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Abstract

This thesis is based on three papers which focus on representations
of Grothendieck toposes as localic groupoids, localic stacks, and
categories of points equipped with convergence data.

In Paper I, we analyse various localic covering theorems and localic
groupoid representations for toposes given in the literature. We note
that each of these arises from a minimal, concrete object: a locale
equipped with a suitable ‘amorphous’ sheaf. With this definition
in hand, we abstract the standard recipe for covering theorems,
describe and compare the amorphous sheaves associated to standard
covering constructions from the literature, and give a general logical
characterisation of amorphous objects.

In Paper II, we show that the 2-category of locales is dense in that
of toposes, and that toposes can faithfully be represented as stacks
over locales. This is achieved by the combination of an original
technical result about the 2-localisation induced by a 2-site, and
the key observation that open surjections are of lax descent type in
toposes.

In Paper III, we build on the recent development that toposes
with enough points can be represented as categories equipped
with ultraconvergence data, using it to characterise the surjection—
embedding and hyperconnected—localic factorisation systems in
terms of points. We introduce analogous classes of functors between
abstract categories equipped with ultraconvergence data; provide a
new characterisation of separating families of points of a topos; and
apply it to show preservation and reflection results between these
classes of functors and geometric morphisms.






Sammanfattning pa svenska

Denna avhandling bestar av tre artiklar om representationer av
Grothendieck-toposer som lokaliska gruppoider, lokaliska stackar
och kategorier av punkter utrustade med konvergensdata.

I Artikel I analyserar vi olika lokaliska Overtdckningssatser och
lokaliska gruppoidrepresentationer for toposer som férekommer i lit-
teraturen. Vi noterar att de hérstammar fran ett minimalt, konkret
objekt: en lokal utrustad med ett lampligt ‘amorft’ karve. Med
denna definition till hands abstraherar vi standardreceptet for over-
tackningssatser, beskriver och jamfor de amorfa kiarvar som ar asso-
cierade med standardovertackningskonstruktioner fran litteraturen,
samt ger en allméan logisk karakterisering av amorfa objekt.

I Artikel IT visar vi att 2-kategorin av lokaler ar tét i den av toposer,
och att toposer troget kan representeras som stackar over lokaler.
Detta uppnas genom en kombination av ett originaltekniskt resultat
om 2-lokalisationen som induceras av en 2-plats, och den viktiga
iakttagelsen att oppna surjektioner ar av lax nedstigningstyp i
toposer.

I Artikel IIT bygger vi vidare pa den senaste utvecklingen att toposer
med tillrdckligt manga punkter kan representeras som kategorier
utrustade med ultrakonvergensdata, och anvinder detta for att
karakterisera surjektion—inbaddning och hypersammanhéngande—
lokalisk faktoriseringssystem i termer av punkter. Vi introducerar
analoga klasser av funktorer mellan abstrakta kategorier utrustade
med ultrakonvergensdata, ger en ny karakterisering av separerande
familjer av punkter i en topos, och tillampar detta for att visa
bevarande- och reflektionsresultat mellan dessa klasser av funktorer
och geometriska morfismer.
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General background in
topos theory

During his search for ‘Weil cohomologies” with the properties needed
to prove the Weil conjectures, Grothendieck came upon a notion
which merged aspects of usual sheaf cohomology and of Galois
cohomology, the so-called étale cohomology. Its definition required
a generalisation of the concept of sheaves on a space to sheaves on
a site, a category equipped with a notion of covering abstracting
the open covers of a space used to define a sheaf. In a sense, sites
categorify exactly the aspects of topological spaces needed to define
the concept of sheaf on a site. Unlike with topological spaces, two
non-equivalent sites can give rise to the same category of sheaves.
This suggested to Grothendieck that the categories of sheaves on
sites, and not the sites themselves, were the right objects to study
— not unlike the relationship between presentations of groups and
groups.

The notion of topos, specifically speaking of what is now called
Grothendieck topos, arose in this way as an abstraction of the
categories of sheaves on a site. The initial study of sites, sheaves
and toposes was carried out in [SGA4.1]. As it was designed for,
the resulting theory proved of extreme use for algebraic geometry in
the crucial role it played in Deligne’s proof of the Weil conjectures.
One of the main guiding directions, if not the main one, of topos
theory is the analogy between sheaves on a site and sheaves on
a topological space, which suggest that toposes are a notion of
generalised, categorified space. Grothendieck even wrote [SGA4.1,
p. 301] that the name ‘topos’ was precisely chosen to suggest that
the actual object of topology is the study of toposes and not only



of topological spaces.

Already in [SGA4.1], the term ‘topos classififiant’ is used for the
topos of G-sets of a given group G, since it represents G-torsors.
Monique Hakim, a student of Grothendieck, introduced more refined
examples of such objects in her PhD thesis [Hak72], such as the
toposes representing the theory of rings and local rings. These are
the oldest examples of what are now called classifying toposes, but
at that stage the scope of structures which can thus be represented
by toposes is quite restricted. The first people to consider that
toposes could classify a wide class of logical theories seem to have
been Gonzalo Reyes and his student Jean Dionne. Together they
construct the syntactic category of a coherent theory, endow it
with a logical topology, and show that the topos of sheaves on the
resulting site contains a generic model of the theory.

This work was then taken up by many authors such as Johnstone,
Joyal, Lawvere, and Wraith. The first book account of this rela-
tionship between Grothendieck toposes and logical theories was
given in Makkai-Reyes [MR77], where they also generalised from
usual finitary first-order logic (also known as coherent logic) to its
infinitary variant that became geometric logic. At the same time,
other approaches were being devised by other authors, such as a
‘step-by-step’ construction of classifying toposes stemming from the
independent work of Joyal, Tierney, and Bénabou; this method was
then recast in purely 2-categorical terms by Cole and Johnstone.

This logical point of view, where every geometric theory admits
a classifying topos and every topos classifies some non-canonical
theory, can be understood as a way to represent toposes. This is
entirely analogous to the way sites represent toposes: every site
induces a topos and every topos arises from some non-canonical site.
This parallelism between geometric theories and sites is one of the
key insights behind the technique of toposes as ‘bridge’ developed
by Caramello [Carl8]. The idea is that while sites and theories can
both be used as representing objects for toposes, they remain quite
different objects. It is more likely that examples from topology or
algebraic geometry can be expressed in terms of the former than
the latter, and conversely with examples from logic or model theory.
Nonetheless, the topos of sheaves over such a site could agree with



the classifying topos of such a theory, and the common topos would
then serve as a bridge between these distant examples.

There exists many more ways to represent and think of toposes than
sites and theories!, which is a central reason for the richness and
depth of topos theory. In this thesis, we explore three different such
representations, described in more detail in the three sections below.
The first, toposes as localic groupoids, is the more established of
the three and goes back to work of Joyal-Tierney [JT84] but was
then expanded upon by a wealth of authors. Our contribution
is a unifying one and aims to compare and contrast the different
reconstruction theorems of toposes in terms of localic groupoids.
The second, toposes as localic stacks, is novel and aims to portray
toposes not as categories of sheaves but as higher sheaves (stacks)
over a category of spaces (locales). This is a more 2-categorical
and conceptual way to think about toposes. The third, toposes as
ultracategories, goes back to Makkai [MR77] for coherent toposes
but was recently expanded to toposes with enough points in three
independent works [Saa25; Ham25; GMT26]. The idea is to see
toposes as categories of points equipped with (ultra)convergence
data. We use this point of view to characterise important classes of
geometric morphisms solely in terms of points.

! Johnstone lists thirteen in the preface of [Joh02].
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1 Toposes as spatial groupoids

1.1 Locales

Toposes are categorified spaces insofar as they abstract categories
of sheaves over topological spaces. One can play this game one
dimension lower, and consider objects which abstract the opens of
a space.

Definition. A frame is a partially ordered set A with all joins \/ and
finite meets A, which satisfies the infinite distributivity property:

icl icl

for each a, (b;);c; in A. A map of frames is one that preserves all
joins and finite meets, and the resulting category is denoted by Frm.

In other words, frames are lattices which mimic the properties
satisfied by the opens of a space. The poset O(X) of opens of any
topological space X is a frame by design. Moreover, if f: X —Y
is a continuous map then its inverse image f*: O(Y) — O(X) is
a map of frames. This means that sending a space to its frame of
opens defines a functor

O : TopSp — Frm?

which flips the direction of arrows. This motivates studying Frm°?,
the opposite category of Frm, rather than Frm itself so as to ensure
that morphisms go in the geometric direction. Note that frames in
the image of O are all subframes of a powerset P(X) by definition,
and that there is no clear reason to assume that this would be true
of all frames — more on this soon.

The category of locales is defined as the formal opposite of the
category of frames, Loc := Frm°®. Omne can think of it as the
first step from topological spaces to toposes. Instead of directly
considering abstract categories of sheaves, one starts with abstract
posets of opens. Locales and frames can also be understood as the
portion of topological spaces relevant to sheaf theory. Indeed, the
definition of sheaf depends only on the frame of opens of a space

4



and not on the points. Indeed, one can define sheaves over any
locale, not just those in the image of O.

Definition. Let A be a locale. A sheaf over A is a functor F' :
A°P — Set, such that

el 1,761

is an equaliser diagram for each a € A and family (b;);e; of A which
covers a, in the sense that a = V,;¢; b;.

Just as for topological spaces, the category of sheaves over a locale
is a Grothendieck topos, but, in contrast to spaces, the resulting
functor Sh : Loc — Topos is much better behaved than the one
defined on TopSp. Indeed, without going into the details or proofs,
this functor exhibits the category of locales as a reflective subcat-
egory of that of toposes. This means that Sh is fully faithful and
admits a left adjoint.

L~

Loc — Topos

The main contrast between locale theory and the theory of topo-
logical spaces is the role of points; locales are sometimes called
pointfree spaces (or even pointless spaces [Joh83]). In this context,
a point of a locale is just a map from the terminal locale to it. As
their alternative names suggest, locales do not necessarily admit
points. Of course many do, for example any locale of the form O(X)
for a space X. Notable instances of this pointfree phenomenon,
highly relevant for the considerations of Paper I, are the locales of
enumerations.

If S is any finite set, the set of functions SN can be seen as a
topological space Xn—g with the product topology, and we can
look at the subspace Xn—wsg of surjective functions of that space.
These are topological spaces and can thus also be seen as frames, in
which case the inclusion

XnN—»s — Xn—rs



becomes a frame quotient
O(Xn—»s) = O(Xn—ss).

We assumed S was finite to define the subspace Xn—sg by its points,
but its description as a quotient frame works just as well without
this assumption. In other words, for any set S, there exists a locale
Ln—ss of enumerations of S even for infinite S. Points of that locale
correspond to surjections N — S, and only exist when S is finite
classically.

The elements of a frame L induce a topology on the points of
the corresponding locale. Hence, every locale L gives rise to a
topological space pt(L). This defines a functor pt : Loc — TopSp
which is a near inverse to O : TopSp — Loc, meaning that they form
an idempotent adjunction between the categories of locales and
topological spaces. Being idempotent means that the adjunction
becomes an equivalence when restricted to the respective essential
images of O and pt.

Locspatial = Topspsober

0

>
Loc 1L TopSp

\_/,

pt

A locale in the image of O is said to be spatial (or to have enough
points). A space in the image of pt is called sober. The intuition
behind sober spaces is that they have enough opens to separate
their points and that they have all the points that their frames of
opens induce. Note that this is the same concept as in algebraic
geometry, except expressed in terms of opens instead of irreducible
closed sets having generic points.

1.2 Localic groupoids

The transition from spaces to locales gets us closer to toposes, but
not all the way. In [JT84], Joyal and Tierney show that the difference
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between a general topos and sheaves over a locale lies in the possible
action by a localic groupoid. That is, a groupoid internal to the
category of locales; concretely, a locale of objects GGy and a locale of
morphisms G together with maps

),
G1 X Go G1 —m— G1 —i— GO
—t—
satisfying the usual groupoid identities. The resulting category of
these objects is denoted by Gpd(Loc).

Definition. An equivariant sheaf over a localic groupoid G is an
internal presheaf E over GG such that E'— G is étale. Equivalently,
a sheaf over GGy with a compatible G-action.

t'E —% 5 s*F F

Nt

Go

For example, if L is a locale seen as a (categorically) discrete localic
groupoid, then an equivariant sheaf on it is simply a sheaf on L (in
the usual meaning). More interestingly, in the topologically discrete
case, if G is an actual groupoid (internal to Set that is), then an
equivariant sheaf on G is simply a presheaf G — Set.

Note that, somewhat counter-intuitively given their names, toposes
of presheaves over categories or groupoids are almost as different as
one can be from toposes of sheaves over locales. In localic groupoids
one can therefore hope to find a middle ground to bridge the gap
between these two kinds of toposes, just as one finds in sites.

As one might expect, the category of equivariant sheaves on G forms
a topos denoted by BG, and this assignment defines a functor

B : Gpd(Loc) — Topos.
Joyal and Tierney showed that this functor is essentially surjective.

Theorem ([JT84]). For each topos &, there exists a localic groupoid
G such that B(G) ~ €.



As mentioned above, this theorem clarified the gap between topolo-
gical spaces and toposes: one first has to move on to locales, a mild
generalisation which puts the opens in the forefront and forgets the
points, and then if one adds the data of a groupoidal action the
resulting objects can be used to represent all toposes.

Just as with sites, there is no unique (small) localic groupoid rep-
resenting a given topos. As a result, even though the construction
of Joyal and Tierney is quite explicit, one could imagine different
ones. Indeed, variations on this theme have since been pursued by
many authors (Johnstone [Joh85], Moerdijk [Moe88], Butz—Moerdijk
[BM98], Awodey—Forssell [AF13], Wrigley [Wri23; Wri25]), provid-
ing a range of constructions of a localic groupoid presentation for
a given topos. As already noted in [Joh02, C5.2.8], while all these
constructions look different up close, if one takes a step back and
analyses the general proof structure a pattern emerges.

1.3 Summary of Paper I

In Paper I, we abstract the pattern shared by all constructions
mentioned above and are thus able to distil down these constructions
to their core data. These data are localic covers of the object classifier
Set[O], which can each be represented as a small and quite concrete
object: a locale equipped with a suitable sheaf, which we call an
amorphous sheaf.

We analyse multiple constructions from the literature in terms of
their amorphous sheaves, and use this framework to compare them.
We also assess the functoriality of these constructions, something
often overlooked in the literature and more amenable in our set-up.

Due to their tangible nature, amorphous sheaves can readily be
studied from a logical point of view and we provide a logical recog-
nition criterion for amorphous sheaves. This relies on the theory
of classifying toposes for first-order theories of Butz—Johnstone
[BJ98]. We then use this criterion to extract a seemingly novel
covering construction from Kripke’s original completeness theorem
for intuitionistic predicate logic.



2 Toposes as geometric stacks

In Paper II, we take a different approach than in Paper I and rep-
resent toposes through lower-dimensional localic data as canonically
as we can. Ideally, one would like to represent a topos in terms of
intrinsic data, such as points. However this can fail catastrophically:
some toposes have no points at all. Even if one accounts for this
and considers only toposes with enough points, the mere 1-category
of points of a topos € is rarely enough to recover €. There are two
main ways one can go about this, either one endows the category
of points with enough extra structure to recover the topos, or one
considers more general points. We will discuss the former in more
detail when we come to Paper III. In Paper II, we take the latter
approach: we enlarge our notion of point to different bases and show
that a topos is canonically represented by this broader category of
points.

2.1 Localic points

As with locales, the points of a topos € are simply the maps of
toposes from the terminal topos to it. The terminal topos being
Set = Sh(1), points of € are geometric morphisms Set — €. From
a logical point of view, when € is the classifying topos Set[T] of a
geometric theory T, points of € are exactly the (Set-based) models
of T. This is because the inverse image of a geometric morphisms
preserves logical connectives and entailments, and hence sends the
generic model My of Set[T] to a model in Set.

We need to consider more general points. The topos Set of sets
is terminal topos because we are implicitly considering Set-based
toposes, but we can change the base: topos theory is relative. This
means that working in the slice Topos,s amounts to considering
S-based toposes (think internal to §).

In that context, points are then geometric morphisms out of & over
S, i.e., sections. Of course, we can change the base of any (Set-based)
topos € to a base 8§ by pulling back to 8, which results in the product
topos € x 8. An 8-point of € x § is then a map 8§ — & x § over 8,
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that is, a geometric morphism & — €.

Hence, considering points in more bases than just Set amounts to
allowing geometric morphisms § — &€ for some toposes 8. By the
Yoneda lemma, if we consider points in all possible base extensions
of Set, then we are guaranteed a representation of €, but one that
is somewhat tautological. We could also restrict to the points
E/A — & in the bases £/A for A € £, which amounts to trying to
reconstruct € from the étale slice Topos%ale. This works too but
the base extensions depends on &, which is not exactly what we are
after.

In Paper II, we propose allowing for localic base extensions, toposes
of the form Sh(X) with X a locale, but no more. This means
considering geometric morphisms of the form Sh(X) — Topos with
X any locale instead of only the terminal locale. In principle this
avoids the issue of point-free toposes, as some locales are also point-
free, and also excludes points of the form £/A — &€ as those are
rarely localic if € is not itself. In short, we aim to recover a topos &
from its localic points.

2.2 Descent and stacks

For locales X, the categories Topos(Sh(X), &) of X-points of €
naturally assemble into a pseudo-functor Loc®® — CAT. A key
ingredient in the main proof of Paper II is that this functor is a
stack for a certain topology on Loc. Stacks are categorified sheaves:
whereas sheaves are valued in Set, stacks are valued in Cat. Stacks
of groupoids, those valued in in Gpd, are more common in the
literature and are often the default meaning of the word stack, but
here we required the non-invertible kind of stack. Recall that if
(fi : ©;— y)ier is a covering in a category € and F' : C°? — Set is a
presheaf on €, then F satisfies the sheaf condition with respect to

10



that covering if

HF %HFQC,X ;)

i€l t 1,5€l

is an equaliser diagram, where s sends (a;);e; € [Ties F(x;) to the
family (sj;ai)ijer of I jer F(wi Xy x5), and similarly for ¢, with
sij, tij the pullback projections.

tij
Ty XyXy — X5

_
o b

$if>y

The limit consists of the families (a;)ier € Ile; F'(2;) for which
sja; = ta; in F(x; X, x;) for each i,j € I. If the covering is
thought of as a family of open subsets whose union covers, then
this condition on F' says exactly that the data of an element of F
over the large subset, y here, is equivalent to the data of objects
over the smaller subsets, the z;’s, which ‘match together’ in that
they agree on the intersections. One could imagine extending the
diagram above to the right ad infinitum and obtain a simplicial
diagram

—

— — —
HF(%)‘*> HF(innyj): H F(z; x, nyk);'“
i€l ijel S igkel —

in Set. Of course, both diagrams have the same limit in Set, but that
is not the case any more if each F'(z) were a category instead of a
set. For simplicity, assume that the covering now consists of a single
map f : x —y. This is not as big a restriction as it seems when the
category C is extensive, but in any case such unary coverings are all
the generality needed for Paper II. For a pseudo-functor €°? — Cat
the sheaf condition we considered above becomes a stack condition,
stating that

78*% e *k o
Fly) == F(z) +i— F(x x, x) i F(x x, x x, x)
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be a 2-categorical equaliser in the appropriate sense, called the des-
cent object Desc(F, f) of the truncated simplicial diagram displayed
above. Concretely, an object of the category Desc(F, f) consists
of an element a of F(z) together with descent data: a morphism
a: s*a— t*ain Ay, which satisfies the unit and cocycle conditions

ifa =1, (") o (p*ar) = m* v

in A, and Azx,ex,. respectively. The intuition here is that a lives
over x and that the data of a is what is need for it to potentially
‘descend along f’ and live over y. Certainly, each element of F(y)
comes with canonical descent data and therefore there is a functor
F(y) — Desc(F, f). This is simply the factorisation of the cone on
F(y) through the universal cocone.

F(y) —— F(x) :F(a} Xy ) ﬁ:F(nyxxyx)

_

Desc(F, f)

When the map F(y) — Desc(F, f) is an equivalence we say that F’
satisfies descent for f, that f is of descent type for F, or that F is
a stack for the covering (f : x —y).

2.3 Summary of Paper 11

The relationship between locales and toposes lies at the heart of
categorical logic and topos theory. Locales, which are the spatial
embodiments of propositional geometric theories, embed 2-fully
faithfully in toposes. In Paper II we prove a sort of converse:
toposes embed 2-fully faithfully in (pre)stacks over locales. At a
logical level, this means that the data of a geometric theory is
equivalent to that of all its propositional extensions, or even to all
its models in sheaf toposes. Specifically, we show that the nerve of
Sh : Loc — Topos is fully faithful in the 2-categorical sense.

Theorem. For all toposes € and F, the functor
Topos(F, &) — CAT™" (Topos(Sh(—), F), Topos(Sh(—), &))

is an equivalence.

12



This can also be read as a density theorem: every topos € is com-
pletely determined, up to equivalence, by geometric morphisms
Sh(X) — € for varying locales X, the localic points of &.

Paper II is an additional instalment in the broader program of
representing toposes by localic or topological data (that Paper I
also fits). Nevertheless, it does offer a change of perspective on
that program in that it moves away from the more compact non-
canonical usual groupoidal presentations and instead encodes a
topos by all its localic data, thereby guaranteeing the intrinsicality
of the representing objects at the cost of increasing their size.

The proof relies on two main ingredients. The first is the general
2-categorical theory of sites and stacks, building on the founda-
tional work of Street [Str82b; Str82a] and Bunge-Paré [BP79]. More
specifically, we need a key technical result concerning the categor-
ification of dense monomorphisms. Recall that if J is a Grothen-
dieck topology on a category C, a monomorphism A < B between
presheaves on C is said to be J-dense if its image a(A) — a(B)
under the sheafification functor is an isomorphism. The analog-
ous notion for stacks is that of a J-dense fully faithful morphism
between prestacks. In Paper II, we characterise such morphisms
as those whose pseudo-pullbacks along representable prestacks are
J-covering sieves. This is the most technical proof of the paper
given the amount of coherences inherent when one deals with pseudo-
functors, pseudo-natural transformations, and modifications.

The second ingredient is the profound theorem of Joyal and Tierney
[JT84], which shows that open surjections of toposes are effective
descent morphisms. If one sees the 2-category of locales as a 2-site
with the open topology, whose coverings are open surjections, then
this theorem can be reframed as showing that each topos induces a
stack on locales by way of its categories of localic points. The ideas
in the proof strategy follow arguments of Bunge [Bun90], where
analogous results were obtained in the (2,1)-core of the 2-categories
we consider, but are now ‘laxified” and applied in a fully (2,2)-setting.

Having shown that Topos «— CAT™" is a 2-fully faithful embedding,
we turn to the question of whether it admits a left adjoint. This
relates to the work of Di Liberti [Di 22|, who constructs such
adjoint in the similar situation of modest prestacks over topological
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spaces. We discuss this at the end of the paper, showing that while
Topos(Sh(—), €) is not in general a small prestack, which bars us
from applying the result of loc. cit., but it is always a small stack.

3 'Toposes as ultracategories

As mentioned in the summary of Paper II, one cannot hope to
recover all toposes from their categories of points. The reason is
twofold: some toposes simply do not have points at all, and even for
toposes with enough points the 1-category of points gives very scant
information about the topos. Think for example of the topos of
sheaves on a topological space X, for which the category of points is
simply the set of points of (the soberification of) X equipped with
the specialisation order, so if X is Hausdorff, say, the category of
points of Sh(X) is only the underlying set of X. We need more
information to recover the topology of X. This is where the works of
[Bar70] (for topological spaces) and [Mak87] (for coherent toposes)
come in.

3.1 Ultraconvergence

It has been noticed by Barr [Bar70] that topological spaces admit
an algebraic description as ‘relational beta-modules’ Later, this
result was recast in the ‘generalised multicategorical point of view’
by Cruttwell-Shulman [CS10]. Essentially: a topological space is
given by a set of points and (multi)arrows between them encoding
the (ultra)convergence of these points.

Recall that an ultrafilter o on a set S is a lattice homomorphism
o : 29 — 2, which gives rise to a notion of o-large subsets of S (those
mapped to 1). We can think of an ultrafilter o as a ‘convergence
direction” on the set S: a subset of S is large, if it contains a
potential point at infinity in the direction of 0. A o-family (or
ultrafamily) of points (as)s., of a set A is an equivalence class of
families (as)ses of A where two such families are identified if they
coincide on a o-large subset of S. One can think of such a (as)s.»
as a sequence of points directed along o.
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In a topological space X, we can define the ultraconvergence relation
a <, bs

with o an ultrafilter on a set .S, a a point of X, and (by)s., a o-family
of points of X. The o-family (b;)s., is said to converge to a if each
open neighbourhood of a contains a o-large amount of the (by), or

equivalently that a belongs to the closure of each o-large collection
of the (by).

It turns out that this notion of convergence is general enough to
recover the topology of the space. More precisely, the data of a
topology on a set of points can be completely reframed as such a
relation satisfying some axioms. As the notation a <, bs suggests,
when (bs)s, converges to a we think of it as there being a multi-
arrow from a to (bs)s.,. Abstracting this situation, we end up with
vu-posets. A vu-poset is given by a set of points together with
a relation a <, bs between points and ultrafamilies, satisfying an
identity axiom, a <, a, and a transitivity axiom, the analogue of the
composition in a category, so that < behaves like an order. There is
also the matter of reindexings: in a topological space, the eventual
limit points of an ultrafamily (bs), depend only on its image, which
needs to be reflected in vu-posets as well. As a result, we also ask
that (bs)s., converges to a if and only if its image ()., converges
to a, ie., a <, by just if a <, , x. This fact actually lets us
present the convergence data on a topological space as a relation
between points and ultrafilters (instead of ultrafamilies) as in the
first approach of Barr.

3.2 Ultracategories

The notion of ultracategory was introduced by Makkai in [MR77].
The goal was to categorify Stone duality: the construction that takes
a first-order theory to its category of models is not conservative — we
lose information about the theories. However, if we take into account
the ultraproduct operation that exists on the models of a first-order
theory, then the resulting structure, called an ultracategory, of
models is enough to recover the theory. This result, dubbed Strong
Conceptual Completeness by Makkai, can be understood from a

15



toposic point of view: the ultracategorical structure on the models
encodes a categorification of the ultraconvergence relation explained
above, which is enough to recover the classifying topos of the theory.

However, the above only applies for coherent logic, since models of
a geometric theory are not necessarily closed under ultraproducts.
Put another way, not every topos admits an ultracategory structure
on its points. This is one of the main motivations behind the
three independent recent works [Saa25; Ham25; GMT26], which all
introduce an extension of ultracategories, based on the vu-posets
described above, flexible enough to apply to the points of any
topos. Of course, each author came up with a different name,
and in Paper III we opt for vu-categories (a shortening of virtual
ultracategories).

These are a categorification of the relation < above to the points
of any topos €. Given points p and (¢s)s., of €, we let a vu-arrow
from p to (¢s)s.s, which we denote by p —, (¢s)s.s, be a natural
transformation

p* ﬁ/ qs©  from €& p—*> Set to €& qi*)SetS £>Set.
ENea

That is, for each sheaf A of €, a map taking each a € X, to an
ultrafamily (a5 € A,,)s.o. Without going into all the details, the data
of these vu-arrows fit into a multi-category-like object The main
difference with vu-posets is that in vu-categories an ultrafamily
of points can converge to another point in more than one way.
Another thing that partially breaks down is that one cannot identify
an ultrafamily with its image as easily as before.

We can summarise the situation in the following diagram: wvu-
categories categorify topological spaces, abstract categories of points
of toposes, and virtualise the ultraproduct in ultracategories.
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TopCoh

N

Topos ultCat

~

vuCat

Loc KHauss

~ |

TopSp

The original result of Makkai [Mak87], later revisited by Lurie
[Lurl8], showed that the functor TopCoh — ultCat is 2-fully faithful.
In [Saa25; Ham25; GMT26], three different proofs of a generalisation
of this result have been given: the functor Topy,, — vuCat, sending

a topos with enough points to its vu-category of points, is 2-fully
faithful.

Hence one can reconstruct a topos with enough points € from its vu-
category of points. Concretely, from the vu-category X := pt(&) of
points of €, the data of & emerges as the hom-category vuCat(X, Set)
of vu-functors from the vu-category X to Set. These are naturally
thought of as vu-sheaves or étale spaces over X. Hence, any topos
with enough points is equivalent to the vu-sheaves over its points.

3.3 Summary of Paper III

One of the main insights of this approach is that vu-categories, and
by extension toposes with enough points, have a multi-categorical
nature; one can thus transpose standard categorical notions to the vu-
categorical setting. Since toposes encode categorified spaces through
their categorified opens, i.e. sheaves, geometrical constructions and
concepts simply have to be expressed in the language of opens
and sheaves, even when the point-centric perspective simplifies the
intuition and computations. The reconstruction theorem suggests
that it is possible to give full characterisations of geometrical notions
pertaining to toposes with enough points in terms of their vu-
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categories of points. In Paper III, we undertake the task of giving
such characterisations for the usual classes of geometric morphisms,
which we translate in the vu-categorical world.

This paper focuses on an understanding of the usual classes of geo-
metric morphisms: embeddings, surjections, localic and hypercon-
nected maps, at the level of vu-categories of points. The counterparts
of embeddings and localic morphisms are given by straightforwardly
by fully faithful and faithful vu-functors, the treatment of hyper-
connected and surjective geometric morphisms requires more care.

Let us focus only on the surjective case here. In a topos € with
enough points, one can always find some small set of points that
is separating, i.e. a surjective map Set® —» & But most often &
actually has a proper class of points and A — pt(&) is simply not
essentially surjective on points, so we need a more general notion
of surjection between vu-categories. It is worth pointing out that,
logically speaking, such a surjection Set” — & amounts to a choice
of a conservative family of models of €. Hence, we set out to
understand when such a family of models is conservative for the
theory at hand, from a vu-categorical point of view.

We slightly extend the scope of this question: given A C pt(&)
a collection of points of €, can we characterise vu-categorically
the points that belong to the subtopos &, C &, or equivalently
characterise the points of & that belongs to each subtopos of &
containing the points of A. From a logical point of view, we aim
to characterise the models of the geometric theory of € satisfying
the same geometric sequents as the models in A, i.e., satisfying the
theory of A.

In the paper, we give a full answer to those questions in terms of a
vu-categorification of the usual notions of retraction. This extends
the known fact that, for & = Set® a presheaf topos, a collection A
of objects of € separates Set® if and only if every object of € is a
retract of some object in A. Essentially this is because retractions
are absolute colimits and as a result a presheaf on C is determined
by its values on A. This gives only a partial answer for A C ob(C)
but not for arbitrary collections in Ind(€) = pt(Set®).

So far we have taken the categorical point on view on vu-categories,
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but we must not forget that they are also topological objects. If X
is a topological space, and A C X a subset of points, and that we
want to know when the inclusion A — X induces an equivalence
at the level of sheaf toposes, we can turn to the work of Johnstone
[Joh80] in the notion of subclosure. The subclosure of A consists of
the points p of X such that any locally closed set (an intersection of
a closed set with an open set) containing p intersects A, equivalently
such that any open neighbourhood of p meets the closure of p, or
equivalently again such that p € cl(A N cl({p})). The notion of
vu-retractions arises naturally from this last observation. It can be

rewritten as p <, (as) and (as < p) for an ultrafamily (as) of points
in A.

In the paper, we introduce a notion of vu-retractions extending at
the same time the notions of retractions in a category and subclosure
in a topological space, and we show that given a class of points
A C pt(€) of a topos, a point of € lies in the subtopos &, if and
only if it is a vu-retract of points in A.
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TOPOSES VS LOCALIC GROUPOIDS
A UNIFIED TREATMENT OF COVERING THEOREMS

IVAN DI LIBERTI, PETER LEFANU LUMSDAINE, AND ERROL YUKSEL

ABSTRACT. We analyse various localic covering theorems for toposes
(equivalently, localic groupoid representations) given in the literat-
ure. Starting from the well-known observation that these are often
constructed from a cover of the object classifier, we note that this
core data can be repackaged as a very small, concrete object: a
locale equipped with a suitable (‘amorphous’) sheaf.

With this definition in hand, we abstract the standard recipe for
covering theorems; describe and compare the amorphous sheaves
associated to standard covering constructions from the literature;
and give a general logical characterisation of amorphous objects.
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INTRODUCTION

The idea of toposes' as spaces with automorphisms of their points
is discernible already in their early development by the Grothendieck
school [SGAL, §§V.4,5], [SGA4.1, §IV.0], and was established rigorously
by Joyal and Tierney [JT84|, giving for every Grothendieck topos € a
localic groupoid £ presenting it, in the sense that the topos of equivariant
sheaves on [ is equivalent to €. We will call such a result a reconstruction
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1By topos we always mean Grothendieck topos.
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2 IVAN DI LIBERTI, PETER LEFANU LUMSDAINE, AND ERROL YUKSEL

theorem; it may equivalently be seen as a covering theorem, giving for
each topos € a locale L and a geometric morphism Sh L —» € of descent
type. Variations on this theme have since been pursued by many authors
(Johnstone [Joh85], Moerdijk [Moe88|, Butz—Moerdijk [BM98|, Awodey—
Forssell [AF13]), providing a range of constructions of a localic groupoid
presentation (equivalently, localic cover) for a given topos. As observed in
[Joh02, C5.2.8], many of these constructions follow a similar recipe, first
giving a cover for the object classifier Set[O] (or perhaps its inhabited
sibling Set[O3]), and then pulling it back to an arbitrary topos € along a
map € — Set[O] induced by some pre-bound S € €.

In this paper, we take this recipe seriously, and draw out its logical
and 2-dimensional consequences. We note that the core data, a localic
cover of the object classifier, can be re-presented (among other ways) as
a small and quite tangible object: a locale equipped with a suitable sheaf,
which we call an amorphous sheaf.

Any covering theorem certainly provides an amorphous sheaf, and
conversely, a functorial covering construction can be drawn back out
of one by pullback. In general, data may be lost in this compression
process: not every covering construction is of this form. However, most
covering theorems in the literature are (usually explicitly) presented by a
process close to this already, and so are in fact completely determined
by the amorphous sheaf at their core, or nearly so; so this is not such a
procrustean bed as one might fear.

We analyse various existing reconstruction/covering constructions in
terms of their amorphous sheaves, and look at what light this sheds
on their comparisons and functoriality. We also present a logical re-
cognition criterion for amorphous sheaves, based on the machinery of
Butz-Johnstone [BJ98|, and use this to extract a covering construction
from Kripke’s original completeness theorem for intuitionistic predicate
logic.

A related and in many ways complementary recent paper is Manuell
and Wrigley’s [MW24|, which surveys several standard reconstruction
theorems “in the large”, laying out explicitly the localic groupoids they
obtain for various natural classes of toposes of interest.

Overview. We begin in Section 1 by recalling some descent theory
for toposes, as needed for the later sections. Readers familiar with
descent theory may still wish to skim this section since some notions and
terminology are not quite standard.

In Section 2, we start by setting out a precise framework for reconstruc-
tion functors (providing groupoid representations of toposes) and covering
functors (providing localic coverings), and noting the approximate equi-
valence between these (Construction 2.3.3). We then introduce the main
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objects of interest of this paper, amorphous sheaves (Definition 2.4.2),
and show how these induce, and in good cases encapsulate, covering and
reconstruction functors (Construction 2.4.5).

Section 3 draws out concretely the amorphous sheaves associated to
important reconstruction/covering functors from the literature.

Finally, in Section 4, we consider amorphous sheaves from a logical
viewpoint, using the machinery of [BJ98| to provide a precise logical char-
acterisation (Theorem 4.2.5). This allows an apparently novel amorphous
sheaf and covering theorem to be directly extracted from Kripke’s com-
pleteness theorem based on Beth tableaux (Example 4.3.3).

1. (STABLE) DESCENT FOR TOPOSES

1.1. Descent and stable descent. The tradition of descent theory
for toposes dates back to the original contribution of Joyal and Tierney
[JT84] and was later extended by many authors, including Johnstone
[Joh85; Joh02] and Moerdijk [Moe89], who also provided the most general
reflections on the topic. Let us recall what authors mean by morphism of
descent type in most of the references.

1.1.1. Construction (kernel groupoid and topos of descent data). Recall
that for f : F— & a geometric morphism, we can build the associated
kernel groupoid, obtaining a diagram as below.

FxeFxeF —= FxeF et F

For such a diagram, one can define the topos of descent data Descy,
which is the conical pseudo-colimit in toposes of the diagram above.

FxeFxeF —F FxeF ems F - » Desc;

Concretely, because the forgetful functor U : Topos®® — Cat creates
pseudo-limits, this can be computed in Cat as the pseudo-limits of the
underlying diagram of inverse images functors.

e Thus, the topos of descent data Descy coincides with the category
whose objects are pairs (z,0), where x is an object in F and
6 : mix — myx such that a cocycle condition holds, see [Joh02,
C5.1]| for the detailed description of this category.

e Concerning the universal morphism pu, it is easy to see that we
have a functor, u* : & — Descy described at the beginning of
[Joh02, C5.1], which then induces a geometric morphism,

p: Descy — E.
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1.1.2. Definition (Geometric morphism of descent type). A geometric
morphism f : F— € is of descent type (in the 2-category of toposes) if
i : Descy — € is an equivalence of toposes, i.e. if ©* is an equivalence of
categories. We often denote this diagrammatically by F — €.

1.1.3. Example (Classes of geometric morphisms of descent type). With
respect to this definition, a number of classes of geometric morphisms
have been shown to be of descent type. Both open and proper surjections
are of descent type ([Joh02, C5.1.6]). It follows that locally connected
connected and tidy surjections are of descent type. Indeed the former are
open and the latter proper.

While the above-mentioned notion of descent is the most pervasive in
the literature on topos theory, the reader will notice that many authors,
including [Joh02], often say objects descend along f where we would say
f is of descent type. Without being mysterious about it, this is because
the notion of descent can be parametric with respect to a prestack as we
will see in Section 1.2.

It will be convenient for the constructions of Section 2 to consider a
stable version of descent, which we now introduce.

1.1.4. Definition (Geometric morphism of stable descent type). A geo-
metric morphism f : F — & is of stable descent type if it is of descent
type and all its pseudo-pullbacks against geometric morphisms are again
of descent type.

1.1.5. Remark. The reader familiar with the descent literature might
expect the above condition to be vacuous, as morphisms of (effective)
descent type are usually stable under pullback. The reason for this
disconnect is that here we are only asking the objects to descend along
f, whereas asking that indexed families descend is the more considered
condition in the literature (precisely, we use the underlying-category
prestack instead of the full slice prestack).

A more correct intuition is to think of geometric morphisms of descent
type as a 2-categorical analogue of regular epimorphisms in the category
of toposes. That not all such morphisms are stable simply means that
Topos is not a regular category, a fact that can already be seen in Loc.

1.1.6. Example (Phenomenology of stable descent). Open and proper
surjections are of stable descent type. This follows directly from the fact
that these classes are pullback stable and of descent type. More generally,
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if a class of maps is closed under pseudo-pullback and of descent type,
then it is of stable descent type.

The above is the most natural stability condition one might ask of a
geometric morphism of descent type, but a weaker notion happens to
suffice for purposes of this paper.

1.1.7. Definition (Geometric morphism of weak stable descent type).
A geometric morphism f : F — & is of localic stable descent type if it
is of descent type and all its pseudo-pullbacks against localic geometric
morphisms are again of descent type.

1.1.8. Remark (A brief detour on the notion of lax descent). A general
theory of descent is perfectly recapped in [JST04], which among other
things prepares for its topos theoretic interpretation. Many papers discuss
results on descent in topos theory, we shall mostly refer to [Moe89]. The
more general topic of descent in a 2-category is addressed in [Lucl8;
Luc22] among others. [Bunlb; Zaw95; MV99|, and [MV00, last chapter]
might be relevant too.

This notion of descent does not seem to appear explicitly in the
literature, but it is strongly connected to a notion of descent introduced
by Moerdijk in [Moe89]. For the rest of the section we shall say something
more about descent with respect to a prestack, and how this framework
may be used to unify different notions of descent, including stable descent.
While the rest of the section is of independent interest, especially to
contextualise the notion of stable descent, it can be skipped by the reader
during a first read, as it is not relevant for the rest of the paper.

1.2. Descent with respect to a prestack. Before starting, we should
say that the literature around the general topic of descent spans through
several decades, starting in the late 70s. For this reason, and others
that would sound too technical to discuss at this stage of the paper,
the naming of the notions we will discuss is not exactly unified in the
literature. The reader might meet names like effective descent type, or
universal reqular epimorphism, which are all variations or closely related
notions of morphisms of descent type. While this may be confusing,
the general theory of descent with respect to a prestack unifies all the
existing notions, and thus can be taken as a mitigation in the plethora
of variations of this notion that exist in the literature. All in all, we
must recommend the reader to consider our choices of names local to this
paper, as the literature (unfortunately) has a number of clashes.

1.2.1. Construction (Pseudo-kernel groupoid). We shall start by tidying
up the notion of pseudo-kernel groupoid. In a 2-category K with pseudo-
pullbacks, such as Topos, any 1-cell f : F— & induces a pseudo-kernel
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groupotd via iterated pullbacks:

— 12 — ™ —>
ms— FxeF —n—— F.
23 —> ™ —

?Xg?)(g?

These maps come equipped with various coherence 2-cells which guarantee
that the above diagram can be seen as a pseudo-functor

pker; : AP — K,
where As is the subcategory of the simplex category A consisting by the
objects [0], [1],[2], all the maps between [0] and [1], the three (co-)face
maps from [1] to [2], and all composites thereof. Diagrammatically, Ag is
the category generated by

do do
0 1 1 2
o] —%— 1] —a&— P
under the usual simplicial identities. See the end of [Joh02, §B3.4]| for

more details.

1.2.2. Construction (Descent data with respect to a prestack). Let K
be a 2-category, let U : K% — Cat be a prestack?, and let f : F — F be
a 1-cell in K. We define Desc? the (category of) descent data of f with
respect to U to be the pseudo-conical limit of the functor below,

U pkerf op U
Descy = plim(Ay — K — Cat)

1.2.3. Definition (Descent type with respect to a prestack). Let K be
a 2-category and U : K°? — Cat prestack on it. We say that f: F — F
is a geometric morphism of descent type with respect to U when the
canonically induced functor below yields an equivalence of categories,

U(E)— Desc}J .
1.2.4. Remark (About descent type in toposes). The discussion in Con-
struction 1.1.1 entails that a geometric morphism is of descent type in

the sense Definition 1.1.2 if and only if it is of descent type in the sense of
Definition 1.2.3 with respect to the forgetful prestack U : Topoi®® — Cat.

1.2.5. Example. In [Moe89|, Moerdijk studies for the first time the
slice prestack, Topoi,_) : Topoi®® — CAT, showing that open geometric
morphisms are of descent type with respect to this prestack. Johnstone
instead focuses mostly on the prestack of internal locales in [Joh02, C5.1],

Loc(—) : Topoi®? — CAT.
There he shows that a number of geometric morphisms, including
proper and open are of descent type with respect to this prestack.

2By prestack, we simply mean a pseudofunctor from K°P to Cat, which we hope is
not too confusing for readers used to the terminology of algebraic geometry.
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A fully developed 2-dimensional version of this theory was started only
recently, the most relevant developments being due to Lucatelli [Lucl8;
Luc22| among others. This theory is supposed to mirror a very well
developed theory revolving around the famous Benabou-Roubaud theorem
which is synthetized in [PT04, Chap VIII], we especially recommend to
check out the bibliography at the end of the chapter to have a more
extensive introduction to the topic. For the sake of this paper, we
conjecture the following result connecting stable descent type to descent
with respect to the internal locales prestack.

1.2.6. Conjecture. A geometric morphism is of localic stable descent
type if it is of descent type with respect to the prestack of internal locales.

1.2.7. Proposition (|[Moe89]). Open surjections are of descent type with
respect to the slice prestack.

The following partial result says that when one only considers descent
with respect to internal locales, every morphism of descent type is of
localic stable descent type.

1.2.8. Proposition. Let f: € — F be a geometric morphism of descent
type with respect to Loc(—). For any localic map h : & — &, the
pseudo-pullback f’ of f along h is also of descent type with respect to
Loc(—).

J —F

rl 7 if
!/
e — e
Proof. By assumption, there exist L € Loc(€) such that h is equivalent
to She (L) — €. Pulling back L along f yields an internal locale Ly of F
such that F" ~ Shg(Lg); this is also the case for F x¢ F and F xe F xe¢ F
with, say, L; and Ls. As a result, the pseudo-kernel groupoid of f’ is
equivalent to the following.

Shygxp7(La) = Shw,s(L1) = Shy(Lo) -+ She(L)

It remains to apply the prestack Loc(—) : Topos®® — CAT to the above.
Since Loc(Shg (L)) ~ Loc(€)/L, and similarly for the L;, we see that f’
is of descent type with respect to Loc(—) if and only if the next diagram
is a conical pseudolimit in CAT.

Loc(F x¢ F x¢ F) /Ly £ Loc(F x¢ F)/L1 5 Loc(F)/Lo <- Loc(€)/L

It is indeed a conical pseudolimit diagram as the slice over L of the
diagram below, which is a conical pseudolimit since f is of descent type
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with respect to Loc(—).
Loc(F xe¢ F xe F) g Loc(F x¢ F) E Loc(F) «-- Loc(€&)

2. RECONSTRUCTION FUNCTORS AND AMORPHOUS SHEAVES

In this section we introduce the framework of reconstruction functors for
organising and comparing the constructions arising in covering theorems:
functors taking a topos with some extra data (a site, a generating family,
a prebound. . .) to a localic groupoid presenting it.

Having compared several possible variants of these, we then show
how the (large) information of such a functor can be distilled into a
small package of data, an amorphous sheaf on a locale, from which
a reconstruction functor close to the original (in good cases) can be
recovered.

Analysing the functoriality of any construction, there are two main
questions to resolve: the source category, and the target. We take them
in that order.

2.1. Input data for reconstruction. As sketched above, reconstruction
functors should take toposes with some extra data to localic groupoid
presentations, as in the diagram

for some suitable choice of domain Topos™.

What could Topos™ be? The ideal would be to take it as simply
Topos itself — an intrinsic functor from toposes to presentations. In
fact we know of no formal obstacle to this, but it is not expected to
be possible, essentially for size reasons: to get a genuine (i.e. small)
localic groupoid, some small data witnessing the small-generation of the
topos must be provided. (A large localic groupoid presentation can be
obtained intrinsically from a topos € via the canonical site, € itself with
the canonical topology. )

The essential criterion is that the functor U : Topos™ — Topos should
be essentially surjective; heuristically, we want Topos™ to consist of some
data which is straightforward to describe, given most typical presentations
of toposes.

Our motivating constructions in the literature typically start by assum-
ing one of two things: either a site of definition, or a pre-bound (that is,
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an object such that the subobjects of its finite powers form a separating
set).

It is relatively straightforward to pass back and forth between these
(see Construction 2.1.5 below); the key advantage of the latter is the
following fact:

2.1.1. Theorem ([Joh02, D3.2.5]). An object X € € is a pre-bound just
if the corresponding morphism X : & — Set[O] is localic.

This means that there is a universal prebound — the generic object
in Set[O] — and so covers constructed there may be pulled back to any
other topos with a prebound.

2.1.2. Definition. As a 2-category of “toposes equipped with a prebound”,
we take Toposl/oscet[o], the category of localic maps into Set[O] viewed as
a full subcategory of the pseudo-slice over Set[O] in Topos; so its 1-cells
are triangles commuting up to a specified natural isomorphism, In such a
situation, f is necessarily localic, by left-cancellation of localicity [Joh02,
A4.6.1(f)].

Equivalently, objects (€, X) consist of a topos equipped with a pre-
bound, and maps (f,¢) : (€,X) — (F,Y) are geometric morphisms
f &€ — JF together with an isomorphism f*Y = X. The fibre of
Toposl/oscet[ol over a topos € is thus the groupoid of prebounds of €.

2.1.3. Remark. One can also consider the lax or colaz slice, with the
same objects but more 1-cells: triangles commuting up to a non-invertible
map, or equivalently with a non-invertible comparison map of prebounds
f*Y — X or conversely. These would be in some respects preferable: the
fiber & would be the category of prebounds of € (or its opposite), and
the forgetful functor from each exhibits Topos as a localisation. However,
reconstruction functors are not in general functorial on maps of the lax
or colax slices; in some examples, they are functorial on a subclass of
these maps, but typically not all.

2.1.4. Definition. Similarly, as a category of sites, we take Topos‘;gz, the
pseudo-slice of Topos over Psh : cat — Topos: objects are topoi equipped
with an embedding into a presheaf topos € < Psh € (equivalently, with
a site of definition), and maps are suitable pseudo-commuting squares
between these.

There are no non-trivial 2-cells, since by cat, we mean the I-category of

small categories; arguably Topos‘jré‘;, based on the 2-category Cat, would
be a more natural (2-)category of sites, but in practice, the site-based
constructions we consider are mostly not 2-functorial in the base category.

For convenience we will sometimes write sites using covariant pre-
sheaves, Psh’ € := Psh C°P; this is of course just cosmetic.
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There are various ways to pass between sites and prebounds for a
topos; the following are probably the most standard and straightforward.

2.1.5. Construction (Pre-bounds from sites). Any presheaf topos Psh C
has a prebound (in fact a bound) given by Ye = [[.ce, yc. This is
laxly (1-)functorial: a functor F' : € — D induces a map Ye¢ — F*Yq.
It also extends to subtoposes by pullback: for i : &€ < Psh €, we take
Yg = Z*Y@

It thus defines a functor from Topos™? loclax .

/cat /Set[O]’
and restricted to subtoposes of any given presheaf topos, this lands in
the pseudo-slice Toposl/oscet[o}.

If € has a terminal object, then Y is inhabited in Psh C; so restricted

to such categories, the construction factors through Toposl/oscéi?ga]

(This is essentially given in [JT84, §VIL.3 Prop. 1|, presented differently
and without functoriality.)

into the lax slice Topos

2.1.6. Construction (Sites from prebounds). Conversely, given a preb-
ound X for a topos &, a site for € is given by the full subcategory of &€
on subobjects of powers of X, with the canonical topology induced from
€. This may be seen as the standard site for the complete (single-sorted)
geometric theory of X in &, as in [Joh02, D3.2.5(iii)].

2.1.7. Construction. A closely-related alternative to Set[O] is the classi-
fying topos Set[O3] for inhabited objects, used extensively in Joyal and
Tierney [JT84].

The obvious forgetful functor from inhabited prebounds to prebounds
in any topos corresponds to a localic map Set[O5] — Set[O]. Conversely,
for any prebound S in a topos &, an inhabited one is easily given in
various ways, most easily as 1+ or P<; S (the partial map classifier for .S,
helpfully seen as the object of partially-defined elements or subsingleton
subsets of ).

In the universal case, these give localic maps 1 + 0", "P<;0" : Set[0] —
Set[O3]. Postcomposing with these gives functors

Toposl/oscet 0] — Toposl/oscet 03]

For 1+ —, that functor exactly sends a topos-with-prebound (€, .5) to
(E,1+495), since 1 + — is a geometric construction (that is, preserved by
inverse image functors). For the partial map classifier, (€, S*P<;0) is in
general the same as (€,P<15), since P<j— is not geometric; (€, 5) —

(€,P<15) defines a functor only into Toposl/oscéi?ga}, not Toposl/osfet[oa].

2.2. Localic groupoids and their toposes.

2.2.1. Definition (Localic groupoid). A localic groupoid G is a groupoid
object in the category of locales; concretely, a locale of objects Gy and a
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locale of morphisms G1 together with maps

)

Gl X Go G1 4 Gl < Go

satisfying the usual groupoid identities.

Together with internal functors and natural transformations, these
assemble into a bicategory Gpd(Loc).

(These 2-cells are sometimes called the ‘algebraic’ natural transform-
ations; there are also the ‘topological’ ones arising from the order-
enrichment of Loc, but we ignore these. )

Any localic groupoid induces a topos of equivariant sheaves. These
may be defined in several ways: as a locale of objects equipped with a
functorial action on morphisms; or a discrete fibration of localic groupoids
which is also a local homeomorphism; or more. In fact what we will really
use is the high-level characterisation of the resulting topos, which we
therefore take as definition:

2.2.2. Definition (Equivariant sheaves). Let G = (Go, G1) be a localic
groupoid. Consider it as a truncated simplicial object Go : A5? — Loc.

G2 = Gl XGo Gl E Gl G[)

The topos of equivariant sheaves on G is the colimit of toposes
BG = colim(AS® <2 Loc 2% Topos).

(Recall that a small colimit in Topos can be calculated as the pseudo-limit
of its diagram of inverse image functors in Cat.)

This extends to a 2-functor B : Gpd(Loc) — Topos (the action on
2-cells is subtle: [Joh02, discussion preceding C5.3.11]).

2.2.3. Definition ([Moe88, §7.2]). A localic groupoid G is étale-complete
if the square

Sh(G1) —— Sh(Gy)

oA |

Sh(Go) — BG

is a pullback, where s and ¢ are the source and target maps while p is the
natural isomorphism corresponding to the functorial action of equivariant
sheaves.

We say a localic groupoid G presents a topos € if BG ~ €. Present-
ations of a topos may be alternatively seen in terms of localic covers.
Certainly a presentation BG ~ € induces a map Sh(Gp) — €, which is
always of descent type:
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2.2.4. Lemma. Suppose that f : Fg — € is the conical pseudo-colimit
of a pseudo-functor F_ : AJ” — Topos, then f is a geometric morphism
of descent type.

i) ¢ I Fop —F—= €

Proof. The fact that f is a pseudo-cocone for the diagram F_ induces a
pseudo-natural transformation from F_ to pker;, between pseudo-functors
ASP — Topos. As a result, the composite of any pker #-pseudo-cocone
e Flo) — &’ with this pseudo-natural transformation is a F_-pseudo-
cocone. This shows that any such f’ factors through f, hence the latter
is also the pseudo-colimit of pker. [l

Conversely, given a map from a localic topos f : Sh(X) — &, all
toposes appearing in the kernel groupoid of f are localic [Joh02, after
C5.3.10], so they assemble into a localic groupoid G with Gy = X. If f
is of descent type, this says precisely that G presents €.

2.2.5. Construction. These constructions thus form an idempotent
2-adjunction
B
—
Gpd(Loc) , L Loc /Topos
pker
whose fixed-points in Gpd(Loc) are precisely étale-complete grouopids,
and in Loc rop0s are the maps of descent type (in each case essentially by
definition). We denote the full subcategory of Loc ropes On the latter by

Loc‘/i?ripos. The adjunction above thus restricts to a reflection, now over
Topos:
B
% d
Gpd(Loc) L Loc) T pos
pker
R cod
Topos

Further conditions on a covering map often correspond to the ana-
logous conditions on the source and target maps of the groupoid. Most
importantly for our purposes, a localic groupoid G is open (i.e. its source
and target maps are open maps of locales) just if the resulting cover
Sh(Go) — B(G) is open [Joh02, C5.3.6]. We write Gpd(Loc)°Pe", Loc/P""

/Topos
for the corresponding full subcategories of Gpd(Loc), Loc?-‘i-ipos. Similarly,
we write Locl/s-?OpoS for the full subcategory of Loc(/i-ersopos on localically-

stable descent maps. (This does not correspond to any condition on
localic groupoids nicer than simply saying the corresponding cover is
localically-stable descent.)
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2.3. Reconstruction and covering functors.

2.3.1. Definition (Reconstruction functor). A reconstruction functor is
a pseudo-functor R as below, together with a pseudo-natural equivalence
A:BoR~U.

TOPOSI/%Cet[o] 77777 R Gpd(Loc)

A reconstruction functor is open, resp. étale-complete, if all the group-
oids in its image are.

2.3.2. Definition (Covering functor). A covering functor is a pseudo-
functor D as below, together with a pseudo-natural equivalence v :
codoD ~ U.

TOpOS/Set[O] 7777777777 ’ I‘OC/Topos
Topos

We call a reconstruction functor open, resp. localically stable, if the
covers in its image are.

2.3.3. Construction (Covering versus reconstruction functors, D — Rp,
R+ Dgr). Since the adjunction of Construction 2.2.5 between Gpd(Loc)
and Loc?%ipos above lies over Topos, postcomposing with it induces an ad-
junction between covering functors and reconstruction functors, exhibiting
the former as the reflective subcategory of étale-complete reconstruction
functors, and moreover restricting to the corresponding subcategories of
open objects on each side.

Given a reconstruction functor R, we denote the corresponding covering
functor by DR, and conversely denote the reconstruction functor associated
to a covering functor by Rp.

2.4. Amorphous sheaves. We now introduce amorphous sheaves, as a
small package of data sufficient to encapsulate a reconstruction functor.
Essentially, this is an elaboration of the observation in [Joh02, Remark
C5.2.8] that many covering constructions in the literature are, or can be,
presented starting from a cover of the object classifier Set[O] and pulling
back to arbitrary toposes along prebounds.

2.4.1. Notation. For an object X of a topos &, we will write "X for the
corresponding geometric morphism € — Set[O].

2.4.2. Definition (Amorphous sheaf). Call an object X of a topos €
weakly amorphous if "X : & — Set[0] is of localically stable descent
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type (in the sense of Definition 1.1.4), and amorphous if "X is an open
surjection.

By a (weakly) amorphous sheaf we mean a locale L together with a
(weakly) amorphous object of Sh(L).

We view amorphous sheaves as a full sub-2-category AmSh of the
pseudo-comma Loc /get(o); 50 amap (L, X) — (L', M') isamap f : L— L'
along with an isomorphism ¢ : f*X’ = X, and a 2-cell (f,¢) < (f',¢')
is a specialisation f < f’ acting trivially on ¢.

The name ‘amorphous’ reflects that "X" being an open surjection
implies X is a rather nebulous-looking sort of object: precisely, it satisfies
just the first-order properties satisfied by the generic object in Set[O],
collected precisely in Theorem 4.2.5 below.

2.4.3. Remark. We take the open surjection version as primary, since this
is best-behaved and covers the motivating examples. (It is a commonplace
that stable descent maps arising in nature are always either open or proper;
and there are toposes admitting no proper localic cover [Joh02, C5.2.10],
so no weakly amorphous sheaf can be proper over Set[O].) On the other
hand, localically-stable descent seems the minimal natural condition that
suffices for the motivating comparison with reconstruction and covering
functors.

It is clear that covering functors provide amorphous sheaves:

2.4.4. Construction. For any localically-stable covering functor D :
Toposl/oscet[o] — Loc(/i%pos, its value on the universal prebound O € Set[O]
is a weakly amorphous sheaf, and is amorphous if D was open.

Slightly more generally, any construction producing localically-stable
localic covers for arbitrary toposes — not assuming any functoriality —
will, when applied to Set[O], yield a weakly amorphous sheaf.

2.4.5. Construction (From amorphous sheaves to covering functors,
(L,X) — Dx). For a localic geometric morphism ¢ : & — Set[O], take
Dx () to be the pullback of "X along /.

Dx (&) — Sh(L)

Dx (z)J' 7o i“x‘

Dx (&) is itself a localic topos: localic maps are stable under pullback
and composition [Joh81, Lem. 1.1, Prop. 2.1], so the composite Dx () —
Sh(L) — Set is localic. Moreover, since "X is of localically stable descent
type, its pullback Dx (¢) is also of descent type, as required.
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This defines Dx on objects; it extends to a pseudo-functor
. 1 d
D: TOpOS/OSCet[O] — LOC/-el—Sopos

via the universal property of pseudo-pullbacks. (This is where it is
essential that we only ask covering functors to be defined on the pseudo-
slice Toposl/oscet[o}, not the (co)lax, as discussed in Remark 2.1.3: pseudo-
pullbacks are in general functorial only in pseudo-commuting triangles,
not (co)lax.)

Finally, the resulting functor Dy : Toposl/"scet[o} — Loc
over Topos by construction.

des

Topos lies strictly

2.4.6. Construction. For each localically stable covering functor D, there
is a comparison transformation np : D — D(idget[0]), naturally in D,
provided directly by the universal property of pseudo-pullbacks.

2.4.7. Definition. Say a covering functor D is cartesian if it maps 1-cells

: loc L . L des
in Topos /Set[o] O cartesian squares in Loc Topos-

2.4.8. Proposition. A covering functor D is cartesian if and only if it is
pseudo-naturally equivalent to Dx for some amorphous sheaf X.

Proof. Cartesianness of D), is direct from the pullback lemma.
Conversely, if D is a cartesian covering functor, then the natural
comparison map 7p : D — DD(idSct[O]) is an equivalence, since for any
localic geometric morphism ¢ : € — Set[0], cartesianness tells us that
D(¥) is precisely the pullback of Db (idgy o)) 2long £- O

2.4.9. Scholium. For any pullback-stable subclass of geometric morph-
isms of descent type — open or proper surjections, connected and locally
connected maps, etc. — the constructions above restrict to an adjunc-
tion between covering functors valued in maps with this property, and
amorphous sheaves satisfying this property.

2.4.10. Remark. By left-cancellation of localic maps, any map out of
a localic topos is localic. The data of an amorphous sheaf can thus be
reformulated as a locale M in Set[O], overt and positive (i.e. with M — 1
an open surjection), and such that Shgeo)(M) is itself localic over Set.

2.4.11. Remark. Yet another alternative formulation (close to the preced-
ing) is as a Morita-equivalence Set[T ] ~ Set[T /] between a propositional
geometric theory and a single-sorted one, such that T, is overt and conser-
vative as an extension of the theory of an object; that is, the corresponding
locale L in Set[O] is overt and positive.

This is the viewpoint primarily taken, very fruitfully, in [JT84; JM90a;
JMOI0b]: in particular, the classifying property of Set[T /] greatly illumin-
ates the pullbacks of toposes involved.
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We take the present formulation of amorphous sheaves as primary
firstly to emphasise the straightforward concrete nature of the underlying
data (a single locale and sheaf thereon), and secondly as it admits the
logical characterisation of Theorem 4.2.5.

3. EXAMPLES

Here we unwind concretely and inspect the locales and amorphous
sheaves produced by, and to some extent embodying, various well-known
covering constructions appearing in the literature.

We take them roughly in order of their historical development.

3.1. The Boolean covers of Freyd and Barr. Historically, the line of
development that led to covering theorems arose from theorems of Freyd
and Barr [Fre72; Bar74]|, originally viewed as embeddings into Boolean
toposes. In modern terms, seen geometrically, they show that toposes
admit covers by Boolean locales, with various further good properties
[Joh02, §C 5.4|. For our framework, these are necessarily non-examples:

3.1.1. Proposition. If f : B — € is a geometric morphism of descent
type, with B boolean, then € is also Boolean.

Proof. Any geometric morphism into a Boolean topos is open [Joh02,
before C3.1.9]. The kernel groupoid pker ¢ is thus necessarily open; hence
by [Moe88, Thm. 3.6(a)] so is its quotient map, i.e. f. O

The Boolean coverings of Barr and Freyd therefore cannot be of descent
type in general, and specifically not in the case of Set[O].

3.2. Diaconescu cover. Our first actual example is the Diaconescu
cover, introduced in [Dia76] as a simplification of the Barr cover. The
surjective aspect of the cover was the main original motivation, but
Coste? analysed it and recognised the properties which in hindsight we
can recognise as its openness.

The Diaconescu cover is now very well understood, and in particular
known to be always an open surjection [Joh02, C5.2.1|. It is defined in
general based on a site of definition for a topos, and starts in particular
from the presheaf case.

3.2.1. Construction. Let € be a small category. Write DC for the poset
of paths in the underlying graph of €, ordered by end-extension; that is,
its objects are finite sequences of composable morphisms in €, with one
sequence smaller than another if it is an initial segment thereof:

(co s dme)) < (oL Iy dum e, (1)

3In an unpublished seminar, described briefly in [Joh85, p. 95].
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There is an evident projection functor 7 : D€ — €, mapping each
path to its codomain, and sending a map as in (1) to the composite
fntk o . 0 fug1 i Ty — Tpok.

It induces a geometric morphism Psh’ DG — Psh’ €, which is an open
surjection since 7 is surjective on objects and satisfies the lifting condition
of [Joh02, C3.1.2]: for any fo = (- L% 2. . I%) in DC and map
g : m(fe) — x in € there exists a lift fo < go in DC which maps to g
under 7, namely the result of concatenating g at the end of f,.

Since DC is a poset, Psh’ DC is localic (corresponding to the Alexandrov
locale on DE); the Diaconescu cover of Psh’C is the map Psh' DC —»
Psh’ €.

For any topos &, given a site of definition in the form of an embedding
& — Psh’ €, we pull this back to a subtopos of Psh’ DC° (which is thus
also localic) to obtain the Diaconescu cover of &:

D¢ = Sh'(DC, JP) «—— Psh/DC
L
&~ Sh'(€,J) ——— Psh’'€

We will by slight abuse of notation write DE when a specific site of
definition € < Psh’ @ is fixed.

3.2.2. Construction. The Diaconescu cover is functorial in the site of
presentation: that is, it gives a 2-functor D : Topos‘jgt’ — Loc /Topos OVer
Topos.

Concretely, the basic construction on categories € — DC is certainly
functorial (though just on the 1-category cat, not 2-functorial on Cat); and
the extension to Toposigg by pullback is unproblematically 2-functorial:

D ——— PshDC

ey ~
l DJ % Psh DD

‘ Psh @ l

( !
T~ c \PshD

3.2.3. Example. Extracting an amorphous sheaf by taking the Diaconescu
cover of Set[0], using its standard presheaf presentation as Psh’ Fin, we
get:

(1) the poset DFin, viewed as an Alexandrov locale, which we may
call the Diaconescu tree;
(2) the amorphous presheaf Xp : DFin = Fin < Set.

3.2.4. Remark. We can now compare the original Diaconescu cover
with the covering functor induced by the amorphous sheaf (DFin, Xp).
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Since D is defined using sites, not prebounds, this does not quite fit the
mould of Construction 2.4.5; but for a site-presented topos € < Psh’ €,
we can compare its Diaconescu cover DE with the cover induced from
(DFin, Xp) using the canonical prebound Y¢ from Construction 2.1.5.

Dé - Psh/ DC _
2 Psh/DFin

St

Kt
Y; Psh/ DFin Y Psh/ DFin

/ _
g« ¢

Psh’/ @ Psh’ Fin

The comparison map over € is a pullback of the comparison map over
Psh’ C; so the comparison reduces to the presheaf case, and specifically
to the question of whether the square over "Y¢' is a pullback of topoi:

Psh/ D6 —— Psh/ DFin

T

Psh’' ¢ —— Psh’Fin
Unfortunately we have not yet been able to determine this question,
but we expect that it is not in general a pullback, and hence that the

amorphous sheaf (DFin, Xp) does not exactly recover the Diaconescu
cover in general.

3.3. Spaces of enumerations and coverings. Most other covering con-
structions in the literature are variations on a construction first presented
by Joyal and Tierney in [JT84|: spaces of enumerations of a prebound.

In [JT84, §VIL.3, Thm. 1], this is presented essentially by the approach
outlined in Remark 2.4.10 — constructing an internal overt and total®
locale based on the generic object, and then showing that its topos of
sheaves is localic over Set — but over the generic inhabited object, O3, not
just O. Specifically, they present a locale Ln—sx classifying enumerations
of an arbitrary object X in a topos €, and note that this is overt and total
if X is inhabited (using criteria from [JT84, §V.3]), so that She(Ln—sx)
is an open surjection. Specialising to the generic case O3 in Set[O3],
they note that Shgejos)(Ln—s05) (viewed over Set) classifies equivalence
relations on N, and hence is localic, since these are also classified by
an evident propositional theory Tgqrein. For an arbitary topos €, they
then take an inhabited prebound S, and use it to pull back the given
construction from Set[O5]. The resulting cover is thus (viewed over €) the
space of enumerations of S, and (viewed over Set) the space of Tg-models
on quotients of N.

4That is, its map to 1 is an open surjection of locales
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Though not stated there, functoriality is direct from the construction:

3.3.1. Proposition. This construction defines a covering functor based on
Toposl/oscet[oa], the 2-category of toposes with inhabited prebounds, which
we call Dyp. Moreover, it is cartesian, in the sense of Definition 2.4.7

adapted to Toposl/oscet[oa}.

The universal case can likewise be viewed as an analogue of an amorph-
ous sheaf, but over Set[O3] instead of Set[O]. Concretely, its base locale
is LEqRelN; and the map Sh(LEqRelN) ~ ShSet[Og}(LN%OE) — Set[OQ],
viewed as an (inhabited) object of Sh(Lgqrein), is precisely the quotient
of N by the generic equivalence relation.

(A detailed and accessible exposition of the resulting localic groupoid
representations is given by Manuell and Wrigley in [MW24].)

To obtain a cover for a topos with an arbitrary prebound S € &, we
may precompose with any of the constructions of Construction 2.1.7,
replacing S with 14 S and covering € by She(Ln—s»145), or alternatively
covering & by either She (S*Lny—yp_,0) o Ln—»p_,s-

The last of these is, as noted above, not quite geometrically functorial;
but the former two define covering functors on Toposl/oscet[o], both stable
since the original Dy was. The former is better-behaved; extracting its
core amorphous sheaf, we get:

3.3.2. Example. Shset[o}(LNHﬂJroa) classifies equivalence relations on N
with a distinguished equivalence class; equivalently, equivalence relations
on N together with a distinguished, decidable, inhabited equivalence class.

3.3.3. Proposition. The Joyal-Tierney covering functor, extended to
arbitrary prebounds via S+ 1+ S, is stable, and so can be recovered up
to equivalence from its associated amorphous sheaf.

Subsequent work modifies this construction in several directions:

(1) Most replace the use of (total) enumerations/equivalence relations
used above by partial enumerations of an object, Ln—g, and
correspondingly the space of partial equivalence relations on N,
LpgrnN [Joh02, C5.2.7|. Ly—o is not only overt and total, but
additionally locally connected and connected (and so the resulting
covers in turn enjoy these properties).

(2) [JM90b| and [Joh85, Thm. 4.1] restrict to the subspace of infinite-
to-one partial enumerations, which retains the good properties of
Ln—»05 but is additionally path-connected.

(3) [BM98| and [For12| generalise to spaces of partial enumerations
by larger infinite sets, L;—.g, and correspondingly the Lpgr;.
These have the advantage that for a topos with enough points,
the resulting cover is spatial for sufficiently large 1.



20 IVAN DI LIBERTI, PETER LEFANU LUMSDAINE, AND ERROL YUKSEL

4. LOGICAL RECOGNITION OF AMORPHOUS SHEAVES

The main result of this section is a precise logical characterisation of
amorphous sheaves. This follows relatively straightforwardly from the
results of [BJ98|, which give tight connections between open geometric
morphisms and first-order logic, especially over classifying toposes for
geometric theories, and the object classifier in particular.

We begin by pausing to recall the key aspects of their picture.

4.1. Background: Classifying toposes and first-order logic. Recall,
from for example [Joh02, §D3.1|, that each geometric theory T admits a
classifying topos: that is, a topos Set[T] containing a universal T-model
Gt which is universal in the sense that the functor

Topos(&, Set[T]) — T-Mod(€)

sending f to f*(GT) is one half of an equivalence of categories, natural
in €. Moreover, the geometric sequents satisfied by the universal model
of Set[T] are precisely those provable in T.

In general, the inverse image functors only preserves geometric con-
nectives, which why the theory of classifying toposes applies chiefly to
geometric logic. But (the inverse image functor of) an open geometric
morphism preserves all connectives of infinitary first-order logic. Hence,
for an open map f : & — Set[T], the model f*(Gt) € T-Mod(&) will
not only satisfy the sequents of T but also all the infinitary first-order
sequents true of Gt in Set[T].

4.1.1. Definition (|[BJ98, Section 4]). The full first-order theory Tt of
a geometric theory T consists of all the infinitary (i.e. Lo ,,) first-order
sequents (equivalently, sentences) in the language of T that are satisfied
in the universal model Gt in Set[T].

4.1.2. Remark. A priori, T" is a proper class, and might not be axio-
matised by any set. However, it turns out that it is always axiomatised
by its restriction to £, (i.e. disjunctions and conjunctions of size < k),

for k any cardinal larger than all the subobject lattices Sub(Gt(A)), for
A some finite list of sorts of T.

4.1.3. Definition. Call a model of a geometric theory T in a topos &
open if the corresponding geometric morphism € — Set[T] is open.

As noted above, open models of T satisfy the full first-order theory of
T, and actually this characterises them.

4.1.4. Proposition ([BJ98, Prop. 4.3|). Let T be a geometric theory. A
model of T in a topos & is open if and only if it is also a model of T
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4.2. Logical properties of amorphous sheaves. In this language,
amorphous sheaves are precisely open, conservative models of the theory
of an object. We thus examine the first-order theory of the generic object
in Set[O].

4.2.1. Example ([BJ98, Ex. 6.4]). The full first-order theory O of the
theory of objects is axiomatised by the sequent

together with the scheme of sequents

Ve(z=y1 V- VZ=yn V) Fy g @ (2)
for each n > 0 and quantifier-free coherent formula ¢ in the variables
Y1y Yn-

4.2.2. Remark. The scheme Eq. (2) is a little obscure. It is slightly
stronger than the scheme saying the domain is not Kuratowski-finite,

Ve(x =y V...VZ=1yp) by g L (for each n € N) (3)
but weaker than the scheme saying the domain is positively-infinite,
Fyrn (=11 V... VT =1yp)) (for each n € N).  (4)

Classically, these are of course equivalent. Constructively, however, they
diverge: [BJ98, Ex. 6.4] shows that Eq. (2) is strictly stronger than
Eq. (3), while the generic object itself (or any amorphous sheaf) separates
these from Eq. (4), since the latter is inconsistent with ., == (z = y).

Example 4.2.1 axiomatises open models of the theory of objects in a
topos &, which is almost the notion of (open) amorphous object we are
after. We also want the corresponding map € — Set[O] to be surjective
as well. In general, this means that the model is conservative over the
theory at hand, which can be difficult to check, but in this case we can
give a simple condition.

4.2.3. Definition. An object X of a topos € is inhabited if Ix T is true
in &; equivalently, if X —» 1 is a cover.

4.2.4. Proposition. An open geometric morphism € — Set[O] is surject-
ive if and only if the object it classifies is not inhabited.

Proof. Generally, an open geometric morphism f : & — JF is a surjection
precisely if its image is total; equivalently, if for each subterminal U C 1
of F, ffU=1 = U=1.

For Set[O] ~ Psh’ Fin, it is direct to check that the only non-trivial
subterminal is the functor Fin — Set sending the empty set to itself and
every other set to 1; logically, this is precisely [Jz : O T].

So an open geometric morphism f : & — Set[O] is surjective just if
[Fz: f*OT] #1. O
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Putting everything together, we obtain a complete logical characterisa-
tion of amorphous objects.

4.2.5. Theorem (Theory of amorphous objects). An object X of a topos
€ is amorphous if and only if it satisfies
(1) Fgzy 7(x =y) and
2)Ve(z =y V---V& =y, V) by, 4, ¢ for each n € N and
quantifier-free coherent ¢,
but
(3) is not inhabited, i.e. does not satisfy - 3z T.

4.2.6. Remark. An amorphous object is therefore one that satisfies the
(infinitary first-order) properties of the generic object O € Set[O] and
only those. It is therefore generic in the sense that it cannot satisfy any
non-trivial property, whence the terminology amorphous.

4.2.7. Remark. Condition (3) above says that X — 1 is not an epi-
morphism, while condition (2) for n = 0 and ¢ = L says that X satisfies
——dx T, which expresses that X — 1 is weakly epimorphic, in that the
pseudo-complement of its image is empty. In the localic case, this says
that the image of X is a dense open. Similarly, one may read condition (1)
as saying that the diagonal X — X x X is such a weak epimorphism.

4.2.8. Remark. In light of Theorem 4.2.5, it is tempting to conjecture
that amorphous objects in a topos are closed under binary products: the
simple conditions (1), (3) both are, and so are the more comprehensible
schemes Egs. (3) and (4) approximating (2).

However, in Set[O] x Set[O] ~ Set[Oy, O2] ~ Psh’(Fin x Fin), the two
generic objects O; are each amorphous (since they correspond to the
projections 7; : Set[O] x Set[O] — Set[O], which are open surjections as
pullbacks of Set[O] — Set), but their product O; x Og is not. Its classifying
geometric morphism is induced by the functor x : Fin x Fin — Fin, which
is not open, by the criterion of [Joh02, C3.1.2|. Specifically, the map
A :2x 2 — 2is not a retract under 2 x 2 of any map of the form
2x2—X xY.

4.3. Applications. One easy consequence of the criteria above is a
constraint on which locales can admit amorphous sheaves:

4.3.1. Corollary. If a locale L admits an (open) amorphous sheaf, it
must have a proper dense open.

Proof. If X € Sh L is amorphous, then as noted above, surjectivity implies
[3z: X T]# 1. On the other hand, O™ implies (via the n = 0 case of
the inexhaustibility scheme) that [-—3z: X T] =1 O

This gives an alternative argument for the observations of Section 3.1:
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4.3.2. Corollary. A boolean locale L does not admit any open amorphous
sheaf. N

We finish with an easy but intriguing application of Theorem 4.2.5.

4.3.3. Example. By Theorem 4.2.5, any sufficiently explicit completeness
theorem for first-order logic with respect to localic models — or, a fortiori,
Kripke models — must provide an amorphous sheaf, and hence a stable
covering functor.

In particular, Kripke’s original completeness construction using Beth
tableaux [Kri65, Thm. 2], applied to the (infinite®) sequent Of* - 3z T,
must produce (since we know this sequent is not derivable) a tree T" and a
presheaf X on T satisfying Of® but not 3z T — in other words, precisely
an amorphous sheaf on (the Alexandrov locale of) T.

Unwinding a few steps of the tableau process shows that the resulting
tree is not dissimilar to the Diaconescu tree of Example 3.2.3, but not
quite the same.

The resulting covering functor is, so far as we know, novel: it is at
least not equivalent to any of the others considered above. The Kripke
completeness theorem has certainly been a motivating influence on the
development of topos-theoretic covering and completeness theorems, as
discussed by for instance Makkai and Reyes [MR77, §6.3], but we do not
know of any explicit extraction of a covering construction from it in the
literature.
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TOPOSES AS LOCALIC STACKS

ERROL YUKSEL

ABSTRACT. We show that the nerve of the inclusion of loc-
ales in toposes is fully faithful in the 2-categorical sense, and
hence that toposes can be seen as certain localic stacks. This
is achieved by the combination of an original technical result
about the 2-localisation induced by a 2-site, and the obser-
vation, stemming from the work of Joyal-Tierney, that each
topos induces a stack over the category of locales.
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INTRODUCTION

The relationship between locales and toposes is one of the central
themes of categorical logic and topos theory. As is well known, loc-
ales, the spatial embodiments of propositional geometric theories,
embed fully faithfully in toposes, first-order geometric theories up
to Morita equivalence. In this paper we prove a kind of converse
result: toposes embed fully faithfully in (pre)stacks over locales.
Logically speaking, this means that the data of a geometric theory

The author was supported by the KAW Foundation, under the project “Type
Theory for Mathematics and Computer Science” (PI Thierry Coquand).
1
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is equivalent to that of all its propositional extensions. Specifically,
we show that the nerve of Sh : Loc — Topos is fully faithful in the
2-categorical sense.

Theorem. For all toposes £ and F, the functor
Topos(F,E) — CAT <" (Topos(Sh(—), F), Topos(Sh(—), £))
is an equivalence.

This can be read as a density theorem: every topos £ is com-
pletely determined, up to equivalence, by geometric morphisms
Sh(X) — & for varying locales X, which we call the localic points
of £.

This paper is an additional instalment in the broader program
of representing toposes by localic or topological data, initiated by
Joyal and Tierney [JT84] as an extension of Grothendieck’s Galois
theory [SGA1], later expanded upon by authors such as John-
stone [Joh85], Moerdijk [Moe88; Moe90|, Butz—Moerdijk [BM9S],
Awodey—Forssell [AF13], Wrigley [Wri23; Wri25]. The present work
offers a change of perspective on that program in that it moves away
from the more compact non-canonical usual groupoidal presenta-
tions and instead encodes a topos by all its localic data, thereby
guaranteeing the intrinsicality of the representing objects at the
cost of increasing their size.

Our proof combines two main ingredients. The first is the 2-
categorical theory of sites and stacks, building on the foundational
work of Street [Str82b; Str82a] and Bunge-Paré [BP79]. A key
technical result we establish in this direction is that stacks with
respect to a topology J are local with respect to J-dense fully faith-
ful morphisms of prestack. The second ingredient is the theorem
of Joyal and Tierney [JT84] that open surjections of toposes are
effective descent morphisms, which we reframe as showing that the
nerve of Sh lands in stacks (and not just prestacks) over locales.
The ideas in the proof strategy follow arguments of Bunge [Bun90],
where analogous results were obtained in the (2,1)-core of the 2-
categories we consider, but are now ‘laxified” and applied in a fully
(2,2)-setting.

The question of whether the resulting embedding

Topos < CATR”

admits a left adjoint is related to the work of Di Liberti [Di 22,
who constructs such an adjoint on the full subcategory of modest
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prestacks over topological spaces. We discuss this at the end of the
paper, showing that while Topos(Sh(—), £) is not in general a small
prestack, it is always a small stack, and we identify the obstruction
to promoting Di Liberti’s partial adjoint to a genuine left adjoint
on small prestacks.

The paper is organised as follows.

In Section 1, we set up as much of the machinery of 2-sites and
stacks as is needed for our purposes. Beyond going over the ba-
sic definitions of sieves, topologies, and stacks, we also discuss how
a suitably stable class of morphisms generates a topology, recall
the notion of descent morphism and how it relates to stacks, and
compare effective descent with effective lax descent. We close the
section with a technical result about the 2-localisation that a topo-
logy generates.

In Section 2, we apply the concepts of Section 1 to introduce the
motivating example of this paper: the 2-category of locales seen as
a higher site and toposes seen as higher sheaves on it. Concretely,
this is achieved by taking open surjections of locales as coverings, in
a sense to be defined, which induces what we call the open topology
on Loc. From the existing literature on effective descent in topos
theory, the most notable of those being [JT84], we are able to show
that each topos induces a stack over the resulting 2-site.

This observation, worthwhile in its own right, is crucial: from
it we deduce that the nerve of the inclusion Loc < Topos is fully
faithful (in the 2-categorical sense), which means that locales are
dense in toposes. Equivalently, the 2-category of toposes can be
seen as a full subcategory of the one formed by stacks over Loc,
localic stacks; we close the section by discussing whether it is also
a reflective subcategory thereof.

1. 2-SITES AND STACKS

The goal of this section is to go over the basics of 2-sites and
stacks, and compare them to the notions of descent and lax des-
cent. Essentially, here we give enough background as to be able to
rephrase the work of Joyal-Tierney [JT84] in the language of stacks.
This section also touches on the higher calculus of fractions induced
by a 2-site, insofar as identifying a class of morphisms which are
formally inverted by stackification.
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1.1. Sieves and sites. This section introduces the basic ingredi-
ents needed for stacks; it essentially follows [Str82b; Str82a], see
also [Cav24].

For this whole section we adopt the convention that K shall al-
ways denote a 2-category.

Definition 1.1. A sieve on z € K is a (pointwise) fully faithful
morphism 7 : S < y, in Cat™”.

Remark 1.2. Just as in 1-category theory, where subobjects of
representable functors correspond to composition-stable collections
of morphisms with a fixed codomain, if one considers fully faith-
ful morphisms of Cat™” up to equivalence then sieves amount to
collections of morphisms of K with a fixed codomain which are
composition-stable up to an invertible 2-cell.

For a sieve S — y,, the corresponding collection of morphisms
are those that belong to the essential image of S(y) — K(y,z) for
some y € K.

Notation 1.3. If p : y — x is a morphism of I, we denote the sieve
it generates, which consists of the morphisms which factor through

p, by (p) = Yo

Note that y, — (p) — y, is the pointwise factorisation of y,
as a functor which is essentially surjective on objects followed by a
fully faithful functor.

Definition 1.4. A topology J on K is a collection J(zx) of covering
sieves for each x € K such that:

(i) J is maximal: the maximal sieve 1y, on x is covering;
(ii) J is stable: if S < y, is covering and R — y, is a pseudo-
pullback of S along f :y — x, then R — y, is covering;

RJ—>S
[= ]
YyTYz

I

(iii) J is local: if the pseudo-pullbacks of a sieve R < y, along
each morphism f : y — x of a covering sieve S — y, are
covering, then R itself is covering.

Definition 1.5. If IC is a 2-category and J is a topology on K, then
the pair (K, J) is called a 2-site.
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Lemma 1.6. Let (K, J) be a 2-site. The following claims hold.

(i) If 4 : S < y, is covering, then any j : R < y, through
which ¢ factors is also covering.

Y

(i) If 41 : S; < y, and is : Sy < y, are two covering sieves,
then so is their intersection S — y,.

g2, g,

|
21\[ =~ \[@'2

511-—1>Yx

Proof.

(i) For each morphism f : y — x of S, we can pull back the
factorisation along it and obtain

which forces f*R — y, to be an equivalence, hence covering.
The claim thus follows from the locality axiom of J.

(ii) Take f :y — x in 4y : S; — y, and pullback i; o i1 along
it in two steps, as in the vertical rectangle of the diagram
below. The result of the first pseudo-pullback, that of 7,
along f, is the identity at y, because f is in 51 — y,.

1S, , S 2.3,

[© F

1
Yy ? Sl € > Vo
> - ;7
H I
f

Yy—>yyc

For the second, by pasting the defining pullback diagram
of S as in the horizontal rectangle above, we see that it is
the pseudo-pullback of iy along f, hence a sieve in J by
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the stability axiom (ii) of Definition 1.4. So the pseudo-
pullbacks of 4; o i; along morphisms in S; < y, all belong
to J, and we can conclude that 7; o i1 is in J as in the last
case (the same argument works for iy o 52).

O

In standard sheaf theory, Grothendieck topologies are most often
presented in terms of covering families, which are not necessarily
sieves. For our purposes, we shall only need to consider covering
families consisting of a single morphism; we treat this case below.

Definition 1.7. If § is a collection of morphisms of I, then we
write Jg for the smallest topology on IC such that each (p) with
p € S is covering.

Proposition 1.8. Suppose that S is a collection of morphisms of K
containing the identities, closed under composition, and such that
all pseudo-pullbacks of elements of S exists in L and belong to S.
Then, a sieve is Jg-covering just if it contains at least one p € S.

Proof. For x € I, let J(x) consist of the sieves which contain at
least one p € S. Clearly, the maximal sieve at z belongs to J(z)
because S contains the identity at x.

As for stability under pullbacks, suppose that i : S < y, contains
(p) = y, withp:y — 2 in S and that f : 2’ — 2 is a morphism of
KC. As the diagram below shows, the pseudo-pullback ' : S <y,
of i along f contains (f*p) < y, because y preserves 2-limits
and the (e.s.o., f.f.) factorisation system is stable under pseudo-
pullbacks.

yy/ > yy

(f*p) > (D)
S’ s S

Yx/ f > yil?

And since S is closed under pseudo-pullbacks, f*p is in S hence
i S > ypisin J.
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Suppose now that all the pseudo-pullbacks of j : R < y, along
morphisms of a J-sieve are in J. In particular, there exists a morph-
ism f:y — 2 in S such that f*j : f*R <y, is in J. There there-
fore exists g : # — y in K such that g : y. — y, factors through
[

y, — ffR—— R

o~ |
_ f*j o~ \[j
gex g

Yyﬁygc

It follows that the composite f o g :y. — y., which lies in S by
assumption, factors through j : R — y,; the latter thus belongs to
J and we are done.

This shows that J is a topology on K, and it is clear that it is
the smallest one such that each (p) with p € S is covering by part
(i) of Lemma 1.6, so J = Js and we are done. O

1.2. Stacks and descent. In this section we define stacks on 2-
sites and flesh out the connection with (co)descent theory. We
discuss and compare both pseudo and lax variants of descent.

Definition 1.9. In a 2-category K, an object X is local with respect
to a morphism i : A — B if the functor

K(5,X)

K(B,X) K(A, X)

is an equivalence.

Remark 1.10. Concretely, an object X is local with respect to a
morphism i : A — B if
(i) K(i, X) is essentially surjective: for each morphism f: A —
X, there exists a morphism f : B — X and an invertible
2-cell p: f= foi;and

ALX

o= 7
R
B
(il) K(i, X) is fully faithful: for each pair of parallel morphisms
fyg: B = X and 2-cell ¢ : foi = gou1, there exists a
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unique 2-cell ¢ : f = g such that ¢¥i =
Z’l H
B

Definition 1.11 (Stack). A pseudofunctor A : £°® — Cat is a
stack on the 2-site (K,.J), in short a J-stack, if it is local with
respect to sieve inclusions:

/fZ

ﬂs@

A, ~ Cat" (yx, A) —— Cat*™™(S, A)
for each S — vy, in J(x).

Warning. We use the word prestack to design any pseudofunctor
K — Cat. This clashes with swathes of the algebraic geometry
literature where the term is used as a separation qualifier.

The following familiar fact from sheaf theory remains true for
stacks and the proof is exactly the same.

Lemma 1.12. If Js is the topology generated by a class S of maps
as in Proposition 1.8, then a prestack A is a Jg-stack if and only if
it is local with respect to (p) — y, forall p:y — z in S.

In the case of the sieve (p) — y, induced by a morphism p :
y — x, the stack condition takes the form of descent along p, we
flesh out this connection here. We start by recalling the notions of
kernels 2-categories, as described for instance in [Str04] or [Boul0].

Definition 1.13 (Kernel & iso-kernel). Let f : z — y be a morph-
ism of K such that the comma object and pseudo-pullback

q
x:>yx—>x T=y T =y X — T =y T

| 7=l N

Ty =y ———F—— T

1%

exist. The kernel of f is the truncated simplicial object
—pr— — s
ker(f) : Ag® 5> Kz =yr =0 —m> 2=, 0 «i— 1
—a— —t—

they assemble into.
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Similarly, when the pseudo-pullbacks

q
xxyx%x T Xy& Xy T —— T Xy
1 _
s = lf pl = ls
_
r———y T Xy T - x

f
exist, the uso-kernel of f is the truncated simplicial object

~ —r— —s—
ker™(f) : Ag® -5 K10 X, & Xy & —m=> T Xy T —i— T
—a— —t—

they assemble into.

Remark 1.14. If £ happens to be a 1-category or even a (2,1)-
category, then the distinction between comma objects and pseudo-
pullbacks disappears and the two notions of kernel agree.

Remark 1.15. Just as in 1-category theory, the iso-kernel of f en-
codes the data of the categorified equivalence relation induced by f.
The kernel encodes a lax version of this relation and as a result can
be the more natural object in 2-categories where the non-invertible
2-cells play an important role, such as Cat as Example 1.21 below
makes clear. The iso-kernel is nevertheless relevant as it, like the
associated notion of descent morphism, is more prevalent in the
topos theory literature.

If kernels and iso-kernels are supposed to encode morphisms as
categorified equivalence relations, codescent and iso-codescent ob-
jects create morphisms from such relations.

Definition 1.16 (Codescent & iso-codescent). Let xq : Ay — K
be a pseudo-functor, seen as truncated simplicial diagram in /C.

—P— — 55—
Tog —m— T < i— X
—q— —t—

The codescent object, or a codescent cocone, of x, are respectively
the weighted colimit and weighted cocone of the diagram with re-
spect to the weight Ay — Cat, we spell this out below. A codescent
cocone on x, to a € K is a pair (f, @) where f is a morphism zg — a
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and « is a 2-cell

T a
et
To
such that both
1 —> X X —> Zo
To — 1 ‘“ = Zo —> a
\ \ / \ / UO‘/
Ty —F— Qg Ty —— 2o

and

/“\ L,

Tog —it—7 X1 V.
\\; / f
¢ f
1 Zo

hold. If (g,f) is another codescent cocone to the same a, then a
map between them is a 2-cell o : f = ¢ such that

2N <)
RN )

Zo

Codescent cocones on x, with target a form a category, which is
denoted Codesc(z,, a).

Similarly, an iso-codescent cocone on x, to a is again a pair (f, «)
satisfying the same equations but where « is assumed invertible.
The full subcategory of Codesc(x,,a) of iso-codescent cocones on
7, to a is denoted Codesc™(z,, a).
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We say that a codescent cocone (f, ) on z, to a is universal, or
that (a, f, «) is the codescent object Codesc(x,) of o, when
K(a,b) — Codesc(x,,b) : h — (hf, ha)

is an equivalence for each b € K. The definition of the iso-codescent
object Codesc™ (z,) of x, is entirely analogous.

Remark 1.17. Note that Codesc(x,,a) and Codesc™(z,,a) are 2-
functorial in a € I, and that representations

KC(Codesc(z,), —) ~ Codesc(x,, —)
K(Codesc™(x,), —) ~ Codesc™ (z,, —)

of the respective pseudo-functors KL — Cat they induce are exactly
universal cocones.

Construction 1.18. Suppose that f : + — y is a morphism of
K whose kernel exists. By definition of ker(f), f itself together
with the universal 2-cell of the comma object x =, x is a codescent
cocone on ker(f). Hence, if Codesc(ker(f)) exists in K, its universal
property induces a canonical factorisation of f.

—P— —s5—> f

xjyxjyx:rg:;xjyxti:x\ /y

Codesc(ker(f))

One can construct a factorisation z — Codesc™ (ker™ (f)) — y com-
pletely analogously.

Definition 1.19 (Effective (lax) descent). Let f : x — y be a
morphism of L whose kernel exists, we say that f is of effective lax
descent if the map

Codesc(ker(f)) — v

of Construction 1.18 is an equivalence.

In the same situation, but with the kernel and codescent replaced
by their pseudo variants, we simply omit the adjective laz and say
that f is of effective descent.

Terminology 1.20. So far we have taken the view that out of the
lax and pseudo versions of kernels and codescent, the former is the
more natural of the two, and we have therefore used the prefix -iso
for the latter as a way of signalling this choice. However, when it
comes to descent morphisms we change our stance simply because
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the meaning of effective descent morphism is too far ingrained in
the literature to dare break away from it and call it effective iso-
descent morphism instead.

Example 1.21 (Descent in Cat). Effective lax descent morphisms
in Cat are exactly the functors which are essentially surjective on ob-
jects. Actually we can say more, since Cat is complete and cocom-
plete 2-categorically, the factorisation of a functor f : C — D
of Construction 1.18 always exists and is exactly the (essentially
unique) factorisation of f as an essentially surjective on objects
functor (e.s.o. for short) followed by a fully faithful functor.

C ! » D
e.s.0 = /
Codesc(ker(f))

A proof of this fact can be found in [Str04, §3] or [BoulO, 2.67].
Note that this remains true in categories of prestacks since limits
and colimits therein are computed pointwise.

In general, the notion of descent morphism found in the literature
depends on a prestack, which is not exactly how we proceeded in
Definition 1.19; the following definition and remark should clarify
the situation.

Definition 1.22 (Descent). Let f :  — y be a morphism in K
whose kernel exists in IC and A a prestack on K. Lax descent data
on a € A, (with respect to f) consists in a morphism « : s*a — t*a
in A, . which satisfies the unit and cocycle conditions

fa =1, (") o (p*ar) Z m* v

in A, and A, . . respectively; if 8 : s*b — t*b is descent data
on b € A,, then a map of descent data (a,«a) — (b,3) is a map
o:a — bin A, such that o (s*0) = (t*0) o in A, . We write
LDesc(f, A) for the category of a € A, equipped with lax descent
data and morphisms between them.

Similarly, descent data on a € A, (with respect to f) is an in-
vertible morphism « : s*a — t*a in A,y . satisfying the unit and
cocycle conditions (the latter taking place in A joxyz now); we
write Desc(f,a) for the corresponding category of descent data.
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Each object of A, comes with canonical lax descent data, so the
functor f*: A, — A, factors through LDesc(f, A).

A, A y A,
~, W
LDesc(f, A)

We say that f is of effective lax descent with respect to A if the map
A, — LDesc(f, A) above is an equivalence. Effective descent with
respect to A is defined similarly, dropping the lax.

Proposition 1.23. A morphism f : x — y is of effective lax des-
cent with respect to a prestack A if and only if A is local with
respect to the sieve (f) — y,.

Proof. This follows if one notices that the factorisation (1) can be
obtained from an instance of Construction 1.18. Indeed, if we see f
as a morphism y of Cat™™, then ker(y ) ™ Yker(y) since the Yoneda
embedding is continuous and

Codesc(ker(yy), A) ~ LDesc(f, A)

as a direct consequence of Yoneda. The diagram (1) is therefore
the result of applying Cat™”(—, A) to the factorisation of ker(yy)
of Construction 1.18.

Hence, f is of effective lax descent with respect to A if and only
if A is local with respect to

Codesc,xor (ker(yf)) — vy,
which is (f) < y, by Example 1.21 so we are done. O

Corollary 1.24. If Js is the topology generated by a class S of
maps as in Proposition 1.8, then a prestack A is a Jgs-stack if and
only if each morphism of S is of effective lax descent with respect
to A.

Proposition 1.25. If a morphism f : z — y is of effective descent
with respect to a prestack A, then it is also of effective lax descent
with respect to A. In particular, an effective descent morphism is
also an effective lax descent morphism.

Proof. The universal properties of x =, = and x X, z induce a
universal comparison morphism x X, x — x =, x, and similarly for
T =y T =, y and x X,z X, x. These combine into a pseudo-natural
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transformation ker=(f) — ker(f), which induces a comparison of
codescent objects. A simple diagram chase shows that a codescent
cocone on the lax-kernel induces a codescent cocone on the pseudo-
kernel. Actually, any codescent cocone on the iso-kernel is also
an isocodescent cocone since the pseudo-pullback x x,  admits a
“swap” automorphism.

As a result, the universal codescent cocone factors through the
universal isocodescent cocone and it follows that any morphism of
effective descent is also of effective lax descent. 0J

1.3. More sieves. In 1-category theory, there are many ways to
think about a topologies: as specifying sheaf conditions, as marking
some diagrams as formal colimits, or as inducing a localisation of
the category of presheaves, or more. These different points of view
ought to also apply to 2-categories, but the proofs, as straightfor-
ward as they are for 1-sites, increase in complexity due to the ad-
ditional coherences. Here, we make a start at comparing a 2-site to
a localisation of prestacks: we define J-dense fully faithful morph-
isms and show that they are formally inverted by the stackification
functor.

Definition 1.26. Let (K, J) be a 2-site. A fully faithful morphism
i: A< B of Cat™ is J-dense if the pseudo-pullback S < y, of i
along b :y, — B is J-covering for each x € K and b € B,.

[ ]

12

Remark 1.27. The stability axiom of Definition 1.4 guarantees
that each J-covering sieve is J-dense, and conversely the locality
axiom ensures that a J-dense sieve is J-covering.

If one understands J-dense fully faithful morphisms of Cat®™”
as a generalisation of covering sieve inclusions, then the next fact,
which we need for the main result of Section 2.2, should come as
no surprise.

Proposition 1.28. Stacks are local with respect to J-dense fully
faithful morphisms.

Remark 1.29. Seemingly, the closest to Proposition 1.28 already
present in the literature is Proposition 2.7 in [BP79]. Although
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the proof is similar, their proposition only applies to stacks over a
1-category equipped with the regular topology so we cannot apply
it directly.

The proof of Proposition 1.28 is a bit involved and we need an
auxiliary lemma before we come to it.

Lemma 1.30. Let i1,75 : S = Y be two morphisms in K with an
invertible 2-cell 6 : iy = i,. Assume that X is local with respect to
i1 and iy, and that fi, fo are extensions of fi, f> by way of invertible
2-cells 6, : f1 = f1 oip and Oy : fo = f2 0 i9.

S fi , X

3
\ 0o Nl \

Then, every a : f; = f» can be extended to a unique @ : f; = fo
such that & - 6 = 6ya6;!

Proof. By definition of the horizontal composition & - 8, the condi-
tion can be rewritten equivalently as

0007 = (f20)(&iy) or B0y = (&is)(f16).

The first one, say, is equivalent to &i; being equal to ( f20~ N0yt
which is a 2-cell f1 01l = f2 oiy. We can thus use that K(iy, X) is
fully faithful to conclude that there exists a unique such a. 0

Proof of 1.28. Let (K, J) be a 2-site and i : A — B a J-dense fully
faithful morphism of Cat®”. Fix a J-stack X, we wish to show that
X is local with respect to i.

In this proof, we suppose, without loss of generality and simply to
ease notations, that A, B, X are strict 2-functors K°? — Cat. Sim-
ilarly, since 7 : A — B is pointwise fully faithful, we may assume
without harm that each i, : A, — B, is a genuine full subcat-
egory inclusion and we will accordingly sometimes suppress i, from
notations when it improves readability.
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For each b € B,, annotate the pseudo-pullback of ¢ along b as
below.

We start by showing that

CatC” (i,X)

Cat™™" (B, X) Cat™™ (A, X)

is essentially surjective, i.e., that for any map f: A — X in Cat™™”
there exists a map f: B — X such that fo: = f.

o
<

NA
<—
N IR

AN
A SERN
N

Sy

For each each = € K, we define f, on objects as follows. Pick
b:y. — B and pullback 7 along it, then—since the resulting sieve
Sy <=y, is J-covering—we can extend f o b along it and obtain a
morphism y, — X which picks out the element of X, we call fm(b),
as well as an invertible 2-cell 8, : f,(b) 04y = f o b.

Sb —) A
N
a: —>
Ve - o
\\\\ 0
Lw 7 X

This defines a map B, — X, on objects, which we now to extend
to arrows. Suppose « : by — by is an arrow in B,. We can take
the intersection Sy, p, of the sieves S;, and Sj,, in the sense that we
pullback #;, along i;,, as in the square below. The resulting sieve
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is covering by Lemma 1.6(ii).

'Lb2
Sbi,bs > Shy

iy
1£ 951 by J:

Sb1 (Z—> Yz

By pasting the 2-cells of the diagram below together, we obtain a
2-cell 10 b1 o Zb1 =10 bQ ozb2 Wh1ch since 7 is p01ntw1se fully faithful,
lifts to a unique 2-cell & : by 0, = b2 o ip,. Put differently, the
diagram admits a unique filler & : b1 0 ip, = bz o sz

To define f,(a), we use Lemma 1.30 to fill the diagram displayed
below. In other words, f.(«) is the unique 2-cell f.(b1) = f.(b2)
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such that fx(a)gblbz = (ip,0p,) " (f@) (15, 05,). Note that this char-
acterisation of f,(«) guarantees functoriality.

At this point we have defined functors j:z . B, — X, for each
x € I, and now we need to show that they are pseudo-functorial in
z. Concretely, this amounts to giving, for each morphism h : y — x
in K and b € B,, an isomorphism o} : f,(h*b) = h*f,(b) in X,
satisfying coherence and naturality conditions. By the universal

property of pseudo-pullbacks, the 2-cell pp«p : h*b 0 iy« = i 0 h*b
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factorises through uy, as in the diagram below.

Shb —hwr— A
n \ l”’b 4 ~ r
i b
\ /
Sh
Th*p —cc=—=—z===coz=z Hp*p P> 7
\ b /
My, 1223
AN =
~ ip g
Yy -5 B
\h \ b
\ 4 /
Yz

We let ol : f,(h*b) = h* f,(b) be the unique 2-cell such that
ob iy = (i fo(0)) 71 (Boh) ™ (f 1) O,

In other words, o is the unique filler of the diagram below.

Shep 3 A

Tp*p —zzcz=z=z Opxp ===z f

The isomorphisms o' must satisfy the following identities:

(i) for each A : hy = hy:y — x in K and b € By,
0,2 fy(A'b) = (X f(b))op*,

(ii) for each h:y — x in K and a : by — by in B,,

oy, fy(h*a) = (b fo(a))of,,
(iii) foreach g: 2z >y, h:y =z in K and b € B,,

O-llnlg (g Ub)ah*ba

(iv) for each b € B,, 0," = 17 -
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We only give details for the first one but the rest are similar.

Write a : hib — hib for A*b. We need to show that f,(a) =
(a2) " (\* fo (b ))J,])“. Just as before, the 2-cell A : hy = hy lifts
to a unique 2-cell \ : h1 = h2, and, as the diagram below makes
clear, the lift & : h*by 0 iy, = h*b, by © p=p, Of @ used to define fy( )
is obtamed as gluing the top face of the diagram, viz. the 2-cells
A ,ub , ,together.

Now, as we can see on the diagram below, assembling the three
prisms together shows that the pasting (]2) ' (\* f,(b))o,* fills the
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bottom face of the large prism. This is precisely the defining prop-
erty of f,(a), hence f,(a) = (o2) " (\* fo(b))oy* as desired.

NS T

Shrb

ha
N 3 /
< A
thib “ —
~ ha hib
ha

Shib.hzb

My
/

This concludes the definition of the pseudo-natural transformation
f: B — X, but we are yet to show that it indeed extends f: A —
X along i : A — B. To do so, we must construct an invertible
modification ¢ between f and f o .

For a € A,, the pseudo-pullback i, : S, — y, of ¢ along a :
y: — B is a pseudo-natural equivalence. As a result, we may freely
assume that each i, : S, — y, is actually the identity at y,, and
that the 2-cell y, is the identity 2-cell. We can thus as well assume
that f,(a) : y» — X is the composite foa : y, — A — X,
with 6, the identity 2-cell. Under these assumptions, we can let
o« fo(a) = (foi),(a) be the identity and the naturality conditions
follow immediately.

This above shows that
Cat<?” (i,X)

Cat™” (B, X) Cat™™” (4, X)

is essentially surjective. Now, we prove that it is also fully faith-
ful. Faithfulness is the easy case: suppose that f, g are two paral-
lel pseudo-natural transformations B — X and that ¢, are two
modifications f = ¢ such that @i = ¢i. For each b € B,, we want
to show that ¢y : f(b) — g.(b) and ¢y, : f.(b) — ¢.(b) are equal.
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Since X is local with respect to i, : S, < y., it suffices to show
that @bi, = biy and that will net us ¢, = . That follows from
pitb = ib, true by assumption, up to pasting with the invertible
2-cell pup.

J
A /\
i| N
Sb Hy B P P X

g

As for fullness, we assume two parallel pseudo-natural transform-
ations f, g from B to X as above and a modification ¢ : fi = gi,
and need to provide a modification ¢ : f = ¢ such that ¥i = ¢. As
before, we content ourselves with giving the data of 1) and refrain
to check the naturality conditions, since doing so would be very
similar to the arguments above.

For each b € B, as we can see in the diagram above, the composite
1, (pb)py is a 2-cell fbiy, = gbiy, which must therefore factor as iy
with 1y, @ fz(b) = g.(b) since X is local with respect to .

This concludes the proof. O

2. TOPOSES AS STACKS

The previous section dealt with sites and stacks abstractly, here
we instantiate these concepts to the 2-category of locales. We endow
it with the open topology and check that the resulting notion of
stack is general enough encompass the 2-category of locales.
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Specifically, we use the seminal work of Joyal and Tierney [JT84]
to prove that any topos, seen as an indexed category of generalised
points, is a localic stack. This fact is then used to further show that
toposes embed fully faithfully in the category of prestacks CAT="
over Loc, which can be understood as a density result or a recon-
struction theorem. We close this section discussing a potential left
adjoint to this embedding.

2.1. Localic stacks. In this section we make the 2-category of
locales a 2-site, and every topos a stack on it.

A map f: X — Y of locales is open if it sends open sublocales
of X to open sublocales of Y, and surjective if it preserves the
maximal sublocale.

Definition 2.1. Let O be the collection of open surjections in Loc.
The open topology on the 2-category of locales is Jo, the smallest
topology for which each open surjection is covering.

Open surjections are certainly closed under composition in Loc,
and they are also stable under pullbacks [JT84, V.4.1], so the col-
lection O satisfies the conditions of Proposition 1.8; this means that
a sieve is Jp-covering exactly if it contains an open surjection.

Definition 2.2. Stacks on (Loc, Jo) are called localic stacks.

Definition 2.3. Let £ be a topos. For a fixed locale X, an X -point
of £ is a geometric morphism Sh(X) — £. Those form a locally
small category pty (), namely the hom-category Topos(Sh(X),E).

Remark 2.4. For the terminal locale 1, we recover the usual cat-
egory of points of a topos, i.e., pt;(E) = pt(E).

For & fixed, the assignment X +— pty (&) is 2-functorial in X;
moreover, the assignment

£ — pto(E) € CAT”

is itself 2-functorial in £. This was to be expected: it is the nerve
of Sh : Loc — Topos.

pt, : Topos — CAT<" : £ — Topos(Sh(—), &)

Remark 2.5. If £ is localic, say it is of the form Sh(Y’), then an
X-point of £ is a map Sh(X) — Sh(Y'), which is exactly a locale
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map X — Y since Sh is fully faithful. In other words,
pte(Sh(Y)) ~ yy
as pseudo-functors Loc®® — CAT.

This shows how toposes induce localic prestacks. In order to
drop the prefix, we need to recall the celebrated result of Joyal and
Tierney.

In [JT84] (see also [Joh80]), open maps between locales are gen-
eralised to open geometric morphisms between toposes. Briefly, a

geometric morphism f : F — £ is open if it sends open locales of
F to open locales of £.

Theorem 2.6 ([JT84, VIII.2.1]). Open surjections are effective
descent morphisms in Topos.

Corollary 2.7. Open surjections are of effective lax descent in
Topos.

Proof. By Proposition 1.25. U

Lemma 2.8. Let X, : Ay°®? — Loc be a truncated simplicial dia-
gram of locales and £ any topos. Then, pt, induces an equivalence

CodesCropos(Sh(Xe),E) —— Codescepriocer (Y x., Pto(E))-
Proof. There is always a functor
Codescropos(Sh(Xs),E) —— Codesce priocor (pto (Sh( X)), Pte(E))

which, since pt,(Sh(Y)) ~ yy for any locale Y, induces the desired
equivalence by the Yoneda lemma. 0

Proposition 2.9. For f : X — Y in Loc, the following are equi-
valent:

(i) f is of effective lax descent with respect to pt,(€) for each
topos &;
(ii) Sh(f) : Sh(X) — Sh(Y) is of effective lax descent in Topos;
(iii) f is of effective lax descent with respect to pt,(Set[Q]).

Proof. The morphism Sh(f) is of effective lax descent in Topos if

Topos(Sh(Y'),£) —— Codescropos(ker(Sh(f)), E)
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is an equivalence for each topos £. But ker(Sh(f)) ~ Sh(ker(f))
since Sh is continuous, so the map above becomes

CAT™ " (yy, pto(€)) — Codescpriocor (Yier(f)s Dte(E))
by Lemma 2.8. It can be further rewritten as
pty (£) —— LDesc(f, pt,(£))

as in the proof of Proposition 1.23, which makes clear the equival-
ence between (i) and (ii). The equivalence with (iii) follows because

Topos(—, Set[Q]) : Topos®® — CAT
creates limits. O

Proposition 2.10. Each prestack pt,(€) is a stack on (Loc, Jo).

Topos Ple > CAToC™

<
N
<
N
N
<
~
N
S

Stk(Loc, Jo)

Proof. By Corollary 1.24, it suffices to show that each open sur-
jection f : X — Y in Loc is of lax descent type with respect
to pt.(€) for all £ € Topos. By Proposition 2.9, it amounts to
show that Sh(f) : Sh(X) — Sh(Y) is of effective lax descent in
Topos. But Sh(f) is an open surjection, so we can conclude by
Corollary 2.7. O

2.2. Fully faithful nerve. In this section, we show that pt, is
fully faithful in the appropriate 2-categorical sense. That is, we
show that

ptf"g : Topos(F,E) — CATLoe™” (pte(F), pte(€))

is an equivalence of categories for each £, F € Topos. The structure
and strategy of the proof here owes a great deal to [Bun90], where
analogous results are obtained in the (2, 1)-core of the 2-categories
we consider — in a sense we laxify the approach there.

Lemma 2.11. The toposes in the kernel of a geometric morphism
with localic domain are themselves localic.

That is, the kernel (in Topos) of a geometric morphism Sh(X) —
€ is of the form Sh(X,) with X, : Ay°® — Loc a truncated simplicial
diagram in locales.
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Proof. Since Sh : Loc — Topos is 2-fully faithful, it suffices to show
that Sh(X) =¢ Sh(X) and Sh(X) =¢ Sh(X) =¢ Sh(X) are both
localic toposes. For the first, it is a literal application of Lemma
2.3 in [Moe90]. For the second, recall that it is defined as the
pseudo-pullback below.

Sh(X) =¢ Sh(X) =¢ Sh(X) — Sh(X) =¢ Sh(X)

P

Sh(X) =¢ Sh(X) » Sh(X)

Localic maps are stable under pullback and composition [Joh8]1,
Lem. 1.1 & Prop. 2.1], so the composite

is localic. O

Proposition 2.12. If f : F — £ is an open surjection of toposes,
then f : pt,(F) — pt,(€) is of effective lax descent in Stk(Loc, Jo).

Proof. In CAT"" | consider the factorisation

pto(F) : > Pto(€)

of Construction 1.18,; which is simply the (e.s.o., f.f.) factorisation
pointwise by Example 1.21. Fix an X-point p : Sh(X) — &, and
consider the pullbacks displayed below.

F' — F pte(F') — pto(F)
a1 lg’ - g
I f ! X — X f

Since pt, preserves limits, as nerves always do, the left pullback is
sent to the long right pullback. Also, because (e.s.o., f.f.) factorisa-
tions are pullback-stable, that of f': pt,(F') — yx is pte(F') —
X — Yx.
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We will show that i’ : X’ < yx is a Jo-covering. Let g : Sh(Y) —
F’ be an open surjection with localic domain, which we know ex-
ists by [JT84, VII.3.1]. The composite f’ o g belongs to the sieve
i' : X' — yx as it factors through F’. Both f and ¢ being open sur-
jections, which are closed under composition and pullbacks [JT84,
VIII.1.1], so is f' o q. Hence, f'oq:Y — X is an open surjection
contained in i’ : X’ < yy, which makes the latter Jo-covering.

This shows i : X — pt,(€) is Jo-dense, hence we can apply
Proposition 1.28 and deduce that each stack on (Loc, Jo) is local
with respect to i. In other words, pt,(€) is the stackification of the
prestack X.

Now, stacks being closed under limits, f : pt,(F) — pt,(€) has
the same kernel in CAT"*” and in Stk(Loc, Jo), hence pt,(&) is
the codescent object of that kernel in Stk(Loc, Jo). That is to say,
f i pto(F) — pto(E) is effective lax descent in Stk(Loc, Jo) as
desired. O

Theorem 2.13. The functor
pty € : Topos(F, £) — CAT" (pt, (F), pt,(£))
is an equivalence for each pair of toposes £ and F.

Proof. Let p: X — F be an open surjection with X a locale, e.g.
the one of [JT84, VIIL.3.1], and consider the following square.

Topos(F, £) —— = Stk(Loc, Jo)(pte(F), pta(E))

l !

Codescropos(ker(p), €) =+ CodesCs(Loe.se) (ker (pta (p)), pta(£))

It commutes because pt, preserves limits, so that kerpt,(p) ~
pt(kerp). By Corollary 2.7, p is of effective lax descent in Topos
hence the leftmost vertical map is an equivalence. By Proposi-
tion 2.12, pt,(p) is of effective lax descent in Stk(Loc, Jo) hence the
rightmost vertical map is an equivalence.

By two-out-of-three, to show that the top map is an equivalence
it suffices to show that the bottom map is an equivalence. By
Lemma 2.11, the kernel of p consists of localic toposes, hence

Codesc(ker(p),E) —— Codesc(ker(pt,(p)), pte(E))

is an equivalence by Lemma 2.8. As a result, the top map of the
square above is an equivalence, and so is pt}*® as the composite
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below.

F,E

Topos(F, €) pte » CAT" (pt, (F), pt(£))

Stk(Loc, Jo ) (pty(F), pt.(£))
L]

2.3. The elusive left adjoint. We have seen that Topos embeds
fully faithfully in localic (pre)stacks. The embedding pt, is a nerve
and so preserves all limits, it is therefore natural to wonder whether
it could admit a left adjoint.

- ~

L L S LocoP
Topos i CAT™®

As expected, there is the issue of size. The sheer size of CAT-¢"
makes defining a left-adjoint functor out of it rather intractable.
However, if we follow Di Liberti [Di 22| and restrict ourselves to
small prestacks, those that can be expressed as small weighted
colimits of representables, then we obtain a partial left adjoint.
We let CATS" denote the full subcategory of CAT=<" on small
prestacks.

Proposition 2.14 ([Di 22, Thm 3.2.6]). The 2-functor pt, has a
left adjoint © relative to CAT:% ), i.e., we have that

small »
Topos(O(X), E) ~ CAT" (X, pt,(€))

for all small prestacks X.

CATLec ) -2 » Topos

small

/ /

CATHe<”

The existence of © follows from the theory of 2-categorical Kan
extensions, and is realised by the formula

O(X) ~ CAT=" (X, pt, (Set[Q])). (2)
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Of course, if pt, happens to land in CATS°S then the above
result would strengthen to a genuine adjunction between toposes

and small prestacks. However, it does not.
Claim 2.15. In general, pt,(€) is not a small prestack on Loc.

Proof. The category of locales is locally small, so the representables
are actually Cat-valued, and so is any small weighted colimit of
them.

Loc —Y Cattos™ < CAT'oc”

Thus, if pt,(€) were always small then pty(£) would always be a
small category, but pt,(Set[Q]) = Set. O

Not all hope is lost: we still have stacks.

Indeed, even if pt,(€) is not a small prestack, it is a small stack.
This results from the proof of Proposition 2.12 where we saw that
if f:F — &£ is an open surjection and

pto(F) ! > Pty ()

X

is the (e.s.0.,f.f.) factorisation of f in CAT"**” then the map i :
X — pt,(€) exhibits pt,(€) as the stackification of X. When F
is localic, so that f is an open localic cover of £, X is obtained
as the colimit of a small diagram (the kernel of f) of representable
prestacks; pt,(€) is therefore a small colimit of representable stacks
in Stk(Loc, Jo).

Though a big step in the right direction, this does not directly
yield a left adjoint Stk(Loc, Jo)sman — Topos. The problem is that
small stacks are not small prestacks in general, so we cannot simply
restrict © to Stk(Loc, Jo)sman. It should in principle be possible to
prove that a localisation functor a : CAT-S — Stk(Loc, Jo )sman
exists, and that © factors through it. While this is a viable strategy
and the framework of bicategories of fractions exists [Pro96], it
requires giving a full account of the weak equivalences induced by
a topology, called bidense morphisms in [Joh77], which would be a
considerable strengthening of Proposition 1.28.

There is another option: we have an explicit formula (2) for O,
which we can certainly evaluate on small stacks. The drawback of
this approach is that we cannot rely on abstract nonsense to verify
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that the resulting functor has the desired properties, but we have
to prove them by hand.

We can at least check that on small prestacks © as in (2) is
indeed Topos-valued. Suppose that X is a small weighted colimit
colim!)’ yx, of representables in Stk(Loc, Jo), then

O(X) = CAT= " (X, pt,(Set[0]))
~ Stk(Loc, Jo)(colim" yx,, pt,(Set[0]))
~ lim)} Stk(Loc, Jo)(yx;, pt.(Set[Q]))
~ lim};vptxj (Set[O))
~ 1lim"’ Topos(Sh(X;), Set[O])
~ lim"}/'Sh(X)
is the underlying category of the topos colim’} Sh(X ;).

This means that when restricted to small stacks © takes values
in the essential image of the forgetful functor Topos — CAT.

Conjecture 2.16. If F: Y — X is a pseudo-natural transforma-
tion between small prestacks, then

F*: [X, pte(Set[O])] — [V, pte(Set|O])] : G+ Go F
preserves all colimits and finite limits.

If this holds, then F* is automatically the inverse image of a
geometric morphism and it would follow that © is a functor from
Stk(Loc, Jo)sman to Topos. In that case, a similar argument to the
one above would show that © is indeed left adjoint to pt,.

We expect that one can compute limits and colimits in

CAT™<" (X, pt,(Set[D]))

pointwise, and that these are therefore preserved under composi-
tion, but we defer a verification of this fact for future work.
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GEOMETRIC MORPHISMS OF
VIRTUAL ULTRACATEGORIES

GABRIEL SAADIA AND ERROL YUKSEL

ABSTRACT. We build on the recent development that toposes
with enough points can be represented as categories of points
equipped with ultraconvergence data, using it to characterise
the surjection—embedding and hyperconnected—localic factor-
isation systems in terms of points.

We introduce analogous classes of functors between abstract
categories equipped with ultraconvergence data; provide a new
characterisation of separating families of points of a topos; and
apply it to show preservation and reflection results between
these classes of functors and geometric morphisms.
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Introduction. Grothendieck toposes are usually presented as a
categorification of topological spaces. This is not completely accur-
ate: toposes actually categorify the point-free notion of locales. Any
notion of categorified space should stand in relation to topological
spaces the same way that toposes do to locales, put another way,
it should be to toposes what topological spaces are to locales. One
such notion was introduced by Garner under the name of ionad in
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[Gar12] and generalized by Di Liberti in [Di 22]. Recently, a new
proposal of such a notion of categorified space has been introduced
independently in three different works [Saa25; Ham25; GMT25]
dubbed wvirtual ultracategories in the first above-cited work — we
will abbreviate it to vu-categories.

A topological space on a set of points can be seen as a posetal
multi-categorical structure where the objects are points of the space
and whose multi-arrows correspond to ultrafilter convergence: there
is an arrow a <, bs from a point a to an ultrafamily (bs)s., of points
precisely if the point is a limit point of this ultrafamily. Vu-categories
are a proof-relevant generalisation of the above: ultrafamilies of
points can converge to a point in several different ways, correspond-
ing to several vu-arrows a —, bs. The three above-mentioned papers
focus on proving a reconstruction theorem for vu-categories, show-
ing that Grothendieck toposes with enough points embed 2-fully
faithfully into the 2-category of vu-categories, but leave the broader
development of the theory of these new objects for future work.

One of the main insights this novel approach teaches us is that
vu-categories, and therefore toposes with enough points, have a
multi-categorical nature; one can thus transpose standard categor-
ical notions to the vu-categorical setting. Since toposes encode
categories of categorified opens, sheaves, of categorified spaces, geo-
metrical constructions and concepts there need to be expressed in the
language of opens and sheaves, even when the point-centric perspect-
ive simplifies the intuition and computations. The reconstruction
theorem suggests that it is possible to give full characterisations
of geometrical notions pertaining to toposes with enough points
in terms of their vu-categories of points. In this paper, we under-
take the task of giving such characterisations for the usual classes
of geometric morphisms, which we translate in the vu-categorical
language.

Organisation of the paper.

(i) The first section goes over the basics of vu-categories, and
settles the notations we will use in the paper.

(ii) The second section focuses on the O-dimensional case, and
recalls the relation between vu-posets and topological spaces.
There, we also introduce the notion of topological reflection of
a vu-category, the counterpart of the usual localic reflection
of a topos.



GEOMETRIC MORPHISMS OF VU-CATEGORIES 3

(iii) In this section, and for the rest of the paper, we focus on
understanding classes of geometric morphisms from their
vu-categories of points. We start with the easy preserva-
tion result: embeddings and localic geometric morphisms
respectively induce fully faithful and faithful vu-functors at
the level of vu-categories.

(iv) The fourth section introduces the notion of semi-flat diagram.
It is the technical tool we rely on to prove the main theorems
on surjective and (sub)hyperconnected geometric morphisms
of the paper.

(v) In the fifth section we introduce the right notion of fullness
for a vu-functor and compare it to subhyperconnected geo-
metric morphisms, i.e., the composites of hyperconnected
morphisms and embeddings.

(vi-vii) The sixth and seventh sections deal with geometric surjec-
tions. The main contribution of this paper, the notion of
vu-retraction, emerges from their consideration. This opens
the way of a theory of vu-idempotence and of Cauchy com-
pletion of vu-categories, but this is left for future work.

Notations.

e All our toposes will be Grothendieck toposes, we will denote
them by &,.%,... and geometric morphisms between them
are denoted f, g, h,... The 2-category of toposes is denoted
by Topos and the full subcategory of toposes with enough
points Topos,,,,. The topos classifying the theory of objects
will be denoted Set[O]. The frame of opens of a topological
space X will be denoted by O(X) and the local associated
to it will be denoted by Sho(X).

e Ultrafilters will be denoted o, 7, A,k and defined on sets
S,T,L, K with variables s : o,t : 7,0 : \)k : k. Maps
of ultrafilters are denoted by ¢,,... and the category of
ultrafilters as defined in [Gar20] by U. The sum operation
on ultrafilters will be denoted by > 7, or o - 7, and the
tensor o ® 7 will be denoted by o - 7.

e Virtual ultracategories (defined in [Saa25], see also [Ham25|
and [GMT25]) will be called vu-categories. We will use
the prefix vu- in front of any categorical notion to express
the corresponding vu-categorical notion, and sometimes the
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vu- will be omitted if the context is clear enough. Vu-
categories will be denoted by 27, %/, ... vu-functors F, G, . ..

and points in a vu-category a, b, p, q,z,y .... Vu-sheaves over
a vu-categories will be denoted A, B, ... with associated
étale spaces &7, %, ... and the action of a vu-arrow f on an

element x of an étale space will sometimes be denoted by
f«(x) instead of A(f)(x).
e Vu-arrows f from a point a to points (bs)s., Will be denoted
by
fa—sqybs
and vu-inequalities in a vu-poset will be denoted by
a 45:0 bS

and sometimes we will omit the variable s in the s : o.
The thickening of a vu-arrow f : a —, b, along a map of
ultrafilter ¢ : 7 — o will be denoted by ¢*f : a —; bg. The
composition of vu-arrows will be denoted by using nested
parentheses as follows:

a4 —g (bs _<7'5 (Cs,t _</\57t (ds,t,é)))~

1. CRASH COURSE IN VU-CATEGORIES

1.1. Ultrafilters. We will denote by U the category of ultrafilters
as defined in [Bla77]. We refer to [Saa25] for a more detailed
introduction on ultrafilters in the context of vu-categories. Our
ultrafilters will be denoted by o, 7, A, k, ... respectively defined on
sets S, T, L, K, ... using the variable s,t,/, k, ... for their elements.

We will denote the tensor of ultrafilters o ® 7 by o -7, the terminal
ultrafilter by , and the sum of ultrafilters ) 7, by o - 75, the
variable s (resp. t, ¢, k) being always associated with the ultrafilter
o (resp. T, A, K).

For a set A and an ultrafilter o, the elements of the ultraproduct
A? corresponds to o-family of elements of A and are denoted
by (as)se € A7 or sometimes (as),. We denote by fw As (or
fa Ay) the ultraproduct of the o-family of sets (Ag)s.,. We will
happily identify fs:a A" and AXs0 7 ie., we identify ((ast)er,)sio
with (@), 7, and we will denote it by (as¢)s.0.t:r,, OF even
sometimes (as;)q.r,. For a proposition ¢ on the set underlying an
ultrafilter o, the ultraquantification (Vs : o) ¢(z) means that the
set of s satisfying ¢ is o-large.
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Ultrafilters are non-constructive by nature, the only way to con-
structs them is by using the ultrafilter principle (a non-constructive
principle slightly weaker than the usual axiom of choice) to extend
a proper filter into an ultrafilter.

Lemma 1.1. A collection of subsets of a set S, o C 2%, can be
extended to an ultrafilter, i.e., there exists an ultrafilter o on S such
that for any A € a we have (Vs : o) s € A, if and only if all the
finite intersections of subsets of S in o are non-empty.

Definition 1.2. An ultrafilter A on a poset (L, <) is said cofinal
(resp. final) if for any ¢y € L,
(VX)L > 4
(resp. if for any ¢y € L,
(V02 X)) €< ty).
We can easily deduce the following from Lemma 1.1.

Lemma 1.3. A poset (L, <) possesses a cofinal (resp. final) ul-
trafilter if and only if it is directed (resp. codirected), i.e., for any
p,q € L there exists v € L such that r > p,q (resp. r < p,q).

1.2. Vu-categories.

Definition 1.4. A virtual ultracategory %, or vu-category for short,
is given by the following data.

(i) A collection of objects, usually called points, denoted by Zq
or Ob(Z").

(ii) For every point a and o-family of points (bs),, a homset
Z (a, (bs)s.o). Elements f € Z'(a,(by)s.) are called vu-

arrow of shape o and are denoted by
fa—,bs

or f: a —g, (bs) if one needs to be explicit about the
variable (s : o).

(iii) For any point a we have an identity vu-arrow id, : a —, a.
For a vu-arrow f : a —, b, of shape ¢ and a o-family of
VU-arrows (gs : bs —r, Cst)s:0, there is a composition (gs)y o f

(gs)cf © f B Cst-

that we also denote diagrammatically by

a —f<g (bs 2=, (cs4))-
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(iv) For any morphism of ultrafilters ¢ : 7— o in U we have a
reindexing

2 (a, (bs)s:c) = 2 (a, (bst):r)
f=o'f
and ¢* f is called the thickening of f along ¢.
We ask the above data to satisfy the following properties.

(i) The composition is associative and the identity neutral:
(f)xoid, = f
(idy,)g 0 f = f

((hst)r © gs)o © f = (hst)or, © ((95)s © )
and so there is a unique way to write
(hst) 0 (gs) o f 1 a—o (bs —r, (50—, (dsitr))
(ii) The thickening operation is functorial:
ide"f=f
V(@7 f) = (o) f

and so, in particular, the thickening operation induces a
functor

(U/o)°P — Set
(¢p:7—0)— Z(a,(bst)r)-
(iii) The thickening operation preserves composition: for f : a —,

b, and (gs IR —r Cs,t)s:cr
o for any ¢ : A — o, with (¢-id.) : XA 7y — 0 - T,

(goe)ro @™ f = (¢ -id,)"((9s)o © f)

e and for any (Vs : ks — Tg)s.0, With (idy-)s) : 0 kg — 0T
(ws*gs)o © f = (ida : ¢s)*<(98)0 © f)

Remark 1.5. We opt for a prefix notation for the thickening rather
than a suffix one (as in [GMT25, 3.8]) because we think of thickening
as post-composing with a ‘virtual’ diagonal. For instance, in Set,
or indeed in any ultracategory, to thicken along ¢ : ¢ — 7 is to
post-compose with a generalised diagonal A”™ — A, an actual map.
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When adapting notions from category theory to vu-categories,
we add the prefix vu-. For example we can define vu-functors and
vu-natural transformations which give the collection of vu-categories
the structure of a (strict) 2-category, denoted by vuCAT.

Example 1.6 ([Saa25, 4.2(vi)]). Any locally small category &
can be seen as a vu-category, with Hom(a, (bs)s.») given by the ul-
traproduct [ € (a,b,). This construction induces a 2-fully faithful
2-functor from the 2-category of categories into the one of vu-
categories.

Definition 1.7. A vu-functor F : 2" — % is fully faithful (resp.
faithful) if it induces bijections (resp. injections) on the hom-sets,
i.e., the set-functions

2 (a, (bs)s.0) — ¥ (F(a), F(bs)s.o)
for a and (bs), in 27, are bijective (resp. injective).
The main way to get a vu-category is by taking the points of a

topos.

Definition 1.8. We denote by pt(&) the vu-category of points of
a topos &. Its objects are point of &, i.e., geometric morphisms
Set — &, and vu-arrows from p to (¢s)s., are given by natural
transformations p* = [ _(¢s*) : & — Set.

We refer to [Saa25, 4.2(iii)] (and also [Ham25, 5.2] [GMT25, 3.16])
for more details about this construction. This induces a 2-functor

pt : Topos — vuCAT,

in particular, by taking the topos Set[O], we get a vu-category on
Set = pt(Set[0]), a vu-arrow from a set A to sets (Bs)s.s is given by
a set-function A — [ B.

Definition 1.9. An vu-sheaf over a vu-category 2 is given by a
vu-functor A : 2" — Set, we denote by Sh(2") = vuCAT (2", Set)

the category of vu-sheaves over 2.

Notation 1.10. For A an vu-sheaf over 2" and p a point of 2", the
set A(p) will sometimes be denoted by A,, and for a vu-arrow f :
P —oqs and & € Ay, the o-family A(f)(&) € [ A,, will sometimes
be denoted by f.(§).

Example 1.11. For X € &, we get an vu-sheaf ev(X) € Sh(pt(&))
on the vu-category of points of &, given by ev(X)(p) = X,. This
construction induces a functor & — Sh(pt(&)), see [Saa25, 5.2].
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We recall that the category Sh(.2") is always an infinity-pretopos
(see [Saa2b, 5.7] and [GMT25, 4.3]), hence to be a topos only lacks
its accessibility. A vu-category 2 is said to be bounded if its
category of vu-sheaves is accessible, hence a Grothendieck topos.
We will denote by vuCat C vuCAT the 2-full subcategory of bounded
vu-categories, and we get a 2-functor Sh : vuCat — Topos.

The main result of [Saa25; Ham25; GMT25] can then be stated
as follows.

Theorem 1.12 (Reconstruction theorem for vu-categories). The
functor pt : Topos — vuCAT corestricts to pt : Topos — vuCat,
and is right adjoint to Sh : vuCat — Topos. Moreover this 2-
adjunction is pseudo-idempotent, and the fix-points on the Topos side
are precisely the toposes with enough points, we thus get a 2-reflection
pt : Topos,., — vuCat with reflector Sh : vuCat — Topos

wep wep *

1.3. Soberness. The theorem ensures that the counit ev : & —
Sh(pt(&)) is an equivalence precisely if & has enough points. How-
ever the unit 5 : 2" — pt(Sh(Z")) is not necessarily an equivalence
— one should think of pt(Sh(.Z")) as the sobrification of 2 .

Definition 1.13. A vu-category 2 is said sober if it is bounded
and 1y : 2" — pt(Sh(Z")) is an equivalence of vu-categories, i.e.,
an equivalence in the 2-category of vuCAT.

The next definition can be understood as a ‘dual’ of the toposic
notion to have enough points.

Definition 1.14. A class of vu-sheaves over 2 is said to be vu-
separative, or to separate vu-arrows, if for parallel vu-arrows f, g in
Z to be equal, it is enough to check that Ay = A, on the vu-sheaves
A in the class.

A vu-category is said to have enough sheaves if vu-sheaves over
it form a vu-separative class, and is said to have a small separating
set of sheaves if there exists a small set of vu-sheaves that separates
VU-arrows.

Proposition 1.15. For a bounded vu-category 2, the following
are equivalent:

(i) Z admits a small separating set of vu-sheaves;
(i) Z has enough sheaves;
(111) the sobrification ny : X — pt(Sh(Z")) is faithful.
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Proof. (i) = (ii) and (ii) = (¢it) are immediate. For (iii) = (i),
we use the bounded hypothesis on 2" to chose o7 C Sh(Z") a small
dense subcategory of vu-sheaves in the topos Sh(Z"), then for f, g
parallel vu-arrows such that Ay = A, for any A € &/, we have
X¢ =X, for all X € Sh(Z") and so (4i7) ensures that f =¢g. O

Example 1.16. Not every vu-category has enough sheaves. Take
any non-trivial connected compact Hausdorff topological space K,
and define 2" as the vu-category with two objects a and b and,
for every o, Hom(a, (b),) = pt(K) the underlying set of K. If the
points (zs)s., in K converges to y, the composite of

a4, (a2, b) is given by a-%,... b.

One can check that this data is enough to define the vu-category 2
and that a vu-sheaf over 2~ corresponds to the data of two sets A and
B and a continuous map from K into B# (with the product topology
of B see as a discrete space). But as K is connected and B4 is totally
disconnected, such a continuous map is always constant. Hence
Sh(Z") is the Sierpinski topos, the sobrification pt(Sh(Z")) = [2]
is the walking arrow category, and 1y : 2 — pt(Sh(Z")) = [2]
identifies all parallel vu-arrows of 2.

1.4. Etale spaces. We recall from [GMT25, Section 4] that vu-
sheaves over 2~ can be seen via their étale space. This is to be
understood as a vu-analogue of the Grothendieck construction re-
lating copresheaves and discrete opfibrations over a category, or
as a categorification of the correspondence between sheaves over a
topological space and local homeomorphism above it.

Definition 1.17. A vu-functor F': o7 — 2 is étale if all the fibers
{a € & | F(a) = p} for p € 2 are small, and for any g : F'(a) —, ¢s
in 2" there exists a unique lift, i.e., there exists a unique vu-arrow
f:a—,bs in o such that F(f) = g, we will write g.(a) = (bs)s.0-

From a vu-sheaf A : 2 — Set, one can construct an étale functor
o — Z above Z by taking 7 to be the vu-category with points
given by pairs (x € 2,§ € A(x)) and o-arrows from (z,¢) to
(Ys, Cs)s:o given by the f:x —,ys in 2 such that f.(§) = (()so-
The vu-functor &/ — 2" is given by the obvious projection, and one
can easily see that this functor is étale. This vu-category & is called
the total space of the vu-sheaf A and is denoted by Et(A) = <.
This induces an equivalence from the category of vu-sheaves Sh(.Z")
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to the category of étale vu-functors above 2". We refer to [GMT25,
Theorem 4.15] for a detailed proof.

The toposic counterparts of étale vu-functors is are étale geometric
morphisms, i.e., those of the form f:&8/X — &.

Proposition 1.18. Let &/X — & be an étale geometric morphism
sent by the functor points on pt(&/X) — pt(&), then pt(&/X) is
the étale space of the vu-sheaf ev(X) € Sh(pt(&)).

Proof. We can easily compute that pt(&/X) is given on objects by
pairs (p, &) of a point p of & with a germ ¢ € X, in the stalk of
X at p. And a o-arrow from (p,§) to (gs, () is given by some f €
pt(&)(p. (¢s)), i-e., some natural transformations f : p* = [ (¢*),

O

such that (ax)(§) = ((s)so-

2. VU-POSETS

One of the major raisons d’étre of this paper is to give traction to
the claim that vu-categories are to topological spaces what toposes
are to locales. Recall that locales are an alternative notion to
topological spaces where the opens take precedence over points, and
that toposes categorify this point of view by taking sheaves as the
prime concept. At the most fundamental level, that toposes are a
categorification of locales can be seen in terms of the 2-categories
they form. The category of sheaves on a locale forms a topos —
toposes arising in this way are called localic, and one can check that
this assignment induces a fully faithful 2-functor Loc < Topos. The
frame of opens of a locale can be recovered from its topos of sheaves
as the frame of subterminal objects, and more generally, for any
topos &, the frame Subg(1) is the universal locale associated to it.

Notation 2.1. We denote if, : Loc < Topos the 2-functor sending a
locale to its topos of sheaves. The assignment & — Subg(1) induces
a 2-functor 1y, : Topos — Loc which is left adjoint to the inclusion
Loc < Topos. We get the following 2-reflection:
‘/rL\
Loc .~ , Topos.
i,

Our first objective, therefore, is to show that a similar relation
holds between topological spaces and vu-categories, that the former
form a reflective 2-subcategory of the latter (see Proposition 2.20).
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Definition 2.2. A vu-category 2" is posetal, or simply, is a vu-poset,
if each generalised hom-set Hom 4+ (p, (¢s)s.0) is a subsingleton, and
we write p <, ¢s if this hom-set is inhabited. The full subcategory
of vuCAT (resp. of vuCat) of vu-posets is denoted by vuPOS (resp.
vuPos).

We will use X,Y rather than 2", % to denote vu-posets. The
intuition behind p <, ¢s is that (¢s)s.» is an ultrasequence which
converges to p.

Tautness.

Definition 2.3. Let X be a topological space. Write p <X (gs)
when p € U implies (gs)s.» € U for each open U of X. The resulting
structure defines a vu-poset on the points on X.

The vu-poset obtained is the vu-category of points of the topos
of sheaves above X (as in Definition 1.8) restricted to the points of
X, moreover the mapping X — (X, <) gives a 2-functor TopSp —
vuPQOS.

We first recall that the opens of topological space X are completely
determined by the relation <%, in the following sense.

Proposition 2.4. Let X be a topological space and U a subset of
X. Then, U is open in X if and only if p € U and p <X qs implies
qs € U forall s: 0.

Hence the above 2-functor sending a topological space X to the
vu-poset (X, <¥) is 2-fully faithful. There are two main differences
between a general vu-poset and one in the essential image of this
functor. The first is an algebraic condition on thickenings, and the
second is the question of size — we allow for large vu-posets but
topological spaces are small by definition.

We first begin by the algebraic condition: in the vu-poset of points
of a topological space, any vu-arrow can be unthicken as much as
possible.

Proposition 2.5. Let X be a topological space, ¢ : T— o a map in
U, and p and (qs)s.c points of X. Then p XX qg implies p <2 gs.

Proof. 1t is enough to see that for any subset U of X, (Vt: 7) qgq) €
U if and only if (Vs : 0) ¢s € U. And both these conditions are
equivalent to U being large for the ultrafilter ¢.(¢.(7)) = ¢.(0). O
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Definition 2.6. A vu-poset (X, <) is taut if its vu-inequalities can
always be unthickened as much as possible, i.e., if p <, g4 implies
that p <, ¢s for any ¢ : 7 — o in U. The full subcategory of taut
vu-posets (resp. bounded vu-poset) is denoted by vuPOS,,,: (resp.
by vuPosut).

The previous proposition shows that the essential image of TopSp
actually lies in vuPOS,,,;. Before settling the question of size it is
useful to define topological concepts on a vu-poset and see how well
they reflect its structure.

In light of Proposition 2.4, we can define the notion of open subset
for an arbitrary vu-poset — a similar definition has been given in

[GMT25, 3.23).

Definition 2.7. An open, also called an upset, U of a vu-poset X
is a subposet of X such that if p € U and p <, ¢s then ¢, € U for
all s: 0. We denote by O(X) the poset of opens of X.

Remark 2.8. The collection of opens of a vu-poset is not necessarily
small, for instance those of a large discrete vu-poset. We will have
more to say about vu-posets which possess only a set’s worth of
opens later.

Proposition 2.4 shows that if one starts with a topological space
X, sees it as a vu-poset with <%, and then back as a topological
space whose opens are the upsets, then one gets back to X itself.
We now turn to the analogue question for vu-posets, is true that
< can be fully recovered by the opens it induces? Proposition 2.12
below answers this question in the positive for taut vu-posets. The
following lemma, useful in the proof of Proposition 2.12, expresses
that, in a vu-poset, the notion of closure defined in terms of conver-
gence of ultrasequences and the notion of closure defined in terms
of opens agree.

Definition 2.9. The closure of a collection A of objects of a vu-
poset X, denoted by cl(A), is the collection of p € X such that
there exists an ultrafamily (as)s., of points in A such that p <, as.

Definition 2.10. Similarly to 2.7, we say that a subposet A of X
is closed if it is downward-closed, i.e., if p <, ¢, with o-all ¢, € A,
then p is in A. It is easy to see that cl(A) is always closed, and is
the smallest closed subposet of X containing A.
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Lemma 2.11. Let A be a family of objects of a vu-poset X, a
point p € X belongs to cl(A) if and only if every U € O(X) which
contains p meets A non-trivially.

Proof. If p € cl(A), then p <, a, for some (a,)s., € A, and for any
upward-closed U € O(X) containing p, we have (as)ssc € U, so
(as)s.0 € ANU and the intersection AN U is not empty. Conversely,
if p is not in cl(A), then U := X \ cl(A) is an open containing p that
is disjoint from A. O

Proposition 2.12. Let X be a vu-poset. If p and (qs)ses in X are
such that every open U of X which contains p also contains (qs)seo,
then p <, gyt for some thickening ¢ : 7 — 0.

Proof. We fix S an underlying set of o.

First, we notice that if £ C S is o-large then p € cl({gs : s € £}).
Indeed, if an upset contains p then {s € £ : ¢; € U} is o-large as the
intersection of two large sets, hence non-empty — thus Lemma 2.11
ensures p € cl({gs : s € £}). Hence we get some (st € {);.,, such that

p %TZ qsf *

Using 1.3, we can consider a final ultrafilter A on the codirected
poset of o-large sets, we can thus merge the above (sf) € S™ together
along A\ and get a 7-family ¢ € S7, where 7 := ), , 74, given by

(Desy = 50w )er-

We now show that it is a thickening of o i.e., that ¢.(7) = 0. It is
enough to show, for each o-large ¢y C S, that (V({,t) : 7) ¢us € Lo,
ie.,

(Ve : N)(Vt: 1) st € L.

And for £ : )\, we can assume ¢ C /y by finality of A, and so for
all ¢ : 7, we have sf €l C /g as desired.

Hence, ¢ induces a map ¢ : 7— ¢ € U, and the composite

p <E:)\ (p %tZTg (qsf))
gives p < (e, dst i.e., p <, qge) as wanted. U

Remark 2.13. We should stress the importance of this proposition
as it enables us to get a vu-inequality (and thus a vu-arrow) from
an assumption on the opens. This will be categorified later in
Proposition 4.9.

In particular, for a taut vu-poset we deduce the following.
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Corollary 2.14. For p and (¢s)s.c points of a taut vu-poset, p <, s
if and only if every open containing p also contains (qs)s.y-

Corollary 2.15. In a taut vu-poset X, points which belong to the
same opens are necessarily isomorphic.

Proof. Suppose that p € U if and only if ¢ € U for each U € O(X).
By proposition 2.12 it follows that p <, ¢ and that ¢ <, p, so by
tautness we have p <, ¢ and ¢ <, p. O

Finally, we note that the reconstruction theorem 1.12 in this
restricted context identifies sheaves over a topological spaces and
vu-sheaves over the associated vu-poset. Two different direct proofs
of this result can be found in [Saa25, 5.4] and in [Ham25, 5.7].

Proposition 2.16. The map associating to a sheaf over a topological
space X the vu-sheaf over (X,<%) given by its stalks, induces an
equivalence of categories between the category of sheaves over X and
the category of vu-sheaves over (X, <~). In particular, the category
of vu-sheaves over (X, <) is a localic topos.

We are now able to prove the following proposition, which settles
the notion of size of a taut vu-poset and concludes the characterisa-
tion of the essential image of TopSp in vuPOS.

Corollary 2.17. Let X be a taut vu-poset. The following conditions
are equivalent.

(i) X is bounded, that is, Sh(X) is a Grothendieck topos;
(i1) X has a set’s worth of opens;
(111) X is essentially small;

(iv) X belongs to the essential image of TopSp.

Proof. The opens of X are exactly the subobjects of the terminal
sheaf in Sh(X), hence (i) = (ii) as Grothendieck toposes are well-
powered.

By Corollary 2.15, the isomorphism class of a point of X is
completely determined by the way it lies in the opens of X. If (ii)
holds, then there is at most a set’s worth of ways to lie in the opens,
and thus the isomorphism classes of X form a set, i.e., (iii) holds.

If (iii) holds, we can suppose up to equivalence that X is a small
taut vu-poset. Then the upsets on X define a topology on Ob(X)
and Corollary 2.14 shows that X is the vu-poset of points of this
topological space, i.e., (iv) holds.
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Finally the implication (iv) = (i) follows from Proposition 2.16.
U

In the rest of this paper, in view of the previous proposition,
we blur the distinction between topological spaces and small (or
equivalently bounded) taut vu-posets. That is, we identify the two
2-categories TopSp and vuPos;,:.

2.1. The topological reflection.

Definition 2.18. Let 2" be a vu-category, its topological reflection,
denoted by rp(2"), is the vu-poset on the objects of 2 where
D <, qs if there exists a vu-arrow p —; g4 in 2 for some thickening
¢:7—o0in U.

Lemma 2.19. For any vu-category 2, its topological reflection
rr(Z7) is taut. If moreover 2 is bounded, Corollary 2.17 ensures
that we can identify rr(Z") to a topological space, and the assignment
2 —rp(XZ) extends to a 2-functor r : vuCat — TopSp.

Proof. First we show that rp(2") is taut: let suppose p <, g4 in
rp(Z") for some thickening ¢ : 7 — o, this means that there exists
an vu-arrow p —y @yge for some ¢ : A — 7, and thus p <, ¢s in
rr(Z7). The 2-functoriality of the mapping is straightforward. [

Proposition 2.20. There is a natural vu-functor & — rp(2Z)
which is universal among functors from 2 into a vu-poset, that is,
the 2-functor rr : vuCat — TopSp is the left adjoint to the inclusion
it : TopSp — vuCat i.e., we have a 2-reflection:

rT

ol
TopSp  — , vuCat
1T

Proof. We show the universal property, the rest is straightforward.
Let suppose 2 is a bounded vu-category and X is a topological
space seen as a small taut vu-poset, we show that any vu-functor
from 2" — X factorizes uniquely trough 2" — rp(2"). The unique-
ness follows from the fact that a functor into a vu-poset is determined
by its behaviour on the objects and that 2"~ — rp(2") is surjective
on objects.

Let now F' : 2" — X be a vu-functor, we show that F' induces

a map of vu-posets r1(2) — X, ie., if p <7*) ¢, then F(p) <X

F(q,). By definition, p <o) (¢s) gives some map ¢ : 7 — o and
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some p —, g in 2, hence F(p) <X F(qg), and as X is taut we
have F(p) <X F(qs). O

Remark 2.21. Although we defined rr(2") for all vu-categories,
we only consider it as a functor on vuCat and not on vuCAT. This
restriction to bounded vu-categories is only here to ensure that the
reflection functor land in TopSp and not in some category of “large”
topological spaces. That being said, it is worth noting that the
adjunction of Proposition 2.20 is purely algebraic: rr : vuCAT —
vuPOS,,.: is left adjoint to the inclusion vuPOS,,; < vuCAT. And
that if X is a vu-poset, the reflection X — r1(X) can be seen as
the tautification of the vu-poset X.

2.22. We can picture all the functors on stage in the following
square of adjunctions.

Sho
k///J_ T
Loc ——— TopSp
Pty
A X
/ \
II . \\
L | = 1L ip |k rT
\ 1
\ /
\\ //
pty
Topos ———— vuCat
Keo | T
Shy

The solid arrow square pt,(ir,(L)) =~ ir(pty(L)) and its adjoint
r,(Shy(Z7)) =~ Sho(rr(Z7)) commute up to some natural equivalence.
There are also two other squares mixing left and right adjoint,
corresponding to the Beck-Chevaley conditions.

Loc ¢ TopSp Loc —— TopSp
N ‘ don
Topos oG vuCat Topos _ P, vuCat

The first map Shy(ir(7)) — iL(Sho(T")) is given by its inverse
image, sending a sheaf over T to the vu-functor it(7") — Set given
on objects by the germs of the sheaf, and Proposition 2.16 states
precisely that this functor is an equivalence of categories.

The second map rr(pt,(&)) — pty(rr.(&)) maps points of & to
their image in rp,(&£). It has been shown in [GMT25, Lem. 5.3] that
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it is an equivalence. Concretely, it amounts to show that if p < gs
in pt(rp,(&)) then there exists a map p —; qg in pt(&) for some
¢: 17— 0 in U.

Proposition 2.23. The vu-functor ro(pty(&)) — pty(rL(&)) is an
equivalence of vu-posets.

We finish this section by some terminology that will be useful
later.

Definition 2.24. For a geometric morphism f : . % — &, the localic
slice of f above E € & is given by:

r,(Z/f*E) = rL(&/E).

Similarly, for a vu-functor F' : & — %, the topological étalement
of F above a vu-sheaf A € Sh(%/) is given by:

e (FYEL(A)) — ro(EH(A)).

3. FAITHFULNESS AND FULLY FAITHFULNESS

In this section we show that if a geometric morphism is an em-
bedding (resp. is localic) then it is fully faithful (resp. faithful) on
its points.

We recall that a geometric morphism f : & — .% is an embedding
if the right adjoint f, : & — % is fully faithful. We can abstract
the categorical result needed in the following lemma.

Lemma 3.1. Let L : 9 — € be a functor between categories having
a fully faithful right adjoint, and let F, G : € — < be two functors to
another category </ . For any natural transformation §: FL = GL
there exists a unique natural transformation o : F = G such that

al = 0.
M

9 L |5«% iia!a o
\\/G/

Proof. We denote R : ¢ — & the right adjoint of L.
Suppose such an « exists. Since R is fully faithful, the counit
ec : LR(C) — C is an isomorphism. The naturality square it



18 GABRIEL SAADIA AND ERROL YUKSEL

induces forces a to be (Ge) o (BR) o (Fe)™!, thus « is unique.

F(LR(C)) =< F(C)

53((;)\[ laLR lac

G(LR(C)) e G(C)

Of course, the above square can just as well be taken as a definition
of a, which would settle existence provided that this definition
satisfies app = fp for each D € Z. For this, one need only paste
the defining square for ap with the naturality square of 5 at the
unit np, noting that the long edges are identity morphisms due to
the triangle identities of L - R.

=

FL(D) 22 FLRL(D) 22 FL(D)

I
BDl BRLD laLD
+

\\//
U

Proposition 3.2. If j : & — % is an embedding of toposes, then
pt(y) : pt(&) — pt(.F) is fully faithful.

Proof. Let p and (gs)s., be points of &, we want to show that

Pt(E) (P, (¢5)si0) = PL(F) (5P, (74s)sio)

is a bijection. This follows from applying the Lemma 3.1 to the
adjunction j* 4 j, : & = % with F being p* : & — Set and G being
[(q5*) : & — Set. O

Remark 3.3. The reconstruction theorem 1.12 gives us the other
direction: if 2" — pt(&) is fully faithful then Sh(Z") — & is an
embedding. The converse is false: the counterexample of 1.16 gives
a 2 such that Sh(2") — Set” is an embedding but 2" — [2] is
not fully faithful.

However, it is not clear if Sh sends arbitrary fully faithful vu-
functors onto embeddings. This seems to be a harder question that
we leave open.
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Our next objective is to show that localic geometric morphisms
induce faithful vu-functors on their points. We recall that a geo-
metric morphism f : & — % is localic if every object of & is a
subquotient of an object of the form f*(X) with X € .%.

Definition 3.4. In a category, an object A is a subquotient of an
object B if A is a quotient of a subobject of B, i.e., if there is a
span B <« C' — A whose left leg is a monomorphism and whose
right leg is an epimorphism.

Remark 3.5. In a category where monomorphisms and epimorph-
isms are stable under pullbacks and pushouts, such as a topos, the
order does not matter: every quotient of a subobject of B is a
subobject of a quotient of B and vice-versa.

Here is the categorical result needed.

Lemma 3.6. Suppose that € is a category and that Z is a collection
of objects of € such that any object of € is a subquotient of an
element of Z°. Let F,G : € — 2 be two functors such that F
preserves epimorphisms and G preserves monomorphisms and take
a, B F = G two natural transformations between them. If ax =
Bx for every X € 2, then a = 5.

Proof. Pick C' € €, by assumption there exist a monomorphism
m: A— X with X € 2 and an epimorphism e¢ : A — C'. Consider
the naturality squares of o and 3 for m : A — X.

F(A) F(X)

aA Ba ax |=|Bx

GA) — "M Gx)

From ay = fx it follows that G(m)oas = G(m) o 54, but G(m) is
a monomorphism by assumption, so a4 = 4 By the same reasoning
on the naturality square of ¢ : A — C', and the fact that F' preserves
epimorphisms, it follows that ac = ¢, so that a = . O

Remark 3.7. In a setting where remark 3.5 applies, the proposition
remains true if the preservation properties are swapped.

Proposition 3.8. Let [ : & — .F be a localic geometric morphism,
then the induced vu-functor of vu-categories pt(f) : pt(&) — pt(F)
is faithful.
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Proof. Suppose that a, § are two g-arrows p —,, ¢s in pt(&’) which
have the same image under pt(f). This means that « and (3 are two
natural transformations p* = fw qs* that agrees on objects of the
form f*(X) with X € .Z.

The functor p* is a left adjoint, so it preserves epimorphisms. Both
[..., and (¢,*) preserve finite limits, so they preserve monomorphisms
as well. The previous proposition therefore applies and yields o =

. 0
4. MERGING

In Proposition 2.12 we were able to construct a vu-inequality in
a vu-poset from some condition on the opens. The objective of this
section is twofold, first to present a proof of a categorification of
Proposition 2.12, but also to introduce the technique we will use to
extend results on vu-posets to results on vu-categories, the main
tool being semi-flat diagrams.

Definition 4.1. A small diagram of sets F' : € — Set is semi-flat
if the posetal reflection of its category of elements is codirected, i.e.,
for any zg € F(cp) and x; € F(c1) there exists a x € F(c) with
maps ¢ = ¢; mapping x to x;.

Remark 4.2. The notion of semi-flatness is a weakening of the
usual notion of flatness: a flat functor is semi-flat. Actually most
semi-flat functors we will consider in this paper will be flat and even
lex defined on some lex %

Remark 4.3. The main motivation behind introducing the notion
of semi-flatness is the following. If F'is semi-flat then by Lemma 1.3
we can consider a final ultrafilter on the elements of F', that is,
an ultrafilter A on pairs (¢, z) € >~ op) F'(c) such that for any
xg € F(cp), for all (c,x) : X there exists a f : ¢ — ¢ such that

fe(z) = 0.
We can internalize the notion of semi-flatness.

Definition 4.4. A small diagram of vu-sheaves [—]| : D — Sh(Z")
is semi-flat if it is on all fibers, i.e., if [—], : D — Set is semi-flat for
every p € 2.

Notation 4.5. We will usually denote by Mp(p) the category of
elements of the functor [—], : D — Set, and an element ¢ € Mp(p)
will denoted by £ = (Dy, &), with Dy, € D and & € [Dy],.
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Example 4.6. For any topos & there is a semi-flat diagram [—] :
D — Sh(pt(&)) separating vu-arrows (see Definition 1.14). We give
two different constructions of such a diagram.

(i) For D C & a small dense full sub-category of & closed by
product, one can take D — Sh(pt(E)) sending D € D to the
vu-sheaf ev(D).

(ii) For U € & a prebound, one can take IN°* — Sh(pt(&))
sending n to the vu-sheaf ev(U"). Here, IN denotes the
category of integers seen as finite sets and set-functions
between them.

Remark 4.7. For the prebound case, one can think of U, as the
underlying set of the model p. In that case, the posetal reflection
of Mp(p) is given by the poset of finite subsets of U, (that we see
as finite sets of U-parameters in p) ordered by inclusion. Thus, a
final ultrafilter A\ as in Remark 4.3 can be seen as a ‘finite set of
U-parameters in p that contains all the elements of U),’.

Proposition 4.8. If a set of vu-sheaves is closed under finite
products then the inclusion is semi-flat. In particular, for any
topos &, we can find a set D C & such that the inclusion is semi-flat
and the ev(D) separate vu-arrows of pt(&).

Proof. The first assertion is clear, one can take ¢ = ¢; X ¢y and
(x0,21) € F(co) X F(c1) = F(c) in Definition 4.1. And the second
assertion follows by taking D C & a small dense subcategory of the
topos & closed under finite products. O

We now illustrate how to use a semi-flat diagram by proving
a categorification of Proposition 2.12. For a diagram [—] : D —
Sh(Z"), every vu-arrow f : p —, (¢s) in Z induces a natural
transformation (gp : [D], — [, _[D],,). The following proposition
give a way to go into the other direction in the case the diagram
is semi-flat: if one want to construct a vu-arrow f having (up to
thickening) the behaviour prescribed by the (gp)p.p, it is enough
to do it on the topological étalements (see Definition 2.24) above
the sheaves in the diagram.

Proposition 4.9. Let [—] : D — Sh(2") be semi-flat diagram, p

and (qs)s.c objects of 2, and maps (gp : [D], — .. [Dlg,) natural
in D € D. The following are equivalent:

(1) there exists f : p—; qst, with ¢ : 7— o, such that f.(§) =
¢*gp(§) for all § € [D],.
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(i1) for & € [D],, (p,€) <o (¢s,Cs) in rp(Et[D]) where (() =
gp(§).

(111) for any A C [D] sub-vu-sheaf, gp restricts to a map A, —

fs:a Aqs .

Remark 4.10. Let us focus on the implication (diz) = (i). If
one take the diagram 1 — Sh(.2") pointing on the terminal sheaf,
we recover 2.12. In this case, we can give the following logical
interpretation: if any closed formula satisfied by p is also satisfied
by the (gs), then there exists a homomorphism from p into some
thickening of (gs).

The case of a general diagram can be seen as a generalisation where
we allows parameters: if a D-diagram of set-functions from p to (gs)
on the underlying sorts prescribed by D respects all the formulas
with parameters, then it can be thickened to be a homomorphism
of models.

The key ingredient is the following lemma, illustrating how to
merge vu-arrows along a semi-flat diagram.

Lemma 4.11. With the same notation as in Proposition 4.9, to
construct a f : p—; gy such that

for all € € [D], , f.(§) = ¢"gp(§)

it is enough to give for any fived £ € [D], some fe : p—q. qpee With
¢¢ 1 T¢ — 0, such that

fe. (&) = &¢"(gp(£))-

Proof. We suppose given for any § € [D], some f; : p —r, qg.0)
(with ¢¢ : 7 — o) such that fe (&) = ¢¢"(gp(€)). We then choose a
final ultrafilter A\ on Mp(p) as in 4.3 and merge the above f¢ along
it

f
I p_5<€:>\ (p ﬂ<Tge (q¢5£t>)-

For any £y = (Do, &), §o € [Dolp, we have f.(&) = (fe,,(0))en, and
for ¢ : X\, ¢ = (D,§), we can assume by cofinality of A that ¢ > ¢,
and so there is a v : D — Dy with [7],(£) = &o.

The diagram chase below then shows that fe (£0) = ¢¢"gp,(&o)-
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J,[Dla,
A ~
gD be”
PRI
3 € (D], e >f75[ ]q¢§t
':r (Mas)
| !
E fg[DO]qs
! e ~ ~ _  (Dlag)
4 l /gDO % I b
§o = ['Y]p(g) € [DO]:D fe. ng[ 0]Q¢5t
Je. (&)
= fe.([7]p(€))

= Wy (fe,(€)) maturality of [3]

)
= [7]q¢£(t) (6" gp(&)) the top triangle at & by construction of f¢
= ¢¢"[7]4.(90(£))
= ¢ gy ([11p(€))
= ¢§ 9D, (&0)

reindexing of ultraproducts

naturality of the (¢gp) in D

(¢¢,)
And denoting ¢ : (£ : \) - 7, = o,

f*(fo) - (f&e*(fo))m = (gb&*gDo (50))59\ = Qb*gDo (50) 0
And the proof of Proposition 4.9 follows easily.

Proof of Proposition 4.9.
(i) = (ii) By hypothesis we have a f : p —, g4 such that ((4u)) =
f+(€). So we have a vu-map (p, §) — (ggt, () in Et[D], and
(ii) follows.
(ii) = (i) Follows from Lemma 4.11.
(ii) < (iii) Follows from Proposition 2.12.

5. FULLNESS

In this section we study the notion of fullness of vu-functors,
introducing the notion of vu-fullness. The associated notion for
toposes is the one of subhyperconnected geometric morphism, that
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are geometric morphism which are composite of hyperconnected
ones and embeddings.

Definition 5.1. A vu-functor F : & — % is vu-full if for any p
and (¢s)so in 2, any vu-arrow g : F'(p) —, F(gs) can be thicken
to be in the image of F', i.e., there is a thickening ¢ : 7— ¢ and a
vu-arrow f : p — g such that F(f) = ¢*g.

One would like that vu-fullness and faithfulness implies fully
faithfulness, but this requires the domain to be taut.

Proposition 5.2. A F: X — % with X a taut vu-poset, is fully
faithful if and only if it is faithful and vu-full. In particular, if % is
also posetal, then F is fully faithful if and only if it is vu-full.

Proof. We suppose there exists a vu-arrow F(p) —, F(gs) in ¥/,
and we want to show that p <, ¢s in X. By vu-fullness we have
D <, qgt for some ¢ : 7 — o, and so by tautness of X we get p <, ¢,
as desired. 0

We now prove the stability properties on vu-full functors we will
need for later.

Proposition 5.3.

(1) Vu-full functors are stable by topological reflections.
(11) Vu-full functors are stable by pullback along any vu-functors.
(111) Vu-full functors are stable by topological étalements, i.e.,
if Fo 2 — % is vu-full, then ro(F/A) : ro(Et(F*A)) —
rr(Et(A)) is fully faithful for each A € Sh(%).

Proof.

(i) We suppose that F': 2" — % is vu-full and we want to show
that rp(F) : rp(Z27) — rp(#) is vu-full. We take F(p) <,
F(gs) in rp(%) witnessed by some ¢ : F(p) —, F(qg) in
% for some ¢ : T — o, the vu-fullness of F' gives us some
[P —=GQepe in 2" with ¢ : A — 7, showing that p < ¢s in
I'T(%).

(ii) The proof is essentially the same as for categories, we will
use the explicit description of 2-pullbacks of vu-categories
given in [Saa25, 6.2(ii)].

We take F': & — Z and G : ¥ — 2, with G vu-full,
and we show that 2" Xz % — 2 is again vu-full. Let
(0,z,y) and (0, zs, Ys)s.o Objects of X~ x4 % ie., O (resp.
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g5) is an isomorphism form F(z) to G(y) (resp. form F(x,)
to G(ys)), and let f:z—, ;.
We consider

hi=(0,)0 F(f)o0:Gy) —o Glys),

by vu-fullness of G we can find some ¢ : 7 — ¢ and some
gy —- Yt such that G(g) = ¢*(h). We get a vu-arrow

((b*fu g) : (07 x, y) —r (9¢>t7 x¢t7 y¢>t)
as G(g) ol = (05) o F(f), that is sent to ¢*f by Z X % —
2 as desired.

(iii) Follows directly from the previous two.

O

Hence if a vu-functor is vu-full, all its topological étalements
are vu-full (or equivalently by Proposition 5.2 fully faithful). We
now show that the converse holds, assuming that the codomain has
enough sheaves.

Proposition 5.4. Let F': 2" — % be a vu-functor and [—] : D —
Sh(#') a small semi-flat diagram whose image separate vu-arrows.

For F to be vu-full it is sufficient that its topological étalement on
sheaves from D are vu-full, i.e., that for any A = [D], the vu-poset
morphism

FEt(A) 2 E(A)

rp(F/A) s o (FYEL(A)) — ro(Et(A)) e’tl )

ét
r —r

is fully faithful (or equivalently vu-full).
Proof of 5.4. We suppose all the rp(F/A) are fully faithful, we take
some g : F(p) —» F(gs) with p, (¢s)s.» in 2", and we want to
construct a f : p—; gy with ¢ : 7 — o such that F(f) = ¢*g.

This f will be constructed by using Proposition 4.9 with the
diagram

[-] = F*[-] : D—Sh(Z")

that is semi-flat diagram because F™* : Sh(%#) — Sh(Z") is lex. We
show that the natural maps

(90 10}~ [ [DLu)ow
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given by pushing along g, satisfy Proposition 4.9(ii), i.e., denoting
(CS)S:U = g*(€>7 that
(P,€) <o (g5, ) 0 rp(EL[D]) , for any € € [D],,.

These points are mapped by the fully faithful map rp(F/A) to
respectively (F(p), &) and (F(gs), ), and (F(p), §) <, (F(gs), ¢) in
rr(Et[D]) as witnessed by the vu-arrow (F'(p), &) —o (F(gs), (s) in
Et[D] induced by g.

Hence these (gp) satisfy 4.9(ii) and 4.9(i) gives us some vu-arrow
fa—; (bg) with some ¢ : 7 — o such that

fu(€§) = ¢"gp(§) , for all € € [D],,

ie., F(f)«(&) = (¢*9).(§) for all £ € [D]p(), and D separating let
us conclude that F'(f) = ¢*g. d

We will, most of the time, use the above result in the following
simpler form.

Corollary 5.5. For % C pt(&) a full sub-vu-category of a sober one,
a vu-functor F : X — % is vu-full if and only if all its topological
étalement on sheaves from & are fully faithful, i.e., if for A = ev(FE)
with £ € &

FEL(A) 4 E(A)

rr(F*Et(A)) — rr(Et(A)) étl - l
xr —r s
15 fully faithful.

Proof. The condition is necessary by Proposition 5.3(iii). The con-
verse is a direct corollary of the above Proposition 5.4 and Proposi-
tion 4.8. O

In [Joh02, A4.6.10], Johnstone characterizes full functors between
small categories by their presheaf toposes: a functor is full if and
only if the geometric morphism it induces is a composite of a
hyperconnected map followed by an embedding. We give a name to
such geometric morphisms, and check that they verify properties
analogous to those enjoyed by vu-full functors.

Definition 5.6. A geometric morphism f : .% — & is said to be
subhyperconnected if it can be written as a composite f =io0 h of h
hyperconnected followed by ¢ an embedding.
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Lemma 5.7.

(i) A geometric morphism f between localic toposes is subhyper-
connected if and only if it is an embedding.

(i1) Subhyperconnected morphisms are stable by localic slices,
i.e., if f: F — & is subhyperconnected, so isty(F/f*E) —
r,(&/E) for any E € &.

(i1i) A geometric morphism f : . F — & is subhyperconnected if
and only if its localic slices are embeddings of locales.

Z/fE 2L s/E
v (f/E) 1 (F /[ E) — (8 E) d| |«
S
Proof. The localic reflection preserves embeddings [Joh02, A4.6.12]
and sends hyperconnected morphisms to equivalences [Joh02, A4.6.6],
so claim (i) follows. Claim (ii) follows from the one before and that
hyperconnected geometric morphisms are stable under pullbacks
[Joh02, B3.3.7] as well as embeddings [Joh02, A4.5.14(e)].

For the non-trivial direction of the last claim, let h o g be the
surjection—embedding factorisation of f. For each £ € &, the
map r,(h/E) : 1 (F /h*E) — rL(&/F) is an embedding of locales
because embeddings are stable under pullbacks and localic reflections;
the assumption that rp,(f/E) is an embedding thus makes r1,(g/FE)
one too by the cancellation properties of embeddings.

Similarly, r1,(g/F) : r.(%/g*E) — rL(&/FE) is a surjection of
locales because surjections are stable under localic reflections and
under pullbacks along étale maps (see Proposition 7.6 below), and
as a result rp,(¢g/F) is an equivalence as a geometric morphism which
is both an embedding and a surjection [Joh02, A4.2.11]. This means
precisely that g is hyperconnected by [Joh02, A4.6.6(vi)], so f is
subhyperconnected. U

We have now all the results needed to compare subhyperconnected
geometric morphisms and vu-full functors.

Lemma 5.8. A continuous map of topological spaces is fully faithful
if and only if the morphism of locales it induces is an embedding.
And conversely a morphism between locales with enough points is
an embedding if and only if it induces a fully faithful vu-functor on
1ts points.
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Proof. A embedding of locales, or an embedding of topological
spaces, induces a fully faithful functor on the points by Proposi-
tion 3.8. Conversely, if f : X — Y is a fully faithful vu-functor
between topological spaces seen as vu-posets, then up to equivalence
we can suppose that f is an inclusion of a sub-vu-poset of Y, and
proposition 2.4 shows that the opens of X are exactly the restriction
of the opens of Y. O

We can now use Corollary 5.5 and Lemma 5.7(iii) to go from the
O-dimensional case to the 1-dimensional case.

Theorem 5.9.

(i) Let & be bounded, then ny : Z — pt(Sh(Z")) is vu-full.
(ii) Let f : F — & subhyperconnected, then pt(f) is vu-full.
(i1i) Let F: 2" — % vu-full between bounded vu-categories, then

Sh(F") is subhyperconnected.

Proof.

(i) We will show the hypothesis of Corollary 5.5. We consider
A € Sh(Z"), and we denote by & — 2 the étale space of
A. We have the following pullback

o —— pt(Sh(e/)) = Bt(ev(4))

J J«

X —"% 5 pt(Sh(Z))

and we want to show that

rp(«/) — rr(pt(Sh(#)))
is fully faithful. By Proposition 2.23 this map can be rewrit-
ten

rp(/) — pt(Orr(#))))

that is the sobrification of the topological space rr(<) and
so is fully faithful by Lemma 5.8.

(ii) We will show that pt(f) satisfies 5.5. We consider A € &.
We have the following pullback,

pH(F /7 A) —— pt(£/A) = Et(ev(A))

W Jo

pt(.7) D pt(8)
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and we want to show that
rr(pt(F/f*A)) — 1r(pt(£/A))

is fully faithful. By Proposition 2.23 this functor is the points
of the map

rL(F [ fTA) =1L (8 /A)

that is an embedding by Lemma 5.7(ii), allowing us to
conclude with Lemma 5.8.

(iii) We will show that f := Sh(F’) satisfies Lemma 5.7(iii). We
consider B € Sh(#/), and we denote by # — % the étale
space of B. We need to show that

r(Sh(27)/f*B) — r(Sh(#)/ B)

is an embedding of locales. This morphism can be rewritten
in

r,(Sh(f* %)) — r.(Sh(£))
and again in
Sho(rr(f*AB)) — Sho(rr(A))
and so by Lemma 5.8 it is enough to show that
TT<f*%) — YT(Et(B))
is fully faithful, and this follows from Corollary 5.5.
0J

Using the reconstruction theorem 1.12, we obtain a full picture
of the relation between vu-full functors and subhyperconnected
geometric morphisms.

Corollary 5.10.

(i) Between toposes with enough points, a geometric morphism
f is subhyperconnected if and only if pt(f) is vu-full.
(11) A geometric morphism Sh(Z") — & is subhyperconnected if
and only if its adjunct 2 — pt(&) is vu-full.
(11i) Between bounded vu-categories, if a vu-functor F is vu-full
then Sh(F) is subhyperconnected.

Remark 5.11. The converse of the last implication does not hold.
For a counter-example, take 2" from Example 1.16 and a vu-functor
F : 2] = Z pointing on any *-arrow of 2", then F is not vu-full
although Sh(F') is subhyperconnected (as an equivalence of toposes.
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6. SUBCLOSURE

Definition 6.1. Let A be a collection of points of X a vu-poset
or a topological space. We say that A is separating if two opens
U C V that agree on A are equals.

If one takes a logical point of view, where points of X are would-
be models of some propositional theory and opens are would-be
formulas of that theory, then a separating collection of models is one
that can decide entailment of formulas. Perhaps surprisingly, since
the notion of separation deals directly with the duality between
points and opens, it is possible to characterise separation entirely
in terms of points. A version of this story, for topological spaces,
already appears in [Joh80], whence the next notion originates.

In [Joh80], Johnstone gives a full answer to understanding when a
class of points is separating: he defines the subclosure of A C X as
the set of points p € X such that every locally closed set (intersection
of a closed set and an open) containing p intersects A, and then
shows that A is separating if and only if its subclosure is all X.
More precisely, the subclosure of any A C X corresponds exactly to
the points of the sublocale Shy(A) < Sho(X).

We want to extend this notion of subclosure to the setting of vu-
posets and then vu-categories, for that, we first give an alternative
description of the subclosure in term of ultraconvergence.

Proposition 6.2. Let A be a collection of points of a vu-poset
(or a topological space) X. For p a point of X, the following are
equivalent:
(i) every locally closed subspace (intersection of an open and a
closed subspace, see 2.7) containing p meets A;
(ii) p belongs to cl(ANcl{p});
(111) there exists a family (as)s.s of point in A and a family of
ultrafilters (7s)s.q such that p <, as and (as <., P)so- If X
18 taut, we can suppose all T, = *.

Proof.

(i) < (i1) As cl{p} is the smallest closed subspace containing p, (i) is
equivalent to

VU open containing p , U N cl{p} intersects A

that by 2.11 means p € cl(ANcl{p}).
(i1) < (uii) Follows directly from Definition 2.9.
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Definition 6.3. If the above condition is satisfied we say that p is
in the subclosure of A, and we denote by scl(A) the collection of p
that are in the subclosure of A. Concretely p € scl(A) if there exists
a family (as)so of points in A such that p <, a, and a, <, p for all
s:0.

Remark 6.4. The condition (i) shows that if X is the vu-poset of
points of a topological space we recover the definition of Johnstone
[Joh80, before Lem. 2.1]. The condition (iii) is an equivalent formu-
lation from the vu-posetal point of view, it is the one that we will
take when categorifying the notion of subclosure.

We can now show an analogue of [Joh80, Lem. 2.1].

Proposition 6.5. A collection of points A of a vu-poset X is
separating if and only if its subclosure is X.

Proof. Suppose that U and V are two opens which agree on A, and
pick p € U, we want to show p € V. By assumption, there exists
(as)s:o in A such that p <, a, and a, <, p. From p <, a, and p € U,
it follows that for s : o, we have ay, € U and so a; € V. In particular
there exists at least one sq such that ay, € V and as, <, p, which
guarantees p € V. This show U C V| and by symmetry the reverse
also holds.

Conversely, we suppose that A is separating family of objects
of X, by Lemma 2.11 it is enough to show that any U € O(X)
containing p intersects cl{p} NA={a € A |a <. .p}. AsU\ c{p}
is an open strictly contained in U (it does not contain p), it must
be separated from U by some a € A. In other words, there exists
some a € A such that a € U but a € cl{p}, showing thus that U
intersects {a € A | a <, p} as wanted. O

6.1. Subclosure categorified. We generalize the notion of separ-
ating set of points from vu-posets case to vu-categories.

Definition 6.6. A collection of points A of a vu-category 2
is separating if each map of sheaves f : A — B such that all
(fo 1 Aa — By)a:a are isomorphism is an isomorphism too, i.e., if
the functors (ev, : Sh(Z") — Set),.a are jointly conservative.

Remark 6.7. If 2" is a vu-poset we recover the notion from above.
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Again, we would like to give a sheaf-less characterisation of sep-
arating families of points. Some particular cases can be found in
the literature.

Proposition 6.8. Let € be a small category seen as a vu-category
(see Example 1.6), then A C Ob(¥) is separating if and only if
every object of € is a retract of an object of A.

Proof. The category of vu-sheaves above % is precisely the presheaf
topos Set?. Hence, this follows from [Joh02, A4.2.7(b)], by noticing
that a subset of Ob(%") separates Sh(%) if and only if it induces a
separating set of points of the presheaf topos Set?. 0

The above condition 6.2 (iii) for vu-posets strongly suggest the
retract pattern of the categorical case 6.8. One would like to interpret
Proposition 6.2 (iii) as saying that the point p is a ‘vu-retract’ of
the family (as)s:.
Definition 6.9. Let 2  be any vu-category, a point p is an vu-
retract of (as)s.s if there are vu-arrows i : p—, as and (rs : as —, p)
such that (r5) o4 : p —,.-, p is the thickening of the identity of p.
The pair (7, (rs)s.) Will be called a vu-retraction.

Example 6.10. First we can recover our two motivating examples.
(i) In a topological space T', a point p is a vu-retract of points
in A C X precisely if it belongs to scl(A).
(ii) In a category % seen as a vu-category, see Example 1.6, if p
is a retract of a in the usual sense, then p is a vu-retract of
the constant vu-family (a)s.
(iii) In an ultracategory, A is an ultraretract of its ultrapower
(A%)y, with 7 : A—, A" given by § : A— A% and r : A7 —,
A given by id : A7 — A°.
This third example shows the need of the (75) in the definition of
vu-retraction.

Remark 6.11. Perhaps surprisingly, the notion of vu-retract is
powerful enough to see filtered colimits. If (a;);.s is a filtered diagram,
in the category pt(2") (see [Saa25, 4.6]) having a colimit p in the
vu-categorical sense (i.e., the universal property holds for vu-arrows),
then p is an vu-retract of (a;);., for any cofinal ultrafilter ¢ on I. The
(rs : as —4P)s.e come from the cocone defining p, and the vu-arrow
1:p—, as is given by the universal property of p by considering
the composite of the diagonal of a; —, a; with the (a; — as)s.0-
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Definition 6.12. The vu-subclosure of a collection A of objects of a
vu-category 2 consists in the points p € 2 which are vu-retracts
of points in A. We will denote it by scly (A) C 27, or just scl(A) if
clear from context.

Remark 6.13. The above notion is a categorification of Defini-
tion 6.3 in the sense that for vu-posets we recover the already defined
notion. Not only is it true that sclx(A) = scli,(x)(A4), as we have
noted, but also scly(A) C scl..(2)(A4), although the inclusion is
strict in general as we ask for an additional coherence.

The main goal is to prove a categorical analogue of Proposition 6.5:
a collection of points of a vu-category is separating if and only if it
generates it by vu-retracts.

We start with the more straightforward direction.

Proposition 6.14. If all points of 2" are vu-retracts of points in
A then A is separating.

Proof. The category Sh(Z") is a pretopos, so to show that (evy)a.a :
Sh(2") — Set™ is conservative it is enough to show that it is faithful.
Let f and g be two parallel maps A = B in Sh(Z") which agree
on all points a € A, we need to show that f = g For p e 2, we
choose an vu-retraction ¢ : p —, as and (rg : ag —, p) with the
(as)s.o in A and consider the following diagram of sets.

p -
(f'ls Ts* s:io
fso- as fsgBas f f'rs

The right square commutes by definition of a vu-retraction and
the left squares commute by naturality. Since the diagonal § is an
injection it results that f, = g,, as desired. O

0.Ts p

2

As in 5.5 the proof of the other direction will us a semi-flat
separating diagram. The core ingrediant is that given a semi-flat
separating diagram [—| : D — Sh(Z"), being a vu-retract of a
collection of points can be check on the topological étalement of the
sheaves in the diagram.

Notation 6.15. Let A be a collection of points of a vu-category
Z. Given a vu-sheaf Y € Sh(Z"), we denote by Ay the collection
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of points of Et(Y') that lies above a point in A, i.e., Ay consists in
the pairs (a,y) with a € A and y € Y.

Lemma 6.16. If A is a separating collection of points of Z°, then
Ay is a separating collection of points in % = Et(Y).

Proof. Let f : A — B be a map of sheaves Sh(#) that is an
isomorphism on the points of Ay, i.e., for any a € A and y € Y,
the map f,y) 1 A(ay) — Blay) is a bijection. Using the equivalence
between vu-sheaves and étale spaces of Section 1.4, we get the
following diagram of étale vu-functors.

o ! y B
~
74
lﬂ'Y
A

As A is separating in £, it is enough to show that f : &/ — A,
seen as a map of sheaves above 2, is an isomorphism on the points
of A. But for any point a € A, the maps on stalk f, is given by

Z Aay — Z Bay)

yeY (a) y€Y(a)

that is the sum of the maps (fu.y) : A(ay) — Blay))vev () that are
all bijections by assumption. 0

Lemma 6.17. Suppose that p € scly(A) and that Y : 2" — Set
is a vu-sheaf. Then, for each & € Y,, (p,&) € scly(Agy), with
Y = Ft(Y).

Proof. By assumption, there exist i : p—, a5 and (75 : a5 —r, P)s:o &
vu-retraction in 2" with the (as) in A. Pick some £ € Y, and denote

) € J..Ya, by (Ys)sio- The pair (i,€) is a vu-arrow (p, &) —,
(as,ys) in & . Similarly, for any s : o denote r,,(ys) € ft:Ts Y, by
(Cs.t)e:r, so that each (rs,ys) is a vu-arrow (as, ys) —r, (p, (s¢) in ¥
Since (rs) o i is the diagonal § : p —,... p, we see that

((Cs,t)t:Ts)s:a = (7’5*(%»5;0 = ((TS) © Z)*(f) = ((5)15:7’3)8:0-

This means that (rs,ys) is actually a vu-arrow (as, ys) —-, ((p,€)),
and therefore that (i,e) and ((r, ys))so 18 & vu-retraction of (p, e)
in ((as,ys))s.o in rp(%), so we are done. O
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Proposition 6.18. Let [—] : D — Sh(Z") be a semi-flat separating
diagram, A a collection of points of & and p an object of 2. The
following are equivalent:
(i) p belongs to scl(A) in Z7;
(ii) for each & € [D],, the pair (p,§) belongs to scl(Ap)) in
I'T(Et[D]),
(111) for each £ = (Dy, &) € Mp(p), there exist iy : p—y, ars and
(Tes t Qgs —=r,, p) in X with the (ars) in A, such that the
composite (1y,s) g i P gz, P s€NAS § 10 (§0)gpr, -

Proof.

(i) = (ii) Follows from Lemma 6.17 and Remark 6.13.
(ii) = (iii) For a fixed ¢ = (Dy, &) € Mp(p), since (p,&) belongs to
scl(Ap)), there exists a family (as, ys)s:o in A[p,) such that

(pv eﬁ) <cf (CLS, ys) and ((a57 ys) < (pa ef))s:a

Given the definition of rp (Definition 2.18), in Et[D] we
can find a vu-arrow from (p,&,) to (as,ys)so (actually, to
some thickening of (as,ys)s.s, but up to a re-indexing we
can suppose this thickening trivial) as well as vu-arrows
(as, Ys) =7, (95 €)-

By the description of arrows in Et[D] from Section 1.4, we
obtain an arrow i : p —, as in 2" such that i,(£) = (¥s) s
and arrows 7 : ay —,, p such that r,,(ys) = (§),, for s: o.
It follows that

((Ts)cr ° Z)*(&) = (Ts*(ys))a = ((f)fs)a

and therefore the condition (iii) holds.

(iii) = (i) Suppose that (iii) holds, and fix an ultrafilter final A on
Mp(p), i.e., such that, for each ¢y, the set of ¢’s for which
there exist v : £ — {y in D is A-large. For simplicity, let
O =) 0\ 00 Tg = st Tys, and 7= Y, Ty

Consider all the maps i, : p —,, ass and merge them
into a single arrow ¢ by precomposing with the diagonal
d : p— (p), so that the codomain of 7 is the o-family (ay)
of A. Similarly, we can collect all the the o,-families of
arrows (ry) into a single o-family of arrows.

We need to show that the composite (r,)oi is the diagonal
d:p—:(p). Let gy :== (re5) 0ig, so that (ry5) 0i = (jg) 0 9.

Since the sheaves ([D])p.p are vu-separating, it suffices to
check that each sheaf in D sends (j,), o § and the diagonal
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p —, p to the same map of sets, that is, that for any
by = (Do, &) we have ((je)a © 0)«(&0) = (§)-. We thus

fix ¢y € D. Since
((4e) ©6)x(&0) = (Je(€0)) pen »

it is enough to show that js, (&) is the constant 7y-family
at & for all £ : X\. By assumption, we can assume that for
all £ : X there exists v : £ — (g, i.e., v : Dy — Dg such that
[V]p(&e) = &. Consider the following naturality square of jy,

which shows jo, ([Y]p(&0)) = ([V]p)r (Ges (€0))-
& e (D= [L[Dd,

T
| mpl |,

So=0h(&) < [Dop —— [, [Doly

= ([V]p)r (e (&) naturality of j,
= (V]p)r ((&0)=,) assumption of (iii)
= (M(&0)=,

= (&),

O

Theorem 6.19. Let A C 2y be collection of points of a vu-category
Z admitting a separating set of sheaves, then A is separating if
and only if scl(A) = Z,.

Proof. 1t is a sufficient condition by Proposition 6.14, we now show
that it is necessary. As 2" admitting a separating set of opens, we
can find by 4.8 a semi-flat separating diagram [—] : D — Sh(.2"). For
each [D] in the image of the diagram, the collection of points A[pj is
separating in Et([D]) by Lemma 6.16, and so, a fortiori, separating
in rr(Et([D])). Hence, by Proposition 6.5, for each p € X, the
condition (ii) of Proposition 6.18 above is satisfied, hence condition
(i) holds as well and p € scl(A). O

7. SURJECTIVITY

In this section, we briefly recall the notion of surjective morphism
between locales and between toposes and then turn to the analogous
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notion for vu-categories. We then investigate how the two relate
to each other using the same techniques as in Section 5: show that
they agree on 0-dimensional objects, locales and vu-posets, and
then that between 1-dimensional objects, toposes and vu-categories,
these notions can be detected by way of localic slices and topological
étalements. Although it follows the same structure, this here section
is considerably shorter than Section 5. This is because we have
pre-empted most of the hard work of this section in the last one;
indeed, the present section can be understood as a “relativisation”
of Section 6.1 where we define a class of maps based on the notion
of subclosure and see that it corresponds to the all-important class
of surjective geometric morphisms of toposes.

We recall that a morphism of locales f : X — Y is surjective if
f* 1 O(Y)— O(X) preserves the order strictly, similarly a geometric
morphism is surjective if its inverse image is conservative. However,
a continous map of topological spaces f : X — Y can induce a
surjection of locales without being surjective on points (for example
of the sobrification of a non-sober space), but taking the subclosure
of the image fixes this discrepancy: a continous map of topological
spaces induces a surjection of locales if and only if Y = scl(f(X)).
This leads to the following notion of vu-subdense functor.

Definition 7.1. A vu-functor F': & — % is vu-subdense if the
vu-subclosure of its image F'(Z") is the whole of %,

scly (F (X)) =%

i.e., if any point of % is a vu-retract of a family of points in the
image of F'.

For topological spaces, Proposition 6.2 lets us rephrase subdensity.

Proposition 7.2. Let f : X — Y be a functor of vu-posets, the
following assertions are equivalent:
(i) f is vu-subdense;
(ii) f~1: P(Y)— P(X) takes non-empty locally closed sets to
non-empty locally closed sets;
(i17) f*: O(Y)— O(X) preserves the order strictly.

Proof.

(i)=(ii) If A is a locally closed set of Y and that a € A, then A must
meet f(X) non-trivially. That is, f~1(A) is non-empty, and
it is clearly locally closed since f is continuous.



38 GABRIEL SAADIA AND ERROL YUKSEL

(i)=(iii) f U € V in O(Y), then (Y \ U) NV is a non-empty locally
closed set, hence so is its image under f~1. That is, f*(U) C
f (V).

(iii)=-(i) This is a reformulation of Proposition 6.5.
U

Remark 7.3. The equivalence between conditions (i) and (iii)
above says precisely that a map of topological spaces or vu-posets
is vu-subdense precisely if it induces a surjective map of locales.

Perhaps unsurprisingly at this point, we go on to show that vu-
subdense functors enjoy similar stability properties as the ones we
singled out of vu-full functors and subhyperconnected morphisms.
The following properties are similar to the one for vu-full functors
from Proposition 5.3, except that vu-separating functor are not
stable under arbitrary pullbacks, but only under pullbacks along
étale functors.

Proposition 7.4.

(i) Vu-subdense functors are stable by topological reflection.
(11) Vu-subdense functors are stable by pullback along étale func-
tors, i.e., if F : 2 — % is vu-subdense, so is F/A :
Et(F*A) — Et(A) for each A € Sh(%).
(11i) Vu-subdense functors are stable by topological étalements, i.e.,
if B X — % is vu-subdense, so is

rr(F/A) : rp(Et(F*A)) — rr(Et(A))
for each A € Sh(%).
Proof.

(i) This is a consequence of Remark 6.13.
(ii) This follows from Lemma 6.17.
(iii) Follows directly from the previous two.

O
The main result of the previous section now takes a familiar form:

with enough sheaves vu-subdense functors can be detected by their
topological étalements.

Proposition 7.5. For % C pt(&) a full sub-vu-category of a sober
one, a vu-functor F : X — % is vu-subdense if and only if all its
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topological étalement on sheaves from & are vu-subdense, i.e., if for
A=ev(E) with E €&
FEL(A) 74 Er(A)
I‘T(Et(F*A)) — I"T(Et(A)) étl -

ét

2 —rr Lo

1s vu-subdense.

Proof. The direct direction was just shown in Proposition 7.4, and
the converse follows from Proposition 6.18.
O

The class of surjective geometric surjections also enjoys these
stability conditions.

Proposition 7.6.

(i) Surjective geometric morphisms are stable by pullback along
étale geometric morphisms.
(ii) Surjective geometric morphisms are stable by localic reflec-
tion.
(11i) A geometric morphism f : F — & is surjective if and only
if its localic slices are surjections, i.e., if for any E € & the
morphism of locales

7/ E L5 6/E
w(f/E) : 1(F/ [ E) (&) E) P
Y

corresponding to the morphism of frames f* : Subg(E) —
Subz(f*E), is surjective.

Proof. The claim (i) follows from inspection or [Joh02, C3.1.24]
(take a discrete internal category there). Claim (ii) is exactly [Joh02,
A4.6.12], and (iii) is a reformulation of [MM94, VII.4, Lem. 3] O

Finally, as in Theorem 5.9, we put together all the above results
to get the following.

Lemma 7.7. A morphism between locales with enough points is
surjective if and only if it induces a vu-subdense functor on its points.
Conversely, a continuous map of topological spaces is vu-subdense if
and only if the morphism of locales it induces is surjective.
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Proof. Follows easily from Proposition 7.2. 0J

Theorem 7.8.
(i) If & is bounded, then ng : & — pt(Sh(Z")) is vu-subdense.
(i) If f+ F — & surjective, then pt(f) is vu-subdense.
(iii) If Z°,% are bounded and F : " — % is vu-subdense, then
Sh(F') is surjective.

Proof. One can reproduce exactly the same proof as the one for
the Theorem 5.9, replacing subhyperconnected (or embedding in
the localic case) by surjective, and vu-full (or fully faithful in the

vu-posetal case) by vu-subdense.
U

Remark 7.9. We do not know the status of the converse of the
third implication. Can Sh(F') be surjective without F' being vu-
separating? We leave this open.

Now, from the reconstruction theorem 1.12, we can make precise
the relation between vu-subdense functors and surjective geometric
morphisms.

Corollary 7.10.

1) Between toposes with enough points, a geometric morphism

(i) p gh points, a g p
f is surjective if and only if pt(f) is vu-subdense.

(ii) A geometric morphism Sh(Z) — & is surjective if and only
if its adjunct Z — pt(&) is vu-subdense.

(i1i) Between bounded vu-categories, if a vu-functor F is vu-
subdense then Sh(F') is surjective.

Remark 7.11. The status of the converse of the third implication
remains open. When the codomain of F' is not sober, does Sh(F)
being surjective entail that F' is vu-separating? We expect this
question requires a better algebraic understanding of vu-retractions
in non-sober vu-categories, which we defer to future work.
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“ And if that is all meaningless, | want to be cured
Of a craving for something | cannot find
And of the shame of never finding it.’
-T.S. Eliot
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