satisfying A(z)B(z) 6= 0 lie on a real
algebraic curve C defined by

ℑ

(
Bk(z)
A`(z)

)
= 0. (1.15)
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We remark that in Theorem 1.3.1 and Conjectures 1.3.2 & 1.3.3, the prop-
erty that the zeros of Pn(z) lie exactly on the limiting curve Γ is ruined by any
slight change in the initial conditions. This is evident in [25] where the recur-
rence (1.12) is considered with a different set of initial conditions. In fact, the
authors give an explicit formula of the upper bound for the number of zeros of
Pn(z) lying outside the curve Γ.

For (`,k) = (1,2) and real polynomials A(z) = −(cz + d) and B(z) =
−(az+ b) in (1.12), the authors of [15; 16] study the distribution of the ze-
ros of polynomials generated by the three-term linear recurrence relations in
situations where either A(z) is constant and B(z) is linear or vice-versa. With-
out loss of generality, suppose c≥ 0 and define

sgn(x) =


+ if x > 0
0 if x = 0
− if x < 0.

Further, let sgn (x) take on value ♦ if we do not care about the sign of x ∈ R.
The authors in [15; 16] establish conditions for the real-rootedness of each of
the generated polynomials in the cases where (sgn(a), sgn(b), sgn(c), sgn(d))
is (+,♦,0,−1) or (0,+,+,+) or (0,+,+,−). The case of (−,−,+,−) sub-
ject to ð> 0 where ð= (b+ c)2 +4d(1−a) is settled in [18], where the con-
ditions for the real-rootedness of every polynomial in the sequence {Pn(z)} are
established. In [17], it is shown that when (sgn(a), sgn(b), sgn(c), sgn(d)) =
(+,+,+,+), every polynomial in the sequence {Pn(z)} is real-rooted if and
only if ad ≤ bc. In the situation when a,b,c,d ∈R with ac 6= 0, we find in [19]
that there are exactly four possible geometric shapes for the set of non-isolated
limits of zeros of the polynomials in the sequence {Pn(z)}. These shapes are
either an arc, a circle, a “lollipop", or an interval. In addition, the authors also
prove that when (sgn(a), sgn(b), sgn(c), sgn(d)) = (+,−,+,−), every poly-
nomial in {Pn(z)} is real-rooted if and only if τA ≤ τB, where τA and τB are the
zeros of A(z) and B(z) respectively. In this case, sharp bounds for all the zeros
of Pn(z) are also given.

Most recently in [20], the authors also consider the recurrence (1.12) for
(`,k) = (1,2) and real polynomials B(z) =−(az+b) and A(z) =−(cz2+dz+
e). In this case, subject to some standard assumptions for the initial polyno-
mials P0(z) and P1(z), the authors prove that there are six possible geometric
shapes for the set of non-isolated limits of zeros of the polynomials in the
sequence {Pn(z)}.

In [31] and [34], the authors consider a situation of generating real-rooted
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polynomials from the generating functions

1
(1− t)n + ztr and

1
Q(t)+ ztr (1.16)

respectively, where r ∈ N and Q ∈ R[t] is a polynomial with only positive real
zeros. It is proven that beyond a certain point in the sequence {Pn(z)}, all
the polynomials generated by (1.16) are real-rooted and their zeros lie and are
dense on explicitly defined intervals on the real line. Polynomials generated
by

∞

∑
n=0

Pn(z)tn =
1

Q(t)+ ztrR(t)
(1.17)

where Q,R ∈ R[t],r ∈ N and r ≥ 2 are studied in [30]. Here, the authors pro-
vide the necessary conditions on Q and R (and their zeros) guaranteeing real-
rootedness of all the polynomials generated by (1.17) for sufficiently large n.
They further show that these zeros are dense in a fixed real interval.

The distribution of zeros of polynomials in sequences of polynomials gen-
erated by four-term linear recurrence relations have not yet been extensively
studied. Nevertheless, some special cases are known, see for example [28].
Namely, consider a sequence of polynomials generated by

∞

∑
n=0

Pn(z)tn =
1

1+C(z)t +B(z)t2 +A(z)t3 , (1.18)

where A(z),B(z) and C(z) are complex polynomials. For special A(z),B(z) and
C(z), the conditions guaranteeing the reality of each of the polynomials Pn(z)
generated by (1.18) are obtained. The situation when C(z) = z while A(z) and
B(z) are constants is settled in [33] for sufficiency, and in [6] for necessary
conditions. The case when A(z) is linear while B(z) and C(z) are constants is
also discussed in [29]. The situation where C(z) = c ∈ R while A(z) and B(z)
are real linear polynomials is found in [32] and a case where B(z) = b ∈ R
while A(z) and C(z) are real linear polynomials can be found in [35]. In the
last three cases, both necessary and sufficient conditions are established. In
addition, the authors give explicit real intervals, I containing the zeros of Pn(z)
for all n, and show that the union of the zeros in each of these cases forms a
dense subset of I.

1.4 The nets of real rational functions

Throughout this thesis, we study the zero distribution of sequences of poly-
nomials defined by linear recurrences. With at most finitely many known ex-
ceptions, these zeros lie on real algebraic curves consisting of points z ∈ C,
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for which some explicitly defined rational function attains only real values.
Because of this, we briefly discuss some aspects of the mapping properties of
rational functions.

To begin with, we shall denote the extended real axis R∪{∞} by RP1 and
the extended complex plane C∪{∞} by CP1. The rational map R(z) = P(z)

Q(z)

of CP1 to itself is defined as the continuous extension of a rational function
R(z) = P(z)

Q(z) , where P(z) and Q(z) are coprime polynomials. The degree d of
R(z) is the highest degree of P(z) and Q(z). Indeed, R(z) is locally injective in
a small neighbourhood of every point z ∈ CP1 except for the zero locus of the
derivative of R(z), as well as the multiple poles of R(z). Thus, d is the number
of solutions of R(u) = w, for any given w ∈ CP1 which is not a critical value
of R(z).

We say that two points z and z∗ are symmetric with respect to R if z∗ =
z̄. Recall that a linear fractional transformation (Möbius transformation) is a
mapping T : CP1→ CP1 of the form

T (z) =
az+b
cz+d

, where a,b,c,d ∈ C and ad−bc 6= 0.

By definition, T (−d/c) = ∞ and T (∞) = a/c if c 6= 0 and T (∞) = ∞ if c = 0.
Möbius transformations are bijective maps, and their inverses are also Möbius
transformations.

Now, if T is a Möbius transformation that maps RP1 onto itself, then T
can be written with real coefficients. It immediately follows that T (z) and
T (z∗) are symmetric with respect to the real axis if and only if z and z∗ are.
To generalize this concept to an arbitrary circle C in CP1, we say that z and z∗

are symmetric with respect to C in CP1 if there is a Möbius transformation T
which maps C onto the real axis for which T (z∗) = T (z).

One can define real rational functions on any real algebraic curve, which
is a pair (S,τ) where S is a complex algebraic curve (a compact Riemann sur-
face), and τ : S→ S is the antiholomorphic involution (the involution of com-
plex conjugation). A real rational function on (S,τ) is a holomorphic function
f : S→ CP1 such that f (τ(s)) = f (s), for any s ∈ S, see for example [11].

Following [13], let us define the net N( f ) to be the pre-image of RP1 ⊂
CP1 under the real rational function f . Then N( f )⊂CP1 is an algebraic curve
which necessarily containsRP1 and is invariant under the complex conjugation
map τ :CP1→CP1, i.e., N( f ) is symmetric with respect toRP1. Furthermore,
N( f ) is smooth in a neighbourhood of any point which is not a critical point
of f . The singularities of N( f ) occur at exactly those critical points xc of f ,
where the function f attains a real value. Suppose that such a critical point xc

has multiplicity m, then the net N( f ) looks locally at xc like a star graph with
2(m+ 1) edges, and the angle between two consecutive edges is π/(m+ 1).
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This is because at xc, the net looks locally like the pre-image of the real line
under zm+1.

Let us now concentrate on the net N( f ) of the real rational functions f ,
whose real critical values correspond to real and distinct critical points. In this
case, the only singularities of N( f ) are the intersections of RP1 with the non-
real curves in N( f ). These intersections are called the vertices of N( f ) and
correspond exactly to the real zeros of the Wronskian W (P,Q)B PQ′−QP′.
(Here, P′ and Q′ are the derivatives of P and Q respectively). The net, N( f ) is
a disjoint union of two parts namely the chord part and the (possibly empty)
oval part denoted by C( f ) and O( f ) respectively. These parts are distinguished
based on the fact that the chord part C( f ) is the connected component of N( f )
containing RP1 while the oval part O( f ) is the complement N( f )\C( f ). The
edges connecting the vertices of C( f ) and are not contained on RP1 are called
chords. The oval part consists of a number of smooth closed curves called
ovals that are invariant with respect to complex conjugation. The connected
components of CP1 \N( f ) are called the faces. Each face is mapped by f to
the upper or the lower half plane with degree ≥ 1 depending on the number of
critical points of f it strictly contains. The boundary of each face is mapped
to RP1. Moreover, neighbouring faces are always mapped to opposite half
planes. More details can be found in [10].

Figures 1.2 and 1.3 show the nets N( f ) of the real rational function f (z) =
P(z)
Q(z) with their chord C( f ) and oval O( f ) parts respectively. We consider
(P1(z), Q1(z)) = (z5 + z4− 3z3 + z2− 7, 3z4 + 5z2 + 4z− 5) in Fig. 1.2 and
(P2(z), Q2(z)) = (2z4 + z3− z2 +2z+1, z3 + z2−7z+2) in Fig. 1.3.

The presence/absence of ovals in the pre-image of RP1 ⊂CP1 under a real
rational function f plays an important role in Paper I (see Theorem 5) and
Paper V (see Theorem 2) in this thesis.

1.5 Short introduction to banded Toeplitz matrices

Another mathematical concept important in this thesis is a certain type of ma-
trix which we discuss below.

An n×n matrix Tn is said to be Toeplitz if its entries are constant along its
diagonals. Defining Tn entrywise, we have

Tn =
(
c j−k

)n−1
j,k=0 . (1.19)

From (1.19), it is clear that Tn is determined by the sequence (c`)
n−1
`=−n+1 of

complex numbers, with the entry in the j-th row and k-th column of Tn being
equal to c j−k. A semi-infinite matrix of (1.19) is known as a Toeplitz operator,

25



and a bi-infinite matrix of this kind is called a Laurent operator. By an n× n
Toeplitz determinant Dn(T ), we mean the determinant of Tn. The symbol of a
Toeplitz matrix or Toeplitz operator or Laurent operator is the function of the
form

b(z) = ∑
`

c`z`. (1.20)

If the sequence {c`} in (1.20) consists of only a finite number of non-zero
terms, then the corresponding symbol is referred to as a Laurent polynomial.
We write Tn(b) for the matrix Tn whose associated symbol/Laurent polynomial
is b(z).

A Toeplitz matrix Tn(b) defined in (1.19) is said to be banded if there exists
integers r,s > 0 such that

cv = 0 for v > r or v <−s. (1.21)

Example 1.5.1 The matrix

T6(b) =



0 3i −1 2 0 0
0 0 3i −1 2 0
−7 0 0 3i −1 2
i −7 0 0 3i −1
0 i −7 0 0 3i
0 0 i −7 0 0


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is a 6×6 banded Toeplitz matrix whose associated Laurent polynomial is

b(z) =
2
z3 −

1
z2 +

3i
z
−7z2 + iz3.

There are several interesting banded Toeplitz matrices studied in the liter-
ature among which are the ‘limaçon matrix’, the ‘bull’s head matrix’ and

the ‘butterfly matrix’ with Laurent polynomials z+ z2,
2i
z
+ z2 +

7
10

z3, and

− 1
z2 +

i
z
− iz+ z2 respectively, see the details and more examples in [47].

Now, if all the entries in Tn(b) satisfy the condition that c j = c− j, then Tn is
said to be self-adjoint. Such a matrix is symmetric, with real entries, has only
real eigenvalues and is always diagonalizable.

One interesting application of Toeplitz matrices in complex function theory
is an elegant result by Toeplitz described as follows. Let

p(z) = c0 + c1z+ c2z2 + . . .+ cnzn,

be an n-degree polynomial with complex coefficients and

b(z) = d0 +d1z+d2z2 + . . .+dnzn +dn+1zn+1, d j = c j, 0≤ j ≤ n

be an analytic function in a unit disk D = {z ∈ C : |z| < 1}. In addition, let
Tn+1 be an (n+1)× (n+1) Toeplitz matrix defined only from the coefficients
of p(z) by

Tn+1 =



2c0 c−1 c−2 . . . . . . c−n+1 c−n

c1 2c0 c−1 c−2 c−n+1

c2 c1 2c0 c−1 c−2
...

c3 c2 c1 2c0 c−1 c−2
. . .

... c3 c2
. . . . . . . . . . . .

...
. . . . . .

...

cn−1
. . . c−1

cn cn−1 . . . . . . 2c0


where the entries c− j = c j, for all 0≤ j ≤ n. It is pointed out in [48] that p(z)
has an analytic extension to b(z) in D with ℜ(b(z)) ≥ 0 if and only if Tn+1
is non-negative definite. It is amazing to see how such a problem in complex
analysis has its solution stated in terms of Toeplitz matrices.

Toeplitz matrices and their determinants arise frequently in areas of physics
and mathematics and have applications in estimation theory, stochastic pro-
cesses among others, see for example [36]. Classical references to the theory
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of Toeplitz matrices are a paper by H. Widom [41], and also the books of
Böttcher and Silbermann e.g, [43]. The results on the asymptotic distribution
of the eigenvalues of Toeplitz matrices Tn(b) as n→ ∞ are based on consider-
ation of the Toeplitz determinants Dn(T ), see [44]. For different choices of the
symbol b(z), a detailed analysis of the asymptotic behaviour of the eigenvalues
of Tn(b) as n→ ∞ can be found in [48] and the references therein.

Schmidt and Spitzer [40] describe the asymptotic eigenvalue distribution
for banded Toeplitz matrices. They show that the limit set of eigenvalues (with
an appropriate definition) coincides with a certain semialgebraic curve ∧(b),
depending on c−s,c−s+1, . . . ,cr−1,cr (the entries in the banded Toeplitz matri-
ces defined in (1.21)). The said curve ∧(b) has no isolated points and is both
compact and connected [44].

Shapiro and Štampach [1] have studied situations where banded Toeplitz
matrices have the limiting set ∧(b) lying entirely on the real line, and hence is
a union of closed finite real intervals. They show (see Theorem 1 in [1]), that
a banded Toeplitz matrix Tn(b) (not lower or upper triangular matrix) whose
Laurent polynomial is given by

b(z) =
s

∑
`=−r

c`z` with c−rcs 6= 0 and r,s ∈ N

has a limiting set ∧(b), consisting of intervals on the real line precisely when
b(z) has real values on a Jordan curve located in C\{0}. In this case, the spec-
tra of all of the principal submatrices corresponding to the banded Toeplitz
matrices are real. In addition, they show that the asymptotic reality of the
eigenvalues of Tn(b) implies that all the eigenvalues of all the principal subma-
trices are real. This is an interesting result since in [47], we find that there is no
such simple characterization of the eigenvalues for general Toeplitz matrices.

Paper V of the present thesis is closely related to Theorem 1 of [1]. My
contribution to the theory of banded Toeplitz matrices lies in establishing the
explicit necessary and sufficient conditions for the real-rootedness of every
polynomial generated by some special five-term linear recurrence relation.
This has an equivalent interpretation requiring conditions which guarantee that
the pre-image of the real axis under an appropriate Laurent polynomial neces-
sarily contains a Jordan curve located in C \ {0}. This problem is interpreted
in terms of characteristic polynomials of appropriate banded Toeplitz matrices,
and then requires that each of these polynomials is real-rooted. This corre-
sponds to having only real eigenvalues for every size of the banded Toeplitz
matrices, which property remains true even when the dimension of the matri-
ces tends to infinity.
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2. Summary of Papers I – V

The main part of this thesis consists of the research Papers I – V, which in-
vestigate different aspects of sequences of polynomials defined by finite linear
recurrence relations. Below we give a comprehensive overview of these pa-
pers. Some of the parts in the summaries of Papers I & III already appeared in
the author’s licentiate thesis [21].

2.1 Summary of Paper I

This paper is concerned with the conditions for the reality of all the zeros of
every polynomial generated by a three-term recurrence relation of the form

Pn(z)+B(z)Pn−1(z)+A(z)Pn−k(z) = 0, (2.1)

with the standard initial conditions

P0(z) = 1,P−1(z) = · · ·= P−k+1(z) = 0. (2.2)

Here, A(z) and B(z) are arbitrary real polynomials.
Let f : CP1→ CP1 be a real rational function defined by f = Bk(z)

A(z) .
In paper I, we concentrate on k = 2 in (2.1) subject to (2.2), and describe

which real polynomials A(z) and B(z) guarantee the real-rootedness of every
polynomial in the sequence {Pn(z)}. We provide this characterization, see [I,
Theorem 4], in terms of the nature of the zeros of A(z) and B(z), the vanishing
set of the discriminant of the characteristic polynomial of (2.1), the critical
values of the rational function f and the presence/absence of an oval in the
pre-image of the extended real line under f .

We observe that each of the above conditions in [I, Theorem 4] is only
necessary but not sufficient for the reality of the zeros of every generated poly-
nomial. To guarantee the reality of all the zeros of Pn(z) for every positive
integer n, all these conditions must simultaneously be satisfied.

By the results discussed in [2], we conclude that the zeros of Pn(z) lie on
the real intervals found in the real semialgebraic curve Γ defined by

ℑ

(
Bk(z)
A(z)

)
= 0 and 0≤ (−1)k

ℜ

(
Bk(z)
A(z)

)
≤ kk

(k−1)k−1 . (2.3)

Moreover, the zeros of Pn(z) become dense on these intervals as n→ ∞.
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2.2 Summary of Paper II

It is of interest to determine whether or not it is possible to generalize the main
result in [I, Theorem 4] to other situations. Paper II which is a continuation of
Paper I gives a negative answer to such a possibility for the recurrence (2.1)
subject to (2.2) with k > 2. In this case, we show in [II, Theorem 2] that there
always exist polynomial(s) in the generated sequence {Pn(z)} having non-real
zeros.

All the zeros of Pn(z) lie on the real semialgebraic curve Γ defined in (2.3)
and these zeros become dense on Γ as n→∞. This particular curve consists of
segments on the real line, and non-real segments which are symmetric with re-
spect to the real axis. We show in [II, Lemma 4] that a point z0 in the vanishing
set of the discriminant of the characteristic polynomial of (2.1) is an endpoint
of the curve Γ if and only if A(z) does not vanish at z0.

2.3 Summary of Paper III

Conjecture 1.3.3 by B. Shapiro (oral communication) is a statement about the
location of zeros of polynomials in a sequence of polynomials generated by a
three-term recurrence relation of arbitrary length. In this conjecture, Shapiro
defines a real algebraic curve where all the zeros of each of the polynomials in
the sequence {Pn(z)} are supposed to be located. In Paper III, we settle some
specific cases of this conjecture and make them more precise.

Let A(z) and B(z) be a fixed pair of complex polynomials and {Pn(z)} be
the sequence of polynomials satisfying (1.12) and (1.13). We prove that for
(k, `) = (3,2) and (4,3) respectively, all the zeros of every generated polyno-
mial Pn(z) satisfying A(z)B(z) 6= 0 lie on a portion of the real semialgebraic
curve C⊂ C, defined by

ℑ

(
Bk(z)
A`(z)

)
= 0 and 0≤ℜ

(
Bk(z)
A`(z)

)
< ∞. (2.4)

It is clear that the first part of (2.4) is precisely the real algebraic curve defined
in (1.15). The rational function Bk(z)/A`(z) can be written in terms of the dis-
criminant of the denominator, D(t) = Atk +Bt`+1 of the generating function
for {Pn(z)}. Our approach to the proof of the main results uses the q-analogue
of the discriminant of a polynomial. We derive the q-discriminant of D(t),
which together with the ratios of the zeros of D(t) having equal modulus play
a fundamental role, see [III, Proofs of Theorems 3 & 4].

In addition, based on the results of our numerical experiments, we formu-
late a conjecture involving the real part of the rational function Bk(z)/A`(z) in
the general setting, see [III, Conjecture 2].
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2.4 Summary of Paper IV

Paper IV (joint work with R. Bögvad and B. Shapiro) is a sequel of Paper
III. We generalize the first part of Conjecture 1.3.1 in [2], as well as giving the
complete proof of Conjecture 1.3.3. To be more precise, we have the following
statement.

Let (A(z), B(z)) be a fixed pair of complex polynomials, and {Pn(z)} be
a sequence of polynomials satisfying (1.12) and (1.13). Then for all arbitrary
coprime positive integers k and ` where k > `, we prove in [IV, Theorem 1]
that all the zeros of every generated polynomial satisfying A(z)B(z) 6= 0 lie on
the real algebraic curve defined in (1.15).

For each n ∈ N+, let L be a non-negative integer solution of the linear
Diophantine equation x`+ky= n of the form L= {(i1, j1),(i2, j2), . . . ,(is, js)},
where i1 < i2 < · · · < is. The proof of our main result is based on the real-
rootedness of the polynomial

G`,k,n(τ)B
s

∑
u=1

(
iu + ju

iu

)
τ

u−1,

which is a generating function for the number of north and east lattice paths
from the origin (0,0) to the point (iu, ju) ∈ L, see [III, Theorem 2]. Moreover,
by [III, Lemma 2], we can write Pn(z) = ±Ad(z)Be(z)G`,k,n

(
±Bk(z)

A`(z)

)
, for ev-

ery positive integer n and some appropriate non-negative integers d and e. The
conclusion thus follows.

2.5 Summary of Paper V

The main question in Paper V is concerned with the reality of zeros of all the
polynomials Pn(z) generated by a special five-term recurrence

Pn(z) = zPn−1(z)+αPn−2(z)+βPn−3(z)+ γPn−4(z), (2.5)

with the standard initial conditions

P0(z) = 1,P−1(z) = P−2(z) = P−3(z) = 0. (2.6)

We characterize the parameters α,β ,γ ∈ R so that each of the polynomials
generated by (2.5) subject to (2.6) is hyperbolic (real-rooted).

We put the problem in the context of Toeplitz matrices, and define a Lau-
rent polynomial b(z) =−1

z +αz−β z2 + γz3, whose derivative is

b′(z) =
3γz4−2β z3 +αz2 +1

z2 B
G(z)

z2 .
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We show in [V, Theorem 2] that the polynomial Pn(z) is hyperbolic for every
positive integer n if and only if either the polynomial G(z) = 3γz4− 2β z3 +
αz2 +1 is hyperbolic or G(z) has two distinct real zeros with different signs, a
pair of complex conjugate zeros and other extra conditions on the parameters.
Each of these conditions on G(z) can be interpreted in terms of the positiv-
ity/negativity of the discriminant of a certain polynomial whose coefficients
are explicit functions of α,β and γ , see [V, Theorem 2]. We show in [V, Lem-
mas 8 & 14] that the set b−1(R) contains a smooth Jordan curve with 0 in its
interior, which in turn is necessary and sufficient for every polynomial in the
sequence {Pn(z)} to be hyperbolic.

We further discuss the limiting cases of the curves in [V, Lemmas 8 & 14].
These situations, see [V, Lemma 9 & Proof of Theorem 2(b)] correspond to
the cases where the set b−1(R) contains a non-simple curve enclosing 0. This
happens only when G(z) has multiple zeros (or equivalently b(z) has multiple
critical points). In this case, every generated polynomial is a limiting case of
hyperbolic polynomials, and so is hyperbolic as well.
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