< (Mhr,\o

wwligsQ
WS T

qERSIQ

\

’Vn: + s‘l@o
Stockholm
University

Optimal design for dose-finding
studies

Renata Eirini Tsirpitzi

b o ez .
> \/2:50*///“5)/} N

1
1+cxp{’(y/

=T
T AN

- M Egp = *
i) ED§0+I- S
S ) X :
| < . +
Y
o —SymI
ED5o+Y
720

. - ’\ ‘.
7 zy A
/\//\/ £D3, fl)(EDgo o8 e

»

Doctoral Thesis in Statistics at Stockholm University, Sweden 2021






Optimal design for dose-finding studies
Renata Eirini Tsirpitzi

Academic dissertation for the Degree of Doctor of Philosophy in Statistics at Stockholm
University to be publicly defended on Friday 17 December 2021 at 13.00 in horsal 11, hus F,
Universitetsvdgen 10 F.

Abstract

One of the most complex tasks during the clinical development of a new drug is to find a correct dose. Optimal experimental
design has as a goal to find the best ways to perform an experiment considering the available resources and the statistical
model. Optimal designs have already been used to determine the design of dose-finding studies. In this thesis, optimal
designs are considered for the simultaneous response of efficacy and safety in a bivariate model, for the drug combination
trials, and for general regression problems, including but not limited to dose-finding analysis.

The thesis consists of four papers: In Paper I, the dose that maximizes the clinical utility index based on an efficacy-
safety Emax model gives us the desirable balance between effects and side effects. In order to make use of a symmetry
property, we use a log-transformed dose scale. The geometric characterization of the multivariate Elfving method is used
to derive c-optimal points and weights for arbitrary c-vectors. The second paper is an extension of the first one. We still
use the log-transformed dose scale bivariate model and consider now also the placebo effect and side-effect. Fedorov’s
exchange algorithm is applied in order to derive locally D-optimal designs numerically.

Optimal experimental design for dose-finding studies often focuses on one drug only. Paper III calculates D-optimal
designs for the efficacy Emax model of two drugs that might interact. Three conditions can occur in drug combination
trials. When there is a positive interaction, we deal with synergy; when it is negative, we have antagonism; and when the
interaction is zero, it is called additivity.

Finally, in Paper IV, we present a low dimensional regression model with a distortion term. The distortion term, which
in our case is a stochastic process, contributes to the regression. Thus, we estimate the combined model, which is a mixed
effect model. Optimal designs for this model are derived by applying the Fedorov Algorithm.

Keywords: bivariate model, distortion, drug combination, Elfving set, Emax model, Fedorov algorithm, mixed effects
models, optimal experimental design.
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1. Introduction

An important and, at the same time, demanding task when a new drug is in
the clinical development stage is to find the relationship between dose and
response. The crucial part of this task is to identify two dose levels. The
first one is the dose at which patients have effects, while the other is the dose
beyond which no more benefits appear and undesired side-effects show up.
Dose-response models are being used to describe the relationship between the
dose and the response variable or variables. We sometimes model only one
response variable, efficacy or safety. Other times, we use a bivariate model
with both these responses.

Experiments are conducted in order to provide more information and know-
ledge to the researcher. Experimental design is a subfield of statistics that deals
with the design and analysis of experiments. Thus, the experimental design can
affect the analysis and its quality. When we have a well-designed experiment,
we expect to extract accurate conclusions. For example, by picking the wrong
data collection method, we negatively influence the conclusions drawn from
the experiment. The experimental design method is used in many disciplines
since it is a valuable tool. More information about the design and analysis of
experiments are available in the book by Montgomery| (2017)).

The use of optimal design is recommended when we want to search for the
doses of the new drug. By applying optimal design theory, we get more precise
estimates. The design of experiments can be modified based on different goals
with the help of optimal design theory. The information gained can be maxi-
mized when the planning of the experiment takes place by taking into account
specific choices. The choices depend on some statistical criteria. Kiefer| (1959)
introduced the alphabetical terminology corresponding to the optimality crite-
ria. More information about optimal experimental design can be found in the
books by |[Fedorov| (1972), |Silvey| (1980), Pazman| (1986)), [Pukelsheim| (2006))
and |Atkinson et al.| (2007). In 1985 was the first evidence of use optimal
design theory for dose-finding studies and can be found in a publication by
Flournoy| (1993). Optimal design for a bivariate efficacy-safety model when
both responses are continuous is considered by [Padmanabhan et al.| (2010),
Magnusdottir| (2013) and |Schorning et al.| (2017)).



Much of the optimal design research in dose-finding concerns nonlinear
models. One of the most acknowledged nonlinear models for dose-response is
the Emax model. The complication of finding optimal designs for nonlinear
models is that the optimal design depends on the unknown model parame-
ters. A way to deal with this problem in dose-finding studies is to use prior
knowledge from the preclinical studies. An optimal design extracted by using
a prior guess for the parameters is known as locally optimal design, and (Cher-
notf (1953)) was the first one to present it. Alternatively, the use of sequential
design is recommended. The estimates of the parameters obtained in the pre-
vious step are used in order to derive the design at each step. Thus, by gaining
more information as the procedure continues, we can make adjustments. |Sil-
vey| (1980) refers to sequential construction, as well as [Fackle Fornius| (2008)),
and |Berger and Wong| (2009).

Fedorov| (1972)) was the first one who proposed an exchange algorithm for
optimal design computation. The optimal design is generated by repeating an
exchange procedure, where one or more design points exchange part of their
weights. The procedure finds the best design. In order to make Fedorov’s
algorithm faster, improvements have been suggested over the years. Berger
and Wong| (2009) present most of these suggestions. DETMAX and BLKL,
two other exchange algorithms that follow the same exchange principle, are
presented in this thesis.

The outline of this thesis is as follows. In Chapter 2] information concern-
ing the need for statistics in drug development, models that have been used
in clinical trials, such as the Michaelis-Menten and the multiresponse Emax
model, and the different phases of drug development are introduced. The the-
ory of optimal experimental design, the information matrix, as well as three
optimality criteria, are provided in Chapter 3| Further, in Chapter [3] the geo-
metrical characterization of Elfving for two examples, a univariate and a mul-
tivariate, are presented. Chapter [ contains the algorithm used in three papers
to derive optimal design, the Fedorov Algorithm. In Chapter [5]a summary of
the four papers is given where the connection and difference between them can
be found.



2. Statistics in drug development

Statistics has been one of the main tools in decision-making throughout the
drug development process. Statistical principles and methods are used to de-
sign studies and analyze data in clinical studies. In order to better understand
and measure important characteristics of a new drug, descriptive statistics are
applied. Statistical inference is used to help quantify success and risk probabi-
lities in drug development. Statistical models are also used to analyze clinical
data.

2.1  General model

The general model that describes the relationship between the explanatory
variable x and the response y is

y=h(x,0)+¢€

where A(.) can be either a linear or nonlinear function of parameter 6 and
¢ follows N(0,0?). Three examples of models which has been used in drug
development are given below:

1. There is a single response y, which linearly depends on the variable x
and it is known as a linear regression model with one variable

y=h(x,0)+e=0+6x+¢

where 6 = (6, 6;).
We can write the linear regression model in the vector form:

y=fx)"0+e=(1 x) (g?) +e.

2. Another example that the general model can be is the quadratic model
y=h(x,0)+€=00+01x+ 6> +¢ 2.1
where 0 = (90, 91 s 92).
We can write the quadratic model in the vector form:
6o

y:f(x)T6+8:(l x x*) (6| +e
0,



3. Last we have the non-linear Michaelis—Menten model

X

y:h(x,9)+€:919

e 2.2)

where 6 = (6, 6,).

2.2  Emax model

Among the various dose-response models, as the ones mentioned in Section
[2.1] the Emax model is used for continuous response variables y. The Emax
model is most mostly used in pharmacodynamics, in order to describe the
concentration-response curve and is a nonlinear model. The Emax model has
four parameters and is given by

xOC

=Ey+Eju—————+€ 2.3
y o+ maxxa+ED(SxO+ ( )

where in dose-finding studies

e yis the effect given dose x,

e x = 0 means the use of placebo,

e Fj is the effect when the dose is zero,

e FE,.. is the maximum effect,

e EDs is the dose that gives 50 % of the maximum effect,

o ( is the Hill coefficient and determines the steepness of the dose-response
curve.

The parameter vector is 0 = (Eo, Eyax, EDso, @). Details about the Emax
model with 4 parameters can be found in |Holford and Sheiner| (1981) and
Bezeau and Endrenyi| (1986). Optimal designs for the Emax model with 3-
parameters (¢ = 1) are presented by Dette et al. (2010). There are numerous
publications with optimal designs for the 2-parameter model, where @ = 1
and Eyp = 0 are fixed, and a small list of them is presented by |Dette et al.
(2010). When the Hill coefficient and the placebo effect are fixed, we have the
Michaelis-Menten model presented in[2.2]

10



2.3 Multi-response Emax model

Let us consider a multi-response Emax model in order to show n dose re-
sponse relations. A system of relations is presented below. For simplicity
reason, the Hill coefficient o is assumed to be equal to 1. |Magnusdottir
and Nyquist| (2015)), and [Magnusdottir| (2016) presented optimal designs for
a multi-response Emax model:

X
V1 Eo.1 + Emax,| x7EDy, €
X
y2 Eo2 + Emax 2 557EDy; &
= , S T 2.4
Yn EO,n + Emax,n #% €n

where (&1,&,--+,&) ~N,(0,X).

Note that the reponse variables can denote either n efficacy variables, or n
safety variables, or even n/2 efficacy and n/2 safety variables. The parameter
vector in the multi-response Emax model is

0= (EO,I P 7E0,n7Emax,] PR 7Emax,n7ED50,17 toe 7ED50,n)-

2.4 Dose-finding in clinical development

The main goal of drug development is to find an efficient and at the same time
safe dose of a drug. At the pre-clinical phase, tests mainly take place on labs
by using cells, organs or animals while the experiments on humans start on
the last stages after the drug passes the first tests. Human studies in the de-
velopment of a new drug are known as clinical trials. Clinical development
is divided into four phases: Phase I, II, III and IV. Phase I trials are designed
to study what range of doses should be tested in human and how does a hu-
man react to a drug. Thus, Phase I trials analyze short-term effects. Phase
IT and III trials are designed to study the efficacy and safety of the drug so
dose-response can be studied as well in this stage. Specifically, dose-response
studies take place with parallel treatment groups and fixed doses. Phase II tri-
als have small sample sizes and are designed to compare one or a few doses
of a new drug with placebo, while Phase III trials are long-term and compare
the new drug with already existing. Phase IV trials are designed after the drug
gets approved and the studies take place in large-scale. For more details about
the drug development process and the design of clinical trials see Ting| (2006).

11
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3. Experimental optimal design

The experimental design is represented by a set of design points xp, - - - ,x, and
a corresponding set of weights wy,---,w, allocated to the design points, as it
presented at|Atkinson et al.|(2007). Thus, a design & is denoted

C(x e m
5—{% Wn}, 3.1)

where 0 <w; <1, ¥, w; = 1, n is the number of design points, and x; are
experimental doses and w; are the proportion of patients assigned to dose i. In
dose-finding, the experimenter has to decide the amount of different doses that
can be used, the quantities of a new drug, as well as the allocation of patients
to the doses. Based on the optimality criterion, the doses may not necessarily
be equally spaced or have equal design weights.

3.1 The Fisher information matrix

The aim of experiments is to obtain more and more information and to gain
knowledge. The information matrix M (&, 6) which summarizes all the infor-
mation in a mathematical form, is the most important aspect in optimal design.
The Fisher information matrix is

! 8h (x, 6 ) dh(x, 9)
Zw, T 3.2)

3.2 Optimality criteria

The choice of optimality criterion is important since we need to include all es-
sential aspects to make sure that our solutions will be robust. There are several
optimality criteria and which one to use, depends on the scope of the research.
The optimality criterion function is written as W(&, 6), since it depends on the
design and on unknown parameters 0. An optimal design maximizes the
criterion W(&,0) = W[M(&,0)] over all possible designs for a prior value of
0. Thus, an optimal experimental design maximizes or minimizes an appro-
priate function of the Fisher information matrix or its inverse. There are many

13



optimality criteria, see Silvey| (1980). The criteria took their name from the
alphabet and three of them are presented below and are listed in Table 3.1

Criterion aim of the criterion ¥

c-optimal estimate a linear or non- | ¢’ [M (é,e)rlc
linear function g(0)

D- optimal estimate the model’s pa- | det [[M (5,9)]1}
rameters

A-optimal estimate the model’s pa- trace{ M (5,6)]1}
rameters

Table 3.1: The optimality criteria used in this thesis.

3.2.1 c-optimality

Elfving| (1952) was the first one who considered the c-optimality criterion.
When the aim of the study is to estimate some differentiable fuction g(6) of
the parameters of the model with minimum variance, then the most suitable
criterion is c-optimality. The function to be minimized is

-1
W(E,0) = [M(E,0)] e

where ¢ = (dg(60)/d0)" is a p x 1-vector and p is the number of parameters

in the model.

3.2.2  D-optimality

The most applied optimality criterion is the D-optimality and it has been used
to estimate the model’s parameters. The function to be minimized is the deter-
minant of the inverse information matrix, so

P(E,0) = det [[M(é, 0)] “}

14



alternatively, the D-optimal design can be found by minimizing

P(E,0) = log { det [[M(é,@)]l] }

In the case that the model has one parameter then the function is
W(&E,0) =var(0).

The General Equivalence Theorem (GET) is used to verify whether a de-
sign is optimal or not. It is the main method in the field of optimal experimen-
tal design, in order to construct and analyze designs. Depending on the opti-
mality criterion, GET changes its conditions. The first GET for D-optimality
was proved by [Kiefer and Wolfowitz| (1960), reformulated by [Fackle Fornius
(2008) for the univariate case and stated by Magnusdottir| (2014)) for the mul-
tivariate and it has the following three equivalent conditions:

1. The design &* maximizes log { det[M(&)]}.

2. d(x,&) = f(x)"[M(E)]7' f(x) < p in the univariate case,
ord(x,&) =trace{[M(§)]"'M(&)} < p in the multivariate.

3. The d(x,&) obtains its maximum at the design points.

Here d(x,&) is the standardized predictor variance and M(&,) is the one-point
design which has unit mass in dose x. Note that f(x) can be found by taking
the partial derivative of A(x, 0) with respect to 6. Thus, f(x) = dh(x,0)/d6,
and f(x) depends on the unknown parameters 0 in the case of the non-linear
models.

3.2.3  A-optimality

A-optimality aims to minimize the sum of variances of the parameter estima-
tors or equivalently to minimize the sum of diagonal elements of the inverse of
the Fisher information matrix. The function to be minimized is

P(E,0) = trace{ [M(&,0)] }

The A-optimality criterion is quite simple from the computational complexity
perspective since the sum of the diagonal elements of the inverse Fisher in-
formation matrix is computed. This criterion has been mainly used in mixed-
effects models. The A-optimality criterion has been considered by [Prus| (2020)
in order to find the optimal design points and weights in mixed models.

15



3.3 Elfving’s theorem

We consider a univariate linear regression model
y=f(x)"0+¢

where f(x) and 6 = (6y,---,6,)" are p-dimensional vectors and x € X. The
errors € are assumed to be independent and identically distributed. [Elfving
(1952) introduces a geometric characterization, and provides a method to de-
rive c-optimal designs when we want to estimate the linear combination ¢ ' 6.
The procedure is as follows. Consider the set f(X) in the space R? and the
mirrored set —f(X). The Elfving set is the symmetric convex hull G of f(X)
and — f(X)

§ = Conv{—f(X) U f(X)}.

Scale the vector ¢ in order to touch the boundary of the Elfving set. There is
a positive scalar ¢ for the design such that the point ¢ € R? which touches
the boundary of the Elfving set G has the formre =Y | w; f(x;) e; with ¢; such
thate; € {—1,1}, w; € (0,1] with Y7, w; = 1. The Elfving theorem states that
the design having design points x; and weights w; is c-optimal.

The multivariate Elfving set for the nonlinear heteroscedastic regression
models is

G = Conv{f(x)' £ ?e, |le|=1andxe X}, (3.3)
where ||e|| is the Euclidean distance and X~ !/2 is the square root of the inverse
variance-covariance matrix. For more details about the multidimensional ob-
servations f(x) in the space R” see Dette and Holland-Letz|(2009) and Sagnol
(2011). There is a positive scalar 7 for the design[3.1|such that the point z¢ € R”
which touches the boundary of the Elfving set § has the form

n

tc= Zwif(xi)TE_l/z €;
i=1

with vectors e; satisfying ||e;|| = 1. Thus, based on the multivariate Elfving
theorem we know that the design with design points x; and weights w; is c-
optimal.

Below we present two examples, one for the univariate case and one for
the multivariate.

16



3.3.1 Elfving for the quadratic model

Suppose we want to find the Elfving set for the quadratic model without inter-
cept

y = Oix+6x°+¢
01
- <92>+e. (3.4

In contrast to the quadratic model (2.1)) mentioned in Section[2.1] the parameter
vector 6 = (6;,6,), and the f(x) = (x x?) are here two-dimensional. By
following the procedure described in Section we can write f(x) as f(x) =

(x %) " and then the mirrored function is — flx)=(—x —xZ)T. The convex
hull § = Conv{—f(X) U f(X)} for the quadratic model for X = [—1,1] is a
two-dimensional graph and is shown in Figure

Let’s take two different ¢ vectors, the first one is ¢ = (0,1) " and the second
is ¢ = (0.5,0.5)". The vector ¢ = (0,1) " is the dark green line, and the vector
touches the boundary, so there is no need of prolongation. But the vector
tc touches the grey area, the convex hull, and it does not touch the function
f(x) or —f(x). In that case, the tc-vector can be represented as the linear
combination of two points from f(x) or —f(x). These two points are x = —1
and x = 1. The distance between the point x = —1 and the ¢ = (0,1) " vector is
equal to the distance of x = 1 and the c-point. Thus, the vector is exactly in the
middle between the two optimal point. That has as a result, the two points to
have equal optimal weights. Thus, the optimal design &; with the two points
x = —1 and x = 1 and the equal weight is presented below:

%= {(;; 0%5}'

In the other example, we have the c-vector to be (0.5, O.S)T, the orange line,
and the orange point (0.5,0.5). Since the orange point does not touch the
boundary, the grey box, the vector ¢ is scaled in order to touch the Elfiving set.
For the new ¢ vectors, ¢ = (1,1)7, there is one c-optimal dose on x = 1 with

weight w = 1.
1
si-{1}

17
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Figure 3.1: Elfving set (grey box); red lines f(x) = (x x?) and —f(x) on X =
[—1,1]; green line is the direction ¢ = (0,1)" ; orange line is the direction ¢ =
(0.5,0.5)T.
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Let’s see now, what happens when we change the design space. The convex
hull § = Conv{—f(X) U f(X)} for the quadratic model [3.4f for X = [0, 1] is
shown in Figure [3.2] The Elfving set is here bounded by the grey lines in
connection with the red curves of f(x) and —f(x). By plotting the c-vector,
c=(0,1)", we see that it does not touches the boundary. By shortening the c-

vector, the green line touches the boundary. The new c-vector is ¢ = <0, (1—

-
ﬂ)2> . The tc-vector can be represented as the linear combination of two

points from f(x) or —f(x). These two points are —f(x) with x = 1 — /2 and

f(x) with x = 1 (the grey points). The distance between the first point and
T

the rc = (0, (1—=+/2)?) vector is smaller than the distance of x = 1 and the

new frc-point. Since the vector is not in the middle between the two optimal
points, the two points won’t have equal weights. The point that is closer to
the rc-vector, the point —f(x) with x = 1 — /2, has more weight than f(1).
The coordinates for the first point are (x,y) = (1 —+/2,—3 +2+/2) and for the
second are (x,y) = (1, 1). Since we have the coordinates of the three points we
use the distance formula, in order to find the exact weight of each point. Thus,
the weight of the point —f(x) with x = 1 —/2 is

ﬂl—(l—m]zm—ow

1 1.2985
v > s = A 1ssea  TO7h
[1-(1—&)] +[1—(—3+2ﬁ)]
and the weight of the point f(x) withx = 1 is
2
[—3+2\@—(1—ﬁ)2] +(1—-v2-0)2
103
N V2 1.8364 ’

\/[1—(1—ﬁ)r+ [1—(—3+2\6)]2

Thus, the optimal design &5 is a two-point design with doses —(1 — v/2) =
v/2—1 and 1 and optimal weights 0.7071 and 0.2929, respectively

27107071 0.2929 [ °
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Figure 3.2: Elfving set (grey box); red lines f(x) = (x x?) and —f(x) on X =

.
[0,1]; green line is the direction t¢c = (0, (1— ﬁ)z) .
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3.3.2 Elfving for the Emax model

Suppose we want to find the Elfving set for the multi-response Emax model
with two responses

X
= E E, —4£
Y1 0,1t W’IX—FEDsoJ + €
X
= Eor+Emr——— + &,
y2 02+ max,2x+ED5072+ 2

where (€1,&) ~ Ny <O, Z) . For simplicity, I assume that the Hill coefficient ¢

is equal to 1. So, in this example, f(x) is multidimensional and non-linear. In
order to formulate the multivariate Elfving set G, we need to apply a lineariza-
tion method:

9y 9y Iy 9y 9y 9y
f( ) _ 0Ey1  O0Euw1 OEDsy;  0Eps  OEway OJEDsp,
y 9y Iy Iy 9y Ap) AP
JdEo)  O0Emaxi O0EDspy  0Epy  OEwan  0EDsgn
X —X
= ! X+EDso1 (x+EDso,1)? 0 0 0
0 0 0 1 —

X
x+EDsg» (X+ED50‘2)2

Assuming that the variance of the first response is 612 and the variance of the
second response is 67, then the inverse covariance-variance matrix is the fol-

lowing:
4 1 o? —po; oy
= T-52 \—po-lo-! -2 :
-pP po; 0, 62

Let’s write the square root of the inverse covariance-variance matrix as:
—-1/2 ¢-1/2
v-1/2 _ (Zn " In
Tyl g1
12 22

Since the Euclidean norm of e in Equation [3.3|should be equal to 1, one option
is to assign the vector e to be e = (sinv,cosv) | with v € [0,27) then the Elfving
set is

G Zfll/zsinv—f—Zle/zcosv
1 172 . ~1/2
Gy x7+E§>5041 (ZH/ smv—l—Zz/ cosV)
e -1/2 . —1/2
G = Conv Gs = Conv (x+513xso,1)2 (%, " sinv+ 2,57 cosv)
Gy Zle/ Zsiny + 2521/ 2cosy
—-1/2 . -1/2
g5 m(i‘,lz/ smv+222/ cosv)
6 e ~1/2 . —1/2
GTEDs) (X, sinv+X,,’"cosv) )
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By setting values to x and v (for any decided correlation p, and variances
o1,0) we get a value for the Gi, Gy, G3, G4, Gs and Gg. Each value of x
corresponds to a dose. We get more and more values for the G;, i=1,---,6
by repeating the procedure. The geometric characterization of the Elfving
set will be presented by plotting the values of G;, i = 1,---,6. The Elfiving
set will be a six-dimensional graph, one dimension for each G;, i =1,--- 6.
The c-point can be found by using the vector mentioned in Section [3.2.1}
c=(dg(0)/00)". We scale the te-vector until it touches the boundary of
the convex hull. We write the tc-vector as linear combination of the points
(G1, Ga, G3, Ga, Gs, Gg). These points are the design points of the optimal
design.
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4. Exchange algorithms

4.1 The Fedorov algorithm

Computer algorithms are used to compute optimal designs. Many good al-
gorithms have been developed in order to generate close to optimal designs
in most cases. Sometimes, the generated numerical solutions can lead us to
analytical solutions, which might allow us to generalize the results.

An early computational algorithm for optimal design lies in the idea of ex-
change algorithm and was introduced in 1972. |[Fedorov| (1972) has developed
this algorithm, and the idea is to delete and add design weights by evaluating
all possible pairs of weights for exchanges. The procedure starts with initial
weights for n design points, and when the algorithm converges, we get the
optimal design weights.

4.2 Example

We consider the exact five-point design
_J*x X2 X3 X4 X5
&= {nl n, N3 ng ns.} ’

Furthermore, we assume that the five doses are already determined and cannot
be modified. Thus, we want to search the exact number of patients to allocate
in each dose, given the total number of patients that will take part in the ex-
periment. Table [4.1| shows four iterations that might take place by running the
Fedorov exchange algorithm for N = 30, the total number of patients, when
minimizing some specific optimality criterion Crit that fits the research ques-
tion. The procedure starts by setting the initial weights. We start by assuming
that an equal number of patients will be allocated in each dose. Therefore,
n; = 6 patients is the weight for dose x;, for i = 1,--- ;5. The procedure be-
tween the two iterations is described in Figure[d.1] Each patient in the design is
considered for exchange with each available candidate. Hence, the Crit is cal-
culated for each possible exchange. For this example, the number of possible

exchanges is 20. The actual exchange takes place for the pair of patients that
gave the smallest Crit among all of them. After the first iteration, the middle
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group of patients, which corresponds to x3, gave one patient to dose x;. In or-
der to get the result of each iteration in Table 4.1} 20 possible Crit values were
calculated for each pair of possible exchange patients. Thus, the calculation
presented in Figure [4. 1] takes place at the beginning of each iteration. It is clear
that the procedure between all the iterations requires plenty of computational
time if the number of possible design points is large. Each iteration in Table
(.1 shows the number of patients allocated in each dose that gave the small-
est Crit-value. The procedure is repeated until no further exchange can give a
smaller Crit than the one from the last iteration. In this example, the optimal
design is obtained in the fourth iteration.

iteration np np n3 ny ns
0 6 6 6 6 6
1 7 6 5 6 6
2 7 6 5 5 7
3 8 5 5 5 7
4 8 5 4 5 8

Table 4.1: Iterations of the Fedorov exchange algorithm for an example.
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Set (n1,n2 n3,n4 n5) tothe values |

from previous iteration
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Figure 4.1: The flowchart presents all the possible exchanges between two

iterations.
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4.3  Other exchange algorithms

DETMAX algorithm follows the same principle of adding and deleting de-
sign points and was proposed by Mitchell| (2000). The difference between
Fedorov’s and Mitchell’s exchange algorithms is that the DETMAX algorithm
allows more than one exchange to take place in one iteration. In contrast to
Fedorov’s algorithm, the sum of design weights does not remain the same in
the DETMAX method.

Atkinson and Donev| (1992) suggest the BLKL exchange algorithm. The
algorithm searches the most likely to be exchanged pair of points based on the
predicted responses variances. This procedure makes the algorithm faster. The
BLKL algorithm can deal with problems with both qualitative and quantitative
variables.

Even if it is not guaranteed that exchange algorithms provide a global op-
timum, they generate in most cases a design that is really close to the optimal.
More information about the three different exchange algorithms can be found
atBerger and Wong|(2009)), and Triefenbach| (2008)).
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5. Summary of papers

Paper I: Optimal dose-finding for efficacy-safety-models

The primary purpose of dose-finding studies is to estimate the dose that would
provide significant effects and at the same time keep side-effects low. Thus,
efficacy and safety are the focus of the clinical trials. In Paper I, we consider
a bivariate efficacy safety model. We propose a log-transformed dose-scale
in order to obtain symmetrical design doses. In order to eliminate the bivari-
ate efficacy-safety model to a single metric, we use the Clinical Utility In-
dex(CUI). The optimality criterion used in this paper is the c-optimal since our
goal is to estimate the parameters that maximize the utility of patients. We use
the multivariate Elfving method in order to derive c-optimal design doses and
patients allocated to each dose, for arbitrary c-vectors.

The Fisher information matrix of nonlinear models depends on the un-
known parameters. One way to overcome this complication is to use initial
values to the parameters in order to derive the locally c-optimal design. An-
other way is to apply a sequential design.

The results indicate that the optimal design depends on the therapeutic
index SDsy/EDs. The geometric mean of EDsy and SDs is the optimal dose,
so a design of one-point will be extracted when the ratio TI = SDsy/EDs is
expected to be small. On the other hand, a two-point design is optimal if we
expect a large therapeutic index.

Paper II: Optimal dose-finding for efficacy-safety-models
with placebo effects

In Paper II, we extend our previous paper by considering a log-transformed bi-
variate Emax model, including the placebo effect and side-effect. The optimal-
ity criterion used in this paper is the D-optimal design. Instead of minimizing
the determinant of the inverse information matrix, we compute the D-optimal
design by minimizing the maximum of the variance function.

Since we are not aware of the number of support points, we make use
of Fedorov’s exchange algorithm in order to compute the D-optimal design.
Before the first iteration, we set n-initial design points. The iterations stop
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when the algorithm converges. Thus, when the maximum of the trace of the
variance function is equal to 4, the number of the parameters to be estimated,
the convergence has been succeeded. We make use of the trace of the variance
function since our variance function is a matrix due to the bivariate model.

The optimal design has a similar structure to the model presented in Paper
I, with one extra design point on placebo. Once more, we confirm that the
therapeutic index T1 = SDs/E D5 has a significant impact on the number of
design points and their weights. We will have a two-point design, with one
dose being placebo and the other one being the geometric mean of EDsgy and
SDso when the therapeutic index is expected to be small. While when the 7'/
is larger, a three-point design is necessary, with one point always the placebo.

Even if Paper Il consists of a continuation of Paper I, there are some dif-
ferences between the two papers. First of all, the model used in Paper I is a
simpler model, while the one here is more complicated with more parameters
to be estimated. Two different optimality criteria were used in the two papers.
While we applied c-optimal design in our previous paper and D-optimal de-
sign in this one, we managed to extract results that follow the same structure
in both cases. Last but not least, in Paper I, we use the geometrical characteri-
zation known as Elfving convex hull, and in Paper II, we work with Fedorov’s
exchange algorithm.

Paper III: Optimal dose-finding for drug combinations

The combination of drugs is one of the procedures used in clinical studies. The
main focus of Paper III is to explore the optimal combination and the optimal
doses by improving the efficacy of the simultaneous presence of two drugs.
We consider an efficacy Emax model for combining two drugs by including an
interaction parameter y. There are three possible interactions between the two
drugs. When the interaction parameter is equal to O, then there is no interaction
and is called additivity. If the parameter 7y is positive, then we have synergy
between the two drugs. When the deviation of the interaction term 7y from O is
negative, then the interaction is considered as antagonism.

The optimality criterion used in this paper is the D-optimal. We develop
the already existing Fedorov algorithm of Paper II by including an adaptive
part. Thus the procedure is described as follows. The first step is to consider
the initial points for the two drugs. Then the iterations start. When the ma-
ximum of the variance function is equal to the number of the parameters to
be estimated (ED%,, ED% ), we have reached the last iteration. In the adaptive
part, we use the optimal points that we just extracted, and we recalculate the
doses and the allocation for each dose in order to find more precise doses than
in the first part.

28



The results indicate that the number of doses, the doses, and their weights
depend strongly on ED5,, ED?0 and the interaction term Y.

Paper IV: Optimal designs for distorted regression models

The relationship between dose and clinical response is what is measured in
dose-finding studies. Our previous papers consider an Emax-type model since
our main goal was to find the optimal doses for one or more drugs. Clinical
response in a patient, though, might be conditional to multiple distortions, and
even if the Emax model had been correctly used for the dose of a single patient,
we are not sure if this is the case when the responses come from different pa-
tients. Thus, the population model will be distorted by the variations. Linear,
quadratic, Michaelis-Menten, and Emax models have primarily been used in
optimal design theory. This kind of models, with a small number of parame-
ters, are not suggested when we have to deal with big data. This paper does not
want to put all of our attention exclusively on the dose-finding field. However,
in general, in all fields, where large data set are at hand.

We consider a mixed-effect model, in which the low-dimensional model is
a fixed effect and the distortion term is a random effect. We want to estimate
the combined model by taking into consideration the stochastic process, which
is the distortion term. The optimal design for the case of a linear regression
combined with a Brownian bridge as a distortion term is constructed by ap-
plying the Fedorov algorithm. We have already used Fedorov’s algorithm in
both Paper II and Paper III. There are, though, few differences between the
previous Fedorov and the one used in this paper. The Fedorov Algorithm here
computes a modified A-function. The modified A-function is created based
on the distorted model and the optimality criterion, the A-optimality. Another
difference is the computation time. The A-value is computed for all the pos-
sible pairs of weights since we do not know in advance where the exchange
will occur. While the Fedorov algorithm of Paper II and III only needs the ma-
ximum and minimum value of variance function. Thus, the A-function makes
the algorithm more expensive time-wise.

Based on the results extracted by applying the Fedorov Algorithm for A-
optimality, the optimal design depends on the sample size. In data-rich cases,
distorted terms produce better designs in contrast to low-information situa-
tions, where optimal designs are sufficient.
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6. Sammanfattning

En av de mest komplexa utmaningarna under klinisk utveckling av ett nytt
likemedel #r att avgora vilken dos som dr den bista. Méalet med optimal de-
sign 4r att hitta det bista séttet att genomfora ett experiment, med hénsyn till
tillgdngliga resurser och den statistiska modellen. Optimal designteori har ti-
digare anvints for att vilja design av dos-respons studier. Denna avhandling
behandlar optimala designer dels for bivariata modeller, dér studerad respons
innefattar bade effekt och biverkningar, dels for mer allménna regressionspro-
blem, som innefattar dos-respons modeller men ocksa har vidare applikationer.

Avhandlingen innefattar fyra forskningsmanuskript: I manuskript 1 stude-
ras vilken dos som maximerar ett kliniskt nyttoindex, baserat pa effekt och
biverkningar. En Emax responsmodell anvénds for att hitta ritt balans mel-
lan positiva och negativa effekter. Vi anvénder en logaritmiskt transformerad
dosskala, vilket bringar en symmetri till problemet. Den geometriska karakte-
riseringen av den multivariata Elfving-metoden anvénds for att bestimma de
c-optimala doserna och designvikterna for allménna c-vektorer.

Manuskript I 4r en utvidgning av studien i manuskript I. Vi anvédnder ock-
sa hidr den log-transformerade dos-skalan och den bivariata modellen. I detta
manuskript inkluderas ocksa placebonivan for effekt och biverkningar. Fedo-
rovs utbytesalgoritm anvéinds for att numeriskt bestimma lokala D-optimala
designer.

Optimal experimentdesign for dos-respons studier fokuserar vanligtvis pa
en enskild ldikemedelskandidat. Manuskript III berdknar D-optimala designer
for Emax effekt-modeller for tva likemedel som har en potentiell interaktion.
Vi kan sirskilja tre fall: Synergi innebir att likemedlen uppvisar en positiv
interaktion; antagonism star for negativ interaktion; och effekten sigs vara ad-
ditiv om interaktionen &r noll.

Slutligen, i manuskript IV, presenterar vi en lag-dimensionell regressions-
modell kombinerad med en additiv distortionsterm som, modellerad via en
stokastisk process, bidrar till den totala regressionsmodellen. Vi skattar darfor
en kombinerad modell, som kan ses som en mixad effekt-modell. Optimala
designer for denna modell bestdms genom att anviinda Fedorovs algoritm.
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